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Abstract

We use the p-Laplacian with large p-values in order to approximate geodesic distances to
features on surfaces. This differs from Fayolle and Belyaev’s (2018) [1] computational results
using the p-Laplacian for the distance-to-surface problem. Our approach appears to offer
some distinct advantages over other popular PDE-based distance function approximation
methods. We employ a surface finite element scheme and demonstrate numerical conver-
gence to the true geodesic distance functions. We check that our numerical results adhere to
the triangle inequality and examine robustness against geometric noise such as vertex per-
turbations. We also present comparisons of our method with the heat method from Crane
et al. [2] and the classical polyhedral method from Mitchell et al. [3].

Keywords: p-Laplacian, distance estimation, geodesic distance, finite element method,
surface PDE

1. Introduction

Problems involving the p-Laplace operator appear in a variety of applications including
data clustering (Bühler and Hein [4]), image processing (Blomgren et al. [5]; Chen et al.
[6], Caselles et al. [7]), distance function approximation (Fayolle & Belyaev [1]), optimal
transport (Fayolle & Belyaev [1]), non-Newtonian fluids (Ružička [8]), and shape morphing
(Cong et al. [9]). In this paper, we focus on the application of the p-Laplacian for computing
geodesic distances on surfaces.

Bhattacharya et al. [10] consider the following boundary value problem (BVP) for the
p-Laplacian in a bounded domain Ω ⊂ Rn with boundary ∂Ω:

−∆pup = 1, in Ω, (1a)

up = 0, on ∂Ω (1b)

for 2 ≤ p ≤ ∞. The p-Laplacian is defined by ∆pu = div (|∇u|p−2∇u); note that for p = 2 it
reduces to the usual Laplacian. Bhattacharya et al. [10] show that the solution up(x) to the
BVP (1a)-(1b) converges strongly as p → ∞, in a certain functional sense, to dist(x, ∂Ω),
where dist(·, ∂Ω) denotes the distance function to the boundary ∂Ω. The problem (1a)-(1b)
is fully nonlinear and degenerate, unless p = 2 in which case it is a linear Poisson problem.
Taking p = 2 yields what is referred to as the ‘Poisson distance’ and p > 2 gives the ‘p-Poisson
distance’.
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Fayolle & Belyaev [1] use (1a)-(1b) to compute the distance-to-surface problem, where
Ω is a subset of R3 such that ∂Ω represents the surface of interest. In this paper, we are
interested in the more general distance-to-feature problem on surfaces both with and without
boundaries. A ‘feature’ can be any collection of points or curves on a given surface, to which
we want to compute the distance. Such points or curves may lie either in the interior or
on the boundary of the surface. We point out that our interest is to compute the surface
geodesic (intrinsic) distance function to such features. This is in contrast with Fayolle &
Belyaev [1] who compute the extrinsic distance (in R3) to a given surface.

Computer graphics problems frequently call for computation of distances to features on
a discrete surface. The distance-to-feature problem is practically useful for a variety of tasks
such as segmentation, deformation, and path planning as mentioned in [1], [11], and [12].
It is also useful for medical image analysis (see Naber et al. [13]). Belyaev & Fayolle [14]
applied alternating direction method of multipliers (ADMM) schemes to different energy
minimization problems seeking to achieve accurate distance function approximations, and
showed in [1] that minimizing the p-Poisson energy yields the best results. Accordingly, we
extend their work with the p-Laplacian to the distance-to-feature problem and perform more
comprehensive numerical tests.

1.1. Related works

The problem of approximating geodesic distances on surfaces has been extensively stud-
ied, with a variety of approaches proposed. See, for example, [2], [11], [12],[14], [15], and [16].
These range from PDE-based methods to computational geometry techniques, each offering
distinct advantages and limitations. Among these, the heat method of Crane, Weischedel,
and Wardetzky [2] and the polyhedral method of Mitchell, Mount, and Papadimitriou [3] are
two prominent approaches that we utilize for comparison.

The heat method [2], which computes geodesic distances using Varadhan’s formula [17], is
one of the most well-known PDE-based approaches. The heat method splits the problem into
first finding the direction along which distance is increasing and then computing the distance
itself. The method is computationally efficient, adaptable, robust against noisy surface data,
and simple. However, the heat method has notable limitations. It struggles with boundary
conditions on open surfaces, such as hemispheres, an issue observed in our experiments and
also seen in Crane et al.’s experiments [2]. Additionally, the method often fails to satisfy the
triangle inequality and produces smooth approximations [12]. Concurrent with our work,
Feng and Crane [18] introduced the Signed Heat Method (SHM) for computing generalized
signed distance functions. By formulating vector heat diffusion with homogeneous Neumann
conditions directly on the vector field, rather than on scalar potentials, SHM yields suitable
distance approximations at surface boundaries without requiring heuristics or post-processing
corrections. Our comparisons are performed against the (scalar) heat method [2].

The polyhedral method [3], in contrast, operates on polyhedral surfaces and employs a
“continuous Dijkstra technique,” which adapts Dijkstra’s algorithm [19] from graph struc-
tures to polyhedral surfaces. By carefully incorporating geometric considerations, the method
computes exact geodesics along polyhedral surfaces. It is typically both computationally ef-
ficient and highly accurate when applied to tessellated surfaces. We include this method in
our comparisons to better understand the properties of our solutions, and refer to a recent
survey paper [20] for further details on the method, its attributes and limitations.
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Other notable approaches include Sethian’s fast marching method [21] for numerical
approximation of solutions to the Eikonal equation |∇u(x)| = 1, Solomon et al.’s [12] op-
timal transport inspired framework, Edelstein et al.’s [22] PDE-based convex optimization
approach, as well as graph-based methods, such as those proposed by Adikusuma et al. [23].

In this paper, we present a new algorithm for geodesic distance computation and evaluate
its key properties. As part of this analysis, we compare our approach with the heat method
and the polyhedral method, focusing on illustrative examples to highlight the key properties
of our approach. We do not aim to provide an exhaustive comparison in these tests, nor
do we compare with other well-established methods. For a broader overview of geodesic
distance approximation techniques and their respective merits, see [20].

1.2. Contributions

This paper introduces a new method for approximating intrinsic geodesic distances to
features on surfaces. This p-Poisson method is formulated using a p-Laplace equation intrin-
sic to the surface, employing appropriate mixed boundary conditions to define the feature
sets. In the large p limit, the solution to the equations provides the solution to the intrinsic
geodesic problem.

In our implementation, the Alternating Direction Method of Multipliers (ADMM) is
employed alongside a surface finite element method with piecewise linear elements to solve the
mixed boundary value problem. Convergence of the method is assessed through numerical
studies on the hemisphere and torus, as well as on more complex surface meshes, with
comparisons to the heat method and the polyhedral method. We find convergence to the
desired intrinsic geodesic distance. Additionally, our proposed method provides an improved
treatment of boundaries relative to the heat method in certain examples. Robustness tests
further demonstrate the preservation of the triangle inequality and stability against geometric
perturbations.

The aim of this work is not to compete with state-of-the-art geodesic distance approx-
imation methods on surface meshes, which are generally faster, especially in high-accuracy
scenarios. However, our PDE formulation does not require a mesh and offers a path to
implementation for other surface representations, such as level sets or point clouds, through
suitable numerical PDE techniques, including mesh-free methods in the case of point clouds.
As well, this work provides insights into the behavior of the surface p-Laplacian for large p.

The method has certain limitations. Most notably, it is slower than the polyhedral
method for surfaces defined on meshes, particularly when highly accurate solutions are re-
quired. Additionally, suitable solvers must be chosen to accommodate the surface represen-
tation and its regularity. Our implementation focuses on triangle and quadrilateral surface
meshes using the well-known FEM package deal.II [24] coupled with ADMM; other surface
representations and solvers are not explored in this work. Finally, we note that correctness
is primarily assessed through numerical experiments.

2. Problem formulation

Consider a generic surface S and the p-Laplacian operator on S given by

∆S
pu = divS

(
|∇Su|p−2∇Su

)
,
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where divS and ∇S denote the surface divergence and gradient, respectively. Let Γ1 ⊂ S∪∂S
denote the ‘feature’ set, i.e., the set to which we want to compute the geodesic distance. The
set Γ1 may consist of any collection of points or curves from the interior or boundary of S.
Denote the open set Ω by Ω = S \ Γ1 and Γ2 = ∂S \ Γ1; note that ∂Ω = Γ1 ∪ Γ2, where
the union is disjoint. Figure 1 illustrates examples of Γ1 and Γ2 on the open hemisphere S.
Note that Γ1 may consist of points, closed curves, and open curves, and may also overlap
with the natural surface boundary ∂S.

For 2 ≤ p ≤ ∞ fixed, we consider the following BVP for the surface p-Laplacian:

−∆S
pup = 1, in Ω, (2a)

up = 0, on Γ1 ⊆ ∂Ω, (2b)

∂up

∂n
= 0, on Γ2 ⊆ ∂Ω. (2c)

Note that Dirichlet conditions are imposed on Γ1 (the feature set) and Neumann conditions
are imposed on Γ2, which represents the unconstrained portion of the surface boundary.

The p-Poisson problem can be derived from the minimization of the variational integral

Ep(u) ≡
1

p

∫
Ω

|∇Su|pdA−
∫
Ω

u dA. (3)

Setting 0 < p < 1 would lead to a non-convex energy, however, we are interested in the
range p ∈ [2,∞). The Euler-Lagrange equations for the functional (3) give rise to equation
(2a). We enforce the boundary condition (2b), as the distance from the feature set to itself
must be zero. This leaves (2c) to be justified. To this purpose we use the notion of natural
boundary conditions in calculus of variations [25] as is done by Edelstein et al. [22]. Note
that there are no specific boundary conditions on Γ2 which need to be imposed beforehand,
by the distance-to-feature problem that we consider. Hence, on the unconstrained portion Γ2

of ∂Ω, we impose the natural boundary condition, which achieves the lowest energy among
all possible boundary conditions [25].

By a standard calculation, the natural boundary condition corresponding to the energy
(3) (with (2b) already imposed), is given by

|∇Su|p−2(∇Su · n) = 0 on Γ2, (4)

where n is the outward unit normal to ∂Ω. In order to satisfy (4), we need to have either
|∇Su|p−2 = 0 or ∇Su · n = 0 for all points on Γ2 ⊂ ∂Ω. We are interested in a distance
function approximation, so as p → ∞ it is desired that |∇Sup| will be close to 1. Hence,
the homogeneous Neumann boundary condition (2c) follows. Below, we present further
mathematical justification for the mixed BVP (2a)-(2c), and at the end of this section, we
go into more detail for a particular example in 1D.

The particular case when Γ1 = ∂Ω, Γ2 = ∅, and Ω is a bounded domain in Rn, was
considered in the mathematical literature by Bhattacharya et al. [10], and in the computa-
tional work on distance approximation of Fayolle and Belyaev [1]. In this restrictive setting,
problem (1a)-(1b) computes (in the limit p → ∞) the distance in the Euclidean space to the
boundary of a set Ω ⊂ Rn. In an extension of the work from [10], [26] considered the more
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Figure 1: S is the open hemisphere and Γ1 (indicated in orange) represents the feature set. Top row:
Distance-to-boundary problem (Γ1 = ∂S,Γ2 = ∅). Bottom row: Distance-to-feature problem. Γ2 is indicated
in blue.

general case when Γ1 is a strict subset of ∂Ω (hence, Γ2 ̸= ∅). Specifically, the authors of
[26] considered the mixed BVP (2a)-(2c) on smooth convex subsets of Rn, and investigated
the limit p → ∞ of its weak solutions up. They proved (see [26, Remark 2.2]) that

lim
p→∞

up(x) = dist(x,Γ1). (5)

The convergence is, in fact, uniform in Ω. From an analysis point of view, the approach
taken in [26] to study the p → ∞ limit, is very similar to that from [10]. The reason the
methods extend with very few modifications from [10] (where Γ2 = ∅) to the mixed BVP
with Γ2 ̸= ∅, lies exactly in the fact that the homogeneous Neumann BC (2c) is natural [25].

In the present work, we are interested in geodesic distance approximation on surfaces.
For this reason, the BVP (2a)-(2c) is set up on a subset Ω of a surface S using the surface
p-Laplacian, and we compute the geodesic distance function to the feature set Γ1 ⊂ ∂Ω.
The feature set can be very diverse, as illustrated in Figure 1; Γ1 may or may not have
any points on the surface’s boundary ∂S. When Γ1 = ∂S (see top row in Figure 1), then
Ω = S, and the distance-to-feature problem simplifies to the distance-to-boundary problem
as in Bhattacharya et al. [10], except that here we are interested in the geodesic, rather than
Euclidean, distance. For numerical purposes, large p-values are of interest. Unfortunately,
large p-values lead to ill-conditioned problems and are therefore numerically challenging to
solve [27].

We further note that the analysis in [10, 26] can be extended to compact Riemannian
manifolds using the Sobolev and Kondrachov embedding theorems on manifolds from [28].
Hence, one can prove rigorously the limit (5) in general surface settings, as considered in our
work. Also, from a PDE analysis point of view, the case when Γ1 contains isolated points
(see left plot in bottom row of Figure 1), is degenerate. In this case, one can consider Γ1 to
be the boundary of an arbitrarily small geodesic ball around the single point.

Exact 1D solution. For concreteness, we show a simple 1D example with an exact solution.
A similar calculation may be performed for a radially symmetric problem in 2D, however
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solutions are not as simple and involve hypergeometric functions. Consider S = (−1, 1) with
feature set Γ1 = {0}. Then, Ω = (−1, 0) ∪ (0, 1) and Γ2 = {−1, 1}. The exact solution for
this problem is

dist(x,Γ1) = |x|.

The one-dimensional p-Laplacian is given by ∆pup(x) = (|u′|p−2u′)
′
, and the BVP problem

(2a)-(2c) becomes

−
(
|u′|p−2u′)′ = 1, 0 < |x| < 1, (6a)

up(0) = 0, (6b)

u′
p(−1) = u′

p(1) = 0. (6c)

The exact solution of (6a)-(6c) is

up(x) = −p− 1

p
(1− |x|)

p
p−1 +

p− 1

p
. (7)

Using (7) one can then show immediately that for any x ∈ Ω fixed,

lim
p→∞

up(x) = |x| = dist(x,Γ1). (8)

We note that the convergence (8) is in fact uniform on Ω. Indeed, use

∂

∂x

[
|x| − up(x)

]
= sign(x)

(
1− (1− |x|)

1
p−1

)
,

for x ∈ Ω. Since (1− (1− |x|)
1

p−1 ) ≥ 0 for all x ∈ Ω, we infer that |x| − up(x) is a monotone
function and hence,∣∣∣|x| − up(x)

∣∣∣ ≤ ∣∣| ± 1| − up(±1)
∣∣ ≤ 1− p− 1

p
=

1

p
, for all x ∈ Ω.

The uniform convergence in (8) can then be concluded.
Figure 2 shows the exact solution (7) for various values of p, and their corresponding er-

rors, |x|−up(x). Here we use (2c), ensuring a well-posed problem for our computations with
finite p. In the p → ∞ limit, up(x) violates the Neumann condition (6c) (see the zoom-in
of the left plot in Figure 2), which is the desired behaviour for the distance problem. Ac-
cordingly, in computations with large p the error from the homogeneous Neumann condition
(6c) does not interfere with the linear convergence rate of 1/p. This supports our choice of
homogeneous Neumann boundary conditions on Γ2.

3. Surface finite element method

The continuous surface Ω is replaced by a piecewise polynomial surface Ωh; this introduces
a geometric error between Ω and Ωh. We will use a finite element space:

Sh = {ϕh ∈ C(Ωh) : ϕh|T is in P 1 for each T ∈ Th},
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Figure 2: One-dimensional example, with S = (−1, 1) and Γ1 = {0}. Left: the exact solution up(x) (see
(6a)-(6c) and (7)) converges to |x| = dist(x,Γ1) as p increases. Right: the corresponding pointwise errors
|x| − up(x), for various p-values.

where P 1 is the space of linear elements on Th, the collection of faces on the surface mesh.
The corresponding lifted finite element space is

Sl
h = {φh = ϕl

h : ϕh ∈ Sh},

where the superscript denotes the constant extension from Ω in the normal direction or lift
onto Ω.

Convergence has been established for the surface finite element method (SFEM) with
linear elements. In particular, for the surface Poisson problem, ∆Su = f , Dziuk & Elliot
[29] show that if ||f − fh||L2(Ω) ≤ cfh

2, then

||u− uh||L2(Ω) ≤ c1h
2, ||∇S(u− uh)||L2(Ω) ≤ c2h,

which is analogous to the Euclidean result.
Distance functions are typically nonsmooth which means we do not see improved con-

vergence rates with higher order elements. Therefore, we consider only first order elements.
We choose to use SFEM due to the nonsmooth nature of distance functions. Using a finite
difference discretization paired with the closest point embedding method [30] suffices for
smooth problems. However, finite difference discretizations fail to converge for the examples
we consider. The divergence structure of the p-Laplacian allows us to employ a variational
finite element method which is more robust against nonsmooth data.

Alternating direction method of multipliers (ADMM). To solve the nonlinear p-Poisson prob-
lem, we use two methods: a standard Newton scheme and ADMM. Note that throughout
the paper, we will present only the results obtained with ADMM. Using the Newton scheme
we were able to obtain very similar results; however, Newton is less robust for large p and
requires more careful numerical treatment [27]. ADMM is a competitive tool in solving
problems arising in data science due to its efficiency and computational advantages over
other similar methods [31]. In particular, using an ADMM algorithm with a finite element
discretized PDE problem can greatly improve practical employability over a more traditional
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Newton iteration when working on a discrete computational domain represented by a large
mesh.

We now present an ADMM algorithm for the p-Poisson problem. We note that we are
minimizing functionals as in [32] which is a more general setting than the ADMM setup in
[31]. As discussed above, this problem easily becomes ill-conditioned for large p-values so it
is ideally suited to this approach. For the application of geodesic distance approximation,
large p-values may be used to yield more accurate results. Thus, it is of interest to use a
numerical solver which is robust against ill-conditioned systems.

Fayolle & Belyaev [1] consider p-Poisson problems and implement an ADMM algorithm
for computing numerical solutions. Our implementation is very similar to that shown by
Fayolle & Belyaev [1] but with different boundary conditions. We will see that using ADMM
amounts to iterations which require solving a Poisson equation and a 1D polynomial equation.

In order to split the problem, a slack variable ξ(x) is introduced in [1], which gives rise
to the constrained problem

minimize
1

p

∫
Ω

|ξ|pdA−
∫
Ω

u dA,

subject to ξ = ∇Su,

with boundary conditions of u|Γ1 = 0 and ∂u
∂n
|Γ2 = 0. Section 2 elaborates on the relation

between minimizing the energy functional and these boundary conditions. In the SFEM
discretization, the Dirichlet conditions are imposed by adding constraints to the nodes lying
on Γ1 and the homogeneous Neumann condition is imposed by disregarding the boundary
term obtained from applying the divergence theorem. An ADMM algorithm can now be
used on the convex optimization problem. Relaxing the constraint and adding a Lagrange
multiplier term gives

Lβ(ξ, u, y) =
1

p

∫
Ω

|ξ|pdA−
∫
Ω

udA+

∫
Ω

y · (∇Su− ξ)dA+
β

2

∫
Ω

|∇Su− ξ|2dA

=

∫
Ω

{
1

p
|ξ|p − u+

β

2

∣∣∣∣ξ − (∇Su− y

β

)∣∣∣∣2 − 1

2β
|y|2
}
dA,

where β > 0 and y(x) is the vector of the Lagrange multipliers.
First, if u and y are fixed, the optimization with respect to ξ results in a 1D polynomial

equation. The optimal ξ will minimize

1

p
|ξ|p + β

2

∣∣∣∣ξ − (∇Su− y

β

)∣∣∣∣2 , (9)

and therefore will be proportional to ∇Su− y
β
, taking the form c(x)

(
∇Su(x)− y

β

)
.

Heuristically, minimizing only 1
p
|ξ|p results in ξ = 0 and minimizing only β

2

∣∣∣ξ − (∇Su− y
β

)∣∣∣2
results in ξ = ∇Su− y

β
so it makes sense that the minimizer will be situated on the straight

segment connecting the origin of coordinates with ∇Su − y
β
. To illustrate this, we can sep-

arate ξ into parallel and orthogonal components relative to ∇Su − y
β
denoted, respectively,
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by ξ∥ and ξ⊥ so that ξ = ξ∥ + ξ⊥. Plugging this into (9) gives

argmin
ξ

{
1

p
|ξ|p + β

2

∣∣∣∣ξ − (∇Su− y

β

)∣∣∣∣2
}

= argmin
ξ

{
1

p
|ξ|p + β

2
|ξ|2 − β

(
∇Su− y

β

)⊤

ξ∥

}
,

from which we can see that the optimal ξ is parallel to ∇Su− y
β
.

For each x ∈ Ωh, using ξ = c(x)
(
∇Su(x)− y

β

)
leads to minimizing

1

p
cp
∣∣∣∣∇Su− y

β

∣∣∣∣p + β

2

∣∣∣∣∇Su− y

β

∣∣∣∣2 (c− 1)2, (10)

or equivalently solving ∣∣∣∣∇Su− y

β

∣∣∣∣p−2

cp−1 + β(c− 1) = 0 (11)

for c [1]. The latter is obtained by differentiating (10) with respect to c and then dividing

by
∣∣∣∇Su− y

β

∣∣∣2. This problem can be dealt with numerically using a Newton iteration. Note

that for a given x ∈ Ωh, if |∇Su(x)− y
β
| ≠ 0, we will have a root 0 < c < 1. This is because

c = 0 in (11) gives −β < 0 and c = 1 in (11) gives |∇Su− y
β
|p−2 > 0.

If ξ and y are fixed, optimizing with respect to u leads to solving the Poisson boundary
value problem given by

−∆Su = −divS(ξ)− divS
(
y

β

)
+

1

β
in Ω, (12a)

u = 0 on Γ1, (12b)

∂u

∂n
= 0 on Γ2, (12c)

which can be done in a standard way using a surface finite element method [1].
ADMM optimizes the augmented Lagrangian with respect to each variable separately.

The ADMM iterative procedure for numerically solving the p-Poisson problem is then given
by

• ξ-update step: For each x ∈ Ωh, solve (11) with u = uk and y = yk to find c, then

obtain the update ξk+1 = c(x)
(
∇Suk − yk

β

)
.

• u-update step: Solve (12) with y = yk and ξ = ξk+1 to obtain the update uk+1.

• Dual update: We update the dual variable by yk+1 = yk + β(ξk+1 −∇Suk+1). This is

because the gradient of y may be computed as ∇Sy = ξ∗ − ∇Su∗ where star superscripts
denote optimal values. Here, we can think of β as a step size.
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To start the iterative procedure we set ξ0 = y0 = 0 so u is initialized by solving
−∆Su0 = 1

β
subject to boundary conditions of u0|Γ1 = 0 and ∂u0

∂n
|Γ2 = 0.

Under certain convexity and existence assumptions given by Gabay and Mercier [32],
convergence may be established. Glowinski and Marrocco [33] verify that the p-Poisson
problem satisfies necessary assumptions on the plane. Provided these assumptions hold, the
ADMM iterates satisfy the following: (i) rk = ξk − ∇Suk → 0 as k → ∞, i.e., the iterates
approach feasibility, (ii) the objective function of the iterates approaches the optimal value
as k → ∞, and (iii) yk → y∗ as k → ∞, where y∗ is a dual optimal point [31]. Our numerical
simulations exhibit convergence of the algorithm.

In addition to tracking the change in the computed solution between iterates, the primal
and dual residuals can help inform stopping criteria. The ‘primal residual’ rk is given by

rk = ξk −∇Suk = (yk − yk−1)/β,

and the ‘dual residual’ sk is given by

sk = −β(ξk − ξk−1).

It is often reasonable to use a stopping condition of ||rk|| < tolprimal and ||sk|| < toldual where
tolprimal and toldual are chosen by the user. For most test problems, we set toldual = 10−3

and tolprimal = 10−6. Note that a smaller penalty parameter, β, often yields a better dual
residual and a larger β often yields a better primal residual. We wish to strike a healthy
balance; typically, we use β = 10.

4. Computational assessment

This section numerically assesses the ADMM algorithm for the p-Poisson distance-to-
feature problem. The algorithm is implemented in C++ using deal.II [24]. Visualizations
shown are performed with ParaView [34]. For smooth examples, we can anticipate numerical

convergence of order O
(
h2 + 1

p

)
where h is the maximum cell edge length. We use ℓ to

denote the average cell edge length on the mesh. However, distance functions are generally
nonsmooth leading us to observe some deterioration in the convergence rates. In particular,
distance functions will be nonsmooth near Γ1, e.g., distance to the origin in 1D gives the
absolute value function.

We numerically compute the distance-to-feature for several examples, using three meth-
ods: our p-Poisson method (using a low and a large value of p, respectively), the heat method
from Crane at al. [2], and the classical polyhedral method from Mitchell et al. [3]. We use
the C++ implementations of these methods from geometry-central [35] and export the re-
sults to ParaView [34] for consistent visualization. We use the same surface triangulation
for all methods.

We emphasize that the p-value can control the smoothness of our p-Poisson distance
approximations. This allows us to obtain smoothed distance function representations which
may be desired in some practical applications [2]. Additionally, by taking a larger p-value,
we recover the nonsmooth nature of the true distance function. For a visualization of small
and large p-values shown side-by-side, see Figures 3 and 6.
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4.1. Numerical convergence studies

In this subsection we present numerical convergence studies for some examples on simple
surfaces where we know the exact distance functions, dist(·,Γ1), to the feature sets.

The symmetric mean absolute percentage error (SMAPE) [36] is given by

SMAPE(dist, up) =
100

n

n∑
i=1

|disti − ui
p|(

|disti|+ |ui
p|
)
/2

,

where ui
p is the numerically computed p-Poisson distance at vertex i, and disti denotes the

exact value of the geodesic distance from the vertex i to the feature set. Here, n denotes the
number of vertices.

For a well-rounded error assessment, we also present L2 integral norm relative errors
between the computed p-Poisson distance, up, and the exact geodesic distance function,
dist(·,Γ1).

4.1.1. Distance to a point on the hemisphere

The first example we consider is the geodesic distance to a point on the unit hemisphere.
In this example, S = {(x, y, z) : x2 + y2 + z2 = 1, x > 0} is the unit hemisphere, Γ1 ={(√

2
2
, 1
2
, 1
2

)}
, and Γ2 = ∂S. The geodesic distance between two points on a sphere is

given by the spherical law of cosines. In particular, the geodesic distance between a point
x = (x, y, z) on the hemisphere and Γ1 is given by

dist (x,Γ1) = arccos

(√
2

2
x+

1

2
y +

1

2
z

)
. (13)

The first row of Figure 3 shows the computed distance-to-feature in this example, by
the three methods. The order (from left to right) is as follows: the first and second plots
correspond to the p-Poisson distance approximation using p = 5 and p = 100, respectively;
the third plot is for the heat method, and the fourth shows the polyhedral distance [3]. For
the p-Poisson method with p = 5, the contours are less evenly spaced and the Neumann
condition on Γ2 is visually prominent. For p = 100, the Neumann condition is visually
imperceptible and the contours are evenly spaced. For the heat method we note a severe
effect of the boundary on the contours. The polyhedral method seems to give comparable
results to the p-Poisson method with p = 100.

Figure 4 shows how the primal and dual residuals evolve with the number of ADMM
iterations for various p-values. For each p > 5, we initialize with the computed solution
from the previous (smaller) p-value shown in Figure 4. Since we have already computed
the solution for the previous (smaller) p-value, this initialization process reduces the number
of iterations needed for the current (larger) p-value. However, this is not necessary to see
convergence using the ADMM scheme. Unlike a Newton algorithm, ADMM will converge
even with a poor initial guess.

4.1.2. Distance to an open curve and a point on the hemisphere

We now consider an example that seeks the distance to Γ1 consisting of an open curve
and a point on the unit hemisphere. Specifically, S = {(x, y, z) : x2 + y2 + z2 = 1, x > 0} is
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p = 5 p = 100 heat distance [2] polyhedral [3]

Figure 3: Computed distance approximations using three methods: our p-Poisson method (first and second
columns, using p = 5 and p = 100, respectively), the heat method (third column), and the polyhedral method
(fourth column). Top row: distance to a point on hemisphere. Second row: distance to an open curve and a
point on hemisphere. Bottom row: distance to two closed curves on torus. For visualization near the feature
set Γ1, we highlight in green values falling below a chosen tolerance. The triangulations consists of 2307
vertices and 791 faces, 9484 vertices and 3228 faces, and 35019 vertices and 105057 faces respectively.

Figure 4: Tracking of residuals and gradient norm for the example of distance to a point on the hemisphere
using various p-values. Primal (left) and dual (right) residuals versus ADMM iterations. The algorithm is
run on a hemisphere mesh with 10240 tri cells and ℓ ≈ 3.95× 10−2, h ≈ 6.29× 10−2.
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ADMM algorithm for p-Poisson distance on hemisphere
p L2 (relative error) Rate SMAPE (% error) Rate
5 1.2928× 10−1 NA 16.301 NA
10 6.2872× 10−2 1.04 8.1910 0.99
20 3.0476× 10−2 1.04 3.9934 1.04
40 1.4554× 10−2 1.07 1.9136 1.06
80 6.9663× 10−3 1.06 9.6856× 10−1 0.98
160 3.4894× 10−3 1.00 4.8681× 10−1 0.99

Table 1: Numerical convergence study in p, comparing computed solutions with exact geodesic distance to
an open curve and a point on the hemisphere. The algorithm is run on a hemisphere mesh with 655360 tri
cells and ℓ ≈ 9.89×10−3, h ≈ 1.57×10−2. We note that the SMAPE values are % errors and are thus about
100 times larger than the L2 relative error values.

the hemisphere,

Γ1 =
{(√

2/2, 1/2, 1/2
)}

∪ {(x, y, z) ∈ S : z = 0, y ≥ 0} ,

and Γ2 = ∂S \ {(0, 1, 0)} – see the second row in Figure 3.
The second row of Figure 3 shows the numerical computations for this example, using

the three methods (the order of the plots is similar to the first row). For the p-Poisson
method, we observe that the contours sharpen for larger p-values and the influence of the
Neumann condition diminishes. In particular, for p = 5, we see smoothing around points
that are equidistant to the point and the open curve which comprise Γ1. The smoothing
of the contours is also clearly visible in the heat method. However, for p = 100, there is
no perceptible smoothing of the distance, and a similar comment applies to the polyhedral
method as well.

Table 1 shows L2 relative errors and SMAPE for our method applied to the problem of
computing geodesic distance to an open curve and a point on the hemisphere. Here we use
an analytical expression for the geodesic distance, derived from the spherical law of cosines,
to compare against our computed solutions. Our primary focus is on the convergence of
our method with respect to p. Thus, computations are performed on a large, fixed number
of cells, iterating until convergence of the ADMM algorithm. Computations are performed
by successively doubling p at each iteration. The results show linear convergence in 1/p for
both error metrics. It is worth noting that the SMAPE table entries are roughly 100 times
larger than the L2 entries because SMAPE represents a percentage error.

4.1.3. Distance to closed curves on torus

This example seeks the distance to Γ1 consisting of two closed curves on a torus. Here,
S = {(x, y, z) : (R −

√
x2 + z2)2 + y2 = r2} is the torus with outer radius R = 2 and inner

radius r = 1, Γ1 consists of the inner and outer circles on the torus lying in the plane y = 0,
and Γ2 = ∅ – see the bottom row in Figure 3.

The bottom row of Figure 3 showcases the numerical computations for this example
(same three methods and same layout of plots as for the first two rows). Note that since
the torus is a closed surface, there is no error from the Neumann boundary condition for
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ADMM algorithm for p-Poisson distance on torus
p L2 (relative error) Rate SMAPE (% error) Rate
5 5.8144× 10−2 NA 7.0674 NA
10 2.9089× 10−2 1.00 3.3470 1.08
20 1.4132× 10−2 1.04 1.6215 1.05
40 6.4439× 10−3 1.13 7.7920× 10−1 1.06
80 2.9304× 10−3 1.14 3.7879× 10−1 1.04
160 1.5206× 10−3 0.95 1.9328× 10−1 0.97

Table 2: Numerical convergence study in p, comparing computed solutions with exact geodesic distance to
closed curves on a torus. The algorithm is run on a torus mesh with 196608 tri cells and ℓ ≈ 1.65 × 10−2,
h ≈ 2.74 × 10−2. We note that the SMAPE values are % errors and are thus about 100 times larger than
the L2 relative error values.

the p-Poisson method. The lower p-value gives a smoother approximation, and the higher
value gives a sharper, more accurate approximation. The heat and polyhedral methods give
similar results to the p-Poisson method with p = 100.

Table 2 shows L2 relative errors and SMAPE for our method applied to computing the
geodesic distance to closed curves defined by y = 0 on a torus. An analytical expression
for the geodesic distance is used to compute the errors. As in the previous example, com-
putations are performed on a large, fixed number of cells, iterating until convergence of the
ADMM algorithm. For each experiment, p is successively doubled. Once again, we find
linear convergence in 1/p for both error metrics.

We may also monitor how the p-Poisson energy (3) evolves with the ADMM iterations.
Figure 5 plots the energy versus the number of iterations for a variety of p-values. As with
the residuals, computations in Figure 5 are initialized for each p > 5 with the computed
solution from the previous (smaller) p-value. We see that the energy decays rapidly within
the first few iterations and then remains level at the (supposed) minimizer. Other examples
exhibit similar results. If the energy begins to increase, it is often a sign that the p-value is
too large for the mesh resolution or that the choice of parameters is unsuitable; for instance,
taking the penalty parameter β too small.

Our numerical simulations were performed on a single thread of an AMD Ryzen 7 8845HS
(16-thread) Lenovo Yoga Pro 7 14AHP9. For this torus example, an average ADMM iteration
took about 0.049 seconds on a mesh with 1536 vertices and 4608 faces, and about 0.185
seconds on a mesh with 6144 vertices and 18432 faces. We observed that the computational
timing remains stable as the p-value increases. For successive refinements, the computation
time increased by approximately a factor of 4.

Table 3 shows side-by-side statistics for our p-Poisson method, the heat method, and the
polyhedral method. For comparison, we fix a large value of p = 160. Both L2 relative errors
and SMAPEs are measured against the exact geodesic distance function. For Example 4.1.1,
the geodesic distance function is given by the spherical law of cosines (see (13)). Similarly,
we have explicit geodesic distance functions for Example 4.1.2 and Example 4.1.3. Table 3
shows that in all three examples, our p-Poisson method yields errors that lie between those
of the heat method and the polyhedral method. For Example 4.1.2 and Example 4.1.3, the

14



Figure 5: p-Poisson energy (3) versus ADMM iterations for distance to closed curves on torus using various
p-values. The algorithm is run on a torus mesh with 196608 tri cells and ℓ ≈ 3.30× 10−2, h ≈ 5.49× 10−2.

SMAPE produced by the heat method is comparable to that of the p-Poisson method with
p ∈ (10, 20) and p ∈ (40, 80) respectively, as shown in Table 1 and Table 2.

4.2. Examples on various surfaces

We now show examples on a wider variety of surfaces. Additionally, we computationally
assess robustness to poor mesh quality and check that our distance approximations satisfy
the triangle inequality.

Figure 6 shows the computed distance-to-feature Γ1 on four different surfaces, using
the p-Poisson distance approximation with p = 5 and p = 100 (first and second columns,
respectively), the heat method (third column) and the polyhedral method (fourth column).
The top two rows show distances to a point on a closed surface (hand and pig). For both
of these examples, the p = 5 solution overestimates the distance, while the p = 100 solution
shows a more uniform spacing between contours. These differences are most noticeable on
the fingers and legs. The heat method and the polyhedral method for these examples give
comparable results to our method with p = 100.

The third row in Figure 6 shows the distance to a feature set consisting of two points on
an octopus. Here, there is a significant increase in sharpness of the contours going from p = 5
to p = 100. The heat method gives slightly more smoothing, most prominently around the
curve which is equidistant to the two points of the feature set – a similar issue was pointed
out for the example in Section 4.1.2 (see the second row of Figure 3). The polyhedral
method gives qualitatively similar contours to the p-Poisson method with p = 100. Lastly,
the bottom row shows the distance to two open curves on a surface with boundaries. We
have sliced off one side of the cylinder so this example has a nonempty set Γ2, as well as
sharp edges on the box. Similar to the octopus, we observe a smoother result for p = 5. The
other three methods (p = 100, heat distance, and polyhedral) give similar contours.

4.2.1. Properties of the distance function

We perform some numerical tests to see how well the p-Poisson distance approximations
satisfy some fundamental properties of the distance function. Namely, that its gradient has
norm 1 and that distances obey the triangle inequality.
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p = 5 p = 100 heat distance [2] polyhedral [3]

Figure 6: Computed distance approximations using three methods: the p-Poisson method (first and second
columns, with p = 5 and p = 100, respectively), the heat method (third column), and the polyhedral method
(fourth column). For visualization near the feature set Γ1, we highlight in green values falling below a chosen
tolerance. Top row: distance to a point on the palm of a hand. Second row: distance to the tip of an ear
on the pig. Third row: distance to two distinct points on an octopus. Bottom row: distance to two open
curves on a surface with boundaries. Each row uses identical surface triangulations. The hand consists of
8647 vertices and 17290 faces, the pig consists of 8411 vertices and 16818 faces, the octopus consists of 11051
vertices and 22098 faces, and the cylinder with box consists of 81199 vertices and 161648 faces.
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Example 4.1.1: Distance to point on the hemisphere
Method L2 (relative error) SMAPE (% error)

p-Poisson (p = 160) 4.7582× 10−3 7.0265× 10−1

heat distance [2] 1.0743× 10−2 1.0852
polyhedral [3] 8.7917× 10−5 2.3249× 10−2

Example 4.1.2: Distance to an open curve and a point on the hemisphere
Method L2 (relative error) SMAPE (% error)

p-Poisson (p = 160) 3.4894× 10−3 4.8681× 10−1

heat distance [2] 2.7041× 10−2 4.8715
polyhedral [3] 2.0248× 10−4 3.3905× 10−2

Example 4.1.3: Distance to closed curves on torus
Method L2 (relative error) SMAPE (% error)

p-Poisson (p = 160) 1.5206× 10−3 1.9328× 10−1

heat distance [2] 2.4888× 10−3 6.6466× 10−1

polyhedral [3] 6.6534× 10−4 1.2683× 10−2

Table 3: Side-by-side method statistics (L2 relative error and SMAPE) comparing against the exact geodesic
distance function; see, for example, (13). The hemisphere mesh for Examples 4.1.1-4.1.2 consists of 655360
tri cells, with ℓ ≈ 9.89 × 10−3, h ≈ 1.57 × 10−2. The torus mesh for Example 4.1.3 consists of 196608 tri
cells, with ℓ ≈ 1.65× 10−2, h ≈ 2.74× 10−2.

Figure 7 shows the normalized L1 norm of 1 −
∣∣∇Sup

∣∣ versus the number of ADMM
iterations for various p-values. The examples considered in Figure 7 are the distance-to-
point on the hemisphere, as shown in row 1 of Figure 3, and the distance-to-ear example on
the pig mesh, as shown in row 2 of Figure 6. The figure shows that the norm of the computed
solution gradient is approaching a value of 1. The true distance function gradient has norm
1, so this is an indicator that we are getting closer to the exact distance as p increases. We
initialize each of the larger p-values (p ≥ 10) with the solution from the previous p-value.
Therefore, the most rapid decrease in 1−

∣∣∇Sup

∣∣ occurs only during the first few iterations
for p = 5. This behaviour is also observed for other examples.

Figure 8 illustrates how well various numerical methods for computing geodesic distances
satisfy the triangle inequality. The figure shows computations of the distance on a bunny,
where the feature set consists of a point q1 on the ear and a point q2 on the lower body. The
left plot was obtained with our method (using p = 5), the middle plot used the heat method,
and the one on the right corresponds to the polyhedral method. We note that there is a
small difference between our computations of dp(q1, q2) and dp(q2, q1), and for this reason we
test the triangle inequality using the maximum of the two distances, i.e., we check

dp(q1, x) + dp(q2, x) ≥ max{dp(q1, q2), dp(q2, q1)}, for x ∈ S.

In Figure 8, the regions that satisfy the triangle inequality above are shown in white, along
with the level sets of min{d(q1, x), d(q2, x)}. Here, d(·, x) denotes the approximate distance
to x computed using the method under consideration. The figure shows that throughout the
entire mesh, both our method and the polyhedral method satisfy the inequality. We also
point out that our method has achieved this result with a low value of p, and the inequality
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(a) distance to a point on hemisphere (b) distance to the ear on pig

Figure 7: Normalized L1 norm of 1 −
∣∣∇Sup

∣∣ versus ADMM iterations for various p-values. Results are
shown for the distance to a point on hemisphere in Figure 3 (top row) and the distance to the tip of an ear
on the pig in Figure 6 (second row). Note the convergence to 1 of

∣∣∇Sup

∣∣ as p increases, indicating that
the method converges to the exact geodesic distance. The hemisphere mesh consists of 40960 tri cells with
ℓ ≈ ×10−2, h ≈ ×10−2 and the pig mesh consists of 16818 tri cells with ℓ ≈ 2.34× 10−2, h ≈ 4.89× 10−2.

remains satisfied for all higher values of p that we tested. In contrast, distances computed
using the heat method fail to satisfy the triangle inequality over significant regions on the
bunny, shown in red. This shortcoming of the heat method was already noted in [12] (see
Figure 9 in their paper for another visualization of these regions).

4.2.2. Robustness against mesh quality

It is desirable for a method to withstand some topological perturbations such as vertex
noise, artificial holes, and nearly isometric deformation.

Crane et al. [2] and Solomon et al. [12] both demonstrate that their methods for distance
approximation can withstand some per-vertex noise. Figure 9 shows computed p-Poisson
distances to the lid of a teapot with varying degrees of Gaussian noise added to the mesh.
More precisely, we perturb the vertices by adding Gaussian noise with standard deviations
σ = ℓ

8
, ℓ
4
, ℓ
2
where ℓ ≈ 1.60 × 10−2 is the average cell edge length on the mesh. We observe

that the contours undergo minimal change with the addition of noise. Visualizations are
shown only for p = 100 although other p-values have similar results.

5. Conclusions

We have extended the p-Poisson distance problem to handle the intrinsic distance-to-
feature problem. Our approach has the advantage that errors are controlled near the surface
boundary without the need to average multiple computations, as is required with Crane et
al.’s [2] method. The ADMM scheme for solving the boundary value problem demonstrates
numerical convergence to the exact geodesic distance as p → ∞. Additionally, ADMM de-
couples the ill-conditioning effects of large p-values, which means the starting p-value may
be large. Our computed p-Poisson distances exhibit many desirable properties, such as ro-
bustness against geometric noise and satisfaction of the triangle inequality. Our workflows
are centered on the deal.II implementation for triangular and quadrilateral meshes, leaving
room for future work exploring p-Poisson distances on various discrete surface representa-
tions, as well as numerical approximation methods. The numerical methods presented are
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(a) p-Poisson with p = 5 (b) heat distance [2] (c) polyhedral [3]

Figure 8: Triangle inequality check. The feature set consists of a point q1 on the ear on the bunny, and a point
q2 on its lower body. The computations were done with three methods: our p-Poisson distance approximation
(left), the heat method (center), and the polyhedral method (right). Regions which satisfy the triangle
inequality are shown in white, along with the level sets of min{d(q1, x), d(q2, x)}, where d(·, x) denotes
the distance approximation obtained by the method of consideration. Regions which violate the triangle
inequality are shown in red. Note that the entire bunny is white for the p-Poisson distance approximation
and the polyhedral method, while the heat method fails to satisfy the triangle inequality on fairly large
regions. The bunny triangulation consists of 3900 vertices and 7800 faces.

(a) σ = 0 (b) σ = ℓ
8

(c) σ = ℓ
4

(d) σ = ℓ
2

Figure 9: Computed p-Poisson distances to the lid of a teapot with Gaussian noise added to the mesh
vertices. The standard deviation is in terms of the average mesh cell edge length ℓ ≈ 1.60× 10−2. Top left:
no noise. Top right: minimal amount of noise (σ = ℓ

8 ). Bottom left: medium amount of noise (σ = ℓ
4 ) .

Bottom right: large amount of noise (σ = ℓ
2 ). The teapot quad mesh consists of 3900 vertices and 7800

faces.
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also adaptable to different problems involving ∆S
p , so this work provides a starting point for

the study of other applications.
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