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1 Using Calculus For Utility Maximization Prob-
lems

1.1 Review of Some Derivative Rules

1. Partial Derivative Rules:

U=uzxy oU/ox =y oU/oy = x

U = 2% oU/0x = ax® Y4 oU /Oy = bxsyb~t
U=y = z—z oU/dzx = az*y=®  OU/Oy = —bxoy b1
U=azx+by oU/0x = a oU/0y = b

U = az'/? + by'/? 8U/8x:a(%)m_1/2 5’U/(9y:b(%)y_1/2

2. Logarithm (Natural log) Inz
(a) Rules of natural log
If Then
y=AB Iny=In(AB)=InA+1InB
y=A/B Ilny=InA—-InB
y=Ab Iny =In(4°%) =bln A
NOTE: In(A+ B)#InA+InB

(b) derivatives

IF THEN
y=Inx %9:%

y=In(f@) %=75 1)
(c) Examples
If Then
y = In(z? — 22) dy/dx = (ﬂi (2z —2)
y=mn@"?)=1hs dy/de= (%) %) =L




3. The Number e

d
ify = ¢® then 2 = ¢
dz

d
ify = /@ then W el@ f'()
dx

(a) Examples

_ L3z dy _ 3z
y=e* &= e 3(3)

_ Tz ay _ Tz 2
y=e 2= (2127%)
y = ert dy _ ret

dt

1.2 Finding the MRS from Utility functions

EXAMPLE: Find the total differential for the following utility functions

4. U(zy,22) = alne; + Blncy where (o, 8 > 0)

Answers:

ou — ou —
1. 8x1—U1—CL 812_U2_b
and

dU = Uldxl + Ugdilig = ad:cl + bd!EQ =0

If we rearrange to get dxs/dx;

dry 5 Ui a
dx, g—m’é U b
The MRS is the Absolute value of jiaj :
a
MRS = —
b
2. g—gl:U1:2I1+I‘2 g—mUZZUQZ?)ZII%—i—"El
and

dU = Uydzy + Usdzy = (201 + 29)dxy + (323 + 21)dwy = 0



Find dl‘g/dl’l

dry U (271 + 1)
dlL‘l U2 N (3I% + $1>
The MRS is the Absolute value of jixf :

MRS _ (21’1 +.%'2)

(323 + x1)
iii) 8% = Uy = ax} 2} L — Uy = bagay™!
and
dU = (ax‘l‘_lxg) dxi + (bx‘fmg_l) dzy =0
Rearrange to get
dry Uy ax‘f_lxg aTs
dry Uy batab™ bry
The MRS is the Absolute value of ZTDC? :
MRS = %2
biE’l
0 - tma (o= (8 02 de ()
an

du

<%) de; + (i) dcy =0

dey U (&) _ac
dcy Us (%) Bei
The MRS is the Absolute value of 2—2 :

Rearrange to get

OéCQ_

MRS =

e = Pe(l+7) and ¢ = —2

B(1+7)




1.3 Application: Intertemporal Utility Maximization

Consider a simple two period model where a consumer’s utility is a function of con-
sumption in both periods. Let the consumer’s utility function be

U(ci,ce) =Iney + Blncy

where ¢; is consumption in period one and ¢, is consumption in period two. The
consumer is also endowments of y; in period one and ¥, in period two.

Let r denote a market interest rate with the consumer can choose to borrow or
lend across the two periods. The consumer’s intertemporal budget constraint is

C2 Y2
1+7‘_y1+1—|—r

1.3.1 Method One:Find MRS and Substitute

Differentiate the Utility function

dU — (i> dey + <ﬁ> dey = 0
C1 Co

d02 Cy

dey  Pa
The MRS is the Absolute value of j—if :

Rearrange to get

MRS =
501
substitute into the budget constraint
Yo Bei(1+7)
= _— = 1
1+r at TIir (1+B)ex
C* _ hn + 1y+2r
b1+
Similarly, solving for ¢ using the first order conditions
Y2 _
NI ﬂ(l + r) 1 + r
1
(I+ry+ya = 54— )
* (I+r)y+y
Ca
= —l— 1



1.3.2 Method Two: Use the Lagrange Multiplier Method

The Lagrangian for this utility maximization problem is

C
L= lncl—}—ﬁlncz+)\<y1+%—cl— 1—ir>

The first order conditions are

o - N T Iy T AT gy
oL i_)\_

o0C1 c -

OL _ B _ x _

Combining the last two first order equations to eliminate A gives us

1 A

Vo _ o _A_,,,

ﬂ/@ Bar Tir

Ca
co = Pa(l+r and g =———
sub into the Budget constraint
Y2 Bei(1+7)
et _ = 1
?J1+1+T 1+ T (1+ P
oo + 2
L (1+p)
Similarly, solving for ¢ using the first order conditions
Y2 o
"I T 6(1—1—7’ 1+7’
1
(T+7)yr+ya = )
3
* (1 +r yl + Y2
cy = S
ﬁ



