ECON 301

Two Variable Optimization

Using Calculus For Maximization Problems

One Variable Case

If we have the following function
y = 10z — 2?

we have an example of a dome shaped function. To find the maximum of the dome, we
simply need to find the point where the slope of the dome is zero, or

& —10—-22=0

10 = 2z
r=25
and
y =25

Two Variable Case

Suppose we want to maximize the following function

z = f(z,y) = 10z + 10y + zy — 2 — 3

Note that there are two unknowns that must be solved for: x and y. This function is an
example of a three-dimensional dome. (i.e. the roof of BC Place)

To solve this maximization problem we use partial derivatives. We take a partial
derivative for each of the unknown choice variables and set them equal to zero

% =f,=10+y—2x =0 The slope in the "x” direction = 0
8—; = fy,=10+x -2y =0 The slope in the "y” direction = 0

This gives us a set of equations, one equation for each of the unknown variables. When
you have the same number of independent equations as unknowns, you can solve for each of
the unknowns.

rewrite each equation as

y=2x—10
r =2y —10

substitute one into the other
r =22 —10) — 10

z =4z — 30
3z =30



similarly,

REMEMBER: To maximize (minimize) a function of many variables you use the
technique of partial differentiation. This produces a set of equations, one equation for each
of the unknowns. You then solve the set of equations simulaneously to derive solutions for
each of the unknowns.

Second order Conditions (second derivative Test)

To test for a maximum or minimum we need to check the second partial derivatives. Since
we have two first partial derivative equations (f,,f,) and two variable in each equation, we
will get four second partials ( foe, fyys foy, fyz)

Using our original first order equations and taking the partial derivatives for each of them
(a second time) yields:

fo=10+y—-22=0 f,=10+2—-2y=0

fmx:_Q fyy:_2
fzyzl fyzzl

The two partials, f;,, and f,, are the direct effects of of a small change in x and y on
the respective slopes in in the x and y direction. The partials, f;, and f,, are the indirect
effects, or the cross effects of one variable on the slope in the other variable’s direction. For
both Mazimums and Minimums, the direct effects must outweigh the cross effects

Rules for two variable Maximums and Minimums!

1. Maximum

AN
o

fiE.’E
fyy
fyyf:c:c - fwyfy:c > 0

N
o

2. Minimum

V
o

S
fyy
fyyf:c:c_fwyfy:c > 0

\%
o

3. Otherwise, we have a Saddle Point

! Advanced Topic: This section is optional for ECON 301. For most applications, the structure of the
problem will make it clear that this is a max or min problem



From our second order conditions, above,

foo=-2<0 f,=-2<0
fmyzl fyac:l

and
foyfow = fayfye = (=2)(=2) = (1)(1) =3 >0

therefore we have a maximum.

Example: Profit Maximization

A monopolist offers two different products, each having the following market demand func-
tions

@ = 14— ilh
g2 = 24 — %P2
The monopolist’s joint cost function is

Clq, ) = ¢t +5q192 + @3

The monopolist’s profit function can be written as

T=p1q1 +p2q2 — Cq1, 2) = P11 + P2go — Q% —9q1G2 — q%

which is the function of four variables: pi, po, ¢1,and go. Using the market demand func-
tions, we can eliminate p;and p, leaving us with a two variable maximization problem. First,
rewrite the demand functions to get the inverse functions

p1 =56 —4q,
P2 = 48 — 2¢o

Substitute the inverse functions into the profit function
™= (56 — 4q1)q1 + (48 — 2¢2)q2 — 4§ — 5142 — 4
The first order conditions for profit maximization are

On — 56— 10g, — 5gs = 0

q1

o)
On — 48 — 6gy — 5q1 = 0

942

Solve the first order conditions using Cramer’s rule. First, rewrite in matrix form

10 57[a] |56
5 6| g | |48
where |A| = 35
48

= 6‘—275
Ty TS

’565

3



. |5 48‘_57
q2_ 35 - Y

Using the inverse demand functions to find the respective prices, we get

‘10 56

Pt =56 — 4(2.75) = 45
P =48 — 2(5.7) = 36.6

From the profit function, the maximum profit is
™ =213.94

Next, check the second order conditions to verify that the profit is at a maximum. The
various second derivatives can be set up in a matrix called a Hessian The Hessian for this

problem is
| ™ w2 | | —10 =5
H_lﬂm 7T22]_l -3 —6]
The sufficient conditions are

|Hy|=m11=—-10<0 (First Principle Minor of Hessian)
|Hy| = 71199 — m1amay = (—10)(—=6) — (=5)2 =35>0 (determinant)

Therefore the function is at a maximum. Further, since the signs of |H;| and |H,| are
invariant to the values of g;and ¢o, we know that the profit function is strictly concave.

Example: Profit Max Capital and Labour

Suppose we have the following production function

. . q = Output
g=f(K,L)=L2+ K= L = Labour
K = Capital

Then the profit function for a competitive firm is

m™=Pq—wL—-rK P = Market Price
or w = Wage Rate
m=PL?+ PK? —wL—rK r= Rental Rate

First order conditions

General Form

|
-

1. =217 —w=0 Pfr—w=0
2. M_PKS =0 Pfx—r=0

W



Solving (1) and (2), we get
=) K= (%)

Second order conditions (Hessian)

WLL:PfLL:%fL%?) <0

7TKK=PfKKz_TPK_73 <0

Tk =TkrL = Pfixk = Pfrr =0

—P s —P -3
P [fLLfKK - (fLK)2] = (TL 23) (TK 23) —-0>0

Differentiate first order of conditions with respect to capital (K) and labour (L)
—>Therefore profit maximization
Example: If P = 1000, w = 20, and r = 10
1. Find the optimal K, L, and =

2. Check second order conditions

Example: Cobb-Douglas production function and a com-
petitive firm

Consider a competitive firm with the following profit function
7=TR—-TC=PQ—-wL—-rK (1)

where P is price, Q is output, L is labour and K is capital, and w and r are the input prices
for L and K respectively. Since the firm operates in a competitive market, the exogenous
variables are P,w and r. There are three endogenous variables, K, L. and Q). However output,
Q, is in turn a function of K and L via the production function

Q= f(K,L)
which in this case, is the Cobb-Douglas function
Q=LK (2)

where a and b are positive parameters. If we further assume decreasing returns to scale,
then a + b < 1. For simplicity, let’s consider the symmetric case where a = b = i

Q=LiK1 (3)



Substituting Equation 3 into Equation 1 gives us

m(K,L) = PLiK% —wL — K (4)
The first order conditions are
or __ 1 -3 1 _
?—P(ZI)LI4K43—’U)—O (5)
o =P (§) LT —r=0

This system of equations define the optimal L. and K for profit maximization. Rewriting
the first equation in Equation 5 to isolate K

3

P LEKi=w
w3
K = (%L4)4
Substituting into the second equation of Equation 5

4
PLik—% = (&) L3 [(%”L) } —r

sl

L* and K* are the firm’s factor demand equations.

Review of Some Derivative Rules

1. Partial Derivative Rules:

U=uxy oU/0x=U, =y oUjoy=U, =z

U = z%? oU/0x = U, = az® 1y’ oU /0y = U, = bxy*~!
U=a'y? =% 0U/0x=U,=az* 'y’ 0U/Oy="U,=—bay """
U=ax+by oU/0x=U, =a oU/oy=U, =b

U=az'?+by? oU/0x=U,=a(})a™? 0U/dy=U,=b(3)y"/?

2. Logarithm (Natural log) Inx

(a) Rules of natural log

If Then

y=AB Iny =In(AB) =InA+1InB
y=A/B Iny=InA-InB

y=A° Iny =In(A%) =bln A

NOTE: In(A+ B) #lnA+1InB



(b) derivatives

I1F THEN
y=Inx d—z:%
T1

y=tn(f(@) -1 )
(c) Examples
If Then

y=ln(e?—2)  dylde = iy (20 -
y=In(z"?) =1z dy/de=(1)(i)=%

3. The Number e

d
ify = ¢€° then 2 = ¢7
dz
d
ify = e/@® then % = /@ . (1)
(a) Examples
_ 3z dy _ 3z
y=er g =e 3(3)
y=e"” ;—g = ™ (212?)
Yy = e'rt d_lt/ — re'r‘t

Finding the MRS from Utility functions

EXAMPLE: Find the total differential for the following utility functions

1. U(xy1,22) = axy + bz where (a,b > 0)

4. U(zy,22) = alne; + Blney where (o, 8 > 0)

Answers:

ou __ _ ou _ _
1. B_zl_Ul_a' 812_U2_b

and

dU = U1d171 + Ugdl‘g = ad:rl + bdl‘g =0
If we rearrange to get dxs/dx;

ou

dx o Ui a
— o oU T, p
d!L‘l Dra U2 b



The MRS is the Absolute value of fi% :

a
MRS = —

b

2. 8z1 U1 = 21‘1 + 22 812 U2 = 31‘2 + 21

and

dU = Uldﬂfl + UQd!EQ = (25131 + .Tg)dxl + (3513% + .Tl)dxg =0
Find dxs/dx;
d(Eg U1 . (2.1‘1 + Ig)

de, Uy, (32 +a)

The MRS is the Absolute value of g—if :

2
MRS = 2t o)
(35 + 1)
i) 95 = Uy = ax}™'o} U — Uy = bafay™
and
dU = (az{ 'z}) dzy + (baizy ") doy =0
Rearrange to get
dep _ _Uh__oaiwy | am
dey, Uy brizht b
The MRS is the Absolute value of fi% :
MRS = %2
be




