Basic Calculus for Economics Studen ts

K.J. W ain wrigh t

SFU and BCIT

F all, 1996

1 In tro duction

Calculus is ab out finding slop es of curv es. Y ou kno w that the slop e of a straigh t

line is the ”rise o v er the run”. Calculus applies the same idea to curv es. Ho w ev er,

since the slop e of a curv e c hanges con tin uously , calculus allo ws us to find the slop e

at particular p oin ts along the curv e.

2 One V ariable Calculus

If y = f ( x ) then the deriv ativ e, whic h is the form ula for the slop e of f ( x ), is sym b ol-

ized b y

dy

dx or f

′

( x ) or f

x

( x )

(

whic h are the same as:

R I S E

R U N

)

There are a few basic rules whic h let y ou find the slop e of an y curv e where y ou

kno w the form ula.

1.Constan t Rule:

If y = 4 then f(x) is just a horizon tal line at a heigh t of 4 and a slop e of zero. In

general, if y = f ( x ) = k then dy

dx

= f

′

( x ) = 0

2.P o w er function rule

y = f ( x ) = ax n

then dy

dx

= f

′

( x ) = anx n − 1

( where a, n are constan ts)

Example:

y = x

2

then dy

dx

= 2 x

y = 4 x

3

then dy

dx

= (4)(3) x

3 − 1

= 12 x

2

y = x

1

2

then dy

dx

=

1

2 x

1

2

− 1

=

1

2 x

−

1

2

3.Additiv e Rule:

y = f ( x ) + g ( x ) then dy

dx

= f

′

( x ) + g

′

( x )

Example:

y = 3 x

2

+ 2 x

4

then dy

dx

= 6 x + 8 x

3

y = x + x

3

then dy

dx

= 1 + 3 x

2

4.Multiplicitiv e Rule:

y = f ( x ) g ( x ) then dy

dx

= f

′

( x ) g ( x ) + f ( x ) g

′

( x )

Example: Let f ( x ) = x

2

and g ( x ) = ( x + 1)

3

then

dy

dx

= f

′

( x ) g ( x ) + f ( x ) g

′

( x ) = (2 x )( x + 1)

3

+ ( x

2

)(3( x + 1)

2

)

5.Chain Rule: Sometime a function is ”nested ” inside a function; or, a v ariable

will b e a function of one v ariable, whic h in turn, is a function of a third v ariable. F or

example: Sales dep end on quantity of output pr o duc e d, which, in turn, dep ends on the

quantity of inputs use d by the firm.

F or the next bit of calculus, it ma y b e helpful to think of y as sales, x as output,

and z as units of lab our (or some other input).

y = f ( x ) and x = g ( z ) then dy

dz

= f

′

( x ) g

′

( z )

Example

y = ( x + 1)

3

and x = z

2

then dy

dz

= [ 3( x + 1)

2

] [ 2 z ]

and dy

dz

= [ 3( z

2

+ 1)

2

] [ 2 z ]

3 P artial Deriv ativ es

let z = z ( x, y ), whic h means ”z is a function of x and y ” .

•

∂ z

∂ x is the ”partial deriv ativ e” of z with resp ect to x , treating y as a constan t.

Sometimes written as f

x

.

•

∂ z

∂ y is the ”partial deriv ativ e” of z with resp ect to y , treating x as a constan t.

Sometimes written as f

y

.

EXAMPLES:

z = x + y ∂ z /∂ x = 1 ∂ z /∂ y = 1

z = xy ∂ z /∂ x = y ∂ z /∂ y = x

z = x

2

y

3

+ 2 x + 4 y ∂ z /∂ x = 2 xy

3

+ 2 ∂ z /∂ y = 3 x

2

y

2

+ 4

• REMEMBER: When y ou are taking a partial deriv ativ e y ou treat the other

v ariables in the equation as constan ts!

Differ entials

Giv en the function

y = f ( x )

the deriv ativ e is

dy

dx

= f

′

( x )

Ho w ev er, w e can treat dy /dx as a fraction and factor out the dx

dy = f

′

( x ) dx

where dy and dx are called differ entials . If dy /dx can b e in terpreted as ”the slop e of

a function”, then dy is the ”rise” and dx is the ”run”. Another w a y of lo oking at it

is as follo ws:

• dy = the c hange in y

• dx = the c hange in x

• f

′

( x ) = ho w the c hange in x causes a c hange in y

Example:

if

y = x

2

then

dy = 2 xdx

Lets supp ose x = 2 and dx = 0 . 01 . What is the c hange in y ( dy )?

dy = 2(2)(0 . 01) = 0 . 04

Therefore, at x = 2 , if x is increased b y 0.01 then y will increase b y 0.04.

The two variable c ase

If

z = f ( x, y )

then the c hange in z is dz =

∂ z

∂ x dx +

∂ z

∂ y dy or dz = f

x dx + f

y dy

whic h is read as ”the c hange in z ( dz ) is due partially to a c hange in x ( dx ) plus

partially due to a c hange in y ( dy ).

Examples:

if z = xy then dz = y dx + xdy

if z = x

2

y

2

then dz = 2 xy

2

dx + 2 x

2

y dy

REMEMBER: When y ou are taking the total differen tial, y ou are just taking

all the partial deriv ativ es and adding them up.

4 Sp ecial F unctions and rules

4.1 Cobb-Douglas

The Cobb-douglas function is a mathematical function that is v ery p opular in eco-

nomic mo dels. The general form is

z = x a

y b

and its partial deriv ativ es are

∂ z /∂ x = ax a − 1

y b

and ∂ z /∂ y = bx a

y b − 1

F urthermore, the slop e of the lev el curv e of a Cobb-douglas is giv en b y

∂ z /∂ x

∂ z /∂ y

= M R S = a

b y

x

4.2 e x

and Natural Log (ln(x))

• If y = e x

Then its deriv ativ e is dy

dx

= e x

• If y = ln x then dy

dx

=

1

x

5 Maximization

5.1 One V ariable Case

If w e ha v e the follo wing function

y = 10 x − x

2

w e ha v e an example of a dome shap e d function. T o find the maxim um of the dome,

w e simply need to find the p oin t where the slop e of the dome is zero, or

dy

dx

= 10 − 2 x = 0

10 = 2 x

x = 5

and

y = 25

5.2 Tw o V ariable Case

Supp ose w e w an t to maximize the follo wing function

z = 10 x + 10 y + xy − x

2

− y

2

Note that there are t w o unkno wns that m ust b e solv ed for, x and y . This function

is an example of a thr e e-dimensional dome. (i.e. the ro of of BC Plac e )

T o solv e this maximization problem w e use partial deriv ativ es. W e tak e a

partial deriv ativ e for eac h of the unkno wn c hoice v ariables and set them equal to zero

∂ z /∂ x = 10 + y − 2 x = 0

∂ z /∂ y = 10 + x − 2 y = 0

This giv es us a set of equations, one equation for eac h of the unkno wn v ariables.

When y ou ha v e the same n um b er of indep enden t equations as unkno wns, y ou can

solv e for eac h of the unkno wns.

rewrite eac h equation as

y = 2 x − 10

x = 2 y − 10

substitute one in to the other

x = 2(2 x − 10) − 10

x = 4 x − 30

3 x = 30 x = 10

similarly ,

y = 10

REMEMBER: T o maximize (minimize) a function of man y v ariables y ou use

the tec hnique of partial differen tiation. This pro duces a set of equations, one equation

for eac h of the unkno wns. Y ou then solv e the set of equations sim ulaneously to deriv e

solutions for eac h of the unkno wns.

5.3 Maximization with Constrain ts

Sometimes w e need to to maximize (minimize) a function that is sub ject to some sort

of constrain t. F or example

Maximize z = f ( x, y )

subje ct to the c onstr aint x + y ≤ 100

F or this kind of problem there is a tec hnique, or trick, dev elop ed for this kind of

problem kno wn as the L agr ange Multiplier metho d . This metho d in v olv es adding an

extra v ariable to the problem called the lagrange m ultiplier, or λ.

W e then set up the problem as follo ws:

1. Create a new equation form the original information

L = f ( x, y ) + λ (100 − x − y )

or

L = f ( x, y ) + λ [ Z er o ]

2. Then follo w the same steps as used in a regular maximization problem

∂ L

∂ x

= f

x

− λ = 0

∂ L

∂ y

= f

y

− λ = 0

∂ L

∂ λ

= 100 − x − y = 0

3. In most cases the λ will drop out with substitution. Solving these 3 equations

will giv e y ou the constrained maxim um solution

An Example:

Supp ose z = f ( x, y ) = xy . and the constrain t is the one from ab o v e. The problem

then b ecomes

L = xy + λ (100 − x − y )

No w tak e partial deriv ativ es, one for eac h unkno wn, including λ

∂ L

∂ x

= y − λ = 0

∂ L

∂ y

= x − λ = 0

∂ L

∂ λ

= 100 − x − y = 0

Starting with the first t w o equations, w e see that x = y and λ drops out. F rom

the third equation w e can easily find that x = y = 50 and the constrained maxim um

v alue for z is z = xy = 2500.