ECONOMICS 331

Mathematic al Ec onomics

HOMEW ORK

Jan uary 7, 1997

Instructions:

• Assignmen ts are due in tutorial eac h w eek, starting in w eek three (2nd tutorial). There will

b e no assignmen t due the w eek of the midterm (w eek 7).

• Assignmen ts will b e mark ed primarily on effort. Therefore there is little return to cop ying.

Studen ts can b e exp e cte d to explain their w ork in the tutorial.

• Studen ts are encouraged to attempt to put their assignmen ts on MAPLE . Therefore b on us

marks will b e giv en for eac h successful attempt.

1 Homew ork Assignmen t #1

[1] Tw o mark ets for t w o commo dities in teract with eac h other in the sense that the demand for eac h

pro duct dep ends not only on its o wn price, but also on the prices of other pro ducts. Supp ose that

the demand functions are as follo ws:

q d

1

= 20 − 2 p

1

+ p

2 q d

2

= 25 + p

1

− 3 p

2

Suppliers are assumed willing to pro duce these t w o pro ducts according to the follo wing supply

functions

q s

1

= 2 p

1 q s

2

= 2 p

2

a) What relationship in consumption do these t w o pro duct ha v e?

b) Find an expression for their in v erse demand functions.

( i.e. write as p

i

= f ( q

i

, q

j

))

c) Find the mark et clearing prices and quan tities for b oth go o ds. Graph y our results

[2] Find the v ector x satisfying the matrix equation A ( x + c ) = d

where

A =

[

1 1

2 3

]

A

− 1

=

[

3 − 1

− 2 1

]

c =

[

4

2

]

d =

[

1

2

]

[3] Consider the follo wing macro economic mo del:

go o ds mark et money mark et

1 Y = C + I + G

0

1 M d

= k Y − β r

2 C = C

0

+ b ( Y − T ) 2 M d

= M s

0

3 I = I

0

− α r

4 T = tY

a) Use equations 1 through 4 to find an expression for the IS curv e ( Y as a function of r ). Use

equations 5 and 6 to find an expression for the LM curv e ( Y as a function of r ).

b) Graph the IS and the LM with r on the v ertical axis and Y on the horizon tal axis.(Hin t:

in v ert the t w o equations y ou deriv ed in a )

c) W rite the t w o equations in matrix form (i.e. Ax = d ); where the x v ector con tains t w o

elemen ts, Y and r. (Hin t: A is 2 × 2)

2 Homew ork Assignmen t #2

[1] In the in terest of pruden t div ersification, an in v estor wishes to ha v e his $100 of w ealth in v ested as

$50 in the Canadian econom y , $30 in the U.S. econom y , and $20 in the English econom y . Although

he can purc hase the shares of firms that are b ase d in Canada, the U.S. and England, it happ ens that

eac h of these firms conducts some of its op erations through foreign subsidiaries.

In particular, the Canadian based firm (C) has 75% of its op erations in Canada but 25% in the

U.S., the U.S. based firm (U) has 85% of its op erations in the U.S. but 15% in England, and the

England based firm (E) has 50% of its op erations in England but 30% in Canada and 20% in the

U.S.

• The problem for the in v estor is to determine the prop er amoun ts to in v est in eac h of these

three firms to ac hiev e his desired in v estmen t in the three economies. W rite do wn a matrix

equation that represen ts the problem he has to solv e. Let the amoun ts in v ested in the three

firms b e represen ted b y the column v ector:

( C , U , E , )

T

• Use matrix in v ersion to solv e for the amoun t that he should in v est in eac h firm sim ultane-

ously .

3 Homew ork Assignmen t #3

F rom homew ork assignmen t 2 w e had the follo wing demand functions:

q d

1

= 20 − 2 p

1

+ p

2 q d

2

= 25 + p

1

− 3 p

2

Use Cramer’s Rule to find the in v erse demand functions

P

i

= f ( q

i

, q

j

) i = 1 , 2

[3] In homew ork [2] y ou deriv ed an expression for the IS and LM curv es using the follo wing

macro economic mo del:

go o ds mark et money mark et

1 Y = C + I + G

0

1 M d

= k Y − β r

2 C = C

0

+ b ( Y − T ) 2 M d

= M s

0

3 I = I

0

− α r

4 T = tY

a) Use Cramer’s rule to solv e for the equilibrium lev el of income and in terest rates, Y e

and r e

.

b ) F rom y our solution for Y e

what is the co efficien t in fron t of M s

0

? What is its sign? What is the

economic in terpretation of this co efficien t?

4 Homew ork Assignmen t 4

Q

d

= k P

− ϵ

( ϵ > 0) Q

s

= c ( P − T

0

)

are the demand and supply curv es for a commo dit y whose price is P . T

0 is a sales tax imp osed

b y the go v ernmen t on sales of this commo dit y .

(a) Compute the price elasticit y of demand and the price elasticit y of supply of this commo dit y .

(b) Find an expression for ∂ P /∂ T

0 where P is the equilibrium price in this mark et.

(c) Sho w that

0 < ∂ P /∂ T

0

< 1 .

(d) T otal tax rev en ue collected b y the go v ernmen t is R = T

0

Q. Find an expression for ∂ R /∂ T

0

.

[2] Consider the op erator of a small newsprin t pro duction plan t. He has fixed costs of $1600 p er

da y for prop ert y taxes, in terest on debt, etc., and has additional costs that v ary with the amoun t Q

of newsprin t he pro duces. His total costs p er da y are giv en b y

C = 1600 + 40 Q +

2

3

Q

3 / 2

He sells his output to lo cal newspap er publishers and the price he obtains dep ends on ho w m uc h he

tries to sell. Let the demand curv e he faces b e

P = 100 + 512 Q

− 1 / 2

(a) What are his a v erage and marginal costs of pro duction expressed as functions of Q ?

(b) What are his total and marginal rev en ues expressed as functions of Q ?

(c) Ho w m uc h output p er da y should he pro duce if he expands pro duction just to the p oin t where

marginal rev en ue equals marginal cost? What profit if an y will he mak e in $/da y?

(hin t: substitute X = Q

1 / 2

in to the equation y ou ha v e to solv e, determine X , then Q )

5 Homew ork Assignmen t 5

[1] Consider the firm with a single factor of pro duction defined implicitly b y the relation

z = q

3

+ 4 q

where z is the v ariable input and q is output. The firm faces the follo wing a v erage rev en ue function:

p = 10 − 2 q

a) Calculate the p oin t elasticit y of the firm’s total sales rev en ue with resp ect to the amoun t of lab our

used when q = 2 .

[2] The follo wing three equations define x, y , and w as functions of z.

xy − w = 0

y = w

3

+ 3 z

w

3

+ z

3

= 2 w z

Find an expression for ∂ x/∂ z and ev aluate it at the p oin t where

w = z = 1

[3] The equation

x

2

+ y

2

+ z

2

+ xy + xz + y z + x + y + z − 1 = 0

has one solution ( x, y , z ) = (1 , − 1 , − 1). Chec k that the equation do es indeed define z as a function

of x and y at this p oin t. Calculate the partial deriv ativ es of z with resp ect to x and y at this p oin t.

6 Homew ork Assignmen t 6

[1] The follo wing function has zero slop e at the p oin t z = 1 . Determine whether or not this p oin t is

a relativ e extrem um, and, if so, whether it is a maxim um or minim um.

z

4

− 6 z

3

+ 12 z

2

− 10 z + 37

[2] Y ou are an assem bler of sp ecialt y computer terminals with a mo dest amoun t of monop oly p o w er.

Supp ose that y our a v erage rev en ue p er unit dep ends on ho w man y terminals p er da y y ou wish to

sell, and is giv en b y

AR ( y ) = − y

3

+ 12 y

2

− 30 y + 1000

where y is sales p er da y . Supp ose further that y our a v erage cost of pro duction is giv en b y

AC ( y ) = 2 y + 1000 −

100

y

Notice that y our total costs are negativ e if y ou c ho ose to pro duce nothing. This is b ecause y ou

reciev e a gran t from the go v ernmen t for setting up in Surrey , B. C.

a) W rite out an expression for y our profits as a function of output, y .

b) Determine the most profitable lev el of output. Sho w that this output lev el do es indeed lead

to a maxim um rather than a minim um b y c hec king the second order conditions.

[3] Giv en the general function y = f ( x ) and the follo wing conditions x = 0 f ( x ) = 0 f

′

= 0 f

′′

> 0

0 < x < 0 f

′

> 0 f

′′

> 0

x = 1 f

′

> 0 f

′′

= 0

1 < x < 2 f

′

> 0 f

′′

< 0

x = 2 f

′

= 0 f

′′

= 0

2 < x < 3 f

′

> 0 f

′′

> 0

x = 3 f

′

> 0 f

′′

= 0

3 < x < 4 f

′

> 0 f

′′

< 0

x = 4 f

′

= 0 f

′′

< 0

4 < x ≤ 5 f

′

< 0 f

′′

< 0

Graph f ( x ) o v er the range 0 to 5. Lab el and iden tify all critical p oin ts.

7 Homew ork Assignmen t 7

Supp ose that the output q of a firm dep ends on the quan tities of z

1 and z

2 that it emplo ys as inputs.

Its output lev el is determined b y the pro duction function

1.

q = 26 z

1

+ 24 z

2

− 7 z

2

1

− 12 z

1 z

2

− 6 z

2

2

2. W rite do wn the firm’s profit function when the price of q is $1 and the factor prices are w

1

and w

2

(p er unit) resp ectiv ely .

3. Find the lev els of z

∗

1 and z

∗

2 whic h maximize the firm’s profits. Note that these are the firm’s

demand curv es for the t w o inputs.

4. V erify that y our solution to [2] satisfies the second order conditions for a maxim um.

5. What will b e the effect of an increase in w

1 on the firm’s use of eac h input and on its output q ?

[hin t: Y ou do not ha v e to explicitly determine the firm’s supply curv e of output to determine

∂ q /∂ w

1

. Instead write out the total deriv ativ e of q and mak e use of the v ery simple expressions

for ∂ q /∂ z

1 and ∂ q /∂ z

2 at the optim um that can b e obtained from the first order conditions.]

6. Is the firm’s pro duction function strictly conca v e? Explain.

8 Homew ork Assignmen t 8

Skip has the follo wing utilit y function: U ( x, y ) = x ( y + 1), where x and y are quan tities of t w o

consumption go o ds whose prices are p

x and p

y resp ectiv ely . Skip has a budget of B. Therefore the

Skip’s maximization problem is

x ( y + 1) + λ ( B − p

x x − p

y y )

a) F rom the first order conditions find expressions for the demand functions

x

∗

= x ( p

x

, p

y

, B ) y

∗

= y ( p

x

, p

y

, B )

Carefully graph x

∗

and y

∗

. Graph Skip’s indifference curv es. What kind of go o d is y?

b) V erify that skip is at a maxim um b y c hec king the second order conditions.

c) By substituting x

∗

and y

∗

in to the utilit y function find an expressions for the indirect

utilit y function,

U = U ( p

x

, p

y

, B )

d) By rearranging the indirect utilit y function, deriv e an expression for the exp enditure

function,

B

∗

= B ( p

x

, p

y

, U

0

)

In terpret this expression. Find ∂ B /∂ p

x and ∂ B /∂ p

y

.

Skip’s maximization problem could b e recast as the follo wing minimization problem:

p

x x + p

y y s.t. U

0

= x ( y + 1)

e) W rite do wn the lagrangian for this problem.

f ) Find the v alues of x and y that solv e this minimization problem and sho w that the

v alues of x and y are equal to the partial deriv ativ es of the exp enditure function, ∂ B /∂ p

x

and ∂ B /∂ p

y resp ectiv ely . (Hin t: use the indirect utilit y function)

9 Homew ork Assignmen t 9

[1] Giv en the utilit y maximization problem

Max U = xy sub ject to B = p

x x + p

y y

a) Deriv e an expression for the Slutsky equation for x and y when p

x c hanges. Iden tify the income

and substitution effects. Can y ou sign the effects?

[2] Consider the follo wing duop oly mark et where the mark et demand curv e is giv en b y

p = 120 − ( q

1

+ q

2

)

where q

1 and q

2 are the outputs of firm 1 and firm 2 resp ectiv ely .

Firm 1

′

s cost function is

T C ( q

1

) = 75 + 35 q

1

and firm 2

′

s cost function is

T C ( q

2

) = 100 + 40 q

2

Find the equilibrium prices, quan tities, and profits when:

a) When firm 1 is a monop olist using the limit output stratagy to k eep firm 2 out of the mark et.

b) When firm 1 and firm 2 are cournot duop olists.

c) When firm 1 and firm 2 are duop olists but firm 1 c ho oses his output first, taking in to accoun t

the fact that firm 2

′

s c hoice of dep ends on firm 1

′

s c hoice of output.

Sho w all y our w ork.

Graph y our results from a,b, and c.

10 Homew ork Assignmen t 10

[1] Supp ose a p erfectly comp etitiv e, profit maximizing firm has only t w o inputs, capital and lab our.

The firm can buy as man y units of capital and lab our as it w an ts at constan t factor prices r and w

resp ectiv ely .

If the firm’s pro duction function has constan t returns to scale, use Euler’s theorem to

sho w that in long-run equilibrium the firm earns zero profits.

(hin t: lo ok at the first order conditions for profit maximization)

[2] Supp ose that there are t w o t yp es of electricit y (p eak and off-p eak).Half the da y is p eak and half

the da y is off-p eak. T o pro duce a unit of electricit y p er half-da y requires a unit of turbine capacit y

costing 8 cen ts p er da y (in terest c harges on a p ermanen t loan). The cost of a unit of capacit y is

the same whether it is used at p eak times only or off-p eak also. In addition to the costs of turbine

capacit y , it costs 6 cen ts in op erating costs (lab our and fuel) to pro duce 1 unit p er half da y .

Supp ose the demand for electricit y p er half da y during p eak hours is

p = 22 − 10

− 5

q

and during off-p eak hours is

p = 18 − 10

− 5

q

where q is units of electricit y p er half-da y and p is price in cen ts.

a) W rite do wn the Kuhn-T uc k er conditions for profit maximization.

b) What are the profit maximizing p eak and off-p eak prices?

c) If a unit of capacit y cost only 3 cen ts p er da y , what w ould the profit maximizing p eak and off-p eak

prices b e?