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Kevin Wainwright

Homework Assignment 10 ANSWER KEY

1. A new cellphone company ”Yap.com” is setting up in Burnaby and it has to plan its
capacity. The peak period demand is given by p; = 200 — 0.25¢; and the off-peak is
given by py = 190 — 0.25¢2. Let K be the cell capacity which costs 15 per unit and is
only paid once and is used in both periods. There are no other costs. The quantity of
cell usage in either market (g1, ¢2) cannot excede K.

(a) write down the Kuhn-Tucker conditions.
Z = 2001 — 0.25¢2 + 190¢s — 0.25¢2 — 15K + A (K — q1) + Ao (K — g)

Z1 =200—-0.5¢ — X\ <0 g1 =0
Zy =190 —05¢s — Ay <0 gu >0
Zrg==—154+ XM+ X <0 K>0
Zyn=K—-q=>0 A1 >0
Zyy =K —q >0 A2 >0

(b) find the optimal outputs and capacity for this problem.How much of the capacity
price is paid for by each market?
In this case, both constraints are binding

Zl :200—05(]1:>\1
Zg :190—056_[2:)\2
Zrg=—15+X A+ X =0
Z,\lzK—qlzo
Z)\2:K_q2:0

By substitution

Z1=200— 05K =X\

Zy =190 — 05K =15 — )\
K = q=q¢=37
A = 125 A =25

(¢) Suppose price of capacity is now 5 per unit of capacity. Redo part (b)

Zy =200 —0.5¢; = 5

Zo =190 — 0.5¢5 = 0
)\1:5

K=q

K =q =390, ¢ =380



2. Consider the following utility maximization problem with a Cobb-Douglas utility func-
tion: U(z,y) = Az*y’® subject to M = p,x + p,y
(where A, a, f > 0)

(a) Show that the indirect utility function for this problem is

rea(G) ()G
a+ Da Dy

L = Az®y" + MM — p,x — pyy)
L, = adz® %’ —Ap, =0
L, = BAz*y*t—)\p,=0
Ly = M—px—pyy=0

From (1) an (2) of the FOC’s

ay  p.
Br  py
Substitute into (3) to get z* and y*. Use your solution to  and FOC (1) to find
A
* M o M * M 6 M
X = = —, = = _—
a3 pa B py
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(b) Verify that Roy’s identity holds for this problem
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3. The dual for problem (3) can be expressed as minimize p,x + p,y subject to Uy =
Az*yP, where Uy = U* (from above).

(a) Find z* and y* that satisfies this minimization problem.
L = py + pyy + A(Up — Azy”)
The FOC’s are

L, = p,— Az Yy’ =0
L, = p,— NGAz%yP =t =0
L)\ - U() - AIayB =0
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From the first two equations, we get
P _ay

p, Bz

1
% (Oépy)ﬂ o
A \Bpe

* h |:U0 (ﬁpx>a:| atp

ap,
Find an expression for the expenditure function M*(p,, p,, Up)
Hx&fzzﬁ
A\« I}
(b) Use the expenditure function derived in (a) to verify that Shephard’s Lemma
holds for this minimization problem.

Substituting into the third yields

_1
atp

M*(pvayv UO) - (a + B)

oM _% (ozpy)”g_ ots
Ops A \Pp./)
aM*_'@(wﬁww
Opy LA \ap,

(c¢) show that A from the minimization problem equals 1/\ from the maximization
problem in problem 3
First, we take L, from the Max problem and solve for A

L, = aAz® P —X\p, =0
aAz NP = \p,
aAxe~lyP
Pz
Then we take L, from the Min problem and solve for A
L, = p,—Xadz* Yy’ =0

pe = AaAz® 1y’
Dz

A= ———

aAxo—1yh

Which verifies the duality condition that AM4X = 1/ MV

)\ pr—

4. Consider the following duopoly market where the market demand curve is given by

p = 120-0.5Q

N
Q = Z 4i
i=1
where () is the market output, ¢; is the output of firm i and N is the number of firms
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(a) Suppse N =1 and Firm 1's cost function is
Find the monopoly price, quantity and profit

q = 85
= 775
7 = (77.5—35)85 — 75 =3537.5

(b) Suppose N = 2. Firm 1’s cost function is the same as berfore but firm 2's cost
function is

Write down the profit function for each firm. Find each firm’s "Best Response
Function" from the first order conditions. Carefully graph and label each response
function in a graph drawn in ¢ - g3 space

1
¢ = 85— 52

1
@2 = 80— 591

(¢) Find the Cournot duopoly equilibrium prices, quantities, and profits. Label your
solution in your graph from (b)

g1 = 60,90 =50,p=065
m = 1725,m = 1150

(d) First Mover Advantage: When firm 1 and firm 2 are duopolists but firm 1 chooses
his output first, taking into account the fact that firm 2’s choice of depends on
firm 1’s choice of output. This is done by (i) substituting firm 2’s best response
function into firm 1’s profit function, (ii) maximizing firm 1’s profit function by
choice of ¢; and (c¢) using the solution to ¢; in firm 2’s best response function to
find ¢o, LABEL this solution in your graph for (b).

First, set up Firm 1’s profit function including firm 2’s Best Response:

m = 120g1 — 0.5¢] — 12 — 75 — 35q,

1
85¢1 — 0.5¢2 — ¢ {80 — §q1] —75

1

Max firm 1’s profit first to find ¢; and then find ¢y from 2’s best response:

¢ = 90,q0 =35,p=2575
— 1950,7’(’2 =512
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(e) Now suppose N = 3 and all firms have the same cost function: C'(¢;) = 100+40g¢;.
Using the same approach as in (b), find the Cournot quantities, price and profits

for three firms.

The Best Response functions are:

q1

q2

q3

The solutions are:

q1

_ 50 1 1
= 2Q2 2613
1 1
= 80— =g — =
2(11 2Q3
1 1
= 80— Z¢g, — =
2Q2 2(11

q2 = q3 = 40,p = 60
700



