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The paper deals with the problem of optimal environmental policy under uncertainty. 
Usually, when an environmental policy is considered, only the expected values of the pa- 
rameters of the marginal benefit and marginal cost functions associated with the policy are 
known. Thus a relevant question is: In the presence of uncertainty, what is the optimal 
policy mean for achieving the environmental objective? The study addresses itself to the 
specific objective of improving air quality although the analysis is generally applicable. 
The policy means are emission taxes and emission quotas. It is shown that under uncertainty 
neither of these means is generally optimal, and that specific parameter values of the costs 
and benefits relations and their distributions determine the optimal policy for each situation. 

The idea of internalizing externalities is at least as old as the first writings of Pigou. 
Studies advocating internalizing externalities of air and water pollution using a taxing 
scheme appear frequently in press nowadays [l, 2, 4, 5, 171. An alternative to control 
via taxation is a direct regulatory approach which takes the form of emission quotas 
(standards). In this paper, we do not discuss the pros and cons of each regulatory 
system, but rather concentrate on one common problem of standards and Pigouvian 
tax policies. This common problem is that the optimal levels of the policies are un- 
certain. The uncertainty of the optimal policy level may stem from the uncertainty of 
the reduction of damages caused by air pollution or from the uncertainty of the costs 
associated with lowering pollution. The presence of uncertainty leads to the hypothesis 
that, in addition to economic efficiency of resource allocation, adjustment costs, and 
administrative costs, there is another reason that might cause one to prefer a standard 
to a tax, and vice versa. This paper suggests that the expected social losses due to the 
randomness of the parameters of the benefit and cost functions of lowering emissions 
are a relevant criteria.* In the economic literature one can find relatively few discus- 
sions on the effect of price uncertainty upon social welfare [7, 10, 12, 19-J.” However, 
although their uncertainty is price oriented, it is not applicable to our study.4 

1 Financial assistance was provided by NSF RANN (Grant No. GI 32989). 
2  The case for no public intervention is a priori rejected following the assumption that, whatever 

policy is used, social benefits would exceed social costs. The possibility of a  mix of policies is not 
dealt with here. 

3  Samuelson [lo] concludes the long lasting debate (started back in the forties) whether price 
stability is desirable from the social point of view compared to price instability as follows [lo, p. 4931. 
“Price stability is, other things equal, a  definite virtue. This is so whether one takes the view of pro- 
ducers or consumers or both, in the following sense.  Under  stable condit ions of supply and  demand  
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In the examples that are worked out, the marginal cost function of emission reduc- 
tion is assumed to be linear with a constant (random) slope and a random (constant) 
intercept. The marginal benefit function of emission reduction is assumed to be 
deterministic. The government is assumed to determine the policy and its level ac- 
cording to its knowledge of the expected value of the random parameters. Since we 
know (presumably) the true distribution of the random parameters, we can calculate 
the expected net social loss which results from each of the two policies. In this paper, 
we establish the conditions under which taxation is to be preferred to quotas and vice 
versa. It was found that when the intercept of the marginal cost curve of improving 
air quality is stocastic, an optimal tax would generate a lower expected social cost 
than would an optimal quota when the slope of the marginal cost curve exceeds that 
of the marginal benefit curve. When the slope of the marginal cost function is stocastic 
(emitters react according to the actual slope), a tax is preferable to a quota when the 
slope of the marginal cost is steeper (to some extent) than that of the marginal benefit 
curve. The required difference between the two slopes such that the tax policy is pre- 
ferable to the quota policy is directly related to the variance of the random variable 
that affects the slope of the marginal cost curve. 

I. GENERAL BACKGROUND 

Let us start with a deterministic world. Denote the marginal social benefit function 
of lowering emission rate by an amount equal to E by g(E). The associated marginal 
social cost function is denoted by h(E). In a quota system, the policy variable E* is 
determined such that net social benefits 

J 
nE* [g(E) - &WE (l-1) 

are maximized. E* is accordingly the solution to the equality, g(E) = h(E). In a tax 
system, disregarding income distribution, the optimal tax rate t* is defined such that 
t* = g(P) = h(E*), or it can be solved directly from a maximization problem similar 
to (1.1) above. When the benefits and thus the marginal benefits and the costs and 
thus the marginal costs are stochastic, e.g., the marginals are g(E, CX) and h(E, P), 
respectively, where (Y and p are independent random variables, E* is determined such 
that 

s 

n a 
g(E, ~lt-@)d~ = 

i 
WC P)kCB)db, (1.2) 

I ! 

where f(a) and k@) denote the density functions of the random variables. When the 
distributions of LY and /3 are symmetric and the functions g(E, LY) and h(E, p) are linear 
in a! and ,8, the solution for E* under uncertainty is equal to that for a deterministic 

or more basically of technology and tests, departures from price stability usually violate Pareto 
optimality. To the extent that producers or consumers gain, the loss to the other parties is greater 
than their gain.” 

* In the case under discussion the uncertainty is forced on by nature and we are not free to choose 
between stability and instability. The question to be answered is: Given that instability prevails, what 
is the best policy for emission control, taxes or quotas (see the answer by Oi [7])? In this sense our 
study is more in line with recent studies [6,9, 111. 
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FIG. 1. Marginal costs and marginal benefits of lowering emission rates. 

world, regardless of whether g( .) and h(. ) are separable in their arguments or not. 
This is not, however, the case for the determination of the optimal tax. One can show 
that for the optimal tax to render E*, where E* is the solution for optimal E, the 
g(E, a) and h(E, ,B) functions should be linear and separable in E, (Y, and p, respectively. 
Hence, they have to follow the certainty equivalent conditions (e.g., [14-161). 

In Fig. 1, the MB schedule denotes the actual social marginal benefits from lowering 
emission rates (air quality is improved by increasing E). The MC schedule denotes the 
actual marginal cost of lowering emissions. 5 In order to solve analytically for the 
social losses due to uncertainty when a quota or a tax policy is imposed, we approxi- 
mate the two functions in the neighborhood of the optimal solution by the linear 
segments, 

DD:MB=a+bE, 
SS: MC = c + dE. (1.3) 

In a deterministic world, an environmental policy that results in an equilibrium 
different from that described by point A is nonoptimal. At other equilibria (e.g., B 
or G), social welfare is less than that in the optimal solution by an amount represented 
by the area of the corresponding triangles (ABH or AGC). Losses of welfare (e.g., the 
areas AGC and ABH) would be generated in a deterministic world if the government 
is misinformed about the “true” cost function, and thus determines the standard ac- 
cording to S1 (or S,). Using a tax, the welfare losses due to the lack of correct informa- 
tion are represented by GFK and BMiV, respectively. In a static and deterministic 
world, one may assume that the policy maker has full and accurate information (unless 
the government was misinformed on purpose). This assumption weakens in a dynamic 
and stocastic world. The control policy is specified in terms of either a (fixed) quota 
or a (fixed) tax. Due to disturbances (technological progress, population growth, or 
random effects), the actual parameters of the marginal benefit and cost functions 
prevailing at each moment in the future differ from those according to which the 
policy was specified. In such a case, there are social losses even if the emitters react 
according to the parameters the policy was initially determined according to (i.e., 
they agree with the government). The loss due to randomness becomes more prominent 
when the policy is based upon some specific values of the parameters while the emitters 
react according to the actual (random) values prevailing at any moment. The latter 
is emphasized in this study. 

6 The analysis presented is a flow analysis. Correspondingly, both benefits (saved damages) and 
costs are flows related to the flow of emissions. 
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The state of randomness is related to the parameters of the DD and SS functions 
in the neighborhood of A. The following four statements and assumptions incorporate 
the randomness into the system. 

(1) Let 6, 6, c, and d be the actual (random) parameters. 
(2) Let d = a + (Y, 

6=b+p, 
E=c+y, 
d=d+s. 

(1.4) 

a, b, c, and dare known constants; CU, p, y, 6 are independent random variables with a 
known mean and variance. 

(3) Government policy is specified in terms of E (quota; i.e., required abatement), 
or in terms of t (tax per unit of emission). In the latter case, the emitters react to the 
tax by equating MC to t. The (fixed) levels of the policy variables are 

a-c 
E = d-bT 

da - bc 
t = ---. 

d-b 

(1.5) 

(4) The optimal emission reduction standard, E*, and the optimal tax, t*, are 
random variables 

E---c 
p=--,, 

d-b 

da - 6s: (1.6) 
p = ~ 

2-C’ 

The stochastic effects cause E to diverge from E*. This happens directly when an 
emission quota, E, is specified (instead of E*), or, indirectly when a tax, t, is specified 
instead of t*, in which case the emitters react as indicated above. 

The observed reduction in the emission rate is denoted by E’. The social costs 
(with respect to the optimum) are therefore (X is the integration variable) 

SC = [(a - e) + (6 - d)X]dX 
E’ 

6-d 
= (a - c)(E* - E’) + ___ 2 C(E*Y - (VI. 

(1.7) 

II. GOVERNMENT-EMITTERS DISAGREE 
(OR GOVERNMENT IS “MISINFORMED”) 

When analyzing either the case of certainty or uncertainty, the situation of different 
viewpoints of government (public) and polluters with regard to the parameters of the 
marginal cost function must be considered. A disagreement might exist, for example, 
due to a time lag between the policy legislation and policy application. Accordingly, 
government policy is based upon a, b, c, and d, while the “actual” parameters, ac- 
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cording to which the emitters react, are c + y (= E) and d + 6 (= d). As before, let 
(Y, p, y, and 6 be random variables. The government sets the emission reduction quota 
to equal 

a-c 
EC---- 

d-b’ 
or, the emission tax to equal 

da - bc 
t=-------. 

d-b 

(2-l) 

(2.2) 

The rigidity of a policy variable has a different effect on the social cost depending on 
the policy tool. Generally, a tax system allows flexibility with regard to the quantity 
to be abated, while a quota sets a lower lim it. Thus, on initial grounds, a tax seems to 
be preferred to a quota. The analysis below refutes this simple intuitive argument. 

The situation for (Y being the random variable is presented in Fig. 2 for a two-point 
distribution. The social loss from a (fixed) quota E is approximated by the triangles 
ABC and BGF whose area is random when (Y is random. The detailed analysis of this 
case and the one in which /3 is a random variable is not presented here. The con- 
clusions (for a quota versus a tax system) are identical to those reached for the case 
where the emitters react according to the same parameters the government policy is 
based upon but both emitters and government are wrong. The more relevant and 
interesting cases are those where government sets the policy variable according to some 
specific values of the parameters of the marginal cost function while the emitters react 
according to the actual parameters. 

First, let the intercept of the marginal cost function be stocastic. Government’s 
quota is E, while the optimal (random) quota is E* (El* or Ez* in Figs. 3a and 3b). 
Obviously, E is the observed reduction in emissions. Since the optimal reduction is E*, 

a- (c+Y) &* = _____ 
d-b ’ 

fori= 1,2. (2.3) 

The expected social loss is 
1 

E(SC1’) = ___ u (2.4) 
2(d - b) “’ 

which corresponds to the expected area of triangels RKM and NKL. Now, let the 
government impose a tax t. The optimal reduction in emission is as before (Eq. 2.3), 

MC 
M E  

h 

I 1 I 
d:itbE (P<O) 

ET E  E: -E 

>Ol 

FIG. 2. Social costs of a stocastic “demand” function. The triangles ABC and BGF are identical 
for a tax and a quota. 



194 GIDEON FISHELSON 

FIG. 3. Social costs (the shaded areas) of a stocastic marginal cost, 

while the actual reduction by the polluters would be Es (or Ed), 

Hence, 

t- (c+-l) & = ___-- 
d ’ 

for i = 3,4. 

[ 

da - bc 
&= ___- 

Cd - b) 
cc + r> 

I/ 
d = “-cct? + -bye. 

Cd - b) d(d - b) 
(2.5) 

It is obvious that the E observed when imposing a tax does not equal E imposed as a 
quota. The difference is br/d(d - b). Utilizing Eq. (1.7) one finds that when a tax is 
imposed the expected social costs because of the randomness of the intercept of the 
air quality “supply function” (according to which the emitter behaves), is 

(2.6) 

Hence, the decision on a tax system versus a quota system depends on the ratio 
1 b 1 /d. When the marginal benefit of air quality is steeper than the corresponding 
marginal cost, the quota system results in lower expected costs than the tax system. 
The tax system has to be favored when the marginal cost curve is steeper than the 
marginal benefit curve.6 

The next case to be analyzed is when the slope of the marginal cost curve in the 
neighborhood of the equilibrium is random. The quota set by the government is as 
before, 

a-c 
EC- 

d-b 
(2.7) 

(The government sets the quota and tax using the expected values of the parameters). 
The optimal (random) quota is 

a-c 
E* = 

(d--)-b’ 
6 Those results are identical to Upton’s [18] conclusions. 
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The social costs due to the divergence between E and E* are (Figs. 3a and 3b, triangles 
RKM and NKL) 

SC? = - 
(a - c)~ 

__- $2. 
2(d + 6 - b)(d - by 

The expected value of these costs is given in Appendix A. 
Under a tax policy, the tax imposed is 

da - cb 
t=--. 

d-b 

(2.9) 

(2.10) 

Following their (actual) marginal cost function, the emitters reduce emission rate by 

t-c 
E=-------= 

d(a - c) 

d + 6 (d - b)(d + 6)’ 
(2.11) 

The optimal reduction is (as above) 

a-c 
p=-..-- 

(d+ 6) ---ii’ 
(2.8) 

The social costs associated with the difference between actual reduction and optimal 
reduction are (Figs. 3a and 3b, triangles MGH and LTV) 

SC22 = 
(a - c)~ 

_____ b”p 
* 2(d + 6 - b)(d - b)2(d + 6)2 

(2.12) 

Note the similarity between XI2 and SC22. SC22 is multiplied by an additional term 
b2/(d - Qz, as compared to SC12. Recall that in the case where the intercept of the 
marginal cost curve was the random variable, SC21 was multiplied by (b/d)2 as com- 
pared to SW. The expected value of SCz2 is given in Appendix B. A comparison 
between E[SCZ”] and EISClz] is presented below. The difference between the expected 
social costs of a tax system versus a quota system equals the expected value of the 
difference. 

E[SCz”] - E[SCFJ = E[SC2” - SCfj 
62 

= 
s ( 

-(a - c)2b262 (a - c)W 
__- ___-- - --- -____ 

s=sl 2(d + 6 - b)(d - b)2(d + Q2 2(d + 6 - b)(d - b)2 > 
.fVW 

(a - c)” 

/ 

62 P 
=---- 

2(d - by ~6~ (d + 6 - b) ( 
___ f(S)DS, (2.13) 

b2 ) (d + Q2 

wheref(6) is the density function of the random variable 6. 
Assume that 16 1 < d; i.e., the MC curve never becomes i&nitely elastic (and ob- 

viously not negatively sloped). A sufficient condition for the integral to be always 
positive is: b2 > (d + Q2, or 1 b 1 > d + 6. Hence, if for the largest positive level of the 
random variable that affects the slope of marginal cost curve, the slope of the marginal 
benefit curve is steeper, the tax system would generate an expected social loss that is 
larger than that rendered by a quota system. The other extreme case is defined for 
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d + 6 > 1 bl , for any level of 6. If d + 6 > 1 b 1 for any level of 6, then a quota system 
would generate an expected social cost that is larger than that generated by a tax 
system. For a changing world which stays within boundaries, i.e., for some 6, 
d + 6 < j b 1 while for other 6, d + 6 > 1 b / , there is no definite general answer with 
regard to the optimal policy. The answer depends on the specific relevant parameters. 

The above discussion requires one reservation. The quota-tax comparison is carried 
out using the certainty equivalent assumption for an optimal quota and optimal tax, 
although the certainty equivalent principle is not applicable for the determination of 
the optimal tax (we compare controls which are not optimal to start with).’ 

III. CONCLUSIONS 

In the analysis, we showed that an optimal behavior of the emitters (according to 
the actual marginal cost parameters) generates differences in the expected social losses 
from a quota policy and a tax policy. These differences depend upon the relative slopes 
of the marginal benefit and marginal cost functions. It can also be shown that the 
randomness of the parameters of the marginal benefit function is irrelevant to the 
decision on the policy mean since the expected social losses from a quota and a tax 
policy are identical. The moral is obvious. The main effort is to be put into the study 
of the pollution abatement activities and costs, before resorting to any specific policy. 

In order to avoid excess generalization of the conclusions, the reader is reminded 
that the analysis and results hold only under the assumption of linear marginal 
benefits and marginal cost functions. Once nonlinearity is introduced (e.g., marginal 
costs increase at an increasing rate or marginal benefits decline at an increasing rate) 
the conclusions cannot be carried over without a reexamination of the expected social 
costs due to uncertainty. 

APPENDIX A: THE EXPECTED VALUE OF SC1’ 

Following the definition of an expected value, one gets (D6 stands for the mathe- 
matical notation dS where 6 is the variable over which the integration is done) 

(a - c)2 b a2 
E[SW] = 

2(d - b)2 s 
--___ j-(S)DS. 

s d + 6 - b 
(AlI 

Let 6 be distributed uniformly over the range - kd to kd. Hence, E[s] = 0; Var (6) 
= k2s2/3 andf(6) = 1/(2kd). Introducing this information into (Al) renders 

/’ 
kd E[SC12] = (a - ‘I” ” D6 

4kd(d - b,2 --kd d + 6 - b . 

The solution is (following [13, p. 397, Eq. 33)) 

E[SC,‘] = : (d - b + 6)s - 2(d - b)(d - b + 6) 

kd (a - c)” 2kd 
+(d-b)210g(d-b++) =---- 1 d(1 + k) - b 

4kd 
log--- - -- 

--kd d(1 - k) - b (d - b) 1 . (A3) 

7 This topic is further elaborated upon in an unpublished manuscript by Fishelson and Flatters [S]. 
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APPENDIX B: THE SOLUTION FOR ~SC,z-J 

Following the procedure and assumptions presented in Appendix A and [13, p. 399, 
Eq. 561, we get the following solution. 

b 
E[SC2] = 

(a - c)2 

4(d - b)2kd 
___ + (d - b)2 log 

d(1 + k) - b 

(1 - k)2 41 - k) --i 

(1 + k) 
+ d210g ___ . 

(1 - k) 1 (Bl) 
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