DIFFUSION APPROXIMATIONS OF LINEAR TRANSPORT EQUATIONS:
ASYMPTOTICS AND NUMERICS

QIN LI, JIANFENG LU, AND WEIRAN SUN

ABSTRACT. In this paper we construct numerical schemes to approximate linear transport equations
with slab geometry by one-dimensional diffusion equations. We treat both the case of pure diffusive
scaling and the case where kinetic and diffusive scalings coexist. The diffusion equations and their
data are derived from asymptotic and layer analysis which allows general scattering kernels and
general data. We apply the half-space solver in [20] to resolve the boundary layer equation and
obtain the boundary data for the diffusion equation. The algorithms are validated by numerical
experiments and also by error analysis for the pure diffusive scaling case.

1. INTRODUCTION

Linear transport equations are widely used to model the interaction of particles with background
media through various processes such as scattering, absorption, and emission. Many interesting
physical systems exhibit heterogeneity that involve multiple temporal or spatial scales. In this
paper we focus on efficient numerical simulations for linear transport equations with multiscales, in
particular, those that exhibits diffusive regime in part of or the whole domain. More precisely, with
slab geometry, the particle density function f in our model depends on a one-dimensional spatial
variable = € [a, b] and a one-dimensional angular variable 1 € [—1,1]. The transport equation has
the reduced form

cof +nonf+ 2y —o,

€
flo=a = da(t;p),  p>0, (1.1)
f|x:b:¢b(taﬂ)? ;u<0>
f‘tZO = ¢0($,M) )

where ¢4, ¢ are given incoming data at the boundary and ¢q is the given initial data. The collision
operator considered in this paper has the form

1
Lf=f- ;/ K, o) (') Ay (1.2)

-1
where the scattering kernel x satisfies that

1
k>0,  w(p,p) =K 0, / K, p')dp’ =1 for all pu € [-1,1].
-1
The parameter € is the mean free path which is small compared with typical macroscopic length
scale in the diffusion region. We will consider two cases for the coefficient o(z):

1) o(x) =1 for all = € [a, b] such that we have diffusive scaling over the whole domain;
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2) the system contains two scales such that

for some x,,, € (a,b), such that we have a kinetic scaling on the left domain and a diffusive
scaling on the right. These two regions are coupled together at the interface x = x,,.

We note that while we focus on system (1.1) which is one-dimension in both the spatial and the
angular variables, it is possible to extend to higher dimensional systems with simple geometry. We
also comment that our method can be applied to general linear or linearized kinetic equations such
as the linearized Boltzmann equations.

In this paper we aim at efficient multiscale algorithms for (1.1) based on asymptotic analysis
and domain decomposition. It is well-known that direct simulations of the transport equation in
the diffusion region are usually rather expensive thus unfavorable. On the other hand, diffusion
equations with proper data can provide good approximations to the kinetic equation when ¢ is small
(see for example [12,13]). We will follow the latter route and use diffusion approximations wherever
applicable. The main difficulty of this method lies in obtaining accurate matching boundary and
initial conditions for the diffusion equation. The easier part is to obtain the initial data: at the
leading order, it can be derived by directly projecting the given kinetic initial state onto the null
space of the scattering operator L.

Finding the boundary data on the other hand is more involved both asymptotically and nu-
merically. For given kinetic incoming data, one can show by formal asymptotic analysis that the
matching boundary data of the diffusion equation is determined by the end-state of the solution to
a half-space equation. Therefore, accurate solvers of half-space equations will provide crucial tools
for our approximation. Having this in mind, we developed a numerical method in [20] that can
efficiently solve the half-space equations. In the current paper, we will apply this half-space solver
to obtain the boundary data for the diffusion equations numerically.

In summary, in the numerical scheme for the pure diffusion case, we will resolve the boundary
layer equations at the two endpoints x = a, b to retrieve boundary data for the diffusion equation
and use the projected kinetic initial data as its initial condition. We will compare thus-obtained
diffusion solution to the solution of kinetic equation and show convergence rates in terms of e.
We will also derive some formal error estimates in the L2-spaces. The error analysis follows the
classical methodology of constructing approximate solution that involves all the layers [4]. Since we
are studying time-dependent case, normally there will be three types of layers involved: boundary,
initial, and initial-boundary layers. The major assumption that we make here is to assume that the
initial-boundary layer equation is well-posed and its solution decays at least as fast as the reciprocal
of time. The initial and boundary layers on the other hand can be shown to have an exponential
decay. We will treat the general cases where the derived data for the diffusion equation are allowed
to be incompatible so that the derivatives of the heat solution can be unbounded.

In the formal asymptotic analysis of the kinetic-diffusion coupling case with general initial data,
there are boundary, initial, and initial-boundary layers that form at the interface in the diffusion
region. Solutions to these layers will have influence on the kinetic part. Our numerical scheme,
however, only takes into account of the boundary-layer feedback and ignores the other feedback from
the initial and initial-boundary layers at the interface. This way we can decouple the kinetic and
diffusion parts at the leading order. This decoupling idea is a feature of the domain-decomposition
method developed in [13]. In particular, at the leading order, the kinetic part satisfies a closed
system whose boundary condition at the interface is given by the Albedo operator defined in (2.19).
By this we can fully solve the leading order decoupled kinetic equation in the left region. Using
the solution from the left at the interface as the given incoming data, we then approximate the
kinetic equation in the diffusion region by the diffusion equation via the same scheme for the pure
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diffusion case. We comment that although we do not have rigorous analysis for estimating the errors
induced by ignoring the initial and initial-boundary layer feedback at the interface, these feedback
only depend on a time scale of order O(e?). Therefore their effect is expected to be negligible after
an initial layer. To provide some justification, we perform a stability test by adding a perturbation
that only depends on E% to the Albedo operator in the boundary condition for the kinetic equation.
The numerical result indeed shows the decay of the error after some time.

Numerical methods for kinetic equations that exploit the fluid approximation have a vast liter-
ature [1,2,5,8-10,12,13,18,19]. There are in general three types of methods. In the engineering
literature, the particle methods or Lagrangian type of approaches are often used (see e.g. [15,21]).
The advantage of such methods is that they are easy to implement. However, the convergence rate
of this type of methods could be slow and sometimes is hard to analyze. This happens especially
when kinetic and fluid regions coexist. The second class of methods are based on deterministic do-
main decomposition, where one treats different regions separately and then couples them together
via the interface. Several systematic numerical methods in this direction are proposed in [12,13,19]
in which H-function or generalized H-functions are used in order to study the boundary-layer equa-
tion at the interface. This restricts application of these methods to isotropic collisions or collision
kernels with particular structures. In [2] the authors relaxed the constraints by exploring a par-
ticular weak formulation and using iterations between kinetic and fluid regions (see also in [1] for
a similar method). Another work in a similar spirit is proposed in [18] where the corresponding
half-space problem is solved by iterating incorporated with the Chapman-Enskog expansion [14].
The generalization of these methods to time-dependent problems would lead to high computational
cost since the iteration is performed at every time step. In a series of work [8-10] the idea of
using a buffer zone is pursued where a smooth transition is proposed to connect the fluid and
kinetic regime. The analysis of the modeling error caused by the smooth transition is yet to be
investigated. Adaptive choices of the fluid regime have also been studied [6,11,22]. Here we take
the classical domain decomposition approach and note that it is possible to explore the adaptive
criteria. The third type of approach for multiscale kinetic problem is the asymptotic preserving
(AP) scheme [16,17,19] that avoids decomposition of the system into different physical regions.
Compare with the AP scheme, domain decomposition methods use the fluid equation whenever
possible which reduce the computational cost.

This paper is laid out as follows. In Section 2, we show the formal asymptotic derivation of the
diffusion equation for both the pure and coupling cases. In Section 3, we explain our numerical
algorithm. Various numerical results for both the pure and coupling cases are shown in Section 4.
In the Appendix, we show some L2-estimates of the asymptotic errors for the pure diffusion case
based on the assumption that the initial-boundary layer solution decays fast enough.

2. ASYMTOTICS

In this section we apply asymptotic expansions to derive approximate equations for both the
pure diffusion and the kinetic-diffusion coupling cases.

2.1. Notations. Throughout the paper, we will use L?
denote the L?-space in y with Lebesgues measure on [—1,

<f>=/_1fdu,

1

(
1

du) and L?(—1,1) interchangeably to
]. We also denote

for any f € L'(—1,1).

2.2. Properties of L. In this part we summarize the basic properties of the collision operator £
defined in (1.2). Denote Null £ as the null space of £. Let P : L?(—1,1) — Null £ be the projection
onto Null £. The main properties on L are as follows:
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(P1) £: L?(—1,1) — L?(—1,1) is self-adjoint, nonnegative, and bounded operator;
(P2) Null £ = span{1};
(P3) L has a spectral gap: there exists o9 > 0 such that

2
for any f € L*(dp),

/_11f£fdu2 o [P

L2(du)

where P+ = T — P is the projection onto the null orthogonal space (Null £)*.

2.3. Pure Diffusion Approximation. We will follow the classical balance argument to construct
the leading-order interior diffusion equation. The boundary and initial data for the diffusion equa-
tion will be derived from the boundary and initial layers.

2.3.1. Interior Equation. Recall that P is the projection from L?(du) onto Null £ and P+ is its
orthogonal projection. Decompose f such that

f=Pf+P"f.
For simplicity we denote = Pf and write
f=0+Pf.
Applying P and P+ to (1.1) respectively, we have
€Pf+0.P(uf) =0, (2.1)

and

cPLf + 0. PH(uf) + %L‘f =0. (2.2)
Rewrite (2.2) as

Lf=—E P f— e, P (uPf) — €0 P (P f).

Assume that derivatives of P+ f are of lower orders than derivatives of P f. Then the leading order
closure can be constructed as

Lfi = —€0,PH(uPf) = —epdu(Pf), (2.3)
where f; € (Null£)" is the first correction to Pf. Solving (2.3) gives
fi=—eL7N (1) 0:(Pf) = —e L7 (1) 0. (2.4)
Since P(u) = 0, equation (2.1) can be written as
€0 + 0, P(uPrf)=0. (2.5)

Using f; as the approximation for P+ f and inserting the leading order approximation (2.4) into (2.5),
we thus obtain the interior equation for 6 as

00 — (L™ (1)) Drz = 0. (2.6)
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2.3.2. Boundary Conditions. The boundary conditions for (2.6) will be derived from boundary
layer analysis [7]. We will show the details for the boundary layer at x = a. The derivation at
x = b is similar thus omitted.

Within the layer width of order O(e) at x = a, let y be the rescaled spatial variable such that
y = &2, Denote the boundary layer solution at z = a as fg(t,y,u) and assume it has the
asymptotic expansion

o= +efln+--. (2.7)

Then fg satisfies the rescaled kinetic equation
1 1
€Of] + —pdyff + — LI} =0. (2.8)

Apply (2.7) in (2.8) and compare the terms by each order. Then the leading order term fé” ;, satisfies
the half-space equation

Mayfg,L + Efg,L =0,
fr=0alt,n), p>0, (2.9)
1o = ba, as y — 00.

for some constant 6, € R. Similarly, the leading order boundary layer solution at x = b, denoted
as fé’, R satisfies

—d: fo R+ LIk =0,

f(l)),R = ¢b(t7:u’) ’ p <0, (210)
f(l)’7R—>9b, as z — 00,
where the rescaled spatial variable z is defined as z = I’_Tx. The well-posedness of the half-space

equations (2.9) and (2.10) is shown in [7]. We will use the constants 6,, 6 as the boundary conditions
for the interior diffusion equation (2.6) for 6.

2.3.3. Initial Conditions. The initial condition for 6 is derived from the initial layer. Specifically, let
T= 6% be the rescaled time variable. Suppose the initial layer corrector f! satisfies the asymptotic
expansion

e fltefl+.
Then f7 satisfies the rescaled kinetic equation
oL+ oI+ L) =0,
Hence the leading order f{ satisfies that
Orfg +Lfs =0,
flr=0 = ¢0 — ($0) , (2.11)
f({ — 0, as T — o0.

The following Proposition shows that f({ is well-defined.

Proposition 2.1. Suppose ¢g € L*(du). Let {p,}>, be the set of normalized Legendre polyno-
mials. Suppose the collision operator L satisfies:

Lpn = A\nPn n>1, (2.12)
with
1>X\ >X >0, n>1, (2.13)
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for some constant Ag. Then there exists a unique solution fOI to the initial layer equation (2.11).
Moreoever, the decay of f({ is exponential.

Proof. Decompose ¢ — (¢g) as

¢0 - ¢0 Z ¢0 npn

where p,,’s are the normalized Legendre polynomlals. Define

f({ = Z €_>\n T¢O,npn(/'b) € LOO(Oa o3 LQ( d:UJ)) .

n=1

where ), is defined in (2.12). By (2.13), one can show via direct calculations that f{ is the unique
solution to (2.11). O

We will use (¢o)(z) as the initial data for . In summary, the leading order interior equation has
the form
Ot — <N£_1(,U)> 0220 =0,
0|:p:a = 0a ; 9’1}:1) = Hba (214)

Olt=0 = (¢o)(x) -
where 0,0, are defined in (2.9) and (2.10) respectively. In the numerical computation we will
compare § with the solution f to the kinetic equation (1.1) and show the rate of convergence of 0
toward f in terms of e.

2.4. Kinetic-Diffusion Couplings. In this part we derive the approximate system when there
are both kinetic and fluid regions present. The kinetic equation in this case has the form

conf +ponf + " o,

f|x:a = ¢a(ta ,U*) ) w > 07 (215)
f|z=b:¢b(t7:u’)7 :U'<07
fli=o = ¢o(z, 1) ,

where

o(z) = {e, x € (a,xm,),

1, =€ (xm,b),

for some x,, € (a,b). Therefore, the left part of the region is kinetic while the right one can be well
approximated by the diffusion equation. Our main goal is to understand the coupling of these two
regions through the interface at x,,. The asymptotic analysis here is along a similar line as in [13].
In particular, to the leading order of the approximation, the kinetic equation forms a closed system,
with the boundary condition at x,, given by an operator that relates outgoing data from the kinetic
region to the data feeding back from various layers at the interface. The main difference compared
with [13] is that we will work with general data instead of well-prepared ones. Let fas (¢, ) and
fur,—(t, 1) be the outgoing and incoming part of the density function from the kinetic part at the
interface x,, respectively. Then fj; 4 will be the incoming data for the diffusion region. Apply the
same asymptotic analysis to the fluid region and construct the leading-order approximate solution
as

A =0t 90)+f0m(t = rm#)*‘foz«z(tab ‘, )+f0(€271’ 1)
+fIBL(€2’x xm )_|_fIBL(€2’Tx"u)’
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where the boundary layer corrector fé’,m (t,y, ) at x = x,, satisfy

/’Layf(l)),m_'_ﬁf(l)],m =0,
fom = frup(tp) =0, >0, (2.16)
fom—0, as y — 00,

where y = *=*= and 0,, is the extrapolation length given the incoming data as fas,1(t, ). The
boundary layer solution f& r(t,z, 1) at © = b satisfy

—p0-f§ LIS R =0,
for=ob(t,p) =0y,  p<0, (2.17)
fé’,R—>0, as z — 00,
b—zx

where z = and 6 is the extrapolation length given the incoming data as ¢(t, 1). The initial

layer corrector f{(r,z,u) satisfies
O-fo +Lf5 =0,
folr=o =0 —(d0), € (zm,b),
f({ -0, as T — 00,
where 7 = E% The initial-boundary layer corrector fIBL (1,9, u) at x = x,, satisfies the equation
o, fIBL + 10, FIBL 4 ppIBL _
ﬂ&wﬂz—mmvﬁwx b0,
FBY o = = 5,0,y 1)

frlf’L—>0 as T,y — 00.

Lastly, the initial-boundary layer corrector fIBL( x = b satisfies the equation

) at
8 fIBL ua fIBL + £fIBL — 0

IBL‘Z =0 — _fO,R<T7O),U’)a H < 07
IBL’T 0 = _ng<0727/'L)7
fIBL as T,z — 0.

We assume here the initial-boundary layer equations are well-posed with a certain algebraic decay
rate of the solution in 7. Given these layer correctors, we set up the leading-order equation for the
interior solution for the kinetic region fi* as

Eat]/%nt_i_#a flnt +£f1nt
5" o= = RUat 1 (t s —11)) +f0(% W+ (500),  p<0,
mt|:c a—d)a(t N) N>0)

mt’t 0= 00, x € (a,xm,),

where [R(far+(t, zm, —p))](t, ) is the same Albedo operator as in [13] which is defined as follow:
let f,, be the solution to the half-space equation

pOy frn + Lfm =0,

fm :fM,-‘r(t?:u')a w > 07
fm = hm s as y — 00

(2.18)
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for some constant h,, € R. Then

ROyt s =p)I(Es 1) = fin(8,0,0), <0, (2.19)

We assume that the additional term fg(%,0,u) + fi%(%,0,4) in (2.18) provides only a small
perturbation of a certain order of € to the following system:

6815.]0(1)1’1‘5 +Maxf(i)nt _'_Ef(i)nt — 07

fént‘x:mm =R(fm+), <0, (2.20)
f(i)nt|z=a = ¢a(taﬂ) ) n>0,
(i)nt|t=0 = ¢07 T e (avajm) s

Therefore, instead of fmt, we will use f(i)m as the leading-order approximation in the kinetic region.
In this way the kinetic equation (2.20) for x € (a,x,,) is decoupled from the fluid region for
x € (m,b) and can be solved independently. In the fluid region, we use the solution 6 as the

interior approximation which satisfies
00 — (L™ (1)) Dar) = 0,
Olo=zy = Om,  Olo=p =6, (2.21)
Oli=o = {(po)(x),  z € (zm,b),

where 6, 0 are defined in (2.16) and (2.17) respectively. Note that  depends on the kinetic solution
fint via 6,,. As a summary, we use the coupled system (2.20) and (2.21) as the approximate system
to the original kinetic equation (2.15).

3. ALGORITHM

Direct simulations using standard kinetic schemes to solve (1.1) are prohibitively expensive when
e < 1. To achieve accuracy, the spatial mesh size Ax needs to be chosen of order O(e) or even
smaller to resolve the boundary layer. To resolve the initial layer in the fluid regime, one needs
to balance the time derivative term €d; with the collision term, which requires the size of the time
stepping At as O(e?). Moreover, the CFL condition for stability requires that M = O(Ax),
which also gives At = O(e?). With such severe limitations on the mesh size and time stepping, a
direct simulation of (1.1) has huge computational cost when € < 1.

To efficiently solve the system when ¢ < 1, we will use the heat equation to approximate the
kinetic equation in the fluid regime. Compared with resolving the kinetic equation, solving the
heat equation is much more favorable computationally: first, Ax is no longer controlled by € as it
is no longer necessary to resolve the boundary layer. Similarly, the time stepping can also be taken
much larger. In addition, the heat equation has one less dimension (u variable) to resolve. The
heat equation is coupled to the kinetic boundary conditions or to the system in the kinetic regime
through boundary and internal layers, as discussed in the previous Section. While we do not need to
resolve the boundary layers, we need to solve the half space problems (2.9), (2.10), (2.16). For the
half-space problem, we employ the algorithm we previously developed in [20]. Standard algorithms
for heat equations and kinetic equations are then used in the fluid and kinetic regimes respectively.
In what follows, we will briefly outline the numerical method for the half-space problem and treat
the pure fluid and fluid-kinetic coupling scenarios separately.

3.1. Numerical method for half-space problems. In this subsection, we focus on the numerical
method for the half-space problems. This is a special case of the algorithm we proposed in the
previous work [20]. Here for completeness we recall the procedures of the algorithm in the current
simplified setting. We refer the readers to [20] for more details and analysis of the algorithm.
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Consider the half space problem

uaxf+£f:O,
flz,pn) =0 asxz— oco.

We are interested in finding the limit at infinity 6., and the back flow at the boundary

f0, 1) = (Rfo)(n) for p <0, (3.2)

where R is the Albedo operator defined in (2.19). Note that we have explicitly used the fact that
L consists of constant functions for the linear transport equation.

To solve the infinite domain problem (3.1), we use a semi-discrete method with a spectral dis-
cretization for the p-variable. In general, the solution might exhibit singularity like jumps at
1 = 0. Hence, we use an even-odd decomposition of the distribution function to avoid the Gibbs
phenomena and ensure accuracy. Define

fE(l',M) _ f(:z’/jf) +2f(CU, :U’) ’ fo(w,u) _ f(I,,u) 2f(£7 :u)
so that f = fF + fO. Due to the symmetry, it suffices to discretize the functions f¥ and f© for
u € (0,1] and then extend the functions to the whole interval p € [—1,1]. More precisely, we use
the half-space Legendre polynomials as basis functions, which are given by

¢£<u>={¢m(“) s ¢2<u>={¢m(“) ne (3.0

(3.3)

Here ¢y, are standard orthogonal Legendre polynomials on [0, 1] satisfying

1
/0 G (1) b (1) djt = By

Note that the even and odd extensions ¢~ and gbg are no longer polynomials. It is easy to verify
the orthogonality

(OF,69) =0, (O5,0F) = bmn, (65, 65) = S,
where we have used the notation

1
(f,9) = ;/1 f()g(p) dps. (3.5)

For the stability of the numerical scheme, we first solve a damped version of the equation (3.1)
and then recover the solution to the original equation. The damped equation is given by

p0uf + Lf +aplp, f) + ap(L™ ) (w(L ™ p), f) = 0;
]i(oa M) = fO(:U’)v w > 0; (3'6)

flz,p) =0 asx— o0

where 0 < a < 1 is a damping parameter. For the ease of notation, we denote the damped collision
operator as

Lf = Lf +ap(p, F) + ap L7 w) (L™ p), f), (3.7)
where £y is well defined since x L Null£. Using the half-space Legendre polynomials, we
approximate the even and odd parts of the distribution functions by

N+1

N
FPlam) =) @t (n), [Pl = @) (). (3.8)
k=1

k=1
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Note that we have taken one more basis functions for the odd part than for the even part, this is
to make sure that the semi-discrete system satisfies the inf-sup condition which guarantees well-
posedness and convergence of the scheme, as further discussed below. More details can be found
in [20, Corollary 3.4]. Substituting the approximation into equation (3.6) and applying Galerkin
method, we obtain the equation for the coefficients which reads

A—¢ = B¢, (3.9)

A# 0 0 BF - ©
A= < 0 A,u) , B= <BO 0 > y €= <CE) (310)

with the matrices A*, BE and B defined as

where

1
Al =2 /0 poi(w)gs(p)dp, B = (L%}, ¢7), B =(L%F,67). (3.11)
Here we have used the fact that
1
(uof,¢F) =0, (usf,¢9) = 2/0 (i ()i () dps, Vi, j.

due to symmetry and the definition of ¢F and ¢©.
To solve the equation (3.9), we need 2N + 1 boundary conditions to determine ¢ at z = 0.
These boundary conditions are of two kinds. The first is given by the incoming boundary condition

(cf. [20, Eq. (3.11)])

N+1 N 1
> (62, 68)2(0) + 31l 68 o)l 0) =2 [ ufoo (312)
i=1 =1

for j = 1,..., N, which gives us N conditions for ¢(0). The remaining conditions come from the

requirement that f — 0 as * — oo. Hence, ¢(0) can only consist of the decaying modes. More
precisely, consider the generalized eigenvalue problem:

AmATy, = BTG, (3.13)
with ¥, being the eigenvector associated with eigenvalue \,,. Then e,, = 7., A satisfies
d
o= A€ - (3.14)

Hence e, either grows or decays exponentially. To satisfy the condition imposed at infinity, no
components associated with non-negative eigenvalues are allowed, namely, ¢ should satisfy e,,(z =
0) = 0 for those A, > 0,

em(0) = 7L AZ(0) = 0. (3.15)
It can be proved (see [20, Corollary 3.7]) that there are exactly N positive eigenvalues and 1 zero
eigenvalue of the generalized eigenvalue problem (3.13). This gives us N + 1 conditions for ¢(0).
In sum, the two types of constraints (3.12) and (3.15) together determine ¢ at x = 0 (note that we
have 2N + 1 constraints and 2N + 1 degrees of freedom in total). Then (3.9) fully determines c,
which gives us the approximate solution to the damped equation (3.6).

The solution to the original boundary layer equation (3.1) can be then easily recovered by

f=F—0(go—1) (3.16)

where gg solves the damped equation (3.6) with boundary data given by the constant go(0, u) =
1,V > 0 and O is given by (it can be proved that <,u, 90(0, u)> # 0, see [20, Proposition 3.8])

Ooc = (1, 90(0, 1))~ (11, £(0, 1)) (3.17)
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By substituting into the equation, it is easy to verify that f defined above solves (3.1) with boundary
data given by fo. Note that as f and go decay to 0 as z — 00, 0 given by (3.17) is exactly the
limit of the solution at infinity. The action of the Albedo operator on fj is obtained from f(0, )
for p < 0.

3.2. Pure fluid system. We now consider the pure fluid system, i.e. ¢ = 1 on the entire domain
[a,b], and we approximate (1.1) by the interior heat equation:

{ate — \Dya

0(t,a) = 04(t), O(t,b) = 0y(t), (3.18)

where 6, and 6, are the steady state of the half space problem associated with the two boundary
layers, given by (2.9) and (2.10). Numerically, they are obtained using the method in Section 3.1.

To numerically solve (3.18), we use a standard finite difference scheme. Take N, equally distanced
grid points with mesh size Ax = (b — a)/N, such that a + % =z <wxp < ---xN, =b— %. As
the boundary layer of the original kinetic equation has width € < 1, the grid point x; (resp. zn,
lies well outside of the layer when € is small. Hence its value is approximately given by 6, (resp.
0p), the infinite limit of the half-space problem.

We approximate the solution by 6} ~ 6(t",x;) for i = 1,--- , N,, and use a standard implicit
central finite difference scheme to update the solution
AAL
ortt — o = s (o7 — 207 904 (3.19)

with two Dirichlet boundary conditions 67" = 6,(t"™) and 63" = 6,(t"*') given by the half
space problem solver in Section 3.1.

3.3. Coupled system. For the coupled system we approximate (1.1) by a coupled kinetic-heat
system

€O f + pdpf + ng =0, z € (a,zm), p € [~1,1] (3.202)
f(ta, 1) = da(t, 1), p>0 (3.20b)
(s @m, 1) = R(f(t, 2m, ) ]u>0) (1), p<0 (3.20c)
in the kinetic region = € (a, x,,) and
O = \0ys0, z € (Tm,b) (3.20d)
O(t, xm) = Om(t), 6(t,b) = 6,(1), (3.20e)

in the fluid region x > 0. with 6,, defined by the half-space problem that couples together the
kinetic and heat equations (2.16). Note that the boundary data for the original equation are
imposed at the two ends © = @ and x = b for the distribution function f. On the right boundary,
we need to convert the boundary condition to 6 for the heat equation. At x = x,,, the heat and
kinetic equations are coupled together through the Albedo operator Rf|,, and the extrapolation
length 60,,(t).

To numerically solve the coupled system, note that the kinetic equation on the left (3.20a) does
not depend on the fluid regime and is self-contained. We use a standard time-splitting finite volume
scheme for the kinetic equation, where at x = x,,, the boundary condition is given by the Albedo
operator, which is determined numerically using the half-space problem solver in Section 3.1. After
the kinetic solution is determined, the solution of the fluid part is similar as Section 3.2. Hence,
we will only focus on the kinetic regime in the following.

For the kinetic equation, in the z direction, we use a standard finite volume mesh: we evenly
divide the domain (a,x,,) into N, cells, and denote z;, i =1,---, N,, the centers of cells as the
grid points. For the p variable, we use the Legendre quadrature points to discretize the domain.
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In each time step t", assume we have the data Z»"j fori=1,---Ng,j=1,---N,, we advance the
solution as follows:

e Apply the standard kinetic solver for the kinetic equation (3.20a) on the left region boundary
conditions:
— left: o (t", u; > 0),
— right: fy  with p; <O0.
Note that the data f}(‘,ﬁ ;18 already computed in the previous step. The output would be:

=2, Ny =1,V
<0 . (3.21)
Il m>0
We will employ a time splitting scheme: First solve the pure advection part
€O f+puo.f=0 (3.22)

with the standard finite volume method: we use Lax-Wendroff scheme with van Leer lim-
iters, and ghost cells with transparent boundary data is used for the boundary conditions.
This step is followed by the collision part:

O f + %Lf =0, (3.23)

where Gaussian quadrature is used to numerically calculate the integral. Note that in the
kinetic regime, ¢ = O(¢) in the above equation.

Note that since the standard finite volume method is used, at the left end, only f7 ; for
tj < 0 is updated in the scheme (corresponding to the left-going waves). Similarly at the
right end, ¢ = N, only fy, j for y1; > 0 is updated (corresponding to the right-going waves).

f{‘;’l for p; > 0 will be given by the Dirichlet boundary condition at time L
I = a1 pg), g > 0. (3.24)
and f]’\‘,j; for p1; < 0 comes from the Albedo operator R, this will be obtained in the next
step.
n+1

e Use f Noj for p1; > 0 as the incoming boundary data for the half-space problem numerically
solved the half-space problem solver in Section 3.1, and obtain two outputs, they serve to
update

— 67F1. This provides the fluid part with left Dirichlet boundary condition at time ¢"+!
to be used in the heat equation solver.

— J’(‘,ﬁ for p; < 0. This updates f at the coupling point for negative velocities.

4. NUMERICAL EXAMPLE

In this section we show various numerical tests based on the asymptotics and the algorithm in
Section 2 and 3. Without loss of generality, we will fix a = —1 and b = 1. For coupled kinetic-fluid
system, we set z,, = 0. Results for the pure fluid systems and the couple systems are presented in
two separate subsections.

4.1. Pure heat equation. In this subsection we treat the pure diffusion case where ¢ = 1 through-
out the entire domain. We consider examples with different combination of possible initial, bound-
ary, and initial-boundary layers. We also show examples where the data for the diffusion equation
are compatible or incompatible. Our main interest is in the modeling error, that is, to check the
convergence rate in terms of €. To this end, we have refined the mesh size and time stepping small
enough to make sure that the error coming from numerical approximation is negligible compared
to the asymptotic error.
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To compute the heat equation with Dirichlet boundary condition (3.18), we take Az = 1073 and
At = 2.5x107%. A small mesh size is chosen to guarantee that the numerical error is negligible, while
in practice, larger mesh size can be used for the heat equation. To compute the reference solution
to the kinetic equation (1.1), we use Az = min{5 x 107%, 5%} to resolve the boundary layer and
N,, = 32 (32 quadrature points for the x variable). For time step, we choose At = min{weAw, *}
with the CFL number w = 0.5. The solution is computed up to time 7" = 0.03 with various choice
of e.

The difference between the numerical solution of the heat equation and the reference solution to
the kinetic equation is measured in L?-norm. Denote § and f the solution to the heat and kinetic
equations respectively, we consider the four type of error measurements:

Ep=0— <f>HL§(—1,1) 3 Er=16— f||L§H((—1,1)x[—1,1]) )
Ep inner = 160 — <f>”Lg[—0.9,0.9] ; Efinner = 160 — f“L%u([—O.Q,O.Q]x[—1,1}) :

It is clear that Fy < E; and Epinner < Efinner by Minkowski inequality. The inner error is
calculated away from the boundary to avoid the impact from the boundary layer that the heat
equation does not resolve (though the limit behavior of the boundary layer is captured through
solving the half-space problem). The errors are functions of €, we will use 1/e = 32,64,128,256 in
the examples below to study the dependence of the asymptotic error on €. For each numerical test
below, we plot four figures

top left: profile of the solutions with different €’s;

top right: profile of the solutions zoomed in near the left boundary x = —1;
bottom left: convergence rate of Ey and EY;

bottom right: convergence rate of Eg inner and Ef jnner.

For readers’ convenience, let us recall that the kinetic equation and the approximating heat
equation are

1
66tf+ﬂamf+zﬁf:(),

f|z:—1 = ¢—1(tmu) ) w > 07
f‘w:1:¢1(t,,u), M<07
f‘tZO = ¢0($,M) 5

and
010 — (L™ (1)) Du = 0,
Olo=—1=0-1,  Olp=1 =01,
Oli—o = 0i(x) = (¢o)(x) -
We also recall the definition of the extrapolation length: let g be the solution to the half-space

equation with incoming condition ¢ = u, and the extrapolation length 1 associated with L is the
end-state of the problem:

pyg+Lyg =0,
9lymg=H, >0,
g—>77, asy—>oo.

We have tested our numerical schemes for the pure diffusive scaling system for six cases. The
first four cases have compatible data for the heat equation (see (4.9)), while in the last two cases
the data for the heat equation is incompatible.
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Test 1: No Layer. In the first test, we study an example with no layer present at the leading
order. The data for the kinetic equation are given as

boundaries: ¢-1=0, ¢ =0, (4.1)
initial: ¢o(x, p) = sin(mx). '
The resulting data for the heat equation are
boundaries: 0_1(t) =0, 6:(t)=0, (4.2)
initial: 0;(z) = sin(7x) .

Test 2: Initial Layer Only. The second test treat the case which only has an initial layer. The
data for the kinetic equation are

boundaries: ¢p-1=0, ¢1=0, (4.3)
initial: po(z, 1) = sin(rz)(1 4 0.5|u|) . '
The resulting data for the heat equation are
boundaries: 0_1(t) =0, 61(t)=0, (4.4)
initial: 0;(z) = 2sin(mz).

Test 3: Boundary Layer Only. The third example is to check a case with only the boundary
layer. No initial layer or initial-boundary layer is present. The data for the kinetic equation are

{boundaries: ¢_1=1.54100t|p|, ¢ = 1.5+ 100t|y|, (45)
initial: ¢o(z, p) = sin(mz) + 1.5.
The resulting data for the heat equation are
{boundaries: O_1(t) = 1.5+ 100y, 6(t) = 1.5 + 100tn, (46)
initial: 0;(z) = sin(mz) + 1.5.

Test 4: All Layers. In the fourth test, we study an example with the initial layer, boundary
layer, and initial-boundary layer all present. The data for the kinetic equation are

boundaries: ¢—1 = |p|(1+100t), ¢1 = |p|(1+100¢), (47
initial: dol(x, p) = nlp| + 4. '
The resulting data for the heat equation are
boundaries: 6_1(t) =n(1 +100t), 61(t) =n(1 -+ 100t),
(4.8)
initial: Oi(z) =n.

where 7 is the extrapolation length.
In the first four test, the data for the heat equation is compatible, meaning that

9,1(15:0) :Hi(l‘z —1), 91(t=0) :Oi(l‘z 1). (4.9)

In the rest of the tests, we check the cases where the above compatibility does not hold.

Test 5: No Layer. In the fifth test, we show a result which has no layer at the leading order but
the Dirichlet boundary condition for the heat equation is not compatible in the sense of (4.9). In
this case, we choose the data for the kinetic equation as

{boundaries: ¢p_1 = =1,

L,
(4.10)
initial: ¢o(z,u) =0.
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The resulting data for the heat equation are
boundaries: 0_1(t) =1, 61(t) =1,
1(t) 1(t) (4.11)
initial: 0i(z) =0.

Test 6: All Layers. In the sixth test we study the case where all the layers are present and
the data for the heat equation is not compatible in the sense of (A.14). The data for the kinetic
equation are

{boundaries: ¢-1=lpul,  ¢1=lul, (4.12)
initial: Po(z, 1) = |l -
The resulting data for the heat equation are
{boundarieSZ 0-1(t) =n, 0u(t) =mn, (4.13)
initial: bi(z) = 3.

The numerical results are presented in Figures 1-6. In all the examples, good agreement of the
solution to the heat equation and the kinetic equation is observed. We note that in the cases with
the presence of boundary layers (test cases 3, 4, and 6), while the heat equation does not capture
the boundary layer, it captures well the asymptotic behavior away from the layer, as can be seen
from the zoom-in profile of the solutions near the boundary. More quantitatively, we observe that
the convergence rate of the asymptotic error matches well the error analysis in the Appendix. Also
note that for test 6, due to the incompatibility of the data for the heat equation, we observe a slower
convergence rate for the error on the whole domain, which is also the case with the asymptotic
analysis.

4.2. Coupled system. In this subsection we collect all numerical results for coupled systems. The
setting is the same as presented in section 3.3, in which we set 0 = ¢ in the left part of the domain
but 1 on the right, so that the kinetic and diffusive scaling coexist in the system.

We apply the algorithm developed in Section 3.3 to approximate the coupled system and compare
the result with the reference solution by resolving the full kinetic equation (1.1) on the whole
domain. For computing the reference solution, we use 32 quadrature points for the p variable,
Az =5 x 1073, and At = min{e?, weAz} where the restrictions on At come from the scaling and
the CFL condition. We set the CFL number w to be 0.5. Recall the coupled system we compute:

€of+pdaf+Lf=0,
f‘ﬂU:O:R(.fO,-‘r)a ,U,<O,
f’I:—l :¢_1(t,ﬂ), ,u>07
f‘t:0:¢07 xE(—l,O),
on the left side of the domain, and this is joint with the heat equation on the right:
00 — (L™ (1)) Dar = 0,
0|:)§=0 = em, 0|m:1 - 91 )
Oli=o(z) = bi(x) = (do)(x), = €(0,1),
where 6,,,0; are defined as the end state of the associated half-space problem (2.16) and (2.17)
respectively. For computing this coupled system, we set Az = 5x 1073 and 32 quadrature points for
the p variable in the kinetic region. Since the implicit method is used for the heat equation which
relaxes the parabolic scale, the time step At only needs to satisfies the CFL condition. We set the
CFL number w = 0.5. We use Ey to measure the error. For each test, we present five figures, they

show the convergence of Ey using e ! = 32,64, 128, 256, the profile of the solution, together with
the bottom three showing the zoom-in at x = —1,0, 1 respectively. For all the profile figures, solid
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lines are given by the solution of coupling approximation and the dotted line are refined solution
to the kinetic equation. Red, green blue and black lines are for e = 32, 64, 128, 256 respectively.
Test 1: Initial layer. In the first test, we investigate an example with only initial layer. Note
that here the data for the heat equation in the kinetic region is not well-prepared (in the sense of
[13, Equation (5.2)]), and hence an initial layer presents.

left boundary:  f(¢,x, M)‘x:—l =0, p>0,

right boundary:  f(t,z, u)‘le =0, u<0, : (4.14)
initial: [tz m)|,_y = iz, p) = |p|sinmz, ze[-1,1].
The derived data for the heat equation for = € [0, 1] are
left boundary: 0(t, x)} _o="0m
right boundary: 6(t, x)’ 01
initial: o(t ’t o =il ) = L sin(rz).

We calculate the solution up to time 7' = 0.1.
Test 2: Boundary layer. In the second test, the initial data for the kinetic region is well-prepared
in the sense of [13]. We allow a boundary layer generated at x = 1 in the fluid region. The data
for the full kinetic equation are
left boundary: f(t,x,u)|m:_1 =ult+1, pn>0,
right boundary: f(t,:c,u)|x:1 = |ult+05 pn<o0,
initial: [tz pm)|,_y =0.25cos (mz) +0.75, =z €[0,1].
The derived data for the heat equation for x € [0, 1] are
left boundary: 0(t, x)’l:o =0,
right boundary: 6(t, ur:)|m:1 =nt+0.5,

initial: 0(t,x)|,_, = 0.25cos (mz) + 0.75.

The solution is calculated up to time T = 0.5.

Test 3: incompatible initial data, all layers. The third example considers the most general
one where all layers are present and the initial data for the kinetic region is not well-prepared. The
data for the full kinetic equation are

left boundary:  f(t,z, p |m = |ul(t+1), pn>0,
right boundary:  f(¢,z, |x ) |,u\ t+1), <0, . (4.15)
initial: flt,z,u |t o = 1l x € [-1,1].

The derived data for the heat equation for x € [0, 1] are

left boundary: 0(t, 1:)} o ="0m
right boundary: (¢, x) ‘x: =n(t+1),
initial: ot x)|,_ =%

The computation is stopped at T' = 0.5. For this example we also plot the profile of 6y and 6. (0
computed using kinetic model and the coupled approximation) at several time together with the
evolution of the Lo-norm of the differences.

The numerical results are presented in Figures 7-10. We observe nice agreement with the fully
resolved solution to the kinetic equation and the approximation by the coupled equation. The right
panel of Figure 10 shows the evolution of the error, note that the error decreases initially due to
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the decay of the error from the initial layer, the error then accumulates as the simulation proceeds,
though the growing rate for the error is fairly slow (empirically linear growth is observed).

4.3. Stability test. This subsection is to provide a numerical test of the error induced in the
kinetic part of the coupled system by the approximation to the back-flow at the interface. Hence
we study the kinetic equation with zero initial and “reflective” boundary with perturbation that
impacts the solution on a time scale of order O(e?). Specifically, we compute the equation

€of+pof=LFJf,
fta,p)|,_ =0, p>0, (4.16)
fa,w)|,_g =R(f(0,)]us0) +p (/) . n<O,

where the perturbation is chosen as

p(t/e) = (4.17)

1
14 /t/e2

In Figure 11 we show the profile of the solution to (4.16) at several times. The stopping time is
T = 0.1. Observe that the error decays (in L2 norm) as time proceeds and also the impact becomes
smaller for a smaller e. This justifies neglecting the feedback to the kinetic equation due to initial
layer and initial-boundary layer in our coupled scheme. It will be interesting to rigorously show
the decay of the perturbation and find its decay rate.

APPENDIX A. ERROR ESTIMATES

In this appendix, we give some formal estimates of the errors for the pure fluid approximations.
The main assumption here is the existence and decay of the initial-boundary layer solution. Our
analysis covers both cases where the diffusion equation has either compatible or incompatible data
and we treat them separately. The latter case is slightly more involved since we have uniform
bounds for derivatives of the heat solution if its data are compatible while this property ceases to
hold for the incompatible data.

In the current work we restrict ourselves to the pure case. Error analysis for the coupling case
requires studies for not only the initial-boundary layers but also the perturbation equation in the
form of (4.16). Moreover, it is expected that careful spectral analysis needs to be done since we
are considering the critical case. These analysis will be left for further investigation.

A.1. Compatible data. First we show some basic error estimates in L?-spaces for the diffusion
approximation with compatible data such that § € C?([0,T]; C*[a,b]). Our analysis follows the
classical idea of constructing approximation solutions (see for example [4,12,13]). Define the
approximate solution f# as

FA=F @, ) 4+ R 222 1) + fr(t 22 ) + (S, 2, )
+ PR = )+ (S ),

(A1)

where the details for each term are explained below. First, we construct the interior approximation
as

FrU (@ ) = 0t 2) — € L7 (1) Dub(t, ) + € (Dual(t, 2)) L7 (L™ (1) (A.2)



18 QIN LI, JIANFENG LU, AND WEIRAN SUN

where 0 satisfies the diffusion equation (2.14). Then f satisfies that

O™ + pda f™ + %Ef““ == (€020) (W™ (nL™" (1))
- (628& ) ( (M)) (63615:10:169) (E_l(ﬂﬁ_l(/ﬁ))) )
FRY = 00— eL7Hu) 0:0(t,a) + LT L TN (W) (Daub(t,a)) . >0, (A-3)
F Ly = 06— L7 (1) 0:0(t,0) + L7 (L™ (1)) (0zaf(t,)) . p <0,
£ _y = (G0) — e L7H(1) 0:0(0,2) + L7 (L™ (1)) (920(0, ) .

Second, the boundary layer approximation fz at x = a is given by
fl= fg,L + fofu
where fé” 1 € L>®(dydp) satisfies the half space equation
Oy fo L +LfS L =0
KOy Jo,L 0,L ;

= _¢a(taﬂ)_0a(t)a /’L>07
f(liL—>0 as y — oo.

By the theory for kinetic half-space equations [3,7], 0,(¢) is uniquely determined by the incoming
data ¢4 (t, 1) and the solution fg ; decays exponentially in y. The next-order boundary layer term

ff 1 € L*™®(dydp) satisfies the forced half-space equation

Mayf{),L‘f‘ﬁffL = —atf(l)),u
frly=0=0, w>0, (A.4)

ffL —cl as y — oo,

for some ¢; € R. If Oppq(t, ) € L*(dp) for each t > 0, then equation (A.4) has a unique solution
in L*°(dydu) since 8tf(l)’7L(t, -) € L*°(dydp) and it decays exponentially as y — co. The boundary
layer term f? thus satisfies

O+ 1dufl+ 5 LI} = Ffl
2]y = balt, ) = Oat) p>0,
FE) ey = JOL (6 522 1) + E 17 (8, 222, ) p <0,
folo = <f0L+€2f1L> (0, %%, 1) -

(A.5)

The boundary layer f]b% at © = b satisfies a similar equation. Third, the initial layer term f! is
constructed as

Fl="fo+efl,
where f({ satisfies the initial layer equation
Orfo+Lfs =0,
i lr=0 =0 — (o) , (A.6)

ff—=o as T — 00.
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The existence and exponential decay of fOI are shown in Proposition 2.1. The next order term f{
is constructed as

flI‘T:() = ¢1(337M)7 <A7)
f{—)O as T — 00,

for some ¢;. The existence of ¢ is guaranteed by the following Lemma:

Lemma A.1. Let {p,}o>, be the set of normalized Legendre polynomials. Suppose the collision
operator £ satisfies (2.12) and (2.13). Then there exists ¢;(x,) € L?(du) such that (A.7) has a
unique solution.

Proof. We will solve for f{ explicitly. By Proposition 2.1,

fOI = Z ei/\nT(ﬁO,n Pn = Z 67)\”7—<¢0 pn>pn . (AS)
n=1 n=1
Write f{,(bl as

oo 0
flI: Zfl,npna o1 :Z¢1,npn-
n=0 n=0

In order to solve for fi,, we multiply p, to (A.7) and integrate over p € [—1,1]. Then
Orfim + Mfin=—(1pn0ufs),  fiml_og=01n, n>1,

and

O-fro=—(udufs),  fr0|._g=¢10-
By (2.13), it suffices to require that

(upn Oufl) € LY (d7), n>1, (A.9)
and
/0 (nO:f3)dr = ¢10 = (1) . (A.10)
By (A.8),
n+1
<:Upn 8ﬂcf({> = Z e T (ax¢0,k) <anpk> € Ll(d7)7 n>1.
k=n—1

In order for (A.10) to hold, we can simply choose

3
¢1(‘T7 N) = )\71/1’ </’L 8x¢0($, H)> :
With such ¢; equation (A.7) will have a unique solution. O

Remark A.1. There are many examples that (2.12) and (2.13) can be satisfied. For example, if £
has a kernel k(u, ') which depends only on finitely many Legendre polynomials such that

N
k(i 1) = an (i) pu(i)
n=1

where a, < 1forn=1,2,---, N. One physical example is the Rayleigh scattering for the radiative
transfer equation.
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Combining (A.6) with (A.7), we have that f! satisfies the equation

1
eatff—i—,uasz_i_iﬁfl - Eﬂazf{(e%,w,,u),
oee = (fo+efl) (hrap), uw>0, (A11)
fj‘x b (f0+€f1)(627a/£) w <0,
F,—y = b0 — (do) + €1 .
Finally, the initial-boundary layer term fIBL at x = a satisfies that

a fIBL+M8 fIBL+£f£BL:0,

P y=0 = =f(ra,p),  p>0,
IBL‘T 0 — _fL(O Y, 1 )a
IBL—>0 as T,y — 00.

fIBL

The main assumption for and the initial-boundary layer fIBL at x = b is

iBL(T x, 1), IBL(T,&?,M) € L*((0,00) x (0,00) x (—=1,1)),

Lz, pw), fRY (1) ~ O <71_> as T, T — 00. (A.12)
In term of (¢, z, u), we have
€ 9 fBL + o, fIBL 4 éﬁfiBL —0
fIBL —fl(eizaaaﬂ)a n>0, (A.13)
P, = P ), <o,
IBL‘t 0= fOL(Oa%vﬂ)-
The main result for the error estimate is
Theorem A.1. For each T' > 0, suppose
¢o € C*([a,b); L°(~1,1)),  a,¢p € C*([0,T]; L>(—1,1)).
Suppose the heat data 6,, 6y, 0y derived from the layers are compatible such that
F0,(0) = 0%%0y(a),  0%6,(0) = 0%6o(b),  k=0,1,2. (A.14)

Then the approximate solution constructed in (A.1) satisfies that

Hf - fAHLoo(o,T;Lz([a,b]x[_1,1]) = GO\E’

where the constant Cp; depend on T, 0, ¢, ¢p, ¢o, and their derivatives. Moreover, if we assume
that the initial-boundary layer solution decays fast enough, then

1 = Ol Lo 0,712 0] x [-1,1)) < COVE,

for any t9 € (0,T) and [z}, 2] C (a,b). Here the constant Cy 2 depend on T', ty, 7, Zr, Pa, Ps, Po and
their derivatives.

Proof. First note that the compatibility condition in (A.14) guarantees that § € C?([0, T]; C*([a, b])).
Let E; be the error term such that E; = f — f4. Subtract equations (A.3), (A.5), (A.11), (A.13),
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and the counterpart of the boundary and initial-boundary layer corrector equations at = b from
equation (1.1). Then

1
68tEf + Mafo + EEEf = R(t,x,,u) - 638tf{)L - Egatf{)R - Eluarfll(g%axnu) 3
Eyf| . =eL7Np) 0,0(t,a) — LNl (u ))(ame(t a))

— (Rr+Efln) 650w+ PN 200, >0,

By, =L (1) 0:0(t, b)—e% (L™ (1)) (Daf(t, b)) (A.15)
_(f8L+€2f1L) bza )+ £ L(Eiafa 1) p<0,

Ey|,_y =L (1) 0, 9(0 x) = L7 (L™ (1)) (Daad (0, 7))

)
—€f17L( )—€f1,R(0,bTraM)—€¢1(l‘,M)-

where
R(t,z, 1) = (€030) (uL™ (L™ (1)) + (€00) (L7 (1)) = (2 Opeab) (L7 (L™ (1)) -
Since L~ (uL ™1 (p)) is odd in p, we have uL~ (uL™ (1)) € (Null £)*, which implies that
R(t,z, p) € (NullL)*. (A.16)

Perform the basic L2-estimate by multiplying (A.15) by E + and integrate in z, u. By the coercivity
of £ in (P3), we have

€
S swp B3, + 2 HPL

t€[0,T]
//,LLEfsb,ud,uds//,uEfsa/Ld,uds
2 T
L @as) ([ el o )ds>
/,1.

T
€
+ sup B0z, ( / 1z ds> + SIEO)I3;
i | ,,

t€[0,T]

(5) ds

(A.17)

<([ [P

where we have applied (A.16) and denoted G for the right-hand side of the first equation of (A.15)
excluding R. The bounds for G and R are

T T T

[ 16, ds< [ ot éasts], s+ [ lentatl(Gaml,,, ds

0 o 0 ' LG L 0 o
<Ci1 63(1 +7),

and

1
T 2
</ ||R||%%uds> < Cia(1+VT),
0 :

where C1 1,C1 2 only depends on 0, ¢g, ¢4, ¢p and their derivatives. By definition, the initial data
term satisfies

€
§\|Ef(0)\|%g;,M <Ci3€,
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where C' 3 only depends on 6, ¢1, ff’ I f{’? r and the derivatives of §. Moreover, the boundary terms
in (A.17) satisfy that

T 1 T 1
/ / pE3(s,a, 1) dpds < / / pE3(s,a,p) duds < Cra (141T),
0 -1 0 0

T 1 T 40 (A.18)
_/ / ,LLE]%(S,b,H)d,LLdS < _/ / IU‘E]%(SabHu)diudS §017562(1+T)’
0 J-1 0 J-1
where C1 4, C1 5 only depend on 6 and its derivatives and the bounds of f(l)” R fé” I f{” R ff’ I f}zBL ]{BL.

Overall, we have

SUP] 1Er ()] 2205 x[-1,17) < Co(1 4 T)Ve.
By the exponential decay of the initial and boundary layer solution and the assumption (A.12) for
the initial-boundary layer, the interior error is bounded as

sup [|f = 0l L2y 0,y x-1,1) < Co(1 +T)ve,

[to,T]
for any to > 0, [z, 2] C (a,b) and Cy depends on tg, z;, zr, 0, o, Pa, Po together with their deriva-
tives up to order 4. ]

Remark A.2. If we apply the Robin boundary condition here, then the boundary error in (A.18) will
be improved to O(e*). Hence the full error suppo, 7 15 (t)ll 22 ([a,5)x[1,1)) Will be of order O(e). Note
that this is lower than the accuracy for the stationary case in [12] since the initial data introduces
an error of order O(e) by the current analysis.

A.2. Incompatible data. In this part we treat the case where boundary and initial data for the
diffusion equation may not be compatible. In this case, one only has the boundedness of the solution
0 to the diffusion equation while any of its derivatives can be unbounded near the corner. As a
consequence, the basic error estimates in Section A.1 can not be applied directly. To circumvent this
difficulty, we will modify the data for the diffusion equation, apply Theorem A.1 for the modified
equation, and estimate the extra error induced by the modification.

We start with a simple lemma that estimates the derivatives of the solution to the diffusion
equation.

Lemma A.2. Suppose 97(0) = 0 for 0 < n < 4. Let § € C?([0, T]; C*[a, b]) be the solution to the
diffusion equation

ate :'728303007 Y > 07
H‘x:a :0|z:b = O’
e‘t:O = to(z).
Then for any 0 < k < 4,

xT

8’”10‘

851/;0’

1
< — .
‘ L2([0,T]x[ab]) — /27 ‘ L2([a,b))

Proof. The proof is done by using direct L? energy estimate. Specifically, for each k < 4, we
differentiate the diffusion equation (in x) k times and apply the L? estimate. Then

P (9%0) (94+10) 2—72 /b 8!;“9‘2 dz . (A.19)

2 dt
Note that one of k and k£ 4 1 is even. By the form of the diffusion equation,
9259)" = 9f<6)" = 0.

L2([a,b])
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for any K € N. Therefore,

(20 ()

Integrating (A.19) over [0, 7] and taking square root on both sides gives
| Okt

19HL2([0,T} x[a,b])

b
=0, for any 0 < k < 4.

a

%“ﬂ

1
< = )
L2([0,T]x[a b)) ~ /2y ‘ L2([a,b])

which shows H@!g*‘ is bounded by the derivatives of the initial for each k < 4. U

Let 6 be the solution to the incompatible diffusion equation

010 — (L™ (1)) Dpef = 0, x € (a,b),
00— = 0o (1),
I a0
Oa=1 = 0p(t) ,
6|t:0 = 90(1‘) R x € (a, b) ,

where 0,,0, € C%([0,T]) and 6y € C*([a,b]).
The main result regarding the incompatible data is

Theorem A.2. Let f be the solution to the kinetic equation (1.1). Let € be the solution to (A.20)
where 0,, 05, 0y are given by the layers. Assume that (A.12) holds. Then there exists a constant C
such that

1f = Ol oo (1,712 (g, x [-1,17) < ClO e/,

for any to € (0,7) and [z, z,] C (a,b). Here Co depending on tg, T, x;, Ty, Pa, Pp, P9 and their
derivatives.

Proof. Introduce a modified initial data 6y € C*([a,b]) such that
02 B(a) = O6,(0),  O2Bo(b) = O"0,(0),  m =0,1,2.
Moreover, for some 0 < § < 1/4 to be chosen, we require that
Oo(z) = Oo(x),  z€la+20,b—26]. (A.21)

In other words, we slightly modify 6y near the corners such that the new initial data is compatible
with the boundary data. Therefore, if we denote 6 as the solution to the modified diffusion equation

040 — (L™ (1)) Dral) = 0, z € (a,b),
0], =0a(t),
g\x:b =0y(1) ,
0],_, =0o(z) z € (a,b),

then 6 € C%([0,T); C*[a, b]). To remove the boundary data 6,6, we introduce another modified

~

initial data 6y € C*°([a, b]) such that
9200(a) = 0}da(0),  9ZBo(b) = Dley(0),  1=0,1,2,

and

;né\(]H Scl for0§m§4.
L2 ([a,b])
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where (] is a universal constant. Therefore, if we let ) satisfy that

04 — (™" (1)) Oral) =0, v € (a,0),
0] ,—o =0a(t).
g‘le =0b(1)
0],_, =0o(), z € (a,b),
Then 6 € C2([0,T]; C*[a, b]) and all the derivatives of 6 (up to order 4) are of order O(1). Let
0,=0-0
Then 51 satisfies
0101 — (L™ (1)) Duay = 0, z € (a,b),
O1],g = 0.
gl‘x:b =0,
01,y = To(z), z € (a,b),
where
Wo(z) = Op(z) — Op(x)
Note that

opd) < 0w | + |ord) <

3$§1‘+C'1’

for 0 < m < 4. Therefore, we only need to bound the derivatives of 51 in order to obtain the
bounds for the derivatives of . By Lemma A.2,

m

oz

x91’

1 m—1
£2((0,7]x[a,8]) = N 19z %HLQ([a,bD ’ l=m=d,

where v2 = (uL~1(1)). By the definition of ¥(, we have
3
Ha;:n_lquHLQ([a,b]) < 02,1 (1 + 5_(7”_2)) .

Hence,

u

o)

= L4 l<m<4. A.22
L2([0,T]x[a,b]) Ca2 ( +90 2 ) ; <m< ( )

where Cs 1,5 2 only depend on 0,60y, 60y. We can also obtain a pointwise bound for 8905 by inter-
polation. By L>(a,b) < H'(a,b), we have

\ae

0,0

x mxe

+ o

<
L2(0,T;L°°(a,b)) 02’3 (’ L2((0,T)x(a,b))>

1
< C 1+—1.
= “( \/3>

Now we use 0 instead of 6 for the interior approximation and repeat the error analysis for the
compatible case. The approximate solution has the same form as in (A.1) with the interior approx-
imation changed as

Tt 1) = 0t @) = L7 (1) 0,00t 2) + € (a0t 2) ) L7 (L™ (1)

L2((0,T)x (a,b)) (A.23)
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We keep all the layer corrections the same as before and define

FA=P ) + PR 220 ) + fRE o
+fIBL(€27x )+fIBL(627 zxau)v

€

w) + fH(L )

Denote Ef = f — fA. Then the error equation for F + has the same form as (A.15) except two

changes: 6 will be replaced by 0 and there is an additional term R; in the initial condition for E I
given by

Ri(x) = go() = Oo(x).
where by the definition of 6y in (A.21),
Ryi(z) =0, x € [a+ 24, b— 20].

Hence,
”Rl”LQ(mb) < 02,5\/5- (A.24)
The derivative terms in the initial data for Ef are given by
1 . ) 1 . C
/ 9(0,) dx:/ o) dr< S2 k=1 (A.25)
0 0

The first derivative terms in the boundary data for E ¢ is bounded by (A.23). The second derivative
terms in the boundary data for £y at = a satisfies

0zal|,_ =001 +0)| _ =88] _ ~0O(1). (A.26)
Similar estimates hold for derivatives terms at at x = 1. Combining (A.22), (A.23), (A.24), (A.25),

(A.26), and repeating the L2-estimate for the compatible case, we have

sup HE‘Q < Cyr <e+ +2+64+5>
ey I T E2(asx -1 = st T

where Cy 7 depends on 0, 0,0y, T. Hence, by the fast decay of the layers, the interior error is given
by

an |73

te€fto,T]

62,8<\/+\‘/[g+\/g+(;2+f> (A.27)

L2([zy,zr]x[—1,1])

for any to € (0,7) and [z, z,] C (a,b). Moreover, we have

sup H (0 — 9 ‘2
t€[0,T] L3
Combining (A.27) with (A.28), we have

S IIf—0|l <C <\/ Ve € €2 \/S>
u S Ve, € & |
te[tOI?T} L2([z,@]x[-1,1]) = ~2,10 + s + 75 + 5572

< H¢0 — o ;E

< C290. (A.28)

By choosing § = €%/, we have

sup (| = 0l 2y 1.1y < Co€®
te(to,T)

for any to € (0,T) and [z, z,] C (a,b). O
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FIGURE 1. Pure

heat system, test 1: compatible heat boundary condition. No layer presents.
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kinetic method. The figure on the right demonstrates the evolution of Ly norm of
the error for e = 1/32,1/64.
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