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ABSTRACT. We establish local well-posedness and smoothing results for the Cauchy problem
of a degenerate dispersive Navier-Stokes system that arises from kinetic theory. Under as-
sumptions that the initial data have enough regularity and satisfy asymptotic flatness and
nontrapping conditions, we show there exists a unique smooth solution for a finite time. Due
to degeneracies in both dissipation and dispersion for the system, different components of the
solution gain different regularity. The full system is decomposed accordingly into its strictly
dispersive part and non-dispersive part. We apply the strategy of Kenig, Ponce, and Vega [13]
to treat the strict dispersive part of the DNS system. Couplings of these two parts are then
analyzed using normal form reductions and regularization from dispersion and dissipation.

1. INTRODUCTION

In this paper we establish the local well-posedness of the Cauchy problem for a dispersive
Navier-Stokes (DNS) system that has the form

Op+ V- (pu) =0,
Oy (pu) + V- (pu @ u) + Vu(ph) =V, - S+ V. - 2,
dy(pe) + Vs, - (peu+ pbu) =V, - (Zu+q) + Vy - (Su+§),
(p,u,0)(2,0) = (o™, u™,0™)(x),

where p(z,t) is the mass density, u(z,t) is the bulk velocity, and 6(z,t) is the temperature at
a position € R? and time ¢ > 0. We assume that d > 2. Here the total energy density pe is
given by

(1.1)

pe = splul* + 4p,
while the classical Navier-Stokes stress tensor X and heat flux —q are given by
(1.2) Y =) Dyu, q=k(0) V.0,

where D,u = Vyu + (V,u)” — 2V, - ul is the strain-rate tensor while p(f) > 0 and x(6) > 0
are the coefficients of shear viscosity and heat conductivity. Dispersive corrections to the stress
tensor Y and the heat flux ¢ are given by

S =7(p,0) (V20 — 10,01) + 72(p,0) (V0 @ V.0 — 1|V, 01
+ 73(p,0) (Vop @ Vo0 + V,0 @ Vp — 2V,p - V,01)

G =m14(p,0) (Axu + %%QVJ;VQC . u) + 75(p, 0) Dyu - V0 + 16(p, 0) Dyu - Vpp
+ 7(p, 0) (qu — (Vzu)T) - V.0,

(1.3)

where V26 denotes the Hessian matrix of 6 and 7((p,0),72(p,0), - ,77(p,0) are additional

transport coefficients.
1
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It is well known that there are regimes when classical fluid equations such as Navier-Stokes
are not accurate [19, 20]. In these regimes higher-order corrections need to be added to the
governing equation. These corrections can be formally derived from classical kinetic equations
such as the Boltzmann equation in small mean-free-path regimes. For example, one classical
way is to apply the Chapman-Enskog expansion in terms of the mean free path and truncate
at various higher orders. The resulting equations are the so-called Burnett and super-Burnett
equations. However, one essential problem related to these equations is that these systems are
linearly unstable. It has been shown in [2] that linearized Burnett and super-Burnett equations
amplify small wavelength perturbations. Therefore they are of limited use.

In [16] a balance argument is employed to derive a family of gas dynamical systems in a
systematic manner. This family includes both classical fluid equations and equations that are
beyond Navier-Stokes with various orders. One salient feature of these systems is that they
all obey an entropy structure which shows their consistency with the second law of thermody-
namics. This structure also guarantees that all the derived systems are at least linearly stable.
Among them (1.1) is of the lowest order which provides a first correction to the compress-
ible Navier-Stokes. One consistency of (1.1) with kinetic equations is verified in [17] where it
is shown that certain non-classical fluid systems derivable from kinetic equations [19] can be
recovered from (1.1).

In (1.1) the transport coefficients pu(0), x(0), and 7;(p,8) for i = 1,---,7 have forms that
depend on details of the underlying kinetic equation. In particular, the transport coefficients
7i(p,0) for i = 1,--- 6 will satisfy the relations

0 Ty 2T T,
(14) 7'4257'1, §2+9_25:86 (e—é) s 073+76:26pT4.
The resulting DNS system (1.1) then inherits an entropy structure from the kinetic equation
in which the mathematical entropy density 7 is given by

— plog( -
Direct calculation from system (1.1) shows that 7 satisfies

~ 2 i ~
(1.5) O+ V, - (nu—l—%—i—%) :—(E:qu—f—%-vxe) - (—:Vmu—ki-vaﬂ) :

It follows from the constitutive relations (1.2) that

by q I 5y K 9

- ¢ Va o ze = —|D, 9 ze >0,
7 Vu+02 \Y% 26| ul +02|V >0
while (1.3) and (1.4) gives

i:VIu

~ Vzpe 71
i =V (g5 Dau Vi)
One thereby sees that the dispersion terms containing 3 and § contribute only to the entropy
flux in the entropy equation (1.5). DNS systems (1.1) derived from kinetic equations therefore
formally dissipate the entropy in the same way as the compressible Navier-Stokes system, but
transport it differently.

The above calculation indicates that the DNS system is formally well-posed over domains
without boundary. The main goal of our paper is to establish the local well-posedness of the
DNS system rigorously. Because our theory is local in time, we will not need the entropy
structure of the system, and so will not assume that (1.4) holds. We will however assume
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that (), k(0), and 7;(p,0) for ¢ = 1,--- , 7 are smooth functions of p and 6 with pu(0), x(6),
and 71 (p, 0)714(p, 0) being strictly positive whenever p and 6 are bounded away from zero. In
this paper we do not try to optimize the regularity needed for the initial data. Instead, we
work with data that are smooth enough so that various Sobolev embeddings and estimates for
pseudo-differential operators can be carried out.

Remark 1.1. We believe that the entropy structure would play an important role in any global
well-posedness result for the DNS system with large initial data.

In our proof of local well-posedness, dispersive regularization plays a crucial role. We use
the fact that solutions of dispersive equations gain spatial differentiability provided the initial
data satisfy certain asymptotic flatness conditions at infinity. This type of smoothing was
noticed by Kato when he showed in [10] that solutions of the 1D KdV equation gain 1/2 spatial
derivative compared to its initial data. This kind of smoothing has since been generalized by
various authors to more general dispersive equations and systems [5, 11]. In general, solutions
of dispersive equations with order m gain mT_l derivatives locally for positive times [5].

Based on Kato’s smoothing effect, various well-posedness results have been established for
semilinear or quasi-linear dispersive equations and systems with strict or uniform dispersive
effects [13, 6]. However, these existing results do not apply directly to the DNS system because
its dispersion is degenerate. To see this, one first observes that the mass equation has no terms
that are dissipative or dispersive. Another degeneracy occurs in the energy equation where the
dispersive term V, - q is

Vi-q= %dfll)7—4 A,V, - u + lower order terms.

The leading order term in V, - ¢ gives the dispersive effect for the velocity field. It is clear that
the incompressible part, .e., the divergence free part of the velocity field u vanishes in this term.
Therefore, if u is decomposed into the divergence free part and the gradient part as done in
the Hodge decomposition, then only the gradient component of u has a dispersive effect. These
degeneracies suggest to decompose the DNS system into a strictly dispersive subsystem and a
nondispersive subsystem. We apply the technique by Kenig, Ponce, and Vega in [13] to treat
the principle part of the strictly dispersive subsystem. The coupling of the strictly dispersive
and nondispersive parts will be treated using both dissipative and dispersive regularization.
Our main theorem will imply the following.

Theorem 1.1. Well-Posedness Theorem. In dimension d > 2, there exists N = N(d) such
that if s, s € Ry, s1 > d/2+6, s = max{s; + 6, N +d/2+ 5}, and the initial data p™, u™,
and 0™ satisfy the following conditions: there exist two constants p > 0 and 0 > 0 such that

e the boundedness and asymptotic flatness condition

o™ = llss (™, 07 = O)llws + > (@050 | o + 1205 (™, 6™)] )
(1.6) tlalse

<C™< 0,

1>

where o € N¢ denote multi-indices with || = a1 + g + -+ - + g and we define (x)?
L ]
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e there exists a constant o™ > 0 such that for every v € R?

ain S pin(x)7 ain S ezn(l,)’ ain S N(gm)7 ain S /{(Qin),
(1.7) yin < Aa-1 (P (), 0" (@) Ta(p™ (@), 07 ()
— d pm(l.)Q ’

e the Hamultonian defined by

(1.9 e, a) = 2 (LR PR PO

d3/2 p"”(m)2

generates a flow that is nontrapping,

then for some Ty > 0 depending only on C™, o/, and d there exist unique functions p, u, and

0 with
(1.9) p—peC(0, T, HY), (u, 8 —0) € O([0,Ty]; H*) N L*(0, Ty; H'),
such that (p,u,0) solves the DNS initial-value problem (1.1).

Remark 1.2. Here N depends only on the dimension d. We choose it to be large enough so that
various Sobolev embeddings and symbolic calculus of pseudo-differential operators can carry
out. See Remark (2.4) for a sufficient condition on N.

Here L? denotes the Lebesgue space L*(R%; R™) where R™ is the Euclidian space implied by
the context, and || - ||z> denotes its norm. Similarly, H* denotes the Sobolev space H*(R%; R™)
where R™ is the Euclidian space implied by the context, and || - ||gs denotes its norm.

To prove the above theorem, we construct an approximating sequence of solutions by adding
an artificial hyperviscosity term to the DNS system (1.1). An a priori estimate is established
that is independent of the artificial hyperviscosity. Then using this a priori estimate and letting
the artificial hyperviscosity term vanish, we show that the approximating sequence converges
to a solution of the original system. Uniqueness is also shown by the a priori estimate.

This paper is laid out as follows. In Section 2 we establish an estimate for a linear system
that we will later use to construct our approximating sequence of solutions to the DNS system
(1.1) plus an artificial hyperviscosity. In Section 3 we establish the a priori estimate for this
regularized DNS system. In section 4 we show the existence of the approximating sequence and
the convergence of this sequence to the unique solution to the original DNS system.

2. ESTIMATE FOR AN ASSOCIATED LINEAR SYSTEM

In this section we establish the key estimate for a linear system associated with a regulariza-
tion of the DNS system (1.1). One can see from the proof that the same estimate holds for the
analogous linear system associated with the original DNS system (1.1).

2.1. Regularized DNS System. Our regularized system is obtained by first expressing the
DNS system (1.1) as a system for the evolution of the fluid variables (p,u,#) and then adding
a fourth-order artificial hyperviscosity term to each dynamical equation. We also add a forc-
ing term to each equation which will emerge in the higher-order estimate. The result is the
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regularized DNS system

Op=—€eAN2p—pVy-u—u-Vep+ fi,

8tu:—eAiu—F;Vx-Z%—;Vx'i——Vz(pe)—wvxu—i-fg,

(2.1)
1 1 S Vo ,%:V,
0 =~ N0+ 3-Ve g+ 3oVe a+ F 42 p L 20V — - Vo0 s,

(p,u,0)(x,0) = (p™,u™, 0™)(x),

where ¥ and ¢ are given by (1.2) while 5> and § are given by (1.3). The structure of this system
becomes explicit if we express 3, ¥, ¢, and ¢ in terms of the fluid variables (p, u, 8). It follows
from (1.3) that V, - ¥ and V, - ¢ have the forms

Ve 5 = 95lr (9, 0)A,NV,0 + A?(p, 0, Vup, Vub) - V2p+ A%(p,0,V.p, V,0) : V20
+ B?(p,0,Vup, Vo) - Vap + B%(p, 0, Vop, Va8) - V00,

V. =2507,(0,0) A, - u+ AYp, 0, Viep, Ve0) i V2u + 75(p, 0) Dy - V20
+ 76(p,0) Dy - V2p + B*(p, 0, Vup, V0) = Vyu,

where

AP(p,0,V,p, V,0) : V2p = 13(p,0)V, QAxp+ d%ng(p, 0)V.0 : Vip,
A%(p,0,V,up,V,0) : V20 = [(0,m1 + 273) Viup + (0971 + 52 12) V0] - V26
[(3ap7'1 + 7’3) Vep + (éaeﬁ + 7’2) Vaﬁ} A0,
A(p,0,Vup, V,0) Viu = [(0p74 + 76) pr + (3 T+ 75+ 77) V0] - Ayu
+ [(£20,74 + 276) Vup + (207 + 275 — 71) Vi - (Ve Vo)

while B?, BY have the form

a1(p, 0)(Vup - Vo) + az(p, )| Vo0’ T + az(p, 0)V,p @ V,0
+ ay(p,)V,0 @ Vop + as(p,0)V.0 @ V.0,

with aq,--- , a5 being given by the functional forms of 7, 75, 73 and B* is of the form
b1(p, 0)Vaep @ V0 + ba(p, ) V.0 @ Vup + b3(p, 0) V.0 @ V.0,

where by, by, b3 are determined by the functional forms of 75, 74, and 77. Notice that the forms
of B? and B? are not uniquely specified above, but the specific choice of B and B? does not
affect our subsequent arguments. The main structure of B?, B?, and B* is that they are d x d
tensors of linear combinations of quadratic forms of V,p, V,0.
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The regularized DNS system (2.1) thereby has the form
Op=—eN2p—pV,-u—u-Vep+ fi1,

1 AP A?

B BY 1
+7-Vzp+7'Vxe—;Vx(pﬁ)—waqufg,

1
00 = —e¢ Aie + %l;vw ) [KVIQ] + 4(Ccllg1)%A$vz u

(2.3) N ,
+§7zv§u+§ﬁ+ EDu: V0 + 52 Do Vi
Bu

+%1%|D ul’ =20V, u—u- V0 + fs.

(p7 u, 9)(I> 0) = (pmv uin’ em)(m) )

2.2. Associated Linear System. The linear system associated with the regularized DNS
system (2.3) is obtained by replacing certain (p,u,f) by a given state (p,,6) which satisfies
that for the constants p,6 > 0 and T, s > 0 in Theorem 1.1,

(2.4) (p—p, a4, 6— é)eL"O(O,T;HS(Rd)).

5
(ﬁv u, 6)(‘% O) = (p" = p,u™, o ‘9)(1‘) )
where
5,0 5,0 5,0
7A_l - dT;lTl(pj ) ) 712 - 57—2(6’ ) ) 713 - $T3(pA7 ) )
P P P
A 4(d—1) 7—4(167 9) A 17—1(:67 9) +2T5(p7 6) ~ 27—6(:67 9)
T4 P2 = ) T5 = 4 = ) T6e = g - )
(2.6) o g PR
g M0V V) g NGOV o AP0 Vep Vi)
p p ! p
Bp _ Bp(ﬁaea?xﬁ? Vwe) : BG _ (paea?xpav 9) : Bu _ %Bu<ﬁ70>Yxﬁ7 Vme)
p p p
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System (2.5) is satisfied by (5,%,0) = (p — p,u,0 — 0) when (p,@,0) = (p,u,0) solves (2.3).
Note that is is the deviation (p — p,u,6 — ) instead of the solution (p,u,6) that is in H?®.
This is because we need p, 8 to be bounded away from 0. The solution (p, u, ) hence is in the
homogeneous Sobolev spaces H*.

Notation. Henceforth we will use ¥,,, (with various sup-indices to specify the equations in which
they appear) to denote any pseudo-differential operator of order m € N. The reason to unify
the lower order terms in this way is because the specific forms of those terms change when we
apply various operators to either system (2.1) or its linearized form (2.5). However, it will be
clear from the calculation that their specific forms only contribute to counting the number of
derivatives of (p, u, é) needed in the estimates.

Here we recall some definitions and notations related to pseudo-differential operators. We
say p(x, &) is the symbol of an operator T if for any f in the Schwartz space,

Tf = (2m) / P, €) () €9 d

R
We denote it as

T~px,l) or T=VY,.
In this paper we consider classical pseudo-differential operators with symbols in the class ST
(abbreviated as S™). These symbols satisfy that

sup [050¢ p(x, €)] < Cap(§)™ 17,

where o, 8 are muti-indices in R? and (¢) = (1 + [£]*)'/2. We recall the following version
of the Calderén-Vaillancourt theorem and some commutator estimates of pseudo-differential
operators:

Theorem 2.1 ([7]). Let m be a real number. Let p(&,x) € S™ be the symbol of a pseudo-
differential operator V,. Then W, is a bounded linear operator from H™(R?) to L*(R?). More-
over, there ezists a constant ¢ = c¢(d) such that

(2.7) 19 fllze < Wl | fllem  for every f € H™(RY),

where

(2.8) 1Tl = sup ()02 (-, )| oo (metscmery -
o], BI<[d/2]+1

Remark 2.1. In this paper we will use m = —3, -2, —1,0, 1,2, 3 with H° = L2

Theorem 2.2 (cf [9]). Let a(x, &) € S™(RY), b(x,€) € S™(RY). Let atb(z, &) be the symbol of
the composite operator W, o Wy,. Then

(a) ath € S™+m2(R24),
(b) The (c, B)-seminorm Ciﬁ of afb depends on the seminorms of a,b up to order || + |5] +
|ma| +d+ 1.
(c) We have
afb = ab— +Vea - Vb + Ro,

where Ry € S™T™M272 gnd the (a, 8)-seminorm of Ry depends on the seminorms of a,b up to
order |a| + |8 4+ |mi| + d + 3.
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(d) The symbol of the commutator [V,, V] = ¥, ¥, — U, U, is
%(Vﬁb . Vza — Vga . Vzb) + Ra,b s

where R,y € S™1™272 qnd the (o, 8)-seminorm of Ra, depends on the seminorms of a,b up
to order |a| + |B| + |ma| + |me| +d + 3.

(e) The composition Wy is a bounded linear operator from H™Fm2(R?) to L*(RY). Its
operator bound depends on the seminorms of a,b up to order 2([d/2] + 1) + |m1| + d + 3.

(f) The commutator [W,, V] is a bounded linear operator from H™T™272(R9) to L*(R?). Its
operator bound depends on the seminorms of a,b up to order 2([d/2] + 1)+ |mq| + |ma| +d + 3.

Remark 2.2. Part (e) and (f) are immediate results of Theorem 2.1 and Part (b)(d) of Theorem
2.2.

Remark 2.3. The above operator bounds are not optimal. They suffice for the estimates in this
paper since we are not pursuing optimal regularity. The sharp estimates for operators with
limited-regularity symbols are given in [15].

Remark 2.4. In the calculation in the rest of this section where the above bounds for op-
erators and their commutators are essentially used, all the terms (except those related to
@1(x,€), q2(x, &) in Step 4 in the proof of Theorem 2.3) are of the following form:

[Woe), alx)] or Wy o Wow) or Yoie) © Waw) = ¥y ) a0y~ Legpva

where order of b(¢) do not exceed 4 and the z-dependence of a(-) is through the given state
(p,4,0) up to its first derivative. Note that in the nonlinear setting (p,,6) is the solution
(p,u,0). Therefore by Theorem 2.1 and 2.2, a sufficient condition for the regularity of the
solution is (p,u,0)(-,t) € C?*(R?), that is, the space of functions whose derivatives up to
order 2d 4+ 9 are continuous and bounded.

For those related to ¢;(z,£), g2(, &) in Step 4, Remark 2.9 shows that ¢;, ¢ depend only on
the initial data and they are in S°. Therefore (p,u,0)(-,t) € C2*(R?) for t > 0 also suffices.

With these notations the linear system (2.5) has the form
0p = —e ALp+ V(5. 0) + fr,

. o1 ~ . . ~ wi~ wi~ A N
(2.9) Ol = —€ Aiu + EVI . [M(G)Dmu} + 11 A V0+V5(p,0) + V] (p,0) —u-Vu+ fo,

_ _ 1 L _ _
0 =~ A3+ 32V, [m(e)vxe] FRAY, -G+ U5, @, 0) + U, 0) + fs,

where

Ui(p,a) = —pVy -t — - Vip,

UY(p,0) = AP - V25 + A% V30,

UY(p,0) = B? - V,p+ B’ - V,0 — V,0 — =V,p,
(2.10)
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One can see that the symbols of these first and second order operators are first and sec-
ond order polynomials in { respectively with their coefficients depending algebraically upon
(p,0,Vop, Dyit, V). We drop the tildes on (p, @, §) and write the regularized system (2.9) as

(211) at(ﬁ? u, 6) = _EAfc(pa U, 9) + ‘C(pAv lAL, 9)(p7 Uu, 9) + (flu f27 f3) ’
where the linear operator £ is defined through (2.9) and has the form
(2.12)
) Ly(p,0,0)(p, u, 0) U0 (p,w)
£05..0)(p.1.0) = | £2(p,,8)(p,,6) | = | W+ 030+ 95°(0.0) + 020, .0) | .
Py, 0)(p, u, 0) V0 + Whu + U5°(p,u, 6) + U7 (u, 6)

W (p,u) = W (p,u), Wal(p,0) = Wi(p,0), W5%p,u,0) = V5(p,u,6),
T (p,u, 0) = O(p,u,0) — - Vei, Uu,0) =00 (u,0),

1 ~
Ty = -V, [,u(@)Dzu} U0 = HA,V,0,
D

1 o
WY = ALS [n(e)vxe} W= ALY,

Here U7 WY WY are defined in (2.10).

The discussion of degeneracies in the introduction suggests that we decompose the velocity
field u into its divergence free part Pu and its gradient part Qu. Note that Qu is completely
determined by the scalar function ¢ where Qu = V,¢. Thus, instead of using Qu, we will derive
the equation for (—A,)Y2¢. Let R = (R4, -+, Ra) be the Riesz transform. Then we have

(=220 = -R-u.

To avoid the singularities of the symbols of P and @) at the origin, we consider the truncated
solutions P(1 —1g(D))u and —(1 —9r(D))R-u. Here R > 0 is a fixed number and the symbol
g is a smooth function with a compact support which satisfies

_ 1 §l<R,
213) w©={y §Zm
The symbols of P and R are

E®E i§

Pal—225 RS
€[? iq
We will also use their index form P = (P;;)qxq and R = (R4, -+, Ra).
Let

(2.14) up = P(1 —¢gr(D))u, V,u=—(1—-v¢r(D))R-u, ugp = Yr(D)u.

Apply the operator P(1 — ¥g(D)) to the u-equation in (2.11). Then up satisfies

Ouup = —e A2up + P(1 = Yp(D)) (A¥. - [n(B) D] + 718,90 + W3(p,0))

(2.15)
+ P(1—9r(D)) (Yi(p,0) — @ - Vou) + P(1 — Pr(D)) fo.
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Now compute the second and third order terms in the above equation. First,
(2.16)

P(1 — r(D)) (%Vx : [u(é)Dxu]) — P(1 — ¢r(D)) (@Vx : Dzu> U (up, Wy, ug)
— %(;)Axup + \IITfP’Q(uP, U, u, ug),
where
(2.17)
\PE‘P’Q(UP, U0, UR)

_ ([P(l — (D)), %f)] V, - D, + P(1 — ¢r(D)) ( Y, u(0) - Dx>> (up + RUpu + ug),

which shows ¥4"? € OPS".
Next by the definition of P we have PV, = 0. Thus,

(2.18) P(1 —p(D)) (1A V,0) = [P(1 — Yr(D)), 71A,] Ve = U410 4 T4220 |

where W3” 16 is homogeneous of order 2. Its symbol is given by the leading term of P(1 —
Yr(D)) (11A,V,0) which has the form

S (e (1-£55)) - (S

= (Vevr(&) - Var)(IEPT =€ &) - &+ (1 — Yr(&))Varn - ([ET — E®€)
= (1= ¢r()Var1 - (IEPT — @)
= Vi1 - (P = €@ &) —¥r(§)Var - (€T - £®E).
Therefore,
W™~ Vi (6P - € ®6).
The remainder operator ¥*7* € OPS" is
U7* = [P(1 = ¢r(D)), 1A Vo — 037

The second-order term P(1 — ¢g(D))¥4(p,0) in (2.15) has the form
21 P(1 = vr(D))Ws(p,0) = P(1 = (D)) (A7 : V2p) + P(1 = (D)) (A" : V20)
= Wy 2p + UyP20 + Wi p + Uyre,

where A?, A? are defined in (2.6) and Wy"? W4"? are the leading order operators which are
homogeneous of order 2. By (2.6),

P(1 — ¢r(D)A? . V2p = P(1 — r(D)) <%3VxéAxp> + P(1—¢p(D)) (d%ﬁgvxé : vgp) .
Again by PV, = 0, the second term on the right-hand side of the above equation satisfies
P(1~ (D)) (4327Va - V2p) = [P(1 = (D)), 43275V, - V| Vap.

Therefore it is a first order operator.
The symbol of W,* 2 is then given by

P2~ —7V0 - (IEPT - €®E).
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The first order remainder \1171”3’4 is given by zd:[Pij(l —Ygr(D)), %g@xjéAx]. Here P = (P;j)axd
is the index form. =
Similarly,
P(1 = vr(D)) (A1 V20) = W50 + i,
where

wyrd oL [(;lapﬁ +73) Vap+ (20ym + ) Vxé] (EPI—€®¢).
Inserting (2.16), (2.18), and (2.19) into (2.15), we have

(220)  Bup = —€ A2up + DA up + W (p,0) + W7 (p, 0, up, Wi, ur) + P(1 — p) fo,
where
U3* (p,0) = W5™'0 + 5™ + W™,
Uprt =V (P - €®8), WP~ —RVL0 - (€T —€®¢).
(2.21) et~ L (30,m +75) Ve + (200m +72) Vb - (€T - € @¢),
TP (p, 0, up, Upti, ug) = WP (up, Upu, ug) + WiP30 4 WPty 4 gy
+ P(1 = ¢p) (U (p,0) — i - Vi(up + RYp,u + ug)).

The equation for U, u is derived in a similar way as for up. We apply —(1 — ¢r(D))R- to
the u-equation in (2.11). Then U, u, defined in (2.14), satisfies

~

DU, u = —e A2, u — (1 — Yr(D)R - (%vx : [u(&)DIu] FAAVLE + (), 9))
— (L =9r(D)R - (¥i(p,0) — i+ Vyu) + Wy, fo.

(2.22)

Now compute the second and third order terms in the above equation. First,
(2.23)

(1= Va(D)R- (3%, [1(O)Du]) = (1= wn(DYR- (27, Do) + W, Uy )
— Q(dfd‘l)%{;)Ax\prou + U (up, Wpou, ug)
where
U (up, Wy, up)

(2.24) 5 .
= ([0 = vr(D)R;, 22| 0, - Dy + (1= wr(D)R; (1Van(0) - D) ) ;.
Here u; is the j-the component of u = up + RV, u + ug.
Next,
(2.25)

(1= Yr(D)R - (1A, V,0) = 71(=2,)" (1 = ¢r(D)) 6 + [(1 — Yr(D))R;, 71A,]0y,6.



12 C. DAVID LEVERMORE AND WEIRAN SUN

The leading symbol of [(1 — ¢r(D))R;, 714.] O, has the form

i3 05 (1= wp(@) ) - @nr)-ilPe)

~ €
d d 13
— Y 1 U@l +i Y @) - in@lere- a6 ()
k=1 k=1
d
=1 Z e, (1 = ¥p(€)) (0w, 7)€L,
k=1

because & - Ok, <é—|> =0for j=1,---,d and £ being away from zero. Note that ¢, (1 — ¥ p(£))
is compactly supported. Thus

(2.26) (1 — ¢r(D)R;, 71A,] 0, = U2 € OPS" .
The second-order term (1 — )R - ¥4(p, ) in (2.22) has the form
(2.27)

(1= ¥n(D))R - W(p,0) = (1 = Y(D)R - (47 V2p) + (1 = v(D)R- (A2 V26) .
where A?, A? are defined in (2.6). We have
~(L—wR(D)R - (4°: V2p) = W%p + Wi,
22 —(1—vr(D))R - (Ae : vge) = U5°0 + U0,
where Wh? WE% are the leading order terms. Their symbols are

WP~ 2D 77,6 - ig|e| (1 — p)

(2.29) ) A
5" ~ Ai(p, 0, Vap, Vi) - i€[€](1 — ¥r)
where
(230) (36,95, V) = 3 [(£20,m + 207) T, 4 (20,7 + 2407) 7,6]

Overall, the equation for ¥, u is
Or(Wyu) = —€ AL (W) + 2GRN (Tpyu) — 71 (=A0)2 (1 — (D)9
+ U (p,0) + ¥ (p, Pu, Ypou, ug, 0) + U, f2,
where U (p, 0) = U502 p 4 W59 is defined in (2.29) and U is
\Iﬂl)O (p’ Pu, quo“» UR, 9) = \IJIIJO,Q(UP? \ijou’ UR) + [(1 - ¢R(D))Rj7 7:1A:v] 86839
+ WP+ U0 — (1 = Yr(D))R - (Wi(p,0) — @ Vyu) |

with various first-order operators defined in (2.24), (2.26), (2.28), and u = up + RV, u + up.
The third component of the velocity field ug satisfies the equation

(2.31)

(2.32)

~

Qi = —¢ Mug + n(D) (39, [n(0) Do] + 78,0 + 3(p,0))

Since 1r(£) is compactly supported, we only need an L? estimate for ug.

(2.33)
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Next, we rewrite the equation for € as
00 = —e A20 + A0 + 74(—A4)2 (1 — ¥g) (Wyou) + UEH(W, u) + 050 + U5%up + U5
+ \II? (P7 up, \I[pouv UR, 0) + f37

where & = %%é). Here symbols of the second order operators are

ooy V2 TR0 Vep V) el Un(D)), 03t —RDu: (€9),
UoS ~ —Agle?, U~ DL E®E,

with

(2 35) Ag = %% [((‘3,)7'4 + 7—6) Vmﬁ + (8p74 + Ts + 7'7) Vl«éi| 5

Ay = Ay + 34 [(5520, 0 + 4270) W+ (452007 + 5275 — ) Vi)
The lower order term WY (p, up, W, u, ug, 6) is given by

(2.36) 23N,k(0) - Vil + 7a(—20) " 2YR(D) Upyu + W1 (p, up, RUpyu, g, 6),
where v = up + R¥Y,,u + ug, and

. U2 (up, RU, u, ug, 0) = B : Vou+ 75 V,0 - Dyt - Vo0 4 75V,fp - Dyt - V0

2.3 ) N .

+ 280D Dyu— 20V, - u— - V,0 + A" Vi ug.

Overall we have as follows the subsystem for (p,up) where there is no dispersive effect, the
one for (W, u, #) where there is strict dispersion, and the one for ug:

Oip = —€eN2p+ W (p,up, Uy u,ug) + f1,

2.38
( ) Oup = —eAiup—l—ﬂAxup—i—\I/gP(p, 0) + Ui (p, 0, up, Vpu,ug) + P(1 —Ygr)fa,
(W) = —€ A2(Tpour) + 2L AL (Do) — F1(=A0) 2 (1 — Pr(D))0
(2 39) +\I[I270(p’0)+\1[1170 (p7 PU, ‘;[Jpoua U’Ra 9)+\Ilp0f27
' 8,0 = —e A20 + RAL0 + 74(—A)2 (1 — YR)(Tpu) + U3 (T, u)
F U0+ U Pup + WS+ W (p, up, Vyou, ug, 0) + fs,
(2.40) Oup = —€ A2up + g (%Vx . [u(é)Dacu} + 1A V0 + Vs (p, 9))

+ wR (‘If%(p, 9) — - v:(:u) + waZ )

where 1 = @, u = up+ RV, u+ug. Various ¥;’s are defined in (2.21), (2.29), (2.32), (2.34),
and (2.36).

Thus we have divided the full linearized system (2.9) into three subsystems (2.38), (2.39),
and (2.40), according to the degeneracy of dispersion and possible singularity at & = 0. As
mentioned in the introduction, we will apply the framework in [13] to obtain an energy estimate
for the strictly dispersive system (2.39). The energy estimate of (2.39) is not closed by itself
due to the coupling of the two subsystems through the lower order terms. Therefore we need
to explore the structure of system (2.38) and (2.40) to close the energy estimate for the full
system. This will be done in Section 2.4.
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2.3. Assumptions for the Estimate. In order to obtain bounds on the solutions of lin-
ear system (2.9) we make the following assumptions on (p, @, 0) and the initial data. These
assumptions will indicate the proper space for the well-posedness result.
Ay. Asymptotic flatness. There exist constants c4, Ty > 0 such that V(z,t) € R? x [0, Ty,
c

(2.41) 05, 0.0)(r )| + [Vl ) 0] + 00 O 0] < 5

with ()2 £ 1+ |22

As. Regularity. For the same T}, suppose

(p = p, @, 0 —6) € WH([0, To); H¥(R?),

where N = N(d) (see Theorem 1.1 and Remark 2.4). Again use ¢4 to denote the norm
1(p = p, @, 8 = 6)lwro 0,10 )1 (1Y) - A

As. Lower bounds. There exists a constant ¢o > 0 such that p,0 > co > 0. This together
with the uniform bounds on p,f guarantees the existence of a constant 75 > 0 such that
L>#/f>7>0

Ay. Nontrapping condition. Let h™ (£, ) = \/#1(x,0)74(x, 0) |£]* as defined in (1.8) and Hin
be the corresponding Hamiltonian flow. Then Hjin is nontrapping, that is, if (2, X)(¢; €, x) is
a solution to

—_
—
—

i ~V.h"(E, X), 2(0) =¢,
(2.42) 1x
o - Veh™(Z, X)), X(0) ==z,

then for any £ # 0,
| X(t)] >0 as t— +oo.

Remark 2.5. We need p, 0 to be away from zero so that system (2.39) will have strict dispersion
and dissipation which are essential to the calculation in this paper.

Remark 2.6. Tt is sufficient to verify the nontrapping condition for || = 1 because the Hamil-
tonian flow satisfies the dilation scaling Z(¢; A, ) = AZ(\*; €, 2), X (4N, z) = X(\*t; €, x).

Remark 2.7. Here we give some examples of the initial data that satisfy the non-trapping
condition. The trivial case is when 7y(x,0) and 74(x,0) are both positive constants. Then
(2.42) becomes
_ dX - -
:<t) :gv E :3£|£‘ \/7'1<I,0)7'4(.T, 0)7 X(O) =,
which obviously satisfies the nontrapping condition. However, the derivation of 7y, 74 indicates
that in general they depend on € and p.
A less trivial condition that is physically possible and guarantees the nontrapping condition

is
(2.43) IVo/71(2,0)74(2,0)| |2] < 2v/F1(2,0)74(x, 0) for all z.

For the derivation of the transport coefficients from kinetic equations, 7; and 74 are roughly
proportional to % for some r. Therefore, a sufficient condition for (2.43) to hold is

30
4r 7

Vx n < ,
V2o o] < 22

(2.44) |vzgm| lz| <
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because then

(ezn)r

in

(Qin)r—l

in

9,67 2] + 201, g7 1o

Ve
(")

Va/Fa(@, 0)74(, 0)] || ~

307
—2 pzn

lz] <r

~ |V/71(2, 0)7(x, 0)] .

Note that (2.44) is automatically satisfied for large |z| and small |z| given the asymptotic
flatness of the data and the bounds of p™, ™. So we just need to assume that (2.44) holds over
a compact annulus in R?.

Now suppose that (2.43) holds and we show that it implies the nontrapping condition. First
notice that (2.42) gives

V71X, 0)74(X,0) |Z|® = const .

Therefore |Z|® has a positive lower bound for all time because 7,74 are bounded from above
for all . By (2.42),

d
T

X Z) = BV7(X, 0)7(X,0) = (X - Vxv/71(X, 0)7(X,0))) [Z,

and

d - - - -
E|X|2 = 6/71(X,0)74(X,0) |Z| (X - B).

Therefore X - Z increases in time with a positive rate provided (2.43) holds. Then there will be
a time ty when X - Z(tg) > 1. Thus for all ¢ > t;, | X|? increases with time with a positive rate
and | X| tends to co as t — oo. The same argument holds for t — —o0.

Notation. Henceforth constants that depend only on the initial data and ¢y in A3 will have a
0 subscript. Constants that depend on the constants that appear in A; and Ay will have an A
subscript.

The asymptotic flatness assumption 4; and the nontrapping condition A, are needed for
the following lemma, which is due to Chihara [4]. We refer to [4, 6, 13] and references therein
for discussions about the necessity of the nontrapping condition for the L2-well-posedness of
dispersive equations.

Lemma 2.1 ([4]). Let C™ and o™ be the constants in (1.6) and (1.7) such that

VA@0A(,0) > Var, rvz«,af)(x,ong%,

and Hyin nontrapping. Then there exists a symbol p(x,&) € S° such that

o p(x,&) is real;
o there exist a fivred 0 <ty < oo and a function P(-) € C*(R) such that

~

(2'45) p(xaf) = P(ﬁl(zv /3(]],0), 9($,O), 5) +ﬁ2($75>>

where py depends locally in ﬁ,é and is supported away from x = 0 while ps(x, &) depends
on the path of the bicharacteristic flow (X,Z) on [0,to] and is supported around x = 0;
e there exist constants ¢y, ¢ which depend on C™ and o™
2
(2.46) H_ypyninp > cl% —co, V(€ 2) € RT x R?,
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where Hy_ypyninp s the Poisson bracket {(1 — g)h™, p} such that

d
Hi—yninp = > (0, (1 = ¥r)h"™)0a;p — e, (1 = Yr)h™)Ds,p)

j=1

which is also the leading symbol of the commutator [1 — yr)h™, p] up to —i.
e for any a, 3 € N,

020¢p(2, )l < Capl) ™,
where Cyp depends on ||V9|ca|+1(,5, é)(x,o)HLOO(Rd).

Remark 2.8. We will show in Lemma 2.2 that given the assumptions A; and As, the bound
(2.46) propagates for a short time.

2.4. Linear Estimate. The main result of this section is the following bound on solutions of
the linear system (2.11). Because this estimate is a priori, we assume that (p, u, ) is a smooth
solution to (2.11). Note that the regularity assumed in 4, is enough for the proof.

Theorem 2.3. Let (p, i, 0)(t,z) € C([0,Tp); H®) be functions that satisfy assumptions A;— Ay
where H™ is the homogeneous Sobolev space. Then for every solution (p,u,0) € C([0,Tp]; H*)
of the linear system (2.11) there exists 0 < T < Ty depending on the constants cy, ca in the
assumptions and ¢ > 0 depending on C™ and co such that

?up(HpHHl + [ (u, 0)]72) ( / Ve (u, )| 72(s) ds
(2.47)

¢ <|!pmH?{1 + [ (u™, 07|17 +/0 (LAllFn + H(fz,fs)llia)(S)dS) -
Both ¢ and T are independent of .

Proof. The proof has five steps. We begin with estimates for (¥, u, #) in (2.39). This subsystem
has nondegenerate dispersive terms. Let

(2.48) G = (Vpou, )" = (wi,ws)”
Then the system for & has the form

(249) at('v = _EA?&(D + ‘IJD(’:; + ‘IJLOC‘U + \IJBO(‘U + \ch;(p’ UP) + ‘chf(pa Up, UR, CU) + \I/‘(’;(f% f3) )

with 3
U — (Q%MM) U, 5= (—ﬁ( Ar)2 (1~ me)
7 ’ ( T 5(1 - ¢R)wl ’

\I,P0,3w2 \I}PO’2p
\If - 2 \I,w — 2
BoW (\Ifg’?’wl 4 \Pgsz ) 2 (ﬂ, UP) \I/g’5up 4 \I/g,t}p )

VY (p, &, up) = (\Iﬂi)o(p7 up; YR, CE))) , Ve (fa, f3) = (@?3f2> ,

‘I]? <p7 up, UR, W
where definitions of various operators are given in (2.21), (2.29), (2.32), (2.34), and (2.36).
The symbol of ¥, is given by

L:( 0 —magu—m)
0= ke (1 - va) 0 |
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Notation. Henceforth we will work with system (2.49) for & and we will use ¥, and ¥,, ;
without any sup-index to denote m-th order operators. We will use g, for j € N to denote
operators related to commutators of €A2 with various operators.

Step 1. Diagonalization of Wr,. The matrix Lo has eigenvalues Ay = +i\/7174 [€* (1 — ¥R).
Let

oo (D))

Then
=LA.

At=1 Z A_Z’A), AL

2 <\/T4/7'1 \/’7’4/7’1 0

Notation. For any w(z) nonnegative, let HS denote the weighted Sobolev space defined as
H 2 {u(z) : wu e H},

with the norm

lulli = ol
Note that for the weight function w = (z)? = 1 + |z|?, the norm ||u||H? » 1s equivalent to the
norm -, [[(x)? Dgul| 2 for every u € Hj,y.. Both A and A~ are zeroth order symbols. The
operator V4 is a multiplication — i.e. W40 = Ad. Then as an operator, A is invertible on H*,
H ()25 and H ()2 for every s < N by assumptions Ay and Asj.

Define
(2.51) B=A3.

—

The equation for f is obtained by multiplying (2.49) by A.
0 = 91(AQ) = —e AN2G + AV pG + AV G + AV & + (9,A)D
+ AVUyp + AVsup + Uy (p, up, &) + Yougr + Yo(fa, f3).

The term Woug is given by ¥¢ in (2.37) and ¥|® in (2.32).
Now we rewrite each term on the right-hand side of (2.52) to obtain a system for /5. First,

(2.52)

where
Up, =[A, A2]—AZA,  Up, =Up A"
Second,
AVp &= AUp A5
The leading symbol of AUp A~! is
(2.53)
Blzé<_.i \/f1/f4) ( _ 0 iA}'f|§|(1—¢R)> ( v A_iA)
i 7)) \—iAs - EEI(L—vYr) —TsDu: (E@E) ) \\/Tu/71 /Ta/T1)

where A;, Ay are defined in (2.30) and (2.35) respectively. The explicit form of B; is then

calculated as
(2.54)

Bi(x,6,1) = 1 ( Ay - EJE|(1 = YR) 4+ Ara s (E®E) Az -EJE|(1 — Yr) + Ara : (E®€) )
RS _A13§|§|(1_1/}R)+A12(f®§) —A11§|§|(1—¢R)—|—A12(§®§) )

2
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where

Ay = T /TaAs + /Ta/T1 AL, A = —T5 Dy,
Ay = —\/T1/TsAs + \/Ta/T1 A1

Notice that A;;,1 <14 < 2,1 < j < 3 are all linear combinations of V,p, V,, Vxé. Therefore
by the assumptions A; and As, there exists 0 < T} < Ty such that the symbol B; satisfies
Co,1’f ‘2

()
Here the constant ¢y ; depends only on the initial data and ¢y in Az while 77 depends on ¢4 in
-’41 and .AQ.

Each entry of the matrix of the remainder operator ¥,, = AWg A~! — Uy is a linear
combination of two commutators

[A1 - Vo (—A)Y2(1 = ¢r(D)), \/7a/71] and [F5Dg0: V2, \/74/71] .

Thus it is a first-order operator.
Next we have

(2.55) |By(z,€,1)] < V(z, &, t) € RY x RY x [0, T],

0 ) —1
0 /%Am) (\/%4/%1 \/%4/%1>
d%,ll/lAm+%/%\/Tl/T4 \/7'4/7'1 ——,uA + /<m/7'1/T4A (\/Ta/T1- )

+
0 T EETAYM

( + ¥,
+

Therefore,

) 0 (~=10 1 18) A, )
AVUpd = (S0 + L&) A8+ d 2 B+, A3,

e N VI 1
Notice that although the second term on the right side of the above equation has second order
entries, those entries are all off-diagonal. Combine this term with Wp, and use Up, to denote
this new second order operator. Then

d—17 , 1o
(2.56) By= DB + <(_ 0 (=530 + 37) Am) ,

L+ $R) A, 0
where By is defined in (2.53). Note that the diagonal elements of B, are the same as those of

By . Therefore they satisfy the condition (2.55).
Next we study the structure of AV, . Using the fact that ALy = LA, we have

AV =V A+ (Wary —Vra)+ (Vs — VL A) =V A+ (Vs — VL A).
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1 0 —i T/ T4 1 0 —i \/T1/Ts
\IILA—\IJLA: — = lI])\+_\II)\+ ~ /= )
0 —1 7 1/7'1/7'4 0 —1 ) \/7—1/7—4
i /T1/74 " v —i /T T4
= . — A — Y . — :
—i —\/T1/T4 i TA\\—i =R/
— 0 1
- Warm (g )
Let Bs be the leading symbol of ¥4 — WU A. Then,
S — 0 1
(257 B = ~GVRRV.ATR) - €D - v () )
Therefore there exist two constants 0 < 75 <Tj and ¢y > 0 such that

coz2[§ |2
(r)2

where T, depends on cy4 in A; and Ay while ¢y 2 depends only on the initial data and ¢y in As;.
The remainder term ¥, is

U, =V -V A Vg,
= ([\/?1/?4, U, + BV 7Ta) VeV 71/ T4) - (§IE)(1 — wR)> (8 _11)
= \/T1T4 ([ %1/%4, ‘I’i\§|3(l—wR(E))] + 3V:L‘( V 721/%4) ’ (5‘5’)(1 - ¢R)> (8 _11) :

Combine Vg, with Wp, and define

|Bs(z,€,t)| < V(z,€&,t) € R x RY x [0, T3],

A (Bin B
2.58 B=B B; = ,
(2.58) 2+ By (321 BQQ)

where By, B3 are defined in (2.56) and (2.57) respectively. Then there exists ¢ 3 depending
only on the initial data and ¢y in A3 such that the diagonal of B, denoted as Bgqg, satisfies
that

2
(2.59) | Baiag (2, €,1)| < C°<’3’>§2| L VY(x, & t) eRYXRY X [0,T)] .
x
Thus the second-order remainder terms Bgiqy on the diagonal are important only locally. Al-
though they cannot be controlled by the dissipation terms because they are of the same order,
we will show below that Bg,, can be bounded due to the local regularization of the dispersive

terms.
For the rest of the terms on the right-hand side of (2.52), we have

A\Ifg(p,UP):‘I]2<,0,UP), A‘I]1<107UP) :\Ij1<p7up>7
AVoup = Youg, AWo(f2, f3) = Yo(f2, f3) -
The lower order term of [3 has several parts:

U =0, 0+0, A+, 5+ AV, A'j.
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Overall the system for 5 has the form
Oiff = —e N2 G+ eWp, B+ (a4 LR) A B+ W+ Ugf
+ Ws(p, Pu) + Ui (p, Pu, B) + Boug + Uo(fo, f3) -
Step 2. Diagonalization of ¥g. Write

v 0 0 v
V5 = Yh4iay + VBanu = ( 0" Uy ) + (‘I’B g”) :

where B is defined in (2.58). We show in the following that W, , can be eliminated using a
normal form reduction. To this end, let

(261) g T, t V T1T4|£‘ hR = h‘<1 - wR) ) I:L(gv x7t) = h*l(g’x’ t) (1 - wR<£)) )
where 1 is defined in (2.13). Then U; : H3(R%) — L?(RY) and ¥; V), = [ + ¥,,, where
U, =¥, —1

(2.60)

- %11%4(_Ax)3/2(1 — Yr(D)) (Afa(=20)**(1 = Yr(D))) — I

(2.62) = ((1=¢(D)*—=1)+ %11%4 [(—A,) 2 (1 = (D)), f17a(—20)**(1 — ¢r(D))]
= (YR(D) — 2¢r(D)) + ﬁlﬁ [(—A.)"*2(1 = ¥gr(D)), 717a(—A,)**(1 — ¢r(D))]
e OoPSt.

Here we do not distinguish the identity operator I and the multiplicative identity 1.
Define the operators

; ; 0 T
(2.63) Ty = bl Vg, Yy, Ty = T2 Vb W I'= (T21 62) ’

and the diagonalizing transformation A
(2.64) A=T1-T.
It can be shown by classical estimates for pseudo-differential operators that the norms || 7| s g+,
||T||H<s o and ||| Hy oHE , ATe of size R™! for any s € R. We provide the details of
the proof in the appendix. By taking R > 0 large we can then assume that A is invertible on
H* H (Sm>2, and H f )2 with its operator norms bounded between 1/2 and 2. Thus the inverse
of A also has its operator norms on these spaces bounded between 1/2 and 2. In the following
calculation we only need the case where s = 0.

In order to diagonalize ¥, we apply the transformation A to system (2.60) and study the
resulting terms. First

eAA? + AV g, = eAZA 4 e(AAZ — AZN)AT'A + (AU R, ATHA = eAZA + €Uk, A,

where
Up, =[N, A2JA 4+ AUR, A = [A2 TIA 4+ AUR, A € OPSP.
Second,
AOB = O (AB) + [A, BATIA,
where the norm ||[A, 8;]A™Y| 2 z2 = ||[0s, TJA™| 1212 depends on ||(p— p, 0 — 0, @)]||y2 and
10:(p — 7, 8 — 8, @)l w2
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Next we have
AVg,., — Vg, A=—TVp, +Vp, TecOPS".

This gives
A\I]Bdiag - \IdeiagA _I_ \IJ]_’]_A’
with \11171 = (A\DBdiug — ‘IdemgA)A_l S OPSl
Similarly,
A‘IjBanti = \IIBmm‘A + \111,2A> A (d%dl/l % ) A = (d 1,a + /i) AIA + \11173A,

AT f = U, 4AB, AW (p,up) = Vi5(p,up), AUy = Uy + Uy 6,
AVoup = Vo ug, AVo(f2, f3) = Yoa(fa, f3) -
For the term AV, — ¥, A, we have
AV, -V A=U;T-TV;

(e O 0 Tw\ . T12 \Ith
0 —U,) \ T 0 Tgl —\Ith

_ 0 Uy, Tho + T12‘I’hR
—(Vp,, To1 + To1Wy,,)

where '
Uy 1o =TV, + U7 with Wy 7 = [0y, T1a],
‘IIhRT21 = Tgl\Ith + \I’Lg with ‘III,S = [\I/hR, Tgl] .
We have . .
(W, Tho 4+ T1oWy,,) = 20112V, + V7 = —VUp, + Uy,
—i(Upp T + Ty V) = =201V, + Uy g = —Vp,, + ¥y 0,
where

‘;[ILQ - \Ijl,'? - \11312\1/7"3 )
\Ij].,].o - ‘111,8 - ‘PB21 \IjTg 9
with W, being defined in (2.62).

Therefore,
A\I/L + A\I/B(mm. = \I/LA + \111711 .
Let
(2.65) Z=Af.

Then the system for z" has the form
07 =—eAJZ+eVp 7+ (“Fh+ sR) AZ+ U7

2.66
(2:66) + Vg, 2+ Vop + Vo Pu+ Vi (p, Pu, Z) + Vour + Yo(f2, f3) -

Step 3. Regularized up and p. Note that we cannot close the energy estimate by directly using
the p-equation. The reason is due to the presence of the term pV, -u in the p-equation. Roughly
speaking, this suggests the regularity of p depends on the regularity of V, -u thus the regularity
of V,Z. Therefore, the term Wyp in (2.66) behaves like W3(2) which cannot be bounded by
the energy method. Hence we cannot use the p-equation directly. Instead, we notice that
PV - u = pV, - Qu while Qu is among the strictly dispersive part. Moreover, if we consider the
whole system for (p, up, ug, ur, ), this term is off-diagonal just as ¥p,_ ,. in Step 3. Therefore
we can once again apply the reduction to eliminate pV, - u (up to a zeroth-order term in Z).
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The same situation happened for up. In the up-equation we have W46 which can now be
written as WoZ while in the Z-equation there is Woup. Even though they both have dissipative
regularization, direct integration by parts will not able produce a closed estimate. We also
apply the reduction to eliminate W5f in the up-equation (up to a first-order term in 6 or Z2).
Again this term is off-diagonal so that the reduction process can be carried out.

To this end, write 0 in terms of 7= (21, 23)7. Recall that = AAJ where A and A are both

invertible. Solve & in terms of 2" to obtain
G=A"TA1z.
In order to obtain explicit bounds, we write A~! as
A= (I-T) ' =1+T+I-T)'T22T+A,

/:\11 /:\12

where A =
(A21 Ao

) is bounded from H~! to L2. Thus

1 1% Tiz — Lizg
G=A7+AAT=(, 2 72 + 0,7
sV T1T4Z1 — 53V T1T422

Hence,

2

0,0 = 0, (V”/” zl) + 0, (—Vd/zQ) FULE B2z 4 Uz U 7

Now define
Ty =i0p, s, Ty =—ilp,T;.
Furthermore by (2.61) and (2.62),
TV, +VYp, = =V, ¥; Uy + ¥y, = =V, U,
=LV, + VY, = =V, V¥, + Vp, = =V, V0, ,

Upon applying 7} and T3 to the equations of system (2.66) respectively, we find that 772, and
TQZQ obey

(2.67) Oh(Tz1) = —e A2(Thz1) + € U,z + TiWin, 21 + Vi(p,up, 2) + Youg + Yo fa, f3)
01(Toz) = —e AZ(To2s) + € Up,zo — ToWip20 + Wy (p, up, 2) + Woup + Uo(fo, f3),
where
Ry=[A2T], Rs=[A2Ty.
Add the equations in (2.67) to the equation for up in system (2.38) and define
(2.68) y=up—+Tiz1 + Torzs.

Then the equation for ¥ has the form
(2.69) O = —e AJ+ e Vp, 21 + € Wiy 25 + 107 + Wap + Ui (p, 7, 2) + Wour + Uo(fa, f3) -
Similarly, to eliminate the term pV, - u in the mass equation, write

. . A

,OVI U = pVx CUQ + \I/[)UR = \I/F?’Zl + \I/F422 + \I/()UR .
Define the operators

T3 = iWp, U5, Ty = —i¥p, ;.

Let

(270) 0=0p + Tng + T422 .
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Then o satisfies
(271) atg = _EA:QEQ + 6\113621 + 6\IJB’JZQ —U- VSEQ + \IIO(Q) ga Z) UR) + \Ij()fl + qj—l(f?a f3) )
where

RG — [Ai, Tg} ; R7 — [Ai, T4] .

Step 4. A further transformation. Following [13] we need a further transformation. Before
defining this transformation, we prove the following lemma which extends Lemma 2.1 to the
time-dependent case.

Lemma 2.2. There exists T* > 0, depending only on the constants in Ay, Az, and Lemma 2.1
such that for every t € [0,T*) one has

2
Hup = (e} (60,02 G -0, Vi6a) €RIXRY, €2 R,

where hg is defined in (2.61), p(x,&) is defined in Lemma 2.1, and ¢y depends only on cs and
Co.

Proof. By definition,

d
Hyp=Y_ (0e,h0pp— 05,1 0cp) (1—tbg) +7,

j=1
d
Hygp =Y (9e,h™ 0y p — 00,0 De,p) (1= tom) + 17",
j=1

where
T = Zhagj<1 — wR) (9sz, Tm = th 8£j(1 — Q/}R) 8xjp.
j=1 j=1

Thus r, 7™ are compactly supported. For each |¢| > R we have

agjhzg /7:17c4|£|§j’ axjh:arj (\/ 7A'17A'4) ”£|3

Thus, it follows from assumption 4; and A, that there exist cg4,co5 > 0 such that
CO,4T*
(z)?
0075T*
(z)?
where ¢y 4 and ¢p5 depend only on the initial data. Therefore, we can find cg,co7 > 0 such

that

|8§jh(§,l‘,t) —3§jh(§,x,0)| S |§|27

|8J13h<€7$7t) _az]h(gaxaoﬂ S |§|3

d d
Hppp — Hhiﬁp < Z |a§jh - 3§jhm{ ’(%Jp’ + Z ’aﬂﬁjh B a%'hm’ ‘aﬁjp’ +r| + |Tm|
=1 j=1

CO,GT*

(z)?

< ’f|2 + o -
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Again ¢y and ¢y 7 depend only on the initial data. Choosing 7™ small enough and applying
Lemma 2.1, we have

o 1€ a €
Hpep 2 Hyjnp — ’Hth — Hpinp| 2 (1 — co6T™) W —Cy— Co7 = gw — C2
where ¢3 = ¢z 4 ¢ 7 depends only on the initial data and c¢. ]

To construct a further transformation, let

Q1(x7£) = eXp(Mp(:U7£)(1 - ¢R)(§)) ) Q2($75) = eXp( - Mp(x,f)(l - ¢R)(§)) )

where M > 0 is to be chosen.

Remark 2.9. Note that since p(z,£) € S° by Lemma 2.1, we also have ¢i,q, € S° and their
(e, B)-seminorms are bounded by seminorms of p(z, &) up to order («, ). By Lemma 2.1 this

requires that the initial data ((z,0), 8(z,0)) € C’,I)a|+1.

Let

v, Ve, =1+Y,,, Ve,V =1+Y,,

q1

where
\IJM = \Iqu qu2 - \Ijq1Q2

Wy = W, Wo, — Wong, -
Since q,q2 € SY, we have ry,rs € S~1. Meanwhile, since ¢, ¢; are supported away from the
origin, we have W,, = W, Wy_y, 2. Therefore ||¥,, | 1212 is of size R~'. Thus for R large U,

and W, are invertible on L.

Now we have
\Ith‘Ijm - ‘1}41‘1th = \iji{hR,ql} + \Ijl,l )
where hp is defined in (2.61). The Poisson bracket has the form

d
{th 91} = Z (afth aw,jQI - aﬂ»’th a&qu)

J=1

d d
=) (a@. hi Oy — s, agjp) @M = (9a,hn O, (1 = i) (@1 Mp).

Jj=1 Jj=1
Hence,
Yihgay = \IIMHhRP Wy + Yo
Therefore
Wing Wo, — Vo, Ving = \I;MHhRP\IJ‘h + Vi,
where Wy, =W, + 10y ;.
A similar computation shows that
Wing g, — Vo, Wing = _\PMHhRP\I]qz + W3-
Consider a final change of variable Z — @ where

S (Ve 0L o
(2.72) a—(o \Pq2)z—\lfz,

-1

where 7 is defined in (2.65). Recall that ¥ is invertible and ¥~ = (\Il‘h \1,0_1) which is
q2

bounded on L2
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To compute the system for @, apply ¥ to system (2.66). Then
00 =007 = —eUAZZ+ e VU 7+ U (S + 17) A7+ VT 7
+ \I[\I/Bdmgg‘i‘ \11\112(07 :J) + 111\111(07 gv g) + \I]\IIO(Q) ?77 g7 UR) + \I/\IIO(f% f?)) .

Evaluate each term on the right as follows. First,

(2.73) —eUA27+ eTTp 7= —eA20 — ([T, A2J U — TP p U )@ 2 —eA20 + Up,d
Second,
U(SHa+r)AZ= (S a+kr)Ad+ [0, (SLa+ k) AV '@,
2 (d%dlﬂ + /2;) Aga+ U 5a
Similarly,
WUy, Z= Uy, G+, Uy, JU'GE Vg, a+ Uy ed
Next,

Uy (0, %) = Ya(0,¥) VWy(0,4) = Vi,7(0,9) VU 7= V0,0 'a = U, 5d,
V7= VW0 'a = ¥, d, VWoupr = Voour, UWo(f2, f3) = Yozl fo, f3) -
For the dispersive part,
— Wi, Ve 0

YW, 2 =0,a+ | T "
b L ( 0 _(\Ijqiji}m - \I[ihR\IJ@)) :
- 0
—U,a+ ( f‘thRp —\1/ ) &+ Uy d,
MHp,p

where W g is given by Wy 4, ¥y 3, and pL

Overall the system for @ has the form

- 0
- _ 2 = = d=1p 4 12 ~ = MHpgp =

(2.74) o = —e A0+ eVpa+ (T“ + 5&) A0 +Vra+ ( 0 hg —‘PMHth> a

+ VB, @+ Va0, 9) + Vi(o,a, ) + Wour + Wo(f2, f3) -

Step 5. Energy estimate. Now we can derive the energy estimate for (o, @, ¥, ug). To this end,
we multiply (2.74) by @ and integrate over R to obtain

d
4 @) = (0@, &) + (@, 03)
= —c(A2Q, ) —e(d, A2Q) + e (Up,a, d) +e{d, Upa)
+ (a4 3R) Aud, @) +(a@, (i + 3k) Aud
+(Yra, a)+ (a, ¥.a)

\IIBdiag ) + <a7 \Ideiaga> + < 2_»7 62) <a, \112@
0_27 \II2Q> + <‘I/1CY, 0_2> + <O_27 \Illc_@
\Illga O_Z> O_Za \Ijlm + <\I/197 O_Z> + <O_27 \IIIQ>
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We estimate each term above. For the terms containing e,
—e(AZa, a) —e(d, A2Q) = —2¢|| A3 .
By (2.73), there exist c41,ca2 > 0 which depend on ¢4 such that
¢ [(Uro@, d)] +e (@, Upd)| < ccanlldl 5 < 26[|Acd][Z + e calldlf: -
For the dissipative term,
(G2 18) A, @) + (@, (4550 + 18) De) < —coslVaidlZagee + caslldlZs

where ¢y g > 0 depends only on c¢.
Next we have
(Wpd, d)y+(a, ¥pad) = (Y, +¥})d, ay,

where W7 is the adjoint operator of W. Recall that
v, 0 —
Uy, = . ; he = V7174E)P (1 — r) -
0 Uinp,

Then the adjoint operator W7 is

VL= (q%hR —£?hR> ’ Wi = —Wy1e1-vm(en) (VF177)
Thus
R (\IjihR ?)_ i —(\IfihROJr ‘If}th)) ’
where
(2.75) Wiy + U = (VAT Ciepaopmen) = — 3 0802 he + 1.,
jal=1

where ¥; € OPS!. A typical term in the summation of (2.75) where |o| = 1 is
— 0,0y thg = =g, 0, (V1 Tl€]P (1 = Yr)) = =30, (V/7174) §1EI(1 — ¥r) + Vo .

Therefore,
U, + U} = Bgigg + V1,

where there exists 0 < Ty < T3 and ¢p9 > 0 such that
(2.76)

A B 0 ~ 0,9
Bdiag: ( 011 EQQ) ) |Bkk($,§,t)‘ SWK‘Q? V(Jf,£7t) eRdXRdX [07T4]7 k:172

Since Bdmg is real, we can combine %Bdm with Byeg and still denote it Bgiqq = <BOH BO )
22
By (2.59) and (2.76) we have

C0,10|§|2

|Bkk| S <:L‘>2 for k = 1,2
Therefore we can choose M large enough such that
2
—~M Hppp + | Bi| < coq1 — %CO,H& €l > 2R,

()2
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where ¢ 11, co,12 depend only on the initial data and cy. The choice of M depends only on the
initial data. Let ¢ = ¢p12. By the sharp Garding inequality,

_\IIMHh p+Bll 0 o5 o . _\I/MHh p+B11 0 —
<( 5 W, p+ Bos a,a)+(a, 0 Ui, p+ B a

\If arapl 2 O
e IR /) i, d
< CA,4||CY||H% Re << 0 ‘I’c’£|2/<r>2> “ CV>

B B Ui /iy 0 o
<l + eaglilts ~Re( (et 0 Yaa),

For the operator W ¢z (2, because

1
Ve /w? = g erer %1, Pejgp = —dA,,

and
1 1
- A, =-V, [ —V, T,
(o () +
we have
Yeriep2 /(a2 0 T 1 o 2 o
Re<< 0 W) T ) 2 Ja T Ve (719222 e ]z2)

For the first order terms U, (@, ¥, 0) , let n > 0 be small enough. Then
(Wa, @)+ (@, Ui@)| < nlIVadl7: +cay ll@]7:,
(W1, @)+ 1@, Wig)| < nl[VadlZe + cay lldll7:,
(Tro, @)+ @, T10)| < 0|[Vedl[7z + cayllolze
[(Co(fa, f5), ) + K&, Yolfa, fs))| < cansll@lze + 1(f2, f3)lZ2
with ¢4, depending on 7 and the bounds c4.

For the term W,y there exists 0 < T5 < T} such that the leading symbol of the operator W,
in Wyy/, denoted as [}, satisfies

|ﬂmams%$w, for every (z,€,t) € RY x RY x [0, T3],

because F} is a linear combination of V,(p, , é) Therefore we obtain the bound

— — — — 1 —
(TR, @)+ 1d, Tay)| <nVadlie + coy /d WIVzQIde,
R
where ¢, depends on 7 and the data.
For the Wyp0 term, we need to estimate the H' norm of o. First, the L? estimate of o shows
that

| ~

(2.77) s llellie < casllellzs + @1%: + 191122 + lurllZe + 11, f2. fo)IIZ2

o,

t
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Differentiating the equation (2.71) for ¢ with respect to x; with 1 <[ < d, multiplying by 0,0,
and integrating over R? we obtain the following equality

sloel =4 [ 0PV, udet [ 009,00 do

= —e(A2(00), 010) + (€ NV R 21, 010) + (€ VR, 22, Do) + (Y10, Do) + (V17 , Dy0)
+ (V12, O10) + (V1ugr , O10) + (V1 f1, 00) + (Wo(fa, f3), Oio) -
Therefore,
d . 5 .
%EHQQH{E < can l0iolliz + ellallzs +nlIVadlli + 0 [ VedllZ + llurll7

1 AillE + 1(f2s f)IZ2
By combining (2.77) and (2.78) we obtain the energy estimate for ||o||3, as

(2.78)

%@\@H?p < cagllelin +nlIVaiillz + 0 I Vadllzz + lal 2 + 19172 + lurllz: -
+ 1 fallan + 1(fs S22

Upon adding the above estimates together we conclude that

d N A —
5 (11 + el + ¢ [ 1v.a* da
dt R4
< e, + & (11 + el + lunlF) + 1 IV + 19l
Al + 1 B

where ¢ depends on ¢4, ¢y, and ¢ depends on u, K, g, and d.
Next we check the energy estimates of . From equation (2.69), it is easy to see that the
energy estimate for i is as follows.

(2.79)

(2.80)

19125 + conall Va2 < me 1,13 + cay 1125 + ca ol

+eae (19172 + lurllz2) + 112 f)l1Z2 -
Take 7 sufficiently small and add up (2.80) and (2.81).
Multiply the equation for up in (2.40) and integrate over R%. The L? estimate for up is
1d

2dt
Then the energy estimate for the entire system is written as

(2.81) 3

(2.82) —lurllz> < car (161Z + 171122 + llollZe + lurllz2) + 12072

d Lo Lo
3 lellzn + (@, 7, wn)llzz) + o5V, 3, )22
< cas (lellin + (&, 7 ur)IZ2) + Il + 1(F2: F5)IIZ2 -

By taking 0 < 7' < Ty small enough, we can make cyg < 2Cy where Cy = [|(p — p, 0 —
0, u)(x,0)||g~. By Gronwall’s inequality we then have

T
sup (lelZe + 1@, 7, w)l%) + /uvm&,mu;(s)ds
0<t<T 0

(2.83)

< 2T (||g(0)||§{1 + [1(a(0), §(0), ur(0))][72 +/0 (Ll + 11Cf2 £3)1Z2)() ds)
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To finish the proof, notice that ||o||3: + [|@||32 + |7]172 + llurll?: is equivalent to [|p||5,. +
lul|7241/0]|72 with the coefficients depending only on the data. We thereby conclude that there
exist T',c > 0 where T depends on c4,cy and ¢ depends only on the initial data and ¢y such
that

T
Sup (lollZr + 11w, O)11Z2) (1) +/0 IV (e, 0)17: (5) ds

T
<o (npmuip Fl 07 + [+ e f) ) ds) |

This completes the proof of Theorem 2.3. 0

3. A PRIORI ESTIMATE

Based on the linear estimate (2.47), we can now establish the a priori estimate for the
nonlinear regularized system (2.3) with the abstract form

U = —e A2U + L(U)U
U(z,0) = (p",u™, 0™M),
where U = (p,u,0) and L is given by (2.12).
We begin by defining the following norms. Let s > s; be two integers such that
(3.2) s1>d/2+6, s = max{s; +6,N +d/2+ 5},

where N = N(d) is large enough (see Remark 1.2 and 2.4). Let p, # > 0 be the constants such
that the initial data (p™, u'™, 0) satisfy (1.6). For (p,u,0) : R¢x [0, T] — R x R¢ x R satisfying

p—peC(0,T); HY, (u, 8 — ) € C([0,T); H®),
(x)20%(p,u,0) € C([0,T); H' x L* x L*), VaeN! 1<]a| < sy,

(3.1)

(3.3)

define
(3.4) B
(o —p, u, @ —0)|ls7

= sup | [lp(t) = plla= + 1w, 0 = O) (D)l + D> ( p(®)|| e + [[{2) 205 (u, 0) (1) .2)
[0,7] 1<]e|<s51

Define

A=Np" = pllasrr + @™ 0™ =)+ > ()05 0™ [ + | (2)05 (W™, 6™)]||2) < o0

1<|a|<s1

Suppose there exists a constant ag > 0 such that p™, 6™ u(0™), K(0™) > 209 > 0. Given
T,M,s > 0, define the set X7 by

XM
= {(p,u,0)(t,2) : lp—p,u,0 = O)lso <M, p,0>ao>0, (p,u,0)(0)=(p" u" 0"} .
Let
(3.5) My = 4cX,

with ¢ being the constant in (2.47). Suppose 2¢ > 1. Then the a priori estimate for system
(2.3) states
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Lemma 3.1. Let p,0 > 0 be two constants and U = (p,0,0). Let U = (p,u,0) be a solution
to system (2.3) satisfying (3.3) with p,60 > ag > 0. Then there exists T,, > 0 independent of €
such that U — Ul|s 1., < Mo, where My is defined in (3.5).

Proof. First, by the linear estimate for (3.1), there exists T > 0 independent of € such that
sup (Io(t) = plm + | (u, 6 = O)E)z2) < Mo.

Next we check the bounds of (p — p, u, @ — ) in higher order norms and norms with the
weight (x)?. We use an induction proof. Suppose that there exists 0 < Tz < T such that
Lemma 3.1 holds for s — 1 on [0, T;]. For any multi-index o with 1 < |a| < s, apply 902 to the
nonlinear system (2.3). The resulting system for 05U = (0% p, 0%u, 020) is

0/(0p) = —e AL(O7p) + L(U)(OU) + Yo (97p, Ofu) + Vo (0}u) + fao
(3.6) 0(05u) = —e AL(0Fu) + Lo(U)(O3U) + Wa(97p) + W1(9FU) + o(}U) + far,
0/(070) = —e AL(070) + Ls(U)(07U) + U2(03u) + V1 (9}U) + Vo(0}U) + fasz,

where 7 denotes any multi-index satisfying |y| = |a/, 7 is a multi-index such that |§| = |a| — 1.
The forcing term f, o has the form

fao= D ((029) V- (052u) + (Vu052p) - (95%u)) -
oaltags=a,
o1 | <|er| -1,
oz | <|er| -2
A typical term in the above sum is (091p) (022u) with |aq| + |ag] < s+ 1, |au| < s — 1, and
|ag| < s — 1. Therefore, there exists i € {1,2} such that |o;| < § + 1. For such a; we have

d
(5—2)—|a,-|2(5—2)—(§+1):§—3>§,

by the choice of s in (3.2). Therefore the term associated with «; derivatives is in W1, Thus
we have

foc,O € LOO(07 T67 Hl) .
Similarly, we can show that
fa,l, fa,2 S LOO(O, T(j; Lz) .

The additional second order terms in the u-equation in (3.6) have the form

@) = Y oy (ﬁ) A, V,0220.

Y1t+72=q, P
Iv1l=1,|v2|=le| -1

The additional second order terms in the #-equation in (3.6) are

V)= Yy g (E> AN 8
Y1it+72=0, P
[v11=1,|v2|=]a -1
It is then clear that the coefficients of these additional second order operators satisfy the
assumptions Ay, As. The coefficient of Wy, U; in the above system depend on V32U for any 73
such that |y3] < 3. The assumptions A;, Ay are also satisfied for £, £5, L3 when the solution
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U satisfies (3.3) with s, s; given in (3.2). Therefore, we conclude that the same linear estimate
(2.47) applies for 0% (p, u, 0) for every 0 < |a| < s — that is, there exists 0 < T7 < T such that

— T7
S@(W—M@QH+WMG—®MNO+1;HWWﬂN§A$%

[07T7}

T
<c (HPm = pllFtare + 1™, 6" = O) I3, +/0 [ faollzr (s) + 1(fars fa2)lIZ2(s) dS) ,

where ¢ depends only on the data and ap. Because fo o € L>®(0,Ts; HY(R?)) and (fa1, fa2) €
L>(0, Ts; L*(RY)), the last term including the forcing can be made arbitrarily small by taking
T7 small. Therefore there exists Ty > 0 independent of € such that

(3.7 sup (lp ) < Moj2.
[OzTS]

Hs+1 + H(U,e - é)‘

Next, we estimate the bounds on (x)?0%(p,u, ) for 1 < |a] < s;. We will show that the
system for (x)?0%(p, u, #) has a similar structure as those for (p, u, ) and 9%(p, u, #) so that the
linear estimate (2.47) again applies.

For each 1 <[ < d and multi-index § such that 1 < |B] < s1 + 3, the system satisfied by
1;0°U has the form

0u(2:107p) = —e AL (2,9 p) + L1(U)(2:0U) + Wo(2:0] p, :107u) + Wo(107u) + fro
Oy (2:0%u) = —e A2(1;0%) + Lo(U)(2:0°U) + Wy(2,0) p, 2,070) + V1 (2,070)
+ \Ifg(xla;/U) + fl,l ,
Oy (1,:000) = —e A2(2,020) + L3(U)(2,0°U) + Wo(1,07U) + ¥y (07U
+ Wo(2,00U) + fi2,
with 7,7 € N% such that |y| = | 3| and |§| = |8] — 1. Similar as in (3.6), we have the coefficients
of Wy, Wy, Uy satisfying Ay, As. The norm of the forcing terms ||(fio, fi,1, fi2)llmxr2xr2(d)
depends only on the H*'*% norm of (p,u,#) and H®I=! norms of (z;p, xu, 2,0). It is thereby
bounded when s > s; + 6. Consequently, the linear estimate holds for (z;0°p, ;0%u, 2,0°0)

for each [ = 1,2,--- ,d, that is, there exists 0 < Ty < Ty such that for every 1 < [ < d and
multi-index v such that 0 < |y| < s; + 2,

Ty
SI;P] (2 Vap 3 + Nl Vi (w, ) 13711-1) +/0 Ve (1, 200)) (1310 (5) ds
»49

<c (Ilwz Vo™ 1 + Nl Vo (@™, 0™ [7114 +/0 (L fuollzn + I(fus fi2)I22)(s) dS) :

Similarly, for each 1 <! < d and multi-index « satisfying 1 < |a| < sy, the system for z7 92U
has the form

0270 p) = —e AL (2702 p) + L1(U)(a705U) + Wo(2{ D) p, 7 0Ju) + Uo(270]u) + gio ,
Ou(2705u) = —e A (2707 u) + Lo(U)(2705U) + Ua(a70] p, 27070) + U1 (270}U)

+ Wo(2700U) + g11
0(27050) = —e AL(27020) + L3(U)(2705U) + Uo(270]U) + W, (270;U)

+ Uo(2707U) + g12,
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where |y| = |al, |7| = |a|] — 1. The forcings are

g0 = 41,0 (xlza;:ou ) lea:(cjlp ) leagQ (pa u, 0)7 853 (pv u, 9))

loo|<|a|=2,o1[<|a]—1,|o2|<s1+3, |o3]|<s1+2
_ 2001 o2 o3
(911, 012) = (901, 912) (#707 (p, 0, 0), 2102 (p, 4, 6), O (P2 :0)) ol ot on . oslon 2

Again the linear estimate applies. Therefore, there exists 0 < Tjy < Ty sufficiently small such
that for every 1 < |a| < s; — 1, we have

T1o
sup (Hl'z2 Vxﬂ”fqla\ + ”5’712 Vx(“v@”?{\al—l) +/0 HVx (1'12 UaiClQ G)HZM (s)ds

[O,Tlo]
2 in || 2 2 ] ; 2 To 2 2
<c (HfCl V™ ([tar + 27 Vo (W™, 0) 1012 +/0 (grollzr + (grr, 9i2)lI72)(s) dS) :

Thus, by taking T} sufficiently small, we have

(3.8) sup Yo M@Parele+ Y @) 95w )l | < Mo/2.

[0.T0] 1<]ar|<s1+1 1<z |<s1

Upon adding (3.7) and (3.8), we conclude that there exists 7,, > 0 independent of € such
that

(3.9) (o = P, 0 = O)llz.,, < Mo
We thereby finish the proof of Lemma 3.1. O

4. LocAL EXISTENCE PROOF

Based on Lemma 3.1, we can now prove the local existence of classical solutions to the non-
linear system (1.1). To show this, we first establish the existence of solutions to the regularized
DNS system in Lemma 4.1. Then using Lemma 3.1, we show that the sequence of solutions to
the regularized system exists on a time interval which is independent of €. Finally, in the main
theorem the convergence of this sequence of solutions is proved. Uniqueness is also proved in
the main Theorem.

Let U = (p,u,0), U = (p,0,,0), U™ = (p™,u™™, 0) where U™ satisfies the condition (1.6).
Define the operator I' = I'c on X, 7 by

(4.1) L(p,u,0) =T(U) = e y™ + / ' get-a2 (LU () dt.
Then
(4.2) D(U) = U = e ™5 U™ - U) + / ' mei-t)a2 (L) U~ D) () dt' .

We apply the contraction mapping theorem to show the local existence of the solution to the
regularized DNS system for each 0 < € < 1.

Lemma 4.1. For each € € (0,1) there exists T. = O(e®) such that the operator T’ defined in
(4.1) defines a contraction mapping on X1, v, where My is defined in (3.5). Therefore, the
regularized system (3.1) has a unique solution in Xsr. n,-
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Proof. Suppose U € X, 1, for some T > 0. We study the semigroup generated by —eA2. Let
S be a multi-index such that |3] = 3. Then for any g € L?

A2 C
187 =2+ gl 2 < 3/4t3/4HgHLQ’

where C' > 0 is a generic constant. Because L is of order three, for any multi-indices oy, s
such that |a;] < s+ 1, |ag| < s, we have

sup (|07 (I'(p) = p) || 2

[0,T¢ 1]
. Te,l , _
<10 =l [ Jorre o n@yw - o) @) ar
0
‘ T1/4
fe in = Co,s4 ¢
< “axl(p _P)“L? + 3/41 Mg?
and
sSup Hag(cl2 (F(U,G) - (Oaé)) HL2
[0,T¢ 1]
. . — Té,l / 2 —
<1022 (07 = O)la [ om0 () @) - D), ¢t
0
. 1/4
< ||a;3¢2 (uzn’em . H)HLQ + 53/21 M2 (1 + Mk’s)

where ¢ s > 0 depends on oy, s, and ks > 0 depends only on s. Therefore,
1/4
Co,s ¢ {

(43)  sup D) =Tl < 0" = Tl + 2520

[OvTe,l]

oL MG (14 Mge) < A+ Mo/4 < My/2,

by choosing 7.1 = O(€*) small enough.

Next, we show that the weighted norm 2, , 1{z)20°T(U)|| 2 is also bounded by M;/2
for a sufficiently short time. The argument is similar to the one in Section 3. Notice that for
any 1 <1 <d, |a] < s; + 3, a direct calculation shows that z; 903T'(U) satisfies

0, (21 03T (U)) = —e A7 (1i0pT(U)) + L(U) (1 95U) + F
where F' = F (92T(U), 0} U)M l<sy 46 18 & C°° function in its variables. Because I'(U) and U
are bounded in L>([0,T.1]; H®) for s > s; + 6, the function F is bounded in L*°([0,T,1]; L?).
Moreover, there exists a polynomial @(x) such that

sup || F)|z2 < Q1(My) .
[0,7..1]

Since x; 92U is bounded in L? for any o < sy, similar calculation as above shows that by taking
T.2 = O(€®) small enough we have

1/4

! & SITG s
sup ST < Y wosU™ |2 + 03—/42.7\42 (1+Mk1>+Te,2Q1(Mo)

[0.Tc 2] 1<|a|<s1 1<|al<s1

S A+ Mo/4 < My/2,

Here ¢y 5, > 0 depends on «y, s1, and ks, > 0 depends only on s;.
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Similarly, for each 1 <[ < d, 27 9°T(U) satisfies
O (27 05T(U)) = —e A2 (27 05T(U)) + L(U) (27 0°U) + G,
where G = G (2, 09'T(U), 072U, 92T(U), 03U is a C*° function in its vari-

|o1],lo2]iv],|B1<s1+3

ables. Because z; 9T(U) is shown above to be bounded in L ([0, T, 5]; L?) for any |o| < s1+3,
and I'(U),U are bounded in L*([0,T.2]; H®) for s > sy + 6, the function G is bounded in
L>=([0,T.5]; L?). Moreover, there exists a polynomial Qq(x) > 0 such that

sup [|G|lr2 < Qa(Mo) .

[0,T 2]
Using the fact that z7 92U is bounded in L? for any a < sq, a calculation similar to the one
above shows that for 0 < 7.3 < T,

(4.4)
, CO Tlé4 k
sup D BTl € Y e 05U e+ MG (14 My ) + TsQa(Mo)
[0.Tc 3] 1<]a|< 51 1<]a|<s1

<A+ My/4 < My/2,

by choosing T, 3 = O(e?) small enough. Here co,s, > 0 depends on ayp, s1, and ks, > 0 depends
only on s.
For the positivity of I'(p) and I'(6), notice that I'(U) satisfies the linear equation

OT(U) = —eA2D(U) + L(U)U

with £(U)U sufficiently smooth and 0 < € < 1. Therefore, for the initial data p™, ™ > 24 > 0,
if we choose T 4 small, we have I'(p),I'(6) > ap > 0.

Upon combining the positivity with (4.3) and (4.4), we conclude that I' maps Xr. 5, into
itself for T, = min{7, ; }{_, sufficiently small.

To show I'(U) is a contraction mapping on Xr, a, for any Uy, Us € Xr, a, consider the
difference equation for I'(U;) — I'(Us):

0, (F(Ul) - F(U2)> — A2 (F(Ul) - F(U2)> + (E(Ul)Ul - L(UQ)UQ) .

Similar calculation shows that there exists a polynomial Q3(My) such that

I = DU x5, 01y S Cesin T Qa(Mo)|Ur = Usll|x, v, -

Therefore, by choosing T, sufficiently small, I' : Xz », — X7, a, 1S a contraction mapping.
Therefore, there exists a solution (p°, u<, 8°) € X1, u, to the regularized nonlinear system (3.1).

O

We show in the following lemma that the lifespan of U can be extended from T, to Ty > 0
which is independent of .

Lemma 4.2. There exists Ty > 0 independent of € such that the solution U = (p,u,0) to the
reqularized system (2.3) exists on [0,Ty] and satisfies that |U||z, < M.

Proof. The only assumption for the a priori estimate in Lemma 3.1 is that p and 6 have a
positive lower bound on a time interval which is independent of e. Therefore if we can find 7 ;
independent of € such that p,0 > oy > 0 on [0,7} ], then the a priori estimate will hold on
Ty = min{T,,, Ty 1} where T, is given in Lemma 3.1. Since both T, and T} ; are independent
of €, the system will not blow up before T} for any 0 < ¢ < 1. Thus we have the existence of the
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solution over [0,7p]. In order to prove the existence of Tp;, we first note that the right-hand
side of the p-equation in system (2.3) is bounded by a function of Mj uniformly in e. This
bound does not require either p or 6 being bounded from below. Thus ||0;p| e is uniformly
bounded by this function of My. By taking Tp o small enough we have p > ay > 0 on [0, Tp o).
Next we use this lower bound of p and the boundedness of U in the #-equation. The right-hand
side of the f-equation thus ||0;0||L~ is bounded uniformly in € by a function of M, and ay.
Thus there exists 0 < Ty, < Ty such that 6 > ag > 0 on [0,7p,], which then concludes the
proof. O

Finally, we state and prove the Main theorem.

Main Theorem. There exists N = N(d) such that if the Hamiltonian flow generated by the
symbol

W€ x) = V@, 0)7(x, 0)|¢f
is nontrapping and there are two constants p,0 > 0 such that given the initial data (p™,u™, 6™)
satisfying the condition

mern 4+ ||(u™, 6™ — 0)|

et Y ()08 0™ | + [[(x)202 (u™, 6™) z2) < o0,

1<]a|<s;

o™ — pl

where s; > d/2+6, s = max{s;+6, N +d/2+5}, then there exists Ty > 0 independent of € such
that system (2.2) has a unique solution (p°,u<,0) in Xr, a,. Moreover, there exists (p,u,0)
such that p — p € C([0,Ty); H*), (u, 0 — 0) € C([0, Tol; H®) N L([0, To); H*) satisfying

Pr=p—p—p in C([0, To); H**),
(u, 6 — 0) — (u, 0 —0) in C([0,To]; H®), e
(2)207p° — ()05 p in C([0, To); HY) ’
(x)20% (uf, 0°) — ()02 (u, 0) in C([0,Ty]; L?),

for any 1 < |a| < sy and (p,u,0) is the unique solution to the original DNS system (1.1).

Proof. The existence of (p,u¢, 6) has been shown in Lemma 4.1 and Lemma 3.1. The con-
vergence of approximate solutions (p¢, u¢, 6) is shown by the standard high-low technique [18].
First, we will show that (p¢,u¢, ) converges in C(0,Ty; L?). This gives the convergence of
(p%,uc, 0 in C’(O,TO;HS/+1 x H¥ x H¥) for any 0 < s’ < s by interpolation and uniform
bounds of (p¢,u¢, ). Then we apply classical methods for hyperbolic equations to prove the
convergence in C(O To; HsH! X H % HS)

For €,¢ >0, let o = p* — p,v = u’ "0 =6°— 6 and study the system for (o, v,7).
Oro = —€A2g — (e — €) A2p” + La(p,u, 6 (0,v) + Toa(0,v),
(4.5) O = —e AJv — (e — &) AJu” + Ly(p,u, 6 (0, v,m) + V1a(0,0,7),

O = —€e A2 — (e — €) A209 + Ly(p%,u, 0°)(0,v,m) + V1 3(0,v,7).

where W}, ; are k*"-order operators with their coefficients depending on (¢, u¢, #¢) and (p¢ , u< , 0<')
for k =0,1 and j = 1,2,3. The terms in ¥, 5(p,v,n) involving x and 7, have the form
1 0°) — u(6¢ ,
1o nu( ) =07 e

]. / /
T x — YV Va 06 Dx .
pe v 06 _ 96/ stpe V I:l’l/( ) u ]
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The terms in ¥y 5(p, v,n) involving 7 have the form

ulTl(QE,) — 7'1(06)

d pe Qe — g¢ n
The terms in ¥, 5(p, v, n) involving A” defined in (2.2) have the form

’ 1 ! ’
AL V,0° + Q%Wﬁ(mmxvxee .

d ’
AP(p*, 0°, Viup®, Vi0) — AP(p*, 0°, Vip®, Vi0°) o2
,rnZ::l axmee _ axmeel axmn N va:p
d / ’ /
Ap(pea 067 vaf:pea v:cge ) - AP(P67 967 pre ) Vzee ) 2 ¢
+ ; 0,0+ Vi p*
TnZZI aﬂcmpe - aﬂ?mp€
AP pea 967 vﬂ:pda Vxee’ — AP pea 06/7 VmpE/7 VxGE/ e
A 92_96,( >77:V§p
AP(pe, 0 N, p¢  V,0°) — AP(pe 0 Y, pt, V,0¢ ,
L Ap p pz_pé/(p p )Q:Vg?pe'

The rest of the terms in Wy 5(g,v,7) involving A%, B, BY as well as terms in ¥ 3(o, v, 7) have
similar forms as above. The zeroth-order operator in the g-equation in (4.5) has the form

Wo1(0,v) = =0V, - uf —v-Vpp

It is clear that given (p° — p, u, 6° — 0), (o — p, u¢, 0 — 0) € Xg, u1,, the linear estimate
applies to the above system. Therefore we have
(4.6)

To
sup (ollz + (v, mI72) < ele — 6')/ (AZP o )z + [1AZu ()17 + [AZ0°( 5)[172) ds
10 0
< cle—€)TyM,.
Thus (p¢ — p, u, ¢ — 0) is a Cauchy sequence in C([0, Ty]; L?). Because it is also a bounded
sequence in L=([0, Tyl; H¥™') x L>([0, Tp); H* x H*) we conclude that it is a Cauchy sequence
in C([0,To); H*+) x C([0,Ty]; H x H*') for any 0 < s’ < s. Therefore there exists (p,u, 6)
such that
pr=p—p—p in C(0,T]; HH),
(us, 06— 0) = (p—p, u, 0 —0) in C([0,Ty]; H*).

In addition, by the weak compactness of (p¢ — p, u¢, 0° — 0) in L>([0,Ty]; H*™' x H® x H®) we
also have that (p,u,0) € L>([0,To]; H*™ x H* x H*).
By Fatou’s Lemma, for all « € N¢, 1 < |a| < s

()2 05 (p—p) € L=([0, T H'),
()2 0 (u,0 — 8) € L™(0, Ty} 1),
By interpolation it is clear that for each 1 <[ < d and each o € N with 1 < |a| < s; one has
7 00p° — ;0%  in C([0,Ty]; HY),
700 — 1 0%u  in C([0,Tp); L?), ase— 0.
2000 — 2,090 in C([0,Tp); L?),
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Apply 92 to the system (4.5) for (0,v,n) and multiply the result by (x)?. Using a similar
argument as the L? convergence (4.6), we can show that for each @ € N with 1 < |a| < s; one
has
()05 — (2)%07p  in C([0, T; H'),
(2)?0%u° — (2)?0%  in C([0,Tp); L?), ase—0.
(x)20%0° — (2)?0%0  in C([0,Tp); L?),
Based on the above results, we see that if we let ¢ — 0 then (p,u, ) is a smooth solution to
the nonlinear system with (p — p,u, 6 — 6) € C([0, Tp]; H* ™ x H* x H¥) for any 0 < s’ < s.
To show that (p—p) € C([0,Ty]; H5™) and (u, 0 —0) € C([0, To]; H?), we apply the standard
technique for quasi-linear equations [18]. The proof consists of two steps. First we show that
(4.7) (p—p) € Cu((0, T H*), (u, 0 —0) € Cu([0, To); H*),
where C,([0,T]; X) denotes the weak topology in the sense that if f € C,([0,7]; X) then
(f,¢) € C[0,T] for any ¢ € X’'. The weak continuity (4.7) follows from the uniform bounds of
the solution in L>®(0, Ty; H*+'x H*x H*), the strong continuity of the solution in C([0, Ty]; H**' x
H¥ x H*) for any s’ < s, and the density argument.
To prove that the weak continuity is in fact a strong one, we need to show that ||(p—p)(t)|| gs+:
and [|(u, & — 0)(¢)||- are continuous for ¢ € [0, Tp]. To this end, we work with their equations.
To simplify the notation, denote = p — p, § = 6 — §. Recall that by the energy estimates

(4.8) 171l o 0,1y < 00, 1 (ws O) | oo 0,7ty + | (ws O) | 220 rps1as1) < 00

Now take the s-th derivatives of the equations for (u,d). We have
0(05u) = 4L DALY, (020) + Wa (07 u) + Wa(0320) + Us(9525) + F1 (054w, 07°0, 03°p)
0U0260) = MENBNT, - (08u) + Ua(00u) + Wa(022) + a(02°5) + Fa(0u, 020, 92°7),

where |a] = |ai| = || = |ag] = s, || < s—1, Jas| < s—1, |ag] < s+ 1, and Fi(+)
is a polynomial in terms of its variables. It is easy to see from the equation that (F, F,) €
L>(0,Ty; L?). Here we do not require ¥, to be homogenous of order 2. To annihilate the
leading-order dispersive terms in the above system, multiply the u-equation by 7,0%u, the 6-
equation by iﬁ(f)ﬁé, integrate them over R?, and add these two integrated equations together.

This gives
d .
— /u!@?uﬁdx—i—/ %174]8§0|2dx = F3,
dt R4 R4

F3 - <8(zlu7 \112(82‘1[)’ 8;12“7 8;159) + F1> + <8(;9~, \Ij2(a§;1p7 a?2u7 8?55) + F2>>

with |a| = |oy| = |ag] = |az| = s. Here again we do not need ¥y to be homogeneous. It
simply denotes that the leading order of the operator is 2. Note that because 7, 74 depend on
t, there are commutator terms containing %7'1 and %7'4 but they are of zeroth order in terms

of (8%u,0%0). By integration by parts and (4.8), we have Fy € L'(0,T,). Therefore,
(/ T4|a;;u|2dx+/ }174]8§§|2dm) c W (0,Ty) — C[0, Ty,
RY Rd

by Sobolev imbedding in R. To conclude that ||(u, 8 — 0)|zs € C[0,Tp] we just need to note
that 7,74 are continously differentiable functions with positive lower bounds.

where
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To prove that ||p — p||gs+1 € C[0, Ty, we consider the regularized p as in Step 4 in Section 2.
First, the equation for 9%p is

0107 p) + PV - (O7u) + u- Vi (07p) = Wo(97 p, 07%u) + Fo()' p, 077 u) ,

where |a] = |aq| = |ao| = s and |71, |12| < s — 1. Using the equations for 0%u and 026, we
have the equation for the regularzied o as

01(050) + u -V (050) = Vo (05 p, 05%u, 05°0) .

Note that we have included all the lower-order terms in ¥,. Now we differential the above
equation once to get

00 0) + u - V(0% 0) = o (07 p, O72u, 97°0) € L2(0,T; L?),

where |o| = |o1| = |o| = |o3] = s + 1. Multiply the above equation by 97, integrate over R¢
and use integration by parts. We have

d
auaggum =F,€LY0,Tp).

Thus ||g||gs+1 € C[0,Tp]. Notice that p differs from p by T52; and Tyze as in Step 4 in Section
2 where T3, Ty are operators of order -2 and zj, z4 are given by (0%u, 090) with |a| = s. Hence
the continuity of (u, ) in H*® ensures the continuity of || 7321 + Ty22|| gs+1. We thereby conclude
the continuity of ||(p — p)(t)||zs+1 for t € [0, Tp] thus the strong continuity of (p — p,u, 8 — 6) in
C([0, To]; H*™! x H® x H?).

To show the uniqueness of the classical solution, notice that if Uy = (p,uq,6;), Uy =
(pa, us, 02) are two solutions with the same initial, then the difference U; — U, satisfies
(4.9) (UL — Un) = L)Y — LWy, (Ur — Un)(,0) = 0,

Similar as we have done for (4.5), the difference equation (4.9) has the form
&(Ul - Ug) = [,(Ul)(Ul - UQ) + \Ifl(Ul - UQ) .
By the linear estimate in Section 2 with ¢ = 0, we have

sup [0 = Uiz < e [[(U = Ua)(, )l = 0,

[07TO]

which proves the uniqueness.

The proof for the stability follows similarly by comparing the equations for 9¢1U;, 05U, and
the equations for (z)20°U, (x)2022U, where ay,ay € N¢ with 1 < |ay| < s, 1 < |ag| < 51 and
the linear estimates for the differences.

Hence, there exists a unique solution (p,u,#) to the original DNS system (1.1) such that

(z)?

(u,0 —0) € C ([0, Ty); H*) N C* ((0, T); H*7*) N C ([O,To]; H?;le) )

p—peC (0Tl HY) N C* (0, Ty]; H) N C <[0,T0]; e ) ,

with s1 > d/2 + 6, s = max{s; + 6; N +d/2 + 5}. O



LOCAL WELL-POSEDNESS OF A DISPERSIVE NAVIER-STOKES SYSTEM 39

APPENDIX A. OPERATOR BOUNDS IN WEIGHTED SPACES

In this appendix we show the operator bounds of T" in the weighted spaces H ()2 where T is

defined in (2.63) and s € R. Recall that T € OPS™!. Denote the symbol of T as a(z, ). Then
a(x,§) is supported outside of B(0, R) in £. Recall the definition of the space HE o

Hiyo=A{f: (x)’feH}, seR.

We can use the bound of T in the unweighted spaces H® to obtain its bound in the weighted
space H (y2- Indeed, for f in the Schwartz space,

ITfllzz , = IK@)* T fllze = (=) T (G ((2)* )l 2

(2)2
One way to see that (x >2T o —2 € OPS~!is via the asymptotic expansion of T o —5. Symbol
of the operator (z)?T o e satlsﬁes

0%a)(0% 25 mod S™°,

where a is the symbol of 7" and aﬁ » denotes the symbol of the composite operator T'(-25 <x>2 )
Since (z)?(9% 1,12) is bounded for all « and z, the above symbol is in the same class S™!

a(x,§). Hovvever, the asymptotic expansion does not show directly that the S°-seminorms are
of order R™! because (x)? ajj is not necessarily supported outside of B(O R). Thus, to show

that the operator bound is of 31ze R™!, we need a precise form of (x)? aﬁ . To this end, define

Ly=0+") T =4y),  L,=0+N")TT-4,).

Then for any N € N,
E,J;[ eV = Ejyv eV = W

Thus the integral form [9] of the symbol (w)%ﬂﬁ is

1 .
() af = (x)* /]R?d a(r,§+mn) [CnE LYy eV dndy

(A.1)

~ 0 [ (€ ) (57 () e ana,
where
(A.2) Lo =0+ )™MI=a)Y, LN =T =2)Y (A + )™
Thus,

2 atds] < @ [ 16 () ldv [ 165" alo g+ )l .

Note that since a € S™! and is supported outside of B(0, R), we have for every N > d/2,

(A.3) /|£ xs+n>>|dn<cN2/ (L4 1) N|oale,€ + )l dy < CyR ™,

|BI<2N

because [0 a(x,n)| < CsR™" for all |3] > 0.
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The estimate for the term [, |£*’N (W

term where all the derivatives go to y>2, which is (z)? o [(1 —A,)Y (—>2)| (1+1]y*) N dy.
Then for N > d"f,

> | dy is as follows: we only need to check the worst

(@) | 1 =AM () (L4 Jy*) ™" dy

Rd

= (@) [ 1 =2)" (G L+ ]z —y[) ™" dy

R4

(A4) < exla)? / <y1>2<1 e —yP) N dy

@ =P -
<ov [ Bl =) ay

Here ¢y denotes a constant depending on N. It may change from line to line by multiples of
some generic constants. Thus by (A.3) and (A.4), the (0,0)-seminorm of (x)? aﬁ 2 is of size

R
Estimates of general («, $)-seminorms follow in the same way. By (A.1),

3002 (@) at
— Y (@) /]R (e omdfate e+ m) (Lo () @ dndy.

altaztaz=a

Each term in the above summation satisfies
© o (@) [ (e omoate+n) (£ () ey dy'

A5) <@ [P |1 )Y o ofate g+ )|

<oy’ [ |-

V(Yo i )| dn.

where the first factor on the right-hand side of (A.5) has the bound
©F [ WPy |1 - )Y 90fata, ¢+ )] d
R4

<O [ Py e Py

[§+nI>R

— Cy{e)¥ / ey )y < O

for N > d%w. The second factor on the right-hand side of (A.5) is bounded in the same way as
n (A.4). Thus the (o, 3)-seminorms of (x)%ﬁ# is of size R™! for all a, 8. By the Calder6n-

Vaillancourt theorem, the operator norms ||(z)*T o ﬁ“ ms s are of size R™! for s = 0. This

is equivalent to that ||| HE G is of size R~ for s = 0. Note that similar calculations as



LOCAL WELL-POSEDNESS OF A DISPERSIVE NAVIER-STOKES SYSTEM 41

in (A.4) holds if we change (z)? to (z)~2. Therefore the norm ||T|

R~ for s =0.
General weighted H*-norms can be obtained by considering the composition A*({x)?*T o ﬁ)
or A*((z)7%T o (x)?). Let

k is also of size
Hiy—2=H -2

1
w= <x>2aﬂ®, T, = (x)*T o TR
or
Gatn)?, Tu= oo To(r)
w=——— af(x w=—=To{x)",
(z)? ’ (z)?
We just proved that
(A.6) sup |(§>"B|8§“8§w| < CupR7T, for any multi-indices «, .
Now we want to show that the symbol of A® o T, denoted as (£)*fw, satisfies
(A.7) sup |<§)_5+|m8§‘8?(<§)8ﬁw)| < CopR71, for any multi-indices a, .
We apply a similar estimate as in (A.5). First,
D20 ((€)*4w)
A8 * 1 S * (0% 2 i N
A e [ (o) (£ om0t - 5.0)) e dndy.
B1+B2=08 R2
Note that
LN O+ )| < Oy (L )N+,
and by (A.6),

LyNago w(e — yaf)’ < CngpaRH (L4 y) "N (€)%

Thus each term in the summation on the right-hand side of (A.8) satisfies

(e /R y (ﬁfy’N 0¢M (€ + ?7>8> (EZ’N@?‘ O w(z —y, é)) eV dn dy'

<t [ an [

SCN,BR_1<§>—S+|51|/ (1+‘n|2)_N<§+77>s_|61‘d7]
R4

< CN,,BRil )

(L5 92 (g +m)°)

<£;’N8§0?2w(x — v, 5)) ‘ dy

by taking N > ‘s‘%l. Thus (A.7) holds for any s € R. This implies ||A*T,||zs_ 2 is of size R}
for any s € R. This is equivalent to that T, is bounded in H® and its operator norm is of size
R~!'. This is further equivalent to that ||T| H and ||T| Hy , are of size R™! for all s € R,

which thereby completes the estimates of 7" in the weighted Sobolev spaces.
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