VALIDITY AND REGULARIZATION OF CLASSICAL HALF-SPACE EQUATIONS

QIN LI, JIANFENG LU, AND WEIRAN SUN

ABSTRACT. Recent result [11] has shown that over the 2D unit disk, the classical half-space equation (CHS)
for the neutron transport does not capture the correct boundary layer behaviour as long believed. In
this paper we develop a regularization technique for CHS to any arbitrary order and use its first-order
regularization to show that in the case of the 2D unit disk, although CHS misrepresents the boundary
layer behaviour, it does give the correct boundary condition for the interior macroscopic (Laplace) equation.
Therefore CHS is still a valid equation to recover the correct boundary condition for the interior Laplace

equation over the 2D unit disk.

1. INTRODUCTION

It is well-known that for kinetic equations with a small Knudsen number imposed on a bounded domain,
a thin layer (coined the Knudsen layer) will form near the boundary of the domain. The kinetic density
distribution function changes sharply within this layer from the given arbitrary kinetic boundary conditions
to more restrictive interior states, such as those near the equilibrium states. To make use of the particular
structure of the interior state and reduce the computational cost of solving the full scaled kinetic equation
over the whole domain, one classical way is to introduce a half-space equation to capture the boundary layer
behaviour. In particular, the end-states of the half-space equation will serve as the boundary conditions for
the interior equation.

In this paper, we consider the scaled steady-state isotropic neutron transport equation

w-VmF+1(F—<F>):0, (z,w) € D xS,
€

(1.1)

F’ = h(z,w), w-n<0,
aD

where F' = F(x,w) is the density function and x,w are the spatial and velocity variables respectively. The
spatial domain D is the unit disk with outward normal n. The speed of the particles is constant and is scaled
to one so that w € S*. We also have (F) = 5- [, F(z,w) dw.

The classical half-space equation associated with can be derived through asymptotic analysis. Since
one of our main objectives is to compare the classical half-space equation to an e-Milne equation constructed
in |11], we adopt similar notations as in [11]. In particular, we use the polar coordinates within the boundary

layer together with the stretched spatial variable such that
1—r

x = (rcos¢,rsing), w = (—sin&, —cosf), n= , 0=¢+¢.
€
In these notations, the leading-order classical half-space equation has the form
0
6% + fo~ (fo) =0, (1.2)
fol,_o =ho(8,0),  sinf>0, (1.3)
fo = fo,e0 as 1 — 0o, (1.4)
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where (fo) = 5= [7_ fo(n,6,¢)df and ho(6, ¢) = h(z,w) for & € D. Meanwhile, the leading-order interior
solution satisfies

A Up(z) =0, zeD, (1.5)

UO oD = UO(.’L‘), (16)
where ug(x) = fo,00(¢) With z = (cos ¢,sin ¢).
The question of finding the leading-order approximate solution to (|1.1)) has been considered as settled

since the work [1], in which it was shown that

HF_(fO_fO,oo"_UO) ||Loo(D><Sl) :O(€)~ (17)
However, in a series of recent works [6,{L1L|12] the authors constructed counterexamples such that
HF_(fO_fO,oo‘FUO) ||Loo(D><Sl) :O(l)- (18)

This indicates that the classical half-space equation fails to capture the correct boundary layer behaviour.
In |11] where the unit disk is considered, the authors introduced an e-Milne equation which has the form

. 8f0,6 €¢(€77) 3 6f0,€ -

sin 0 n T e cos 50 + fo,e — (fo,e) =0, (1.9)
fol,_o=no(0:¢),  sind>0, (1.10)
fO,e — foo,e as 1 — 00, (111)

where 1) is a proper cutoff function. Using this new system as the boundary layer equation, they have proved
that

||F - (fO,e - foo,e + UO,e) ||L00(D><§1) = 0(6)7 (112)

where Uy . satisfies the Laplace equation on the disk with the boundary condition given by fo .. Later
this result is generalized to the annulus [12] and the general 2D convex domains with diffusive boundary
conditions [6]. Similar e-Milne equations are used in [6/12] as the boundary layer equations.

These surprising results show that the e-Milne systems are indeed the correct boundary layer equations.
The seemingly small e-term in plays a major role which makes the equation singular. This then suggests
challenges on numerical computations to find the proper boundary conditions for the interior equation,
since directly solving the e-Milne to obtain the end-states as the correct boundary conditions is probably as
expensive as solving the original full scaled kinetic equation . In this sense, despite its obvious theoretical
importance, the e-Milne equation does not seem to serve the original purpose of reducing computational costs.

In this paper, we address the validity of the classical half-space equation by using the e-Milne system as
an intermediate equation. Our first main result is: although does not hold on the entire disk, it turns
out that the away from the boundary layer, the interior solution Uy generated from the end-state fy o of the
classical half-space equation still gives a correct leading-order approximation. More precisely, there exists a
constant C'(a) such that

IF = Uo |l o o xsry < Cle)e?’?, (1.13)

where aD = {(azx, ay)|(z,y) € D} for any 0 < a < 1. Therefore, the O(1)-error of the approximate solution

fo + Up is restricted to the thin boundary layer and does not propagate inside. Note that e2/3

may not be
the optimal decay rate.

One of the main tools that we develop to prove (1.13) is a regularization procedure designed particularly
for the classical half-space equation. It is known ( see for example [2-4,9.|10] and references therein) that

regardless of the regularity of the given incoming data, the half-space equation (2.1))-(2.3]) has a generic jump
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at 8 = 0 as well as a logarithmic singularity as # — 07. In fact it is exactly this singularity that renders
the failure of the classical error estimate (|1.7)). For the purpose of proving , we show a first-order
regularization that makes the modified solution Lipschitz. In the second part of this paper, we generalize
this procedure to obtain regularizations of solutions to the classical half-space equation to any arbitrary
order. The higher-order regularization will be useful for comparing the classical half-space equation with the
e-Milne system over general domains. We leave the general geometry to later work to avoid overburdening
the current paper.

The rest of the paper is laid out as follows. In Section [2] we use the regularization technique and the
e-Milne equation to show . In Section |3} we show numerical evidence of the non-convergence of the
classical approximation in the L>-norm and convergence in the L?-norm. We also numerically compare the
classical half-space equation with the e-Milne equation. In Section [d] we show the general regularization of
the half-space equation to arbitrary orders.

2. COMPARISON WITH WU-GUO’S e-MILNE EQUATION

In this section we compare the end-states of the classical half-space equation and the e-Milne equation.
To simplify the notation, we will use f and f, in place of fy and fy . for their solutions. The two equations

are repeated below: the classical half-space equation

., 0f _
81n98—n+f7<f>—0, (2.1)
f|n20 = ho(0,9), sinf >0, (2.2)
f = foo(@) as 1 — oo, (2.3)

and the e-Milne equation

Ofc  e(en) Ofe

m 987’]7 — 1_7677 COS 9% + fe — <f€> = O7 (24)
f6’n:0 = h0<93 ¢)7 sinf > 0, (25)
fe = foo,e(®) as 7 — oo, (2.6)

where fs, foo,e Only depend on ¢ and 1 is a smooth cut-off function such that

1, 0<r<1/2,
o) =
0, 3/4<r<1.
Since the angular variable ¢ does not play a role in our analysis, we will suppress it in the notations from
now on unless otherwise specified.

The well-posedness of (2.1)-(2.3)) and (2.4)-(2-6) are thoroughly studied in [5] and [11]. In [11], it is pointed
out that the second term on the left involving € in equation has a non-trivial effect which induces an
order O(1) difference between f and f. measured in the L*°-norm over the whole domain. However, it is
not clear from the analysis in [11] whether the end-states foo and foo . will differ by order O(1) as well. In

this section we show that in fact they only differ on a scale which vanishes with e. The main result is

Theorem 2.1. Let f, fe be the solutions to equations (2.1)-(2.3) and (2.4)-(2.6) respectively. Then there

exists a constant Cy independent of € such that
|foo - foo,e| < C‘062/3~

Remark 2.1. The convergence rate €2/3 may not be optimal.
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Notation. In this paper we use =3 = O(a) to denote the upper bound
|El‘ S C1a,

where C} is independent of a. This is different from the somewhat conventional notation that =; = O(«)
means =i is comparable with « in the way that it is bounded both from above and below by an order of a.
We also use Z5 = o(«) to denote that

=]

— =0 asa—0.
«

Before proving the main result, we first state a few lemmas. The first one shows an “almost” conservation

law for the e-Milne system (2.4))-(2.6).
Lemma 2.1. Let f. be the solution to (2.4)-(2.6). Then we have

fe(0,0)sin® 0 df = fooesin®0d0 + O(€) = Tfooe + O(e).

—T —T

Proof. Recall that f. satisfies the conservation property [11]:
1 s
(fesinf) = Py fe(n,0)sin6dd =0 for any n > 0.
™ —T
Multiplying sin @ to (2.4) and integrating in 6 gives

LIy IR LILCT LT
a ) fesin®0dé 31— e sin(26) 2 dé =0. (2.7)

—T

The term ["_sin(26) 831:; df can be re-written as

/ sin(26) 88];6 dé = 72/ fe(n,8)cos(20)dd = —2 fe(n,0) (1 —2sin*@) do
=2/ fdo+4 [ f.sin’>60d0.

—T —T

Therefore (2.7)) becomes

d s 2 s s
A7 2 gag - 20 / £sin?0dg = — L) / £.d6. (2.8)
d77 -7 1_677 — 1_677 -7
Using the notation in [11], we denote
€y(en)
€ = ’ € = V. 2.
o) = 2B Vi) =0 (29)
Then 0 <V, <V, < o0 and
Ve = / <y (en) dn = / M dn is bounded and independent of e. (2.10)
o 1—en o 1—nm
We further introduce the notation
1 ™
H(n) = ] fe(n,0)sin? 0 db.
Then (2.8) becomes
d
d*nH(n) —2(0pVe) H(n) = (=0,Ve) (fe)
Therefore,
4
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Integrating from 1 = 0 to n = oo gives

H., =2V~ (HO —/ e Voo, V. (f.) (1) dT) , (2.11)
0
where
H = 7Tf Sin29d9—1f H 1 7Tf(O 0) sin® 0 do
00_271' 00, € —200,5; 0_271' e\Ys .

—T —T

By (2.10) the constant V., only depends on the choice of the cutoff function . The integral term can be
reformulated as

/ 6_2‘/687‘/5 <fe> (T) dr = foo,e/ 6_2‘/567"/6 dr + / 6_2‘/667"/6 <fe - foo,e> (T) dr
0 0

0

= e (1= ) [TV ) (),

0
Therefore, the right-hand side of (2.11) satisfies

e?Ves <Ho - / T (fe) (1) d7>
0

1

1 o]
foo,e) + ifoo,e - eQVOO /0 6_2‘/687"/6 <f6 - f00,6> (T) .

= €2V°° (H[) - 2

By (2.11) and Ho, = %foo,e, we then have

Ho yhee= [ €M 0NAL =~ (1),

Denote

G= [ oVt~ fun) ().
It has been shown in [11] that there exists ko > 0 such that

|fe = fooel < Ce™™m,

where C' is independent of €. Let dy > 0 be a constant such that

l—en>do >0 on supp ¢ (en).
We have

Gl <o llm - [ eman < ce.

where C' is independent of €. Thus,

‘Ho - %foo,e =|G| < Ce.
This is equivalent to
! f(0,0)sin® 0df = 7 foo c + O(e) = i foo.esin?0dd + O(e),
which proves the desired “almost” conservation property. O

Next we show a stability result for both the classical half-space and the e-Milne equation.
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Lemma 2.2. Let f, f. be the solutions to equations (2.1)-(2.3) and (2.4)-(2.6) respectively. Then there exists
a constant C independent of € such that

2 s
|foo,5\§;/ |7c(0,0)]|sinfdf + Ce, e>0,
0

and for the classical half-space equation it holds that

2 s
|fool < —/ |£(0,6)|sin@df.
T Jo

Proof. Multiply sgn(f.) to equation (2.4) and integrate in 6. Then we have
d s ™
Em sin 6 | fe| d9—(&7V5)/ sinf |fe| df <0.
nJ_n r

4 <6_V€/ sin @ | f| d(9> <0,
dn —

/ sin @ |£.(0,0)| d6 > 0.

—T

Therefore,
which gives

Thus we have

0 ™

0 5/ |sin 8] | f.(0,6)| d6 g/ sin @ |f.(0,0)| do. (2.12)

- 0

This in particular shows that

’ £.(0,0) sin29d9‘ < / 1£.(0,60)| |sin 6] d6 < 2/ 1£.(0,0)|sin 6.
0

—T —T

By the “almost” conservation law in Lemma [2.1] we have

1

el =21 [ .00,0) sinZOdH‘ +0%e) < l/ 1£.(0,0)[ sin 0.d6 + O(c).
iy —r iy 0

For the classical half-space equation, the estimates are similar and we only need to remove the error term

O(e) since the strict conservation holds. O

The main reason that f. has a finite difference from f near the boundary is because f has insufficient
regularity in terms of n and 6. Specifically, it has been shown [11] that in general g—g is not uniformly
bounded. In the following lemma, we show that by slightly changing the incoming data, we can find a
solution f to the classical half-space equation such that f € Whe°(dndf). Without loss of generality, we
assume that the incoming data hg is not a constant function and

0<hy<1l, 6¢e(0,m). (2.13)
Lemma 2.3. Let f be the solution to (2.1))- (2.3). Then for any 0 < o, < w/4,

(a) the classical half-space equation [2.1) has a solution f € W (dndf) with a modified incoming data
ho(6) such that

(b) There ezist two constants C > 0 and 0 < kg < 1 independent of € such that we have the bounds

af of C
Kom Kom < . .
¢ on o0 (2.15)

Qe
Lo (dndo)

7(0,0) — £(0, 9)] sinf| d6 < a2, (2.14)

+
Lo°(dndo)




VALIDITY AND REGULARIZATION OF CLASSICAL HALF-SPACE EQUATIONS 7

Proof. (a) We will slightly change the incoming data for f near 8 = 0 to obtain the desired f Note that if

fsolves the classical half-space equation (2.1]), then % satisfies

o (of\ ,of Jof\ _
Slnean<an>+an_<an>_o7

of) F0.0) = (H)0) .
%n:o——T, Sln0>0. (216)
%—)0 as 1 — 0o.

The end-state of g—f] is zero because for any 6 # 0, we have

of _ (-7 ‘
%—W—)O as 1 — oQ0.

By the maximum principle for the classical half-space equation, in order to achieve that g—f] € L*>(dndd),

we only need to make sure that

£(0,0) — (£)(0)

sin 6

€ L>(0,). (2.17)
To this end, we first construct two auxilliary functions. For any given a, > 0, let

0, for 6 € [0, a.] U [ — a, 7],

¢1(0) = { ho(8), for 6 € 2, ™ — 2a], 0<¢1 <1,

Lipschitz, for 6 € [0, 7],

and
1, for 6 € [0, a.] U [ — ae, 7],

$2(0) =  ho(9), for 6 € [2a, ™ — 2a], 0<¢2<1.
Lipschitz, for 6 € [0, 7],

Let f1, f2 be the solutions to the half-space equation (2.1) with incoming data ¢1, ¢2 respectively. Then by

the maximum principle again, we have at 1 = 0,
£1(0,0%) = (f1(0,-)) = = (f1(0,-)) <0,
f2(0,0%) = (f2(0,-)) =1 = (f2(0,-)) > 0.
Therefore, there exists a constant 0 < \g < 1 such that
Ao (f1(0,07) = (f1(0,-))) + (1 = o) (f2(0,07) = (f2(0,))) = 0.
Let f = Aof1 + (1 — Ao)f2. Then f satisfies

9F ~ o~
sin08—£+f—<f>:0, (2.18)
Fl,o = 2001(0) + (1= X0)$a(0) = ho(0),  sin >0, (2.19)
f—> .]?oo as 17 — 0o, (2.20)

where foo is constant in 7, 6. Moreover, fsatisﬁes that

f(0,0)=1—Xo = (f)(0) for 0 € [0, a] U [ — ., 7] .
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This in particular shows that

af 0,0) — (£)(0
8?7(7,—0:_]0()5111;”():0 for 6 € [0, ] U [ — e, 7] .

By the half-space equation for fwe also have

‘— oz < Sn(ay) for 6 € [ae, ™ — ).
Thus,
H‘ne T (221

where C' is independent of €. Applying the maximum principle to (2.16) then gives

of
on

In order to show that (2.14) holds, we note that by construction,

1

Lo (dnds) sin(a.)

Xod1 + (1 — Xog)p2 — ho(0), for 6 € [0,a] U [r — ae, ],
]f”v(O,@)*f(O,@) =40, for 0 € [2a, ™ — 2a],
Lipschitz, for 0 € [0, 7],
where [Aod1 + (1 — Ag)p2 — ho(f)| < 1. Thus by (2.12)),

/_w 7(0,0) — £(0,0)| |sin | d9§2/0ﬂ 7(0,0) — £(0,0)

20
/
0

Qe
< 2/ sinfdf < a?.
0

sin @ d@

™

£(0,0) — £(0,0)|sinfdo

7(0.6) — £(0,0)| sin0 a0 + 2/

T—20

(b) The exponential decay of %5 follows from Remark 3.15 of |11}, since g—{] is a solution to the classical half-

space equation and its incoming data satisfies (2.21]). The constant kg is solely determined by the scattering
operator and is independent of € as well as the incoming data. Similarly, we have the exponential decay of

f (with the same decay constant kg) such that

eron (f— ﬁ,o) <C (2.22)

— )

HLOO(dndG)

where C' is independent of €. To derive the exponential decay of %, we make use of the integral form of the

f-equation (2-18)-(2-20):

~ ~ e~ sma (%0 — foo> + fon e~ s (1=5) <f7 foo> (s)ds, sinf >0,
f(777 0) — foo = o . ~  ~
_fn e~ smo (1=5) <f—foo> (s)ds, sinf < 0.

We will directly differentiate f— foo to show the exponential decay. For each 6 such that sinf < 0, the
derivative is
6f _ cosf
20 sin’6

[T (F- R s
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Therefore,
of |cos@| [
< sin 77 S) ‘
90| —  |sind) e <f f°°>()
< C’|COSH‘ - e~ Tmne (175) g =ros (g
| sin 6|

< Ce—fioﬂ/ e—m(n—S); ds < Ce—fio??,
- 0 |sinf]
where C' is independent of e. Similarly, for each 6§ such that sinf > 0, we have

67}‘_ cos 0
20 sin%0

8h0 n cos 0
00 sin? 0

ne= w7 (o — foo) +e o e (= 5) (F = oo ) (5) ds

We estimate each term in %. First, since ko9 < 1, we have

dho
06

S ge_sﬁip&n + ge—ﬁo'f] S 26_507]7 (2.23)
7 Qe Qe

cos

e sm977

nemsion (i - )| +

sin® 0

Next, by the exponential decay of f— foo in (2.22)), we have

cos@ [7 1 ~ = 1 K 1
—wa (1=9) () — < — > ds| < C —3sing (M—5) —r0S
sin29/0 ¢ (0 =8)(f = foo ) (5) ds| < sin 6 ¢’ € §
1
“Zsing’!
< Ce .2 ’ 1 < e—(2s;1ne+ﬁo)?7 < Qe Fom (2.24)
sinf ko + Ty
Combining ([2.23)) with (2.24) we obtain the exponential decay of % . O

Now we prove Theorem
Proof of Theorem[2.1 Denote f. = f — f.. Then f satisfies

o/ o\ edlen) Ofc  eplen) Of
an +fe - <f€> Cl—en cosf 90  1—en COSG@’

fel,—o = F(0,6) = £.(0,6), sinf >0, (2.25)

sin 0

fe_>foo_foo,e as 1) — OQ.
By Lemma we have

/ cp(en) / cos Qg do / e " dn < Ci
0 1- €n -7 00 Lo JO Qe

Multiply the first equation in (2.25)) by sgn(ﬁ) and integrate in . Then

d [™ . ep(en) [T ep(en)
%/_ﬂ&n@ d@— m/ I —

. 7 / o8 1|
d —wm/ / W
O (e B sin @ B 80 do

where V,, V,, are defined in (2.9) and (2.10). Integrating in n from 0 to co then gives

—/ sin 6

€

ay < 05 || Llen)

1—en

€

fe 0|f.| do <

This implies

fe

de) < Voo 6¢(€77)
1—en

ﬁ(o,e)} <o,

€
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Using the incoming data for ]?6 we have

0
0< / |sin 6|

ﬁ(o,e)‘ a9 < cai +/Wsm9‘f(o,a)‘ a9
€ 0

Qe

§C€—&—/Oﬂsine‘f(O,H)—f(O,H)’ degc(ae +a? ) .

Let o, = €'/3. Then

0
og/ Isin 0| fe(O,G)‘ a9 < Ce/3.

—T

This gives

/ﬂ Jo(0,6) = £(0,0)|Isinf] a0 = /_ﬂ Jo(0.0)| [sin6] a0 < ce2/*. (2.26)

Therefore by Lemma [2.1] for f., we have

™

—T

|foofooe|‘ (foo = foo.e)sin® 9d9‘ ‘ £(0,6)sin?60do —

’/ — f(0, 9)) sin29d9‘ +
g/_w 7(0.0) ~ 1(0.6)] jsino] d9+/_: 7(0.0) ~ £.(0,0)| fsin0] 46 + 00

= 0(62/3) y

1(0,0) sin29d0‘ + O(e)

/ ' (F7(0.6)  £.(0.0)) sin? 9de‘ +0(e)

—T

where the last inequality comes from (2.14]) and ( - O

3. NUMERICS

In this section we show numerical evidence of the results asserted in the previous section. Since numerical
scheme is not the focus of the current paper, the details will be omitted. We refer the interested reader
to [8] where an implicit asymptotic preserving method for transport equation was developed. The numerical
scheme for the e-Milne equation is largely borrowed from there.

We briefly discuss the difficulties for numerically solving (2.4)-(2.6]) and our strategies to overcome those:

e Size of the domain: the equation is valid on the entire half-space domain, but it is not realistic
to discretize infinite domain. Fortunately the solution decays exponentially fast, which allows us to
truncate the infinite domain into a very large one: n € [0, R] with R large. Numerically it is observed
that setting R = 6 would suffice.

e The unknown infinite boundary condition: the well-posedness result simply implies that the solution
is a constant function at n = co point, but does not suggest the value for the extrapolation length.
To overcome that we borrow the idea of the shooting method but the “shooting” is done on both
sides to match the data. More specifically, we compute e-Milne equation confined in a truncated
large domain 7 € [0, R] twice:

Smedfl T —(f1) =0, smﬂdf"‘ T +f2 (f2) =0,
f1| = ho(0,¢), sinf >0, f2|n:0 =0, sinf >0, (3.1)
fl’n:R_m sinf < 0. fal,_p =1, sind < 0.

By the linearity of the e-Milne equation, any linear combination of f; and f; is also a solution to the

same equation. There is however only one combination that makes the solution to be approximately
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a constant function at n = R. We denote it as fy = f1 + Afs. Then
f)\|n:R =X for sinf <0, and f,\|n:R = f1|n:R + /\f2|n:R for sinf >0. (3.2)
Suppose the domain is big enough with R > 1, f/\‘n:R is roughly constant in 6, meaning:

f1|n:R+)\f2|n:R:/\- (3.3)

f1
T—fo In=
large enough. If A varies with # then we re-run the computation on a larger domain.

e Computing (3.1) on a bounded domain is also challenging due to the singularity at (n,6) = (0,0)
which requires fine resolution. To resolve the solution, the mesh size in both directions have to be on

Numerically we set A =

- This also serves as a criterion in determining whether R is indeed

the scale of e: An ~ Af ~ . The shrinking € induces a large linear system that is ill-conditioned.
We borrow the idea from [8], and use a matrix-free scheme by performing GMRES iteration till the

solution converges. The interested reader is referred to [8] for details.

The scheme described above is generic and could also be applied to e = 0 case. Note in the previous work [7],
we have designed a spectral method for the classical half-space (CHS) without the spatial discretization. The
spectral method is more efficient than what is proposed here, but it does not seem to be easily extended to
treat the e-Milne equation.

3.1. Regularization of CHS. As constructed in Lemma [2.3] one can apply slight modification to the
incoming data to make the solution to CHS Lipschitz. Here we show a general problem by relaxing the

requirement of ¢ = ¢ in (2., ™ — 2cc). Set the two boundary conditions as

0, 6 € (0,7/20)U (m — w/20,7),

o={"
— 55 le—m/2], 6€ (n/20,7 —7/20),

1, 0e(0,7/4)U(m—n/4,7),

G2 =
cosf, Oe(n/d,m—m/4).

Let fi1 and fs3 be solutions to CHS with incoming data ¢1, ¢2. Their derivatives are not bounded at n = 0
as expected. By setting \g = ﬁ, the convex combination of fi, fa given by F = Aof 4+ (1 — Xg)g is

Lipschitz. This is shown in Figure

3.2. Computation of the s-Milne problem. We compute the e-Milne problem and the CHS on the
truncated domain with R = 6. In Figure [5] we show the 3D plot of the solution, together with their end
states. Both plots show that the solutions are approximately constant functions at n = 6, meaning the
truncated domain is indeed large enough to approximate the original half space problem.

With the data we immediately get:

e [ discrepancy. This is plotted in Figure 2l With various of € we show the L error of the solution
to the e-Milne problem and CHS over the entire (n,60) domain. They do not show convergence. We
also plot f. — fy for different ¢ along the ray of n = 6 = ne, with n = 1,2, ---. It can be seen that with
shrinking e, the biggest error of f. — fy does not seem to change. At n = 6 = ¢, they differ by 0.15
for all e. But as n increases, the ray enters into the interior of the domain, the difference gradually
disappears for all € tested. Note that it is along this ray that the authors in [11] constructed the
counterexample to show instead of holds.

e L2 convergence. We also demonstrate the convergence in L?(dndf) and the convergence of the two
end-states, as seen in Figure [2] and Figure [
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4. REGULARIZATION OF CLASSICAL HALF-SPACE EQUATIONS

In the second part of this paper, we will extend the first-order regularization technique used in the proof
of Lemma [2.3] to the general case. More precisely, for any given N € N, we use an induction proof to show
how one can slightly modify the incoming data hg near § = 0 so that the modified solution f of the half

space equation satisfies that
f e wN+the(dpdp). (4.1)

The higher-order regularization will be useful for general geometry where the boundary of the domain has
non-constant curvature. Again without loss of generality, we assume that the original incoming data hg in
equation (2.2]) satisfies that 0 < hg < 1 and is not a constant. The main result is summarized as

Theorem 4.1. Suppose the incoming data hy in equation (2.2)) is smooth, non-constant, and satisfies that
0 < ho < 1. Then for any given o small enough and any N € N, there exists ho(0) € CNFL(0,71) satisfying

0<ho() <1,  ho(6) =ho(8) onb e (2ac,m—2a.)

such that the solution f to the half-space equation with ?LO as its incoming data satisfies (4.1). Moreover,

GMHEF O(na|'?), M+k=1,
mma MHgk = (4.2)
L r2(ande) | O(ac M o V%), 2< M+ k< N+1
and

8M+kf

ron & :O( —(M+k)) 1<M+k<N+1 43
anMagk ae ) >~ + >~ + 5 ( )

Lo (dn do)

where Ko > 0 is the same decay constant as in Lemma [2.3

Notation. In this section we use the convention that a summation ZZ"’:kl is automatically zero if its upper

limit ko is smaller than its lower limit k;.

First we show the explicit formula for %.

Lemma 4.1. Suppose f is a smooth solution to (2.1). Then for any N € N,

N =) =N esin® o
Ne )

N
e =)

N>1. 4.4
onN sin - (44)

where

q:<ﬂ%ﬁ>7 %:<f<ﬁzthﬁwv>’kZL

sin 6 sin® @
Proof. We use an induction proof. First, for N = 1,2, we have

of _ _f—=(f)

377} N sin 0

and

r_ Bo(3) EE-(E8) -w-wme(E8) (e

on? sin sin 6 sin® 6 sin? 0
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Thus the cases for N = 1,2 are verified. Suppose (4.4]) holds for N > 2. Then

N N (VS N-1 . kg (S N=1 . Gk
gN+Lf ng _ <%> - =) Eﬁle x - <f () anv?e >
onpN+T T sin 0 = (1) sin 0
— . . — —S N1 sin®
( 1)N+1f —{f) - Zszll cp sin® 0 — sin™ 0 <f ) gr’jﬁlg L 9>
B sinV 1o
N .
_ (_1)N+1 f- <f> - Zk=1 Ck Slnk 0
sinVtlg ’
which proves equation (4.4) for N + 1 thus for any N € N. |

Construction. Functions that have sin® # as the incoming data near # = 0 will play a major role. Therefore,
we first define some auxiliary functions. Let 0 < o < w/4. For each k > 1, define Ry, Rs, F}; as solutions to
the half-space equation (2.1) with incoming data r1,rs, fx, where

, 0 €0, U[r — a7, 0, 0e€0,a]U[r — e,
’["1 = 7"2 = (4.5)
ho(0), 0 € [20¢,m— 20 ], ho(), 60 € 20¢, 7 — 2],

and
Jr = (4.6)

We also assume that
0<rm,m<l, 0< fr <af, r1,72, fr € C([0,7]). (4.7)

Before proceeding further with the construction, we show a lemma which estimates the size of (Fy) (0) for
each k.

Lemma 4.2. The functions Ry, Ra, Fy, satisfy that
0<(R1)(0),(R2)(0) <1, [Fillpe =0 (), (F)(0)=0(af™), k=1

Proof. Note that || F || ~ O(aF) is guaranteed by the maximum principle. Therefore, to obtain the desired
bound for (F}) (0) we only need to check the integration over (—m 4+ ., —a.) of Fj. By the conservation
law, we have

0 ™ 200 ™
/ Fy, |sin ] de/ FkSiDHdQSC/ aFsinfdf + C afsinfdd = O(ak*2), F, >0.
0 0

o T—20

Hence,

o 1 e 1 /0
/ F,df < / Fy |sin 6] d§ < / F |sin 6| df = O(af*!).

Crta. sinae J i, sinoe J_,

This shows (F) (0) = O(af*1). The estimate 0 < (R;) (0), (Rs) (0) < 1 follows from the stability of the
half-space equation stated in Lemma O

Similar argument as for Lemma [1.2] shows
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Lemma 4.3. Suppose T is a solution to the half-space equation (2.1) with incoming data o € L>°(0, ).
(a) If o satisfies that

O1), 6e€(0,2a) U (m — 2, 7),

Yo
0, 0 € 2ae, ™ —20,),

then (T') (0) = O(a).
(b) If vo satisfies that
o= O(aF=1), 0€(0,2a.) U (7 —2ac,7), E>1,
O(ak), 0 € (20, —20a),
then (T') (0) = O(ak).
Proof. (a) The proof is similar to Lemma First the maximum principle gives I' = O(1). Using the

conservation law, we have

0 T 20, T
/ I |sin 4| d0:/ Psmadegc/ sin0d0+C’/ sinfdf = O(a?).
0 0 ™

- —20,

Therefore,

— Qe 1 — e 1 0
/ rde < / I|sind| df < / T |sind]| df = O(a.) .

o sinae J_nyq. sin o
Similar argument applied to —T" then gives (T") (0) = O(a).
(b) The proof of part (b) follows from part (a) together with the linearity and maximum principle for the
classical half-space equation. O
The following lemma is crucial for the estimates in this section:
Lemma 4.4. Suppose f € L> N L?(dndf) satisfies the half-space equation ([2.1))-2.3) with ho € L>(0, ).
Then for any a. € (0,1), we have

T—0te

() (0)] < Co min (ae a2 11| g + a2 (/

€

1/2
sin @ |ho | d9> , ||h0|Lw> , (4.8)

and

mT—Q

47) ) < Comin (acnl~ + - [

where Cy is a generic constant.

sin |ho| 46, |[ho ||Lw> , (4.9)

€

Proof. The bound given by | ho ||« is due to the maximum principle. To derive the other bounds, we first
note that | f| satisfies

olf|

Sin97n+|f|—<\f|>§07
because sgn(f) (f) <|{f)| < (|f]). Therefore,
d [~ )
T 77T|f\smt9d0§0.

We also have the entropy bound

i f2sin9d9§0.
dn

—T
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By/ |foo|sin9d9:/ | foo|?sin 0 dO = 0, we have

—T —T

/ 1£(0,0)|sin0d0 > 0, F2(0,0)sin0d0 > 0.
Hence,
0 ™ 0 ™
/ |f(0,0)\|sin0|d9§/ |ho(0)]sinfda, f2(0,9)\sin9\d0§/ h2(0)sin6do.
—T 0 —T 0

Separating (—m,0) into two subsets (—7 + ., —a.) and (—ae,0) U (=7, —7 + «.), we have

0 —a. —Ttoe 0
| o= [ ol [ roaas [ sl

—T — T+ - — Qe

< 2a. |lho ||, + %/ sin Ol (0)] 6
€ JO

C T—Qe
< Coae o || oo + 070 sin 0|ho(6)] d6 .

Similarly,

0 —oe 1 1/2 T 1/2

[ 1roonas <2actmale ([ ae) ([ snolno) ap)
—T —m4a
T— e 1/2
< Coae IInae|'?||ho || oo + Co |In are|*? (/ sin9|h0(9)|2d0> ,

which proves the desired bounds. O

Now we start constructing the approximate solution f Recall that for each NV € N, we want to construct
f such that f € WN+T1°(dndf). We take the following form for the function f

N
F0,0) =ANRi+ (1 - An)Ro+ > ciFy, (4.10)
k=1

where the coefficients ¢y, ...,cny and Ay will be chosen so that fhas the desired regularity. Note that by
construction fsatisﬁes the half-space equation, and its incoming data 7L0 differs from hg only on [0, 2c,) U
(rm = 2a., 7.

Assume that ci,...,cn are given and satisfy

=o(1), (4.11)

N
> o (Fi) (0)
k=1

which we will show a-posteriori in Theorem for any finite N and e small enough. Define
N N
Gi(1,0) = Ri+ Y _ exFy, Ga(n,0) = Ry + Y cxFy.
k=1 k=1
We re-write (4.10]) such that
F(1,0) = AnG1(n,0) + (1 = AN)Ga(1,0) .
Then by (4.11)) and the bounds for Ry, Rs in Lemma we have

0 < (G1)(0),(G2) (0) <1.
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Therefore,
G1(0,07) = (G1) (0) = G1(0,77) = (G1) (0) =1 = (G1) (0) > 0,
G2(0,0%) — (G2) (0) = Ga(0,77) — (G2} (0) = — (G} (0) < 0.
Hence there exists a constant Ay = Ay (c1, - ,en) € (0,1) such that

A (G1(0,0%) = (G1) (0)) + (1= Aw) (G2(0,0%) — (G2) (0)) = 0. (4.12)
The properties of Ay are summarized in the following lemmas:

Lemma 4.5. Let Ay be defined in (4.12)). Then

N
Av = (F)(0) = ANG1+ (1= An) G2) (0) = po + > _ crpik (4.13)
k=1
where
B (Ra) (0) B () (0)
WETT R0+ (B0 TR O+ (R0 T

Note that by the estimates of (R1) (0) and (Rs) (0) in Lemmal[{.8 all the y;,’s are well-defined.
Proof. By (4.12),
ANG1(0,07) 4+ (1 = An)G2(0,07) = (AnG1 4 (1 — An) G2) (0).
where G1(0,0%) = 1 and G2(0,07) = 0. Hence,
Av = (AnvG1 + (1= An) Ga) (0)
= AN ((B1) (0) = (R2) (0)) 4 (G2) (0).

Solving for Ay then gives

N
VRN (1 NN 110 B < PN ;Y10
1= (R1) (0) + (R2) (0) 1= (R1)(0)+ (R2) (0) &= "1 —(R1)(0)+ (R2)(0)"
where in the last step the definition of G5 is applied. |
Following Lemma and the construction of fin , we have

N

£(0,0) = (£)(0)+> cpsin®  for 6 € [0,a] U[r — ac, 7). (4.14)
k=1

Next we choose the coefficients {cx }+_, such that f e WNtL>(dpdf), as in the following theorem:

Theorem 4.2. For any given family of Ry, Ra, Fi,, suppose f is defined by 4.14) and Ay satisfies (4.13]).
Then the system

~ ~ - ~ M—1 .
q_<ﬂ%ﬁ>@, CM_<ﬂwﬁ—zkl%mw>m%KW‘M_Z”HN_ (4.15)

sin @ sin™ ¢

has a unique set of {cx}N_, as its solution. These ci’s satisfy the bound

a " nal, k=1,2,
Cr —

O[;k+1 ) k > 3

(4.16)

and

lei (F3) (0)| =0(1),  |leiFi(0,-) | pee = 0(1),i 2 1. (4.17)
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Moreover, f determined by this set of {cy}a_, satisfies that f € WNTL.o0(dpde).

Proof. We divide the proof into four steps.

Step 1. First we reformulate system (4.15)). Using Lemma and the definition of fin (4.10]), the c1-equation
becomes

o = <>\NR1 + (1 — )\N)RQ + Zivzl cpFy — )\N> _ <)\N (Rl — Ry — 1) + Ry + Zi\;l Cka>

sin 6 sin 6

_ po(Ri— Ry — 1)+ Ry +§:c pr (Ry — Ry — 1) + Fy,
sin @ 1k sin '

For the ease of notation, we denote

HOZMO(Rl_R2—1)+R2, Hk:Mk(Rl_R2_1)+Fk for k=1,2,---,N. (418)
Then
N
Hy Hy
=(— . 4.1
“ <sin0>(0)+§ck<sin0>(0) (4.19)

Similarly, the cps-equation can be reformulated as

c <)\NR1+(1—>\N)R2+Z]kV_1 Cka—)\N—ZQ/[_llcksink9>
M =

sin™ ¢ ©0)

_ <u0 (Ri—Ry—1)+ Ry + Z,ivzl ek (R — Ro — 1) + Zszl el — E,i\/[:_ll ¢k sin® 0
sin

"y >my (4.20)

We will show that for € small enough, the system — is uniquely solvable. The strategy to solve
for cps’s is by inductive elimination.

Step 2. In this step we solve for ¢; in terms of c¢p;’s using (4 . By Lemma E 6| which is proved later, the
coefficient for ¢; on the right-hand side of - which is given by (- H 5) is of order O(a.). Hence, for €
small enough we can solve for ¢; from and get

N )
— _ <3519> (0) .

Cc1 _51,0+Zc’iﬁ1,iv ﬁl,i — T J Hi\/m’ 7’_072737"' ’N' (421)

=2 1- <sin«9> (0)

Denote
H; .

R =0,1,2.3,---,N. 4.22
Sl,’t Sil’le(o’o)’ ? Oa ) 737 ) ( )

Then each coefficient 8; ; has the form

(S1,1)

2L 20,2,3,---,N. 4.23
1—(S11) ( )

Bri =

In this notation , we have

N N N
1
<&°+§:%&k> 1@;ﬁ<&”+§:%&*>:&”+§:%&w- (4.24)

k=1 k=2 k=2
Step 3. In this step, we derive general formulas for c¢p; for M > 2. The formulas are inductive. We claim
that if we let S1;, 51, be defined as in (4.22)—(4.23), and let

Savi—1i — Br—1,i(1 — Syvr—1,m-1)
sin 6

(Sm,i)

S i = )
M, 1—<SM,M>

(4.25)

) ﬁM,i =
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for M =2,--- ,N,i=0,M,---,N, then

N N
1
cyp = <SM70 + E CkSM7]€> = 1050 <SM M> <SM,0 + E CkSM,k>

k=M k=M+1
N
=Buo+ > cwBux, M=2-- N-1, (4.26)
k=M+1
CN = ﬁN,O . (427)

Note that for to make sense, we need to show that (Sas ;) (0) is well-defined and (Sasa) # 1. These
will be proved in Lemma [£.7] and Lemma [£.8]

We now prove — using an induction argument. First holds for M = 1 by the definition
of Sy, in . Suppose holds for M. Then we check the equation for ¢p;41, which has the form

Crpal = <u0 (Ri—Ry—1)+ Ry + Zszl crpk (R — Re — 1) + 25:1 cuFy — Zkle ¢ sin® 9> 0)
41 =

sin™+1g

o (R — Ro = 1)+ Ra+ S0y cuptr (Ry — Ro — 1) + Sy i Fi — Yty cxsin® 6 oY
B sinM*1g sin 0

sin 6 sin 0

_ <SM70 +ZIICV:MC]€SM,]¢ —CM> _ <SM,0 -‘v-Ziv:MJrl ck)SM7k; +CMSM,M — CM>

B <SM70 + Ziv:M_H CkSMJq; — m <SM,0 + Z;ICVZM_H CkSM,k> (1 - SM,M)>

sin 0
(Sm,0) (Sn,k)
_ [ 540~ Ty 1= S\ i\’: o {52k = Sy (1= Saer)
sin 0 W AT sin 0 '

Hence (4.26]) holds for M + 1. Therefore it holds for any M > 1. We can then solve for c¢y,cn—1, -+ ,c1 in
order, which proves that there exists a unique set of {c,}_; such that ([4.15) and (4.14) hold.

Step 4. By the estimate of 857; in Lemma we have
Bark = O(aFt2=M) = o(1), E>M.

Therefore, by (4.26]) and (4.27)), we have

e1= O (Bro) = O (Ima) 0220(52,0)20(;|ln0¢e|>7 ci=0(,6i,o>=0( }_1)7 i>3.

€

Hence for £k =1,2 and i > 3,

e (F) (0] = 0 (2 nal) , e (F) (0)] = O (o F1H41) = 0 (2)
lexFi(0,) lpw = O(aclnacl),  eFi(0,) e = O (a7 ) = O (ar)

€

which proves (4.17)). O

Now we prove the lemmas applied in the proof of Theorem

Lemma 4.6. Let Hy be defined as in (4.18]). Then
H
(a) the integral <s1nk9> (0) is well-defined for all k > 0.
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(b) For any M > 1, we have

H, 0, 0 € (0,a)U(m—ac,m),
sin™ ¢ O (sin™™6) = O(a;M), 6¢€ (ae,m—ar).
Moreover, if f is the solution to the half-space equation with incoming data Siff‘}e, Then
O (p=rmad), M=12,
1) (O)f = ‘
O (=) M>3.
(c) For any M > 2 and 1 < j < M — 1, we have
H: — sin? 0, 0 € (0,a)U(m— ae,m),
L v (000 ) (4.29)
sin™ 0

O (sin™ M%7 9) = O(a7 M), 0 € (ae,m— ).

Moreover, if f is the solution to the half-space equation with incoming data H;%W, Then

O(ad™™*1), M>3, 1<j<M-3,
() (0)] = (’)(a%ﬂnae\), M>3, j=M-2,
O (na.l) , M>2, j=M-1.
(d) For any M > 1 and k > M, we have
HA,; _ O(af=M) 0 € (0,20) U (m — 20, ), (430)
0 | oM+, 6 e (20,7 —2a,).

sin
Hence by Lemma if [ is the solution to the half-space equation with incoming data SH{IT’}H, Then
[(N0) =0 ™), M>1, k>M.

at

H, H
Proof. (a) In order to prove that the integral terms < - k9> are well-defined, we show that each — k

sin sin
7 = 0 is bounded on (—m,7) for any k > 0. By the definitions of Ry, Ry, and F}, each Hy is a solution to

the half-space equation. Moreover, by the definition of the u;’s, we have

1
Hy) (0) = Ry)(Ri—Ry—1)—(Ri—Ry—1)R =0.
(Ho) (0) 1—<R1>(0)+(R2>(0)<< 2) (Ri = Ro —1) = (R1 = R2 — 1) Ra) |, _,
and
1
Hp) (0) = FY(Ri—Re—1)— (R — Ry — 1) F, =0 kE>1.
(Hp) (0) 1—(R1)(0)+<R2>(0)<< k) (R1— R —1) — (R — Ry — 1) k>|n:0 , >
Therefore,
Hi(0,6)  Hg(0,0) — (Hyg) (0) OH},
_ _ - ... N. 4.
sin 6 sin 0 on 0,6), k=0,1,---,N (4.31)
By the maximal principle, since an solves the half-space equation, we only need to show that the incoming
H
data for OHy is bounded for # € (0,7) (its bound depends on ). By the definition of Hy, Ry, R, F), we
n
have
s . ) — 10(0.0) el il 00 = 2200 =0, 0 €(0,a)U(r—aqm),
00 T s o) -0(2). e(aur

Qe
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and for each k& > 1,

8H’<‘ Hy(0,0) [ttt i - BOD — 0 (sinfF 1 6) . 6 € (0,200) U (7 — 2ac,7)
O im0 S0 | s 000 _ o (%0) =0 (aF) € (2007~ 200),

which shows 6;7[7’6 € L*°(dndd) for any k > 0. Therefore < 8557’“ > (0) is well-defined.

(b) The bounds in (4.28)) follow directly from the definition of Hy. If M = 1, then by (4.8) in Lemma

we have
+(|lna€\)1/2/ sin 6
L> [eY

€

Hy
sin 6

Hy
sin 6

9 1/2
() (0)] < Co [ v [In e d9> = O (na) .

If M > 2, then by (4.9) in Lemma we have

1 T— e
+ — sin 6
Lo Qe Ja,

Mo
sin 6

H, ‘de): O(Lmad), M=2,

[{f)(0)] < Cy (ae Mg O(ﬁ) , M >3.

(c¢) The bounds in (4.29) also directly comes from the definition of H;. For the bound of (f)(0) when
1<j <M -2, we have

HHj —sin’ 9

Hj—sin]ﬂ O(CYZ_M+2)’ jSM_g,
sin™ ¢ ‘

:O(OZ‘Z_M) y / B ESinQ 7]\49 do

Lo=(0,m) c s

Hence by (4.9)) in Lemma we have
O(a M), M>3, 1<j<M-2,

O (lna), j=M-2.

£l =
10 O(a%ﬂnae\), M>3, j=M-2.

In the case when j = M — 1, we have

. 1/2
1 T— Qe L aind 2
:O() , / sin 6 HJAS/[mQ’ de :(’)(|lna6|1/2) .
Lo (0,7) Qe a sin™ 6

€

HHj —sin’ 9
My

sin
Thus we have |(f)| (0) = O (|lna|) for j = M — 1.

(d) First we have
Hk (Oa 0)

sinM ¢

n=0
If 0 € (ae,2ae) U (m — 2ae, ™ — @), then we have

H,(0,0) 1 (Fi) (Br —Ro = 1) = (B — Ry — 1) ) — O(aFM)
sin™ ¢ 1 —(R1)(0) + (R2) (0) sin™ ¢ € ’
since 0 < Fj, < af and (F},) = O(a¥f*?) for k > 1. Lastly, for 0 € (2a., 7 — 2a.), we have
H(0,06) _ 1 (Fr) _ O(Oz]:_M+1),

sin™ ¢ 11— (R1) (0) + (R2) (0) sinM ¢
where once again we have applied (Fy) = O(a**1). Hence, by Lemma [4.3| we have

(H(0) =0t M),  k>1.
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In the following lemma we show that (S ;) is well-defined for any M =1,--- N and i = 0,M,--- | N

and derive its explicit bound.

Lemma 4.7. Let Sy and B, be defined in (4.22), (4.23), and (4.25) for each M = 1,---,N and
1=0,M,--- ,N. Then

(a) each Sar,; is the restriction of a solution to the half-space equation at n = 0.

(b) There exists 7]5\/“ with 1 < j < M — 1 such that

H; —4—21 1 775\31)1 (Hj —sin’ 0)
M 0 ’

where the case with M =1 reduces to 775?2 = 0 or equivalently,

H,
S =—-. 4.33
L sin @ ( )

Sari = i=0,M,--- N, M>1. (4.32)

sin

(c) Each (Sn;) is well-defined.
Proof. (a) The case where M = 1 is proved in Lemma In general, we assume that Sjy; is the restriction
of a solution to the half-space equation at n = 0 and (Sa,;) is well-defined. Then by (4.25),

Swaryi — Bui(1 — Sarm) ‘ Baps = (Sn.i) (0)
sin 0 =0’ M (S (0)

Suppose T ; is the solution to the half-space equation with Sys; = T l| fori = 0,M,---,N. Then

Snry1,i =

T — Ba,i(1 —Thagar) is also a solution to the half-space equation. Moreover by the definition of Bar ;,

<SM,i*5M,i(1*SM,M)>:O, t=0M+1,---,N.

Therefore,
g _ — Bar,i(1 — Sarar) — (Saai — Bari(1 — Sar,r))
M+1,i = .
sin 0 n=0
= 2 (Tags— Buaad ~ Tau)|
= gy (Tha = Pars )|

0
Therefore Sps41,; is the restriction of the half-space solution o (Tas — Bai(1 —Tarar)) to m = 0. This
n

finishes the induction proof.

(b) We prove (4.32)) inductively. First, M = 1 holds by (4.33) and by setting 775?2-) =0for1l<i<N. Assume
that (4.32)) holds for M. Then by (4.25)), we have

Saryi — Bui(1 = Swrm)

Sai1i = ‘
Mo sin @ n=0
H + Z] 1 775\31)1 (Hj —sin’ 0) + B (HM + Zj L n](\Z)M (H; — sin’ 0) — sin™ 9)
B sinM*tg

_H, + oM 0 (H; — sind 0)

sin™+1 g ’
where
G) 775\]4)2+ﬁM177§\i[)M7 i:()vM"_]-v"‘?Nv j:172a"'7M_1, M22a
MM+, = (4.34)
B, s t=0M+1,--- N, M>1.

Therefore by induction (4.32]) holds.



22 QIN LI, JIANFENG LU, AND WEIRAN SUN

(c) Now we use (4.32) to show that each Sjs; is bounded. By its definition, we only need to check the
behaviour of Sy;,; near = 0, 7. The case M = 1 has already been shown in Lemma In general, first, if
i =0, then

H() + Zj\/izl 775&),0 (HJ — sinj 9)

Smo = :
sin

Recall the definitions of Hy, H; in (£.18). We have
Swmo(0) =0, 0 € (0,a)U(m—ae,m).
By (a) and the maximum principle, we have that (Sas,0) (0) is well-defined for each M > 1. Similarly,
 Hi+ Z]M:Il 771(\]4)1 (H; — sin’ 0)

Smi = 7 =0(1), 0e0,a)U(m—aem), i>M.
sin™ 6

Hence (S ;) (0) is well-defined for M > 1 and i =0,M,--- , N. O
In the following lemma we show more explicit bounds of (Sar;) and Bas ;.
Lemma 4.8. Let Sy and Bu s be defined in , Let
0 =0, i=0,12-- N.

Then
(a) For M >1,i > M, and 1 < j < M — 1, we have

(Sni) = 0@ By = 0@, ) = 0 (i) (4.35)
with n§?2 =0 when M = 1.

(b) If i = 0, then we have for M = 1,2,

1 1 ; .
SM,O = O (O/W—l |1H ae) ) ﬂM,O = O <a1\/1—1 1HO¢€|) ) 771(\]4)70 = O (a;jJrl |1H O‘e‘) ) (436)
while for M > 3,
1 1 : O (a7 nacl), j=1,2
Sy =0 <M_1> ; Baro = 0O <M_1> ; 7]561)70 = _ (4.37)
Qe Qe O (aj7™t) 3<i<M-—1.

Proof. (a) We use an induction proof to verify (4.35). The base case M = 1 satisfies

N _ (5mg) (0) 0) _
Li = o ﬂl,i—m, mi =0,

By Lemma [£.6] we have

i=1,--,N.

(S1,) = O(al), Bii = O(al) i=1,---,N.

€

Thus the base case is verified. Now suppose (4.35) holds for M > 1 and we consider the case M + 1. First
we estimate the size of 775\31)“,1" By (4.34),
M i—
771(7\4421,1‘ = Bum,i = O (al My
and
Mirs = 030 + Baranif g = O (a7 7H1) +0 (a7 MHHMZIH) = 0 (94

fori>M+1and 1 <j <M — 1. Thus the estimate for 771(\]4.)+1,z' in (4.35) holds.
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Using the bounds for 775\2)“,1‘ and (4.32)), we can now bound (Sar+1,;). Since Sar41,; is the restriction of
the half-space solution Tis1,; to 77 = 0, we can apply Lemma [4.6] together with the linearity of the half-space

equation to get

€

M-1
[(Sar41,0)] = O (ai7M) + Z O (a7t (ai_M) =0 (ai—M) -0 (ai_(M"’l)"'l) .
j=

Moreover, since Bar+1,; = O(|(Sm+1,4)]), we also have
Br1,i =0 ( M+1)+1) .
This shows all the bounds in (4.35) holds for M + 1, which proves that (4.35) holds for all M > 1.

(b) Now we check the case where i = 0. Since the bounds in Lemma [4.6(b) are slightly different for
M = 1,2, we first treat these two cases. If M = 1, then

HO <sm9 (0)
= — = =0
L0 = o Bro = - <sma(0)> ) ™M,0 ;

By Lemma we have
[(S1,0)] = O (Inae]) ,  Bro=0([{S10)]) = O(na),

which proves the case when M = 1. Next we check the case where M = 2. In this case, we have

1y =Bio=0(mal) .

Recall that
Hy + 7’](1)(H1 —sinf)

2,0
Soo = —5
sin“ 6

Then by Lemma [£.6] we have

1 1
[(S2,0)] = O (a |1na5|> + O (lna])O(nal)=0 (a |lna6|) .

1
52’0 = O ( |1I10[€|> .
Qe

Now we use induction to prove the case when M > 3. The base case is M = 3, which by (4.34) satisfies

1
0 =520 =0 (L mad ) o ol =3+ Baonfd = O (e + 0 (- maul ) Oa) = O (mad)

€

This further gives

Recall that
(1) o (2) a2
. Hy + 13,0 (Hy —sin®) + 13,0 (Hq —sin” )

sin® 0

By Lemma we have

(Ss0)| = O <;2> +O(Ina)O <; |lna€|) +0 ( |lna6|> O(ma)=0 (;) .

This implies
1
m=0(5)
Therefore (4.37) holds for M = 3. Assume that (4.37) holds for M > 3. Then for M + 1 we have

1 _
775\2/{21’0 = ﬁM,O = O (Oé]wl) = O (ae M+1) .
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For j=1,---, M — 1, it holds that
77§\f2+1 0= 77M0 + B, 077(]) =0 (o) +0 (Oé]\;—l ' O‘yﬂl) =0 (a7, jz3,
771(\4)+1 0= 775\40 + B 077M)M o (0‘ A |In cve |) +0 (aj\;l 'aéw_jﬂ) =0 (ae_j+1 \lna6|) o J=12.
This verifies ) for 77M+1 o- Now we check the size of Siry1,0. By 7 we have

Hy + Z] 1 7}1(6[)+1 0 (H — sin’ 9)

Smt1,0 =

M1
sin 0
(4) j (J) M
Hy T]M+10(H sin’ 0) Mifg1,0 (Hj —sin 0) (Har — sin™ 9)
sinM+1 g +Z WM + Z nM+1y "' E: WM+10—M+1
0 = 0 = sin Pyl 0

M—-1
:o(a;M)+Zo(a;j+l o) O (™) + 3" 0 (a77) 0 (™) + O (a7 M) O (IInacl)
7j=3

j=1
=0 (aE_M) .
This further implies
Brrsno =0 (=

M+1,0 — O{M .

€

Therefore (4.37)) holds for M + 1. Thus it holds for all M > 1. O

To prove the bound in Theorem we first recall the L?-bound of solutions to the half-space equation.

These are classical results and one can find their proofs in [11].

Lemma 4.9. Let f be the solution to the classical half-space equation with source g, incoming data hg, and
end-state fo. Then f satisfies the bounds

K 2 i . % 2 p 2
[e"7(f = fo) ||L2(d77d9) <C </0 hg sinfdf + [[e*7g HL2(dnd9) + [le™"g ||L°°(dnd9)) )

2 2 2
" (f = foo) Izoo(anagy < C (Hho Lo 0,m) T 1€ g 122 an agy + €% I Loe (an an)
where kg is the same decay constant as in Lemma[2.3
Now we can finish the proof of Theorem
Proof of Theorem[{.1 We divide the proof in two steps.
aMJ? MY
Step 1. Bounds of — an 257 - Since each G
in either L™ or L2, we only need to study its incoming data. By Theorem we have a unique family of

is a solution to the classical half-space equation, to show its bound

cr’s which gives that
£(0,0) )+ ch sin® 9 for 0 € (0, ) U (m — e, ), (4.38)

and the incoming data ho only differs from hg by order O(1) on 6 € (0, o) U (7 — ce, w). By our construction,

we have
Tyt () - S ausinto
O In=o0 sin™ 9
ZN Ck sin® @ N-M )
= (*1)1\41624/[—1\/](9 = (*I)M Z Ch+nm Sin” 0, 0 € (0, a0) U (m — ae, ) (4.39)
sin

k=0
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for M =1,2,--- ,N and
6N+1f

877N+1 ‘77=0 =0, AS (Oa ae) U (7T - 046777) . (440)
Moreover,
oMy — (—1)M f={f) =i csin® 0
oM In=o sin™ ¢
s n M-1
= (—1)Mf <f> — M Z ¢y, sin® 0 € (m—ae,m) (4.41)
sin™ —

for M = 1,2,--- ,N + 1. Equations (4.39 - 4.41]) together with the bounds of ¢ in , show that at

n=0,
In addition,
s T™— 0

2
/ sinedez/ ' sin9d6+/ sin9d9—|—/
0 0 T—0e «

We estimate the three terms on the right-hand side respectively. Estimates for the first two terms are similar
and we only show the details for the first one. By (4.39)) and (4.41)),

~12
/ae aMf
0

oM f

1
o ——-(0,7) 0( ) M=1,2- N+1. (4.42)

OéM

L (0,m)

oM 7|’

onM

oMf
onM

M~2

onM

oM 7|’

o sin6dé .

=7 (0,0)

€

onM

N-M q. ,
sinfdo <2 Z / |Ck+MSink6" sin 6 d6
k=0 /0

N—M
-0 < Z O[6_2(k+1\/[_1)+2k+2 |1H ae|> -0 (a;2M+4 HI’IOZCD

k=0
and
T 8Mf2 T 1 M— T—ae
—=| sinfdf < C - de+C 2 / sin2k—2M+1 g qp
/ae onM h /a sin?M-1¢ ; k
O(nea)+ X050 (a?z<k71)+2k72M+2 |lna€|) =0 (lna), M=1.
O <a€—2M+2) + 22/1:—11 o (a;2(k71)+2k72M+2 IIn Oéel) -0 (a6—2M+2) . M >2.
Therefore,
oM f O(hnea), M=1,
/ a—A{(O, 0)| sinfdd = ( D (4.43)
o |9n O (a7, M>2.
By Lemma we obtain that
~ 2
M M O(lnas), M=1,
0”% A{ < O g A5(0 0)| sin6df = (e (4.44)
T 2 ana0) 0 O(a;M)y, M>2.

By (4.42) and Lemma [4.9] again, we have

o7 aM}v
onM

=0 (a;M)y, M=>1. (4.45)
Lo (dnde)
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Step 2. Bounds of g;v—;f and mixed derivatives. Next, we check the regularity of fwith respect to 6 and all

the mixed derivatives. These will be based on the regularity in 7 in Step 1. The main strategy is still the

induction proof. First we check the case M = 1. In this case, 9 gatisfies the equation

00
sin@2 a—f a—f— —cos@a—f
on \ 90 00 on’
of ~
%\nzo = hy(0), 6c(0,n),
of
%%0, as n — o0.

The estimates related to the incoming data Eg(e) are as follows. First,

I =0 (a]l) . 4.46
‘ Ol oo (0,m) o) (4.46)
Second,
Qe | 2 N Qe
/ hg(e)‘ sinfdf < 22/ cik?sin?* "1 g cos®> 0d = O (a;Q(k_1)+2k |lna€\) =0 (a? Ina). (4.47)
0 = /o
Similar estimate holds for 6 € (7 — «., 7). For the part where 6 € (ae, ™ — ), we have
T—Qe | 9
/ hg(e)‘ sinfdf = O(1). (4.48)
Hence,
L 2
/ hg(e)‘ singdf = O(1). (4.49)
0
Applying (4.42) for M = 1, we have
o7
e”on—f = (9(|1na6|1/2).
L2(dndf)
Therefore,
3M+k]’5 12 6M+kJ’F 1
ron 21 = O(lna |"?), mon &___J_ ==, M+k=1.
DM o0F (e ) oM o0F o +
L2(dnd6) Lee(dn do)

Hence the base case where N = M + k = 1 is verified.

For general M > 1, we have shown the bounds of g:ﬂ{ in both L? and L> norms in Step 1. Suppose (4.2))
and hold for N — 1 with N > 2. Now we show that f € WN+1.2°(dndf) and it satisfies the bounds
in and . We use a further induction on the order of the derivative of 8 for this fixed N. The
base case k = 0 holds due to and . Assume that the bounds and hold for (M, k1)

satisfying that

Mi+k=M+k=N, M <M, M>1.



VALIDITY AND REGULARIZATION OF CLASSICAL HALF-SPACE EQUATIONS 27

g
We then check the case (M — 1,k + 1). The equation for W is
0 oNf N f
05 (8?71”‘159’““) o TTggErT — CMLk
oNf ortt [oM-1f
GGG lnmo = 5T | T | - 0 €O,
oNf
W —0, as 17 — 0o.

where

okt oMfP\ 9 oNf
GM*I,]C#’l = 89k+1 Slnaaﬁ]\/j —SIHGFT] W ’

where by the induction assumptions Gar—1 k41 is bounded by

—N+1 12y, e G rr—1 k41 e (agagy = O (™) - (4.50)

HBROUGM—Lk-i-l HL2(dnd0) = O(O‘e |lna6|

Meanwhile, the incoming data satisfies

e (W-lf) (i 28 (f — (=Y e sin”))

o0k+1 \ gpM -1 9Ok +1 sinM-Tp

M1 gk+1 [(ktl .
= (_1) B 89k+1 ZCH’Mfl San 0 I 0 € (07 aﬁ) U (7T - O[€77T) :
=0

Therefore,
~ |2
Qe 3k+1 aMflf ) ) N ,
/0 9gh+1 (8771”_1 sinfdf = O (cyo?) :(9<ozE [In o ) :
Similar estimate holds for the integration on (7 — ae, 7). For the part where 0 € (ae, ™ — ), we have

Gh+1 <6M1J?> L gk+1 (f_ <J?> _ Ef\ifz ci sini9>

89k+1 aanl 89k+1 M-1 0

sin

Lo F{f) _oRt (2
= (D" g <sinM—19 — DM g | 2o eosin MO )

1=1
T—ac | gk+l aM—1J?
/a opk+1 \ pM—1

€

T— Qe 1 T— Qe 1
<C - d9+C / A0 =0 (a2 |Ina,)) .
/a sin?V-1g “ a sin?V 3¢ (a o o |)

™| gk+l [ gM-—1 J"c'
/0 9ORFT \ Gpi—1
Combining with (4.50]), we have

oNf
8771M— 1 69k+1

Therefore,
2

sind dé

€ €

This gives
2
sinfdf = O (a7 |lna|) ,

oNf

efon S —
877M_ 190k+1

Kom

1 1/2>
=0 In a, ,
(aﬁ\'_l I o

L2(dnde) L~ (0,m)
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: " (f-<f>)/sing
Lo i . O: W
4 3 2 1 2 1 2 3 4 -4 3 2 1 ; 1 2 3 4
FIGURE 1. Left plot shows f;, f2, and their convex combination F'. Right plot shows the
blow-up of 9, f1, Oy f2 and the boundedness of 9, F".
where M + k = N. This proves the induction for k£ + 1 and for any arbitrary N € N. We thereby finish the
proof of Theorem (|
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FIGURE 2. Left plot is for the L? error. Middle plot is for the error between the two
end-states. Right plot is for the L° error.
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epsilon = 35
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Ficure 3. Difference of the classical and the e-Milne equation along the ray (n,0) = (ne,€).
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FIGURE 4. Left plot is the solution to the classical half-space equation at 7 = 6. Right plot
is the solution to the e-Milne equation at n = 6. These can be viewed the end-states of the

two equations.
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FicURE 5. Left plot is the solution to the classical half-space equation. Right plot is the
solution to the e-Milne equation.
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