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Abstract. We establish a low Mach number limit for classical solutions over the whole space
of a compressible fluid dynamic system that includes dispersive corrections to the Navier-Stokes
equations. The limiting system is a ghost effect system [26]. Our analysis builds upon the framework
developed by Métivier and Schochet [20] and Alazard [2] for non-dispersive systems. The strategy
involves establishing a priori estimates for the slow motion as well as a priori estimates for the fast
motion. The desired convergence is obtained by establishing the local decay of the energy of the fast
motion.
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1. Introduction. We establish a low Mach number limit for classical solutions
over the whole space of a compressible fluid dynamic system that includes dispersive
corrections to the Navier-Stokes equations. The limiting system is a so-called ghost
effect system [26] which is not derivable from the Navier-Stokes system of gas dynamics
but is derivable from kinetic equations. This work is part of a program [16, 17] that
aims to identify fluid dynamic regimes and to construct a unified model that captures
them all. Such a model can also be useful in transition regimes when classical fluid
equations are inadequate to describe the dynamics of fluids while computations using
kinetic models are expensive.

The governing equations for the dispersive system (DNS) under consideration are
as follows

Op+ V- (pU) =0,
Ou(pU) + Vi - (pU @ U) + Vop(p,0) =V, - X+ V, - 2,
Oi(pe) + Vi - (peU + pOU) =V, - (SU — q) + Vi - (U +§)
(U, 0)(2,0) = (p™, U™, 0™)(x),

(1.1)

where (p(z,t),U(x,t),©(x,t)) denote the density, velocity, and temperature of the
fluid at time ¢+ € RT and position z € R? respectively, whereas p = p(p, ©), ¢ = q(O),
¥ = X(U,0) denote the pressure, heat flux, and viscous stress tensor respectively
with

p(p,©) =pO, ¢q(O©) =—k(O)V,0,
and X is the stress for a Newtonian fluid
2
¥ = a(0)(V,U + (V.U)T — g(vyc -U)I).
The total energy density is given by
1 3
= —p|UJ|? + =pO.
pe=5plUI" +5p
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2 A Low Mach Number Limit of a Dispersive Navier-Stokes System

The quantities ¥ and § denote dispersive corrections to the stress tensor and heat
flux respectively and are given by

2 =71(p, 0)(V26 — 5(2,0)]) + 72(p, ©)(V,0 @ V., — 5|V, 0[]
+73(p, ©)(VaU (Vo U)' = (VU)'VRU)
G = 74(p,0)(AsU + 3Va Vi - U) + 75(p, ©)Vu® - (VuU + (V. U)" = 3(Vi - U)I)
+76(p, ) (VuU — (VaU)T) - V2O

Here we assume that the transport coefficients 7,--- ,7 are C'°°° functions of
their variables and 71,74 > 0. By linearizing the DNS system (1.1) around constant
states one can see that the coupling of V, - ¥ and V, - ¢ forms a dispersive relation.

Compared with the original system derived from kinetic equations in [16], system
(1.1) is simplified in that terms involving second order derivatives of p are not included
within V,, - ¥ and V: - 4. In fact, unlike second order terms in © and U within these
dispersive terms, which can be controlled by the diffusive regularization, the state of
the art at the moment does not allow control of the second order terms in p. This is
due to the fact that p satisfies a purely hyperbolic equation.

One feature of the DNS system is that it possesses an entropy structure provided
the transport coefficients in ¥ and § satisfy

e, w2 7
(12 nER gter % <e2)’
such that
- VUV, # .2
5. Y9 g (Iiye. _Z2wr)).
iy =Y <2®vwe (V$U+(VwU) ~(V. 1) ))

Under assumption (1.2) one can show that the DNS system dissipates the Euler
entropy in the same way as the Navier-Stokes system. However we do not need
assumption (1.2) in this paper because we only consider local-in-time behavior of
the system. Indeed the low Mach number limit is established only by assuming that
T1,--- ,Tg are C functions of their variables and 71,74 > 0.

The ghost effect system can be formally derived from kinetic equations using a
Hilbert expansion method (cf. Sone [26]). This is a system beyond classical fluid
equations that describes the phenomenon in which the temperature field of the fluid
has finite variations, and the flow is driven by the gradient of the temperature field
[26]. Let (0,9, P*) be the density, temperature, and pressure fields of the fluid. Then
the ghost effect system in its general form is given by

Vz(0d) = 0,
0r0+ Vi - (ou) =0,
O(ou) + Vs - (ou @ u) + V, P* =V, 24V, %,
30,(p9) + 5pIV, - u= -V, - q,

(1.3)

where P* is the pressure, which is an independent variable for the ghost effect system.
P* can be viewed as a Lagrangian multiplier as in the case of incompressible dynamics.
The viscous and heat conducting terms are written as

¥ = (") <qu + (Vyu) T — g(vx . u)I> , q = —FR(9)V,0,
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where fi(9), R(9) > 0 are the viscosity and heat conductivity respectively. The thermal

stress tensor ¥ has the form

by

1
71 () (vfﬁ - §Aﬂ9 I> +7(9) (V¥ ® V9 — 3|V, 021)

where 71(-), 7o(-) € C°(R) are transport coefficients with 7 > 0. The term V,, - ¥
contains third-order derivatives and is not derivable from the Navier-Stokes system.

In order to derive (1.3) from (1.1) one introduces a small parameter € to (1.1). In
kinetic theory, € is the Knudsen number which measures the relative size of the mean
free path of gas molecules with respect to a typical macroscopic length. It satisfies
the von Karmen relation,

Ma
€oxX -

Here Ma denotes the Mach number which is typically used to compare a typical flow
velocity U, with a characteristic speed of sound ¢ and is given by

(1.4) Ma = ~ret

c
and Re is the Reynolds number. If one considers a fluid regime where the viscous and
inertial effects are comparable to each other, then the Reynolds number is of order
one. In such a regime, € and Ma are of the same scale. We thereby use € to denote
the Mach number in this paper. In accordance with the kinetic theory of fluids

i = €fi, k= R, =€, i=1,---,6.

For the derivation of the ghost effect system we need to focus on the physical regime
in which

pr0+0(€)7 UNO(E)a Vx@NO(l), p:p@a

where pg is a constant. The existence of solutions to dispersive system (DNS) is
established for the case where p and 6 are close to constants at infinity. Therefore
in our case the limiting pressure ¢v will be a constant that is independent of time.
Without loss of generality, we fix this constant pg as 1. Thus, we consider the case
when p is around 1 while © has a finite variation. To emphasize the dependence of
(p,U,©) on €, we denote the solution as (p., Ue, ©.) and the pressure as p.

In order to ensure the positivity of both p. and ©., as usual we write (p, U, ©,)
as

(1.5) pe = e Ue = eu®, 0, =¢", pe =€’

where the superscripts denote the fluctuation functions. In this regime, a longer time
scale needs to be considered in order to capture the evolution of the fluctuations,
namely

(1.6) t=—t.

€
For simplicity we subsequently drop the hat from # and use ¢ in the system for the
fluctuations. The dispersive Navier-Stokes system (1.1) thereby transforms into its
scaled analogue
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%(8t+u€~vw)p€+%vw . (us— %e‘efaem(GE)Vw@e) = %ee‘epE ((E—i—i) :Vyut+V, -(j)
+3e P R(0°)Vup® - Vi

e~ (O +ut - Vp)u + 1Vpf = e (V,- 2+ V,-2),
(1.7) . et ( )

3 (D4 V)04V, u = e2e =" ((E+S) :vmu€+vz-q)
_e—epe vz q,
(p,us,0°)(x,0) = (p*, ul, 61")(x) ,

where the constitutive relations inherited from those for (1.1) are

O =e", q=—r(0)V,0°, X =p(0°)(Vou+ (Vou) — 2(V, -u)I) ,
5 = 7 (epf, 6°) (V265 — 1(A,091) + ma(epf, 0°) (Vb @ V,6° — 1|V, 6°21)
(1.8) +€27—3(6p67 6‘6) (une(vzue)T - (V:L’UE)TVJCUG) ’
q = 1a(ep®, 0°) (Awue + %VJCVI -ue) + 76 (€ps, 6°) (VluE — (unE)T) -V, 0°¢
+75(ep, 0°) V0 - (Vous + (Vou®)T — 2(V, - u)I)

while
/{(95) = FL((—)C) O, /”L(ae) = ﬂ(®e) ) Pe = e/@e =P )
19) (@ 0) = Fi(pe ) O (e, 0) = Fa(peO0)
' T2(€p€’9€) :7:1(p57 e) (—)6+%2(p67®6) 927 T3(€p€79€) = %3(p67(—)€)7

7'5(51967 96) = ~5(Pe7 @6)66 5 7'6(61067 96) = %G(Pm @6)96 .
If we assume that for all indices o = (a1, @9, a3) such that |a| < 3,
(1.10) (Vep©, V2us, V209 (t,z) — (0, VSu, VIO)(t, x) as € — 0,
then (1.7) converges formally to the system
Ve (Bu—k(0)V,0) =0, i
(1.11) e (u+u-Vou)+ Vo P =V, S+ V, 3,

where P* is the pressure which is an independent variable. By (1.10) we have

(1.12) ¥ = p(0) (V_Tu + (Vmu)T — %(Vx . u)I) , q=—k(0)V,0,

' Y =1(0.0) (V20 — 1A,01) + m(0,0) (Vo @ V.0 — 1|V,01°1) .
Here p(6) is the viscosity, x(0) is the heat conductivity, and 71 (g, ), 72(0, ) € C° (R x
R) are transport coefficients with 71 > 0 as defined in (1.9).

We can write the limiting system (1.11) in the form of a ghost system as (1.3) by
taking (o,u,9) = (o, u, e?) as the variables. System (1.11) then has the form

ol =1,
o+ V- (ou) =0,

di(ou) + Ve - (ou@u) + Vo P* =V, - X+ V, -3,
Vs - (Su—k(0)V,9) =0,

(1.13)
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where ¥ and % are defined in (1.12).

Our goal in this paper is to rigorously justify the above formal calculation of the
low Mach number limit from the dispersive system (1.7) to the ghost effect system
(1.11) in the whole space.

We remark that the investigation of singular limits of compressible flows over
bounded domains is physically relevant and presents new challenges in the analysis.
Unlike the cases involving the whole domain or exterior domains where acoustic waves
are damped locally due to dispersive effects of the wave equation [1, 2, 6, 20, 29], the
main obstacle in the treatment of bounded domains is the persistency of the fast waves
over these domains. Therefore in general one can only expect weak convergence of the
solutions. It is worth noting [7] that there are situations where strong convergence
can be achieved due to the interaction of acoustic waves with the boundary of the
domain, where a thin boundary layer is created to damp the energy carried by these
fast oscillations. This phenomenon has been observed for both asymptotics of fluid
equations and hydrodynamic limits of kinetic equations [7, 21]. It is therefore natural
to ask the question whether similar phenomenon happens for the DNS system. Before
trying to answer this question, one needs to know what are the physical boundary
conditions that should be imposed on the DNS system. These boundary conditions are
typically derived from the underlying kinetic equations so that they are compatible
with the given boundary conditions for the kinetic equations. Deriving admissible
boundary conditions for the DNS system, establishing the well-posedness theory of
this system and investigating its asymptotics over bounded domains are the long terms
goals of this program.

The outline of this paper is as follows. In Section 2 we introduce the space
setting and present main result of our article. In Section 3 we state the local well-
posedness theorems with brief explanations of their proofs for the dispersive Navier-
Stokes system (1.1) (or equivalently system (1.7)) and the ghost effect system (1.3).
In Section 4 we prove a priori estimates for the slow motion ¢ = (ep, eus, 6¢). In
Section 5 we prove a priori estimates for the fast motion (p¢, u¢) based on the bounds
derived in Section 3. In Section 6 we show the local decay of the energy of the fast
motion, and in Section 7 we show the convergence of (1.7) to (1.11).

2. Main result. Before stating the main theorem, we introduce the following
norms that appear naturally during the analysis.

DEFINITION 2.1. Let ag,0 be two constants and ag > 0. For each e,t,s > 0,
define the norms

Hl (p7 U, G_Q) ”
(2.1)

ot ol (1(p, ) ()| 12+ + [[A25F (ep, e, 0—0) (¢)]| sro+1)
t

Nl

t
T </0 (V2 (w, )T + IV AZH (ew, 0)[|77041) (T)dT> :
and

22)  lp,u,0-0)]

where H® = H*(R3) is the usual Sobolev norm such that derivatives up to order s of
a function are square-integrable. The invertible operator A, is defined by

es.0 = 10" u™) s + [AZ T (ep™, ew™, 07 =0) | gresr

(2.3) A= (I —A,)Y2.

for any € > 0.
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DEFINITION 2.2. Let (p¢, u€, 6) be the solution to (1.7). We cally = (ep®, eus, 6°)
as the slow motion because it varies on the time scale of order one. We call (p¢,uc)
as the fast motion because it varies on the time scale of order e.

The main theorem states

THEOREM 2.3. Let s > 6. Suppose that there exist positive constants My, 0, cq, o
such that the initial data of the fluctuations (pi®, u'®, 0'*) satisfy

IR ue, 0 =0)lle.s.0 < Mo,

(2.4) (0 —9, T(e=0 um)) — (A" —0, u®) in H*(R?),
0 — 0] < cola| ™77, V20| < colz| 7277,

where I1 is the projection onto the divergence free part of e“gienuien. Then there exists
T > 0 such that for any € € (0,1], the Cauchy problem for system (1.7) has a unique
solution

(p°,ut,0°=0) € C([0, T); H* (R%)) N L>(0,T; H**2(R%)) N L*(0,T; H* T3 (R?)),

for all s;1 < 3s + 1 and there exists a positive constant M depending only on T, M
such that

(2.5) I(p©, s, 6°=0)]

|e,s,T S M.

Furthermore, the sequence of solutions (p¢, u¢, 0) to system (1.7) converges weakly in
L>(0,T; H*(R®)) and strongly in L*(0, T; H,.(R3)) for all 8' < s to the limit (0,u,6),
where (u,0) satisfies the ghost effect system (1.11).

Our analysis builds on the framework of Métivier and Schochet [20] and Alazard
[2]. In [20] Métivier and Schochet proved the incompressible limit for the non-
isentropic Euler equations for classical solutions with general initial data. In [2]
Alazard proved the low Mach number limit for the compressible Navier-Stokes for
classical solutions with general initial data and in [3] he proved the low Mach number
limit for the compressible Navier-Stokes with general equations of state and a large
source term in the temperature equation. Due to the presence of the high-order disper-
sive terms, our result does not follow directly from [2, 3]. We need to take into account
of the anti-symmetric structure of those terms. Specifically, let U¢ = (p€, u€, ) be
the solution to system (1.1) and 1€ = (ep€, eu, 6¢), then (1.1) can be reformulated as

A0+ ue VU + Aa(§)U = AU+ R,

where A;(¢°) is a diagonal matrix, A(¢)U€ are formed by certain combinations of
the singular terms with the leading orders from the dispersive terms, Az(¢€)U€ are
the dissipative terms, and R includes the rest of the dispersive terms. In the case
of compressible Navier-Stokes As(¢€) is anti-symmetric. Here it is not readily anti-
symmetric but it is anti-symmetrizable by a certain symmetrizer matrix composed
of symmetric positive operators. Similar as in [2] we establish uniform bounds for
the solution by considering the interactions of its fast and slow motion parts. The
theorem for the uniform bounds states

THEOREM 2.4. For each fired € > 0, let (p,uc,0¢) € C([0,T]; H*(R?)) be the
solution to the scaled DNS system (1.7). Let

in Hin _

Q= u 0 = lesr, Qo=@ w08 ~0)e,s0-
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Then there exists an increasing function C(-) such that

(05, u, 65 —0) || o7 < C ()Y THICE)

which further indicates [20] that there exists To > 0 independent of € such that
1(p€, us, 0°=0)|||e,s,r are uniformly bounded in € over [0,Tp]. The proof for Theorem
2.4 in this paper is presented slightly differently from [2]. We directly derive bounds
for (p¢,u¢) without separating the frequency space into high and low frequencies.
Once the uniform bounds are established, the convergence of the solutions is shown
by directly applying the local energy decay method for fast waves in the whole space
[20].

3. Local Well-Posedness. In this section we state the local well-posedness
theorems with brief explanation of their proofs for the dispersive Navier-Stokes system
(1.1) and its limiting system (1.11).

The proof of the local well-posedness of (1.1) follows directly by classical energy
method for hyperbolic-parabolic systems. More specifically, although we have third-
order dispersive terms, the leading orders of these terms form an anti-symmetric
structure. Therefore they do not hamper the usual L?-H® estimates. The rest of
the dispersive terms are of orders up to two. Although this is the same order as
the dissipation, they do not introduce extra difficulties because they are of order
O(€?) while the dissipative terms are of order O(¢). When ¢ is small we have enough
control for these terms using dissipative regularization. Here we do need the viscosity
coefficient /1(0) and #(©) to be bounded away from zero when © is bounded from
below. This assumption is consistent with the forms of /i and & as derived from kinetic
equations. For most collision kernels, ji and 4 are in the form of ©Y where v > 0
depends on the specific type of the collision kernel. The local well-posedness theorem
states

THEOREM 3.1. Let s > 6. Suppose there exist two constants pg, ©g > 0 such that
the initial data (pi, U™, ©) satisfies that

(™ — po, U™, O —O0)| g (me) < Co.

Then there exists €g > 0 such that for any fired 0 < € < €g, there exists ag > 0
depending on pg,O¢ and Te > 0 depending on € and Cy such that (1.1) has a unique
solution which satisfies

pe € C([0, T H*(R?)), (Ue, ©c—60) € C([0, T]; H*(R?)) N L*([0, Te]; H*1(R?))

and

Te
[SUP] ||(Pea Ue, O, — 6O)HHS + aO/ Hvﬂc(UEv GE)H%ISH (T) dr <20 .
0,T. 0

We also need the well-posedness of the ghost effect system (1.11). Again local
well-posedness of classical solutions of this system can be established with the aid
of classical energy estimates for hyperbolic-parabolic equations. Note that although
there is a third-order term in 6 in (1.11) and there is no anti-symmetric structure to
balance this term, it still does not give rise to any major difficulty because the leading
order of this term is in the form of a gradient, which can be incorporated into the
pressure term. By doing so the rest of the terms can be treated as perturbations.
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Similar proofs can be found for combustion models and Kazhikhov-Smagulov type
models (see [10, 27] for example). The theorem states
THEOREM 3.2. Let s > 5 and 0 be two constants. Let the initial data (6™, u™)

satisfy that
(3.1) 0" —0 € H"TY(R?), u™ € H5(R?).
Then there exists T > 0 such that the ghost effect system (1.11) has a unique solution
(P, 0,u) with

0—0¢cC(0,T); HTHR)) N LA2([0, T); H*T2(R3)) N C>=((0,T) x R?),
(3.2) u € C([0,T); H*(R®)) N L2([0,T]; H*H(R3)) N C*°((0,T) x R?),

V.P € C([0,T); H2(R?)) N C>((0,T) x R?).

4. A Priori Estimates — Slow Motion. In this section we derive a priori
estimates for slow motions which varies on time scale of order one. Estimates in the
next section about fast motions depend heavily on those for slow motions.

4.1. Linearization. From now on, we drop the e-index for the variables. Con-
sider the following linearized system of (1.7), where we add forcing terms to each equa-
tion and linearize the system by replacing certain terms by a given state (po, ug, 0p):
(4.1)

1 = 2
%((‘% +uo-Vi)p + zvz(u — %h(epo)ﬁ(eo) Vxﬁ) = %eh(epo) ((Z + E) :Veug + Vi - q)
— 2h(epo)k(60) Vapo - Vil + f1,
1 .
9(60)(0r + o+ u+ - Vap=h(epo) (Ve - S+ Vo - £) + .
30y + o+ Vi) 0 + Vi - u=€2h(epo) ((z n z) 10+ Vs - q)
- h(epo)vx - q + f3 B
(p, u, 0)(x,0) = (p™, u™, 0™)(x),

q= _KJ(HO)VI97 h(Ep()) =e P ) 9(90) = 6_90 )
2 = 1(00) (Vou + (Vou)" — 2(V, - w)I) |
2 = 71(epo, 00) (V20 — 1(A.0)I) + m2(epo, 00) (Vb @ Vi — £(Vibo - V,.0)I)
+ e273(epo, 0o) (Vo) (Vaw)" — (Vo) Vou) |
Cj = 7'4(51307 90) (Azu + %Vzvm ' u) + 7—5(6p0a GO)VmOO . (Vzu + (Vru)T - %(Vm ! u)I)
+ 76(epo, 00) (Vou — (Vou)") - Vil .
Assume there exist two constants «aq, as > 0 such that
(4.2) 0 < a1 < h(epo),g(0o), 1(60), £(60), T1(po, 00), Ta(po, Oo) < e < 00.

We call (p, ) the fast motion and (ep, eu, 8) the slow motion, because (ep, eu, §) varies
on the time scale of order O(1), while (p,u) on the time scale of order O(e).
DEFINITION 4.1. For any s € RY, define the weighted Sobolev norm || - | rs+1 as

[wll gz 2 = el Vawll e + [[w]] e,
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for any w € HSTL(R3). By the definition of A. in (2.3), it is clear that

lwllaz ~ |Acwllzz

for any e >0 and w € H**!.
First we prove a linear estimate for (ep,eu,d) where (p,u,0) is the solution of
(4.1). To this end, we work out the system for

(43) (ﬁa ﬁ, é) = (Ep - 07 €u, 9) .
Algebraic calculation using (4.1) shows that the system for (p, i, 9) has the form
. A3 2
(0 +ug - Vi) + Evz “u=gefi —5fs,

1 1 A -
g(ﬂo)(at “+ ug - VE) u + vaﬁ + vae = h(Epo)vm -2+ Eh(epo)vm -2+ €f2 R

(4.4) 30 +ug - Vi) 0+ %Vw -4 = eh(epo) Vi - G+ €h(epo) X : Vi (eug)
+ h(epo)X : Vi(eug) — h(epo) Vs - q
+ /3,
(p,u, 0)(2,0) = (p™,u™, ™) (x) .
where
q=—k(00)Val, B =p(b) (Vaii+ (Vi) — 2(Va-)])

5 = ri(epo, o) (V20 = 5(Aa0)T) + 7a(epo, bo) (Vubo © Vol — (bl - ,0)1 )
+ 73(€po, 00) (Va(euo) (Vo))" — (Valeuo)) Viutt)
G = T4(epo, 0o) (Apit + 2V, V, - @) + 16(€po, 00) (Volt — (Vott) ") - Vb .
+ 75(epo, 00) Voo - (Vi + (V)" — 2(V, - @)1)
Note that the equation for p = ep — 6 is essentially the linearized density equation.

4.2. Linear Estimate for the Slow Motion. The L2-estimate for system (4.4)
states

THEOREM 4.2. Let (p,@,0) be a solution to the linear system (4.4). Then there
exist an increasing function C(-) and a constant ag > 0 such that

T
sup 5. . 0)r: + oo | IV,(d0) s (7)o
(0,7] 0

T
< Cro)e™ 0 ||(ep™, eu'™, 67|, + C(r) / (p, To(3efs = 3f3))| (r) dr
0

(4.5) . T
e / (a, To(efs))|dr + C(r) / 0, T fa)l(r) dr

T
+C(T) / ‘<63f27 \Illa+‘l/0a>‘ dTa
0
where the operators Ty, Ty are defined in (4.9) and the constants r,ro are given by

¢ = (epo, bo), 10 =10(0)| L=,
r= [SUP] ([[(@, Otd) [l 2.0, [[(0, po)llwiee) -

)

(4.6)
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Proof. The main structure of system (4.4) becomes more transparent by rewriting
it in the following abstract way. We use ¥; to denote i**-order homogeneous differ-
ential operator with their coefficients depending on (epg, eug, 8p) and their derivatives
up to the second order to obtain

—_

(O +ug - Vi)p + EV Sefi—2fs,
o1 1 . .
9(00) (0 +uo-Vy) 4+ EV =P+ EV 20 = h(epo)p(00) (Aot 5 Ve Va) G

+ 26V, Vo - (h(epo) 1 (€po, 00) Vib)
(4.7) +eWs(a,0) + Ui (2, 0) + €fs
%(&—I—uo-vw)é—l—évi-a:h(epo) (80) A+ W8 (i1, 6)+ 0 (4, 0)
+ 3¢ Vo (V- (h(epo)7a(epo, 00) Vo))
+ f3,
(p, i, 0)(x,0) = (p™, 4™, 0™)(x),

where

WY (i, 0) = h(epo) Va1 (epo, o) - (V20 — 3(A.0)I)
— 2V, (h(epo) T1(ep0, 00)) - (V70 + (A,0)1)
+ %h(epo) T2(epo, 00) Vo - vﬁé
+ h(epo) T3(epo, 0o) (Va(€uo) : Vit — Vi(eug) : Vo (Vo))
WY (i1,0) = —3€eV2 (h(epo) 71 (epo, o)) - Vab
+ eh(epo) Vs (€pos 0o - (vzeo ® Vel — (V0 - Vxé)l)
+ eh(epo) ma(epo, B0) - ((Aa60)V,6 — 1926, - V.6)
+ eh(epo) Vi73(epo, bo) - ((Vw(euo)) (Vwﬂ)T — (Vm(euo))T (Vggz]))
+73(epo, 00) (Au(euo) (Vo) = (VaVy - (euo)) Vi)
+ h(epo) Vapt(0o) - (Vots + (Vo) = §(Va - 0))
Wh(11,0) = h(epo) Vara(epo, 00) - (Ayti + 2V, V, - )
— 3Va(h(epo) Ta(epo, 00)) - (Va Vi - G + Aydl)
+ h(epo)Ts(epo, 00) Viubo - (Azti+ £V, V, - @)
+ h(epo)T6(€epo, 00)Vibo - (Al — V,V, - 1),
W4 (11,0) = eh(epo)(Vats(epo, o) @ Viullo) : (Vott + (V)T — 2(V, - 4)I)
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Combining the leading order dispersive terms with the singular terms, we have
(4.8)

1 )
(0r +uo - Vi )p = _ng i+ 2efy — 2,
R S 1 .
9(00)(0¢ +ug - V) 4+ Zpr = —sz ((I — %62V$ - (h(epo)T1(epo, 60) Vi) 0)
+ h(epo) (o) (s + Vi Vi) @+ €W4 (i, 0)
+ \I/u(ﬂ, é) +efs,
%(3t+uo Vx)é: _7v (( - é62v1:' ( ( (6p0790)vx)) ﬁ)

0)T.
+ h(epo) (00) Al + €4 (11, 0) + W (1, 0) + f3,
(., 0)(x,0) = (5™, 0™, 0™)(x).

Defining the operators T7, T, as
(49) Ty =1-2V, - (h(epo)m1(00)Ve),  To=1— 2>V, - (h(epo)Ta(60) Vi)

it is apparent that 77,75 are symmetric positive operators. Adopting this notation,
system (4.8) now has the form

9(00)(0 + uo - Vi) 0 Vmp
(4.10) +eW8(a,0) + U (1, 0) + €fs,
3 +uo- Vi) 0 + %vm (Tyi) = h(epo)k(00)Arf + € (a, 0)
+ UY(a,0) + fs,
(B, @, 0)(x,0) = (™, @™, 0™)(x)

(6t “+ ug - Vw) +
1 ~
~Va(T10) = h(epo) (o) (Ag + 3V Vi) @

In order to perform the L? energy estimate, we multiply Top, T, T} 10 to the equations
for p, ﬂ,é respectively, integrate over R2, and sum up the three integrated equations.
Note that although T}, T, are positive symmetric operators, they have variable coeffi-
cients. Thus they do not commute either with time derivatives or spatial derivatives.
To make notations shorter, let

1 (60) = Fhlern)r(epo.O0) . ga(en) = $hleon)rslepn. ). () = [ o

First, the time derivative term in the integrated p-equation is

5, Tup) = (0, Top) + (b, 0u(Tap)) = 2004p, Top) + (b, (00, To}f)

(4.11) -

where

[0, Talp = —€* Vi - ((Deg2(¢0)) VD) -

Therefore we have

(b [0 Tolp) | < C)eViblZ < 05y
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where C(r) = C1(]|0tg2(do)||L=) is a positive increasing function in its variable. The
definition of 7 is given by (4.6). Thus, we have

o d . R .
(4.12) (0D, Top) = %a@v Top) — 5(p, [0r, T2)P) ,
with
(4.13) (B, (04, T2]p)| < C(r) 1B F: -

The second term in the estimate for p is (p, T2 (uo - Vip)), which has the bound

|(B, Taluo - Vap))| < [(P, (o Vad))| + [(B, €V - (g2(d0) Va(uo - Vap)))|

where

(B, (uo - Vip))| = (V -uo) [p* da| < C(r) 1672,
and
(D, €V - (92(¢0) Vi (uo - VaD)))| = € |{Vab, g2(d0)Va(uo - Vah))|
<@ [ oa(60) ool Vi do 3¢ [ 19 (g2(0) uo) [Vl o
R3 R3
Therefore,
(4.14) |(B, To(uo - Viup))| < C(r) ([BlI72 + [1eVaplF2) < C(r) 1Bl F -

Here C(r) = Co(|luo|lwr.os, [|g2]lwiee)-
The third term in the estimate for the p-equation is

1 1
Adding (4.12), (4.14), and (4.15) together, we obtain
d ) 1 R N . .
(4.16) %d*@’ Top) + p (Top, Vi -u) < C(r) ||pH%r€1 + (P, Ta(Zef1 — 2f3))]

where C(r) = Cs([|0cgzlL=, [ (uo, g2) [[w.).

Next, we estimate each term in the integrated u-equation. First, the time deriva-
tive term is treated in the similar way as in (4.11). In order to make the operator
symmetric, we consider

%@, V9(00)T2(/9(80)10) >

(4.17) d
= (i Talo® o)) + <“ Vo), Tl(V/o00)) )
The first term on the right-hand side of (4.17) is

(i, Tolg(00)) ) = (01 To(g(00))) + (. 00 (Talg(60)0) )

(4.18) - z<a, Ta(g(00)000) ) — (D1, l9(6o), Tel)
)



A Low Mach Number Limit of a Dispersive Navier-Stokes System 13

where
(01, T2(9(00) )] @ = 8i(g(6o)) @ — €V - (Brg2(¢0) Vi (g(0o) )
— €V, - (92(00) Vi ((0r9(60)) ) -

Hence by integration by parts, the bound for <ﬁ, [Or, T2(g(00) )]ﬁ> is

(419) (@, [0, Ta(g(60) )

with C(r) = Cu([|Orgllwr.e, lgllwroe, 10rg2]| L)
In order to estimate ( Oy, [g(00), To]u ), first we write

< C(r) (lalge + leVatlgz) < C(r) [lalF; |

[9(60), To)t = €V, - (92(d0) Vay(0o) ® @) + g2 (o) Vg (0o) - Vil
2 (Va4 Voar) .

Here again ¥; and ¥, are homogeneous operators of order 1 and 0 respectively. By
the u-equation,

201 = —€%ug - Vi 1 — €g(00) " Vup — €g(00) " Vi (T10)
+ €29(00) " h(epo) (o) (Ay + 1V Vir) @+ € U5 (0, 0) + 2T (1, 0) + € fo
= —€eugy - Vit — €g(00) " Viup — €g(00) T Vo (T10) + EU%0 + S TYH
+ W0, 0) + .

The bounds for each term in <628t11, \11111> are

(o - Yoty Wri+ Woir)| < C) i3 + C) Va2

(eg(00) "'V, Wrii + Woit)| < C) €%} + C(r) 032 + Lo Tul 2

< ) IVL(Th6), \Irla+x1/oa>

< -1y, \Illu+\110u>’

(900071, - (91(00)V2h), Wri+ Woi)|
< C(r) (||ev 0132 + l1al3: ) + Saol Vuillfs + e C(r) (ledsallf + lleasdl3:) |

(W3, Wi+ Woi)| < C(r) (eVailda + leal?z) + Lao eAsil3,

(8028, i+ 00| < COr) (IeViitl3a + i) + e e, 03
‘<62\I’1(ﬂ,9), Ui+ \I/ou>‘ C(r) (leeiils + lleal3s + eV,013:) |
Combining these bounds we obtain
(v, 9(60), Talit)| < Cr) (eablZ + s + Vb2
(4.20) + Lao|[ Vo3> + taolleAsilF: + daolleALd]3
i ‘<€3f2, Uya+ \Iloﬁ>
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where ¢ is less than the lower bound of the viscosity coefficients such that the terms
associated with ag can be absorbed into the dissipation terms and € is chosen to be
small enough such that eC(r) < fap. Here

C(r) = Cs(lluollz=, (g, g1: g2)llwz, [lg™ | zoe, (170, h) lwra.oe) -
Combining (4.19) and (4.20), we have

(i, Ta((00)0,2) ) = 35 (i, Tola(00))) + (. [g(60), To)ov)

(4.21) t
— (i [0 Ta(9(00) )]

with

(. [o(00), Tolovit) | + |3 (i, 10, Ta(g(00) )]

< O(r) (Il + 1€Vl + 1Vl ) + Saol Vel

+ Jaolledilfa + faolled,dlF + (&, Wi+ Woi)| |

where
c(r)

= Co([|0egllwr.o, [0eg2]| o=, w0l o=, (g, 91, g2)lw2o<, [lg™ I zoe, [[(7a, ) lwroe ) -

The second term on the right-hand side of (4.17) is bounded in a similar way. By
integration by parts,

(. [V9(00). Tol(V/5(00)0) ) = € (i, 1) + €2 (i, Woit) = €2 (i, o)

where W, ¥ are homogeneous operators of order 1 and 0 respectively. Their coeffi-
cients depend on V2 (g(0), g2(epo, 6p)) with |a| < 2. Thus,

@2) (i Vel T (Va0)0) ) = (0, o)+ (i, W)
The equation for @ yields
oy = eU1p + Vit + U104 € Wal + Vo0 + V10 + 97 (00) f2 -
Hence the bound for the first term on the right-hand side of (4.22) is
(0, Woi)| < Cr) (B, B)l[3s + FoollAa(ei) 32 +€*l( g~ (Bo)fo)].

Thus we have the bound for the second term of the right-hand side of (4.17) as
d /. .
5t (0 Va0 Tt

< O 13, 2,0) 17 + fooll Aule) |22 + €*[(d, g7 (60) f2)]-

Combining (4.21) and (4.23), we have

(4.23)

(4.24) (i > (9(00)21t) ) = %%@, To(g(60)i)) + R
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with
Ry < O() 15, 0,0) % + ool el + Saollead]Za + (¢, wra+ woi)|

The convection term is bounded as

|(@, T2 (9(bo)uo - Vatt))|
I{

(4.25) i, g(Bo)uo - Va)| + € [(Va - (92(¢0) Vo), 9(00)uo - Vatt)|

by integration by parts. Here C(r) = Cs(||(g, g2, %o)||wi.)-
The next two terms in the integrated tu-equation are

(4.26) <u 1VZ(T2_25)>+<@7 1T2VZ(T1é)> :—<Vz-ﬁ, 1(T2;ﬁ)>+<T2ﬁ, 1VI(T1é)> .

€

Next, the dissipative term satisfies

— (@, Tz (h(epo)u(fo) (As + 5 Va Vi) 1))

(4.27) ) A .
> 200 (|| Va7 + eAsill72) — C(r) a7 -

The bounds for the remaining terms in the d-equation are

W28 emt))

< Ol | Aaet )12 + eC )|V ed) 2| A et €6)
+ €O An(et, D)3+ €[(a, Vo (Ve @ Vaga)| + (a8, Tofo)
< C() 6,3 0) 3 + Lo (IValld + 18u()3:) + (@, €Tofo)l

by choosing € small such that eC(r) < {zaq. Here C(r) = Co(||(h, 1, 72,73, g2) [ w1 ).
Combining (4.24), (4.25), (4.26), (4.27), and (4.28), we have
(4.29)
1

d /. . . . 1 A . .
4 (0 Tela@0))) — (%0, 2Tap) )+ (Tai TO.(50) ) + Sl Wil

A~ B 1 A N
<O Ol + S00lleAadlT + (i, eTofa)| +

<€3fQ7 \Illﬁ + \Ifo’&>‘ .

Similarly, the f-equation yields

d/ss 0a 1 ) )
%7@9, T10>f Tytt, —Vi(T10) ) + 00|Vl 772
(4.30) a ‘ E

A o A 1 N 5
< O, )y + Faolledsilfs + | (0. Ti)| -
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Upon adding up (4.16), (4.29), and (4.30), the singular terms are canceled out,
and the energy inequality is
(4.31)

35 (0 0) + (i VAT (Va0)0)) + (20, T16) ) + 0Vt D)
<C(r) |(p,a, é)”%{él + (D, Ta(Zefr — 2f3))| + (@, Ta(ef2))] + ’<97 T1f3>‘

+ (€2, Wi+ Woi)|

By Gronwall’s inequality and the equivalence of norms

(. Tup) + (it VO o(/5(00)0) ) + (30, Tid) ~ (5. . 0)|3; ~ I|(eps e, 0) s

we have

. 1/2
sup .. 0) L + ( 1903 ) dT)
,t 0

T
< C(ro)e™ ) ||(ep™, ew’™, 6™y + C(r) / |(B, Ta(Zefr = 513))| (1) dr
(4.32) 0

e / (@, To(efa))|(7) dr + C(r) / 0, Ty 1)) (7) dr

+ o) /OT

which completes the proof. O

<63f2, Uyi+ \Ilou>’ dr,

4.3. A Priori Estimate for Slow Motions. In this part we establish the a
priori estimate for the nonlinear system (1.7). First, for ¢ > 0 and s > 5, recall the
norm || - fle,s,c defined as
(4.33)

1 =0 (1) -+ A2 e, ) )

t 1/2
oo ([ (9 ply + 1902 0 0) ) (7).
0

where ag > 0 is given by Theorem 4.2. We also define

R = H(p7 U)HHS + ‘|A§S+l(6pv 6'LL,9)||H5+1 ’

(4.34)
R = | Vaull e + Vo A2 (eu, )] gross -

The a priori estimate for the slow motion (ep, eu, 6) is stated in the following theorem.
THEOREM 4.3. Let (p,u,0) be a solution to the system (1.7). For t > 0, and
s > b5, define the norm || - \||ng as

I(p,w, )12 a0 : = Sup IAZ (ep, eu, 0) || o1

(4.35) ‘ 1/2
T ao ( / ||vazs+l<eu,0>|st(T)dT) ,
0
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where oy > 0 is given by Theorem 4.2. Then for all T € [0,1], we have

(4.36) I, w2 7 < C(Q) eVTHICE)
where
(4.37) Q=1 wOllesrs Q=@ ub)leso-

The proof combines the linear estimate (4.5) with the estimates for commutator
terms, which are based on the following lemmas:

LEMMA 4.4 (Calculus Inequality-Commutator). Let v, € OPS™ be a Fourier
multiplier with m > 0. Then for all o > 0 and f,g € H™"? there exists a generic
constant cg such that

(4.38) ILFs m] 9l o msy < co (Ifllwree llgllmosm—r + |l rotm [lgllzee) -
As a consequence, for any 0 <e <1, a >0, and f,g € HoTmHo+1 ywe have

(4.39) [[AZLf, Ym] gllgo sy < co ([fllwroe IAE Gl gotm—r + [|AZ fll ot [lgllzee)

where the operator A is defined by (2.3).

LEMMA 4.5 (Calculus Inequalities-Composition). Let G € C* such that G(0) =
0. Let v € H*(R®) with s > 5. Then G(v) € H*(R3) and there exists a constant co
which depends on s such that

IVEG)llLz < colVoGlleallvlz= vllas < ol VoGlloe- vl |

foralll <k <s.

We will frequently estimate terms of the form [(¢1, Tc[f, O¥A™] ¢2)| in the fol-
lowing calculations where T, = I — €2V, - (a(z)V,). Here a(z) € W, the index m is
positive, and v = (v1, 2, v3) is a multi-index such that |v| = k. We collect its bounds
in the following lemma.

LEMMA 4.6. Let m > 0 and v = (v1,v2,v3) be a multi-index such that |v| = k.
Then for all 0 >0 and f,g € H™**7 there exists a generic constant co such that

ILfs Oz AT 9l o sy < coe™ (1 fllwroe Mgl mesrsm—r + [ flloerem lg]lzee)

(4.40)
+co (Il fllwroe gl osre—r + [ fllzesn lgllze)

and for all ¢y, py € HFTTH2,

(D1, Telf, 07 AL 62)
allz= (£ lwa Il

allze (1w lloz|

(4.41) < coe™ |61 |2 i+ g 2]l -)

+colln|

i e+ g g2l )

and
(61, TLf. 9N 62)]
1 (IFlwrs 62|

2 (1w 12l s + 1]

s | fll e 162l

ball1) -

(4.42) < coe"[laflwres[[Vagn]

+ collallwre< [ Vagn |

Hk
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Proof. The commutator term on the left-hand side of (4.40) can be rewritten as
[f, OUATTg = [f, D1+ €™ (=A)™?) (1 + ™ (=A)™?) T AT g.
Define the Fourier multiplier 1. as
be = (14 (=A™ AT
Then 9. € S° and its seminorms are uniformly bounded in e. Therefore by (4.38)

If, AT gllue < IIIf, O gl + €™IIIf, 05 (—Aa)™ 9] gl e
< co™ ([Ifllwroe gl mrosessm—s [ f | roesem lglle)
+ co (Ifllwree gl oss—r + [ fllgoss llgllzes) -

Estimate (4.41) follows directly from (4.40) by Holder inequality. Indeed,

[(¢1, Telf, AT d2)l
<1, [f, AT d2)| + €(aVady, Valf, FZAT] d2)|

< o™ |91l llal[ = (Ilfllwmo @2l g+ + 1171

allze (1w llo2)

s 621

i+ 1l [0l ) -

+ coll¢n |

H?
Estimate (4.42) follows by integration by part to transfer one derivative to ¢;.

[(¢1, Telf, 07 A" 62)]

4.43
(1.43) <61, [F AP 6] + ElaVabr, Vulf AT 62)].

We have

1, [f, 07N d2)| < [(Ouy br, [, 02 A d2)| + (b1, (057 f) B2 AL ba)]
<O, [fy 02 AT d)| + [(Dusr, [0 F, 07 AL] 92)]
+ (1, (95°F) TP @),

where |v1| = |vs| =1, |v5| = 2, |va| = [vs] = k — 2, and |va] = k — 1. Therefore,

(01, [f, O7A"] d2)|

< o™ [Varllzz (1 fllwzoe |g2llrxem—z + | fl| mism—r | P2l <)
+ colVarllz ([1fllwroe @2l n—2 + [l r—r | @2l o)
+collpullz | fllwz.ee A dall -2 -

(4.44)

The last term in (4.43) is bounded as

E[(aVed1, Vilf, 9ZAT] o)l

< E[aladr, [f, BN da)| + €|(Vua - Vidr, [f, O7AT] da)|

< co€™Hallwro 1€Vadr | ar (1w 1@l grism—r + | f | zrism [|d2ll o)
+ coellallwre |€Vadr |l (| fllwros ld2llgr—1 4 | Fllax [|2] o) -

(4.45)
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Combining (4.44) and (4.45) we have
(61, TLf, AT 62)]
< coe™ allwre IVl (Il N2l gisnms + 1L gaeem 621 )

+ collallwr = [Veda iy (I llwns [9algs—s + 1l Igallz )

The rest of this section is devoted to the proof of Theorem 4.3.
Proof. [Proof of Theorem 4.3] Let S = (f1, 82, 83) be a multi-index such that
|8 = s+ 1. Let

(P, us, 05) = (OZAZ (ep — 0), OTAZ (eu), DJAZ0) .

Then (pg,ug,03) satisfy the nonlinear system
(4.46)

1
(8t+u-Vw)pﬁ+EVw “ug = hy,
1 1 -
9(0)(0, +u - Vi) ug + Z%pg + EVwHB = h(ep)Vy - g + €h(ep)Vy - Xg + ha,

%(&5 +u-Vy;) 05+ %Vw -ug = eh(ep)Vy - G + h(ep)Vy - g3 + hs
+ eh(ep)Sg : Vou + e2h(ep) X5 : Vyu,
where
45 = k(O)Vals,  Tp =) (Vous + (Voup)” = §(Va-up)l) ,
S5 = 71(ep, 0) (V705 — 5(Dubp)I) + 2(ep, 0) (Vub @ Vilg — 5(Vil - Vib5)1)
+ 73(ep, 0) (Vi (ew) (Voug)" — (Veew) " Vyug) |
s = 7a(ep, 0) (Agug + Vi Ve - ug) + 76(ep, 0) (Va(eu) — (Va(ew))”) - Vibs
+ 75(ep, 0) V) - (Voup + (Vaug)” — 2(V, - up)l)
and (hl7 ha, h3) are the commutator terms given by
= *[351\25 u] - Vy(ep —0),
— [07A, 9(0)] Or(ew) + (O7AZ (h(ep) VD) — h(ep) Ve - Tp)
[351\25 g(0)u] - Vi (eu) + (8BA25 (eh(ep)Vac'i) — eh(ep)V, - ig) )
[65/\33, u] V.0 + (3ﬁA25 eh(ep)Vy - G) — €h(ep)Vy - 43)
+ (92AZ (W(ep)Vy - @) — h(ep) Vi - qp)
+ (92AZ (eh(ep)S : Viou) — eh(ep)Sp 1 Vyu)
+ (85/\25 ( 2h(ep)X : V, u) —€ h(ep)Zﬁ : qu) ,

where

4= KO0, = u(6) (Valew) + (Voew)” — 2(V, - (cu))]) |
S =11(0) (V20 — L(A.0)I) + 72(0) (Vb @ V0 — 1|V,0/°1)

+73(ep, 0) (Vo (ew) (Va(ew)) " — (Va(ew)) " Vi(ew))
G =14(0) (Az(eu) %vzvm . (eu)) + 76(ep, 6) (V:,;(eu) - (Vm(eu))T) - V.0
+ 75(0) Vi - (Vileu) + (Va(ew))” — 2(V, - (ew))I) .
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By the linear estimate (4.5), we need to estimate the following terms: |(pg, Tohq)|,
(ug, Tohs)|, |05, Tihs)|, and <62h2, Uy ug +\pm>\. First,

(P, Taha)| < C(R)lpsllmy |

H!>
and by (4.40),
allis = s BZAZ] - Va(ep = O)l |z
< coe®® (Il [V (ep = )l gsoss + lul o+ | Valep = 0)]] <)

+co (Jlullwr Ve (ep = 0)l| 21 + ull 2 [V (ep = 0) 1) -

Since

2 Vaep, )l o1 < A1V (ep, ) are < IAZF (ep, ) os < B,

Ve (ep, )l gz < | AeVi(ep, D)l me < [|Ac(ep, )l g+2 < R,
2 ull ysr2 < IAZF | prors < ullgos + €A Vaul o < R+ R,
[ull oo < ullzes + (Ve (ew)|gen < R+ R,
We have
[Pl < C(R)(1+ R'),

and

l(pg, Toh1)| < C(R)(1+R').

For the first term of hy, we have
(4.47)
— [07AZ, 9(0)] Ou(ew) = [07AZ, 9(0)] (u- Vu(ew)) + [07AZ, 9(0)] (97" (0) Vup)

— [02A%, 9(0)] (97" (0)h(ep) Vi - 3)
— [9282, 9(0)] (eg™ O)h(en)V - 5)
We have the following bounds related to these terms in (4.47). First by (4.42)
|(ug, To [07AZ, g(0)] (u- Vi(ew)))|
< C(R) e | Vaugllm (Ilu- Valeu) e + 119(6) = g(0)]| 34+ )
+ C(R) [ Vausllmz (Ilu Ve (eu)| s + 19(0) — g(O)HHg+1)
< C(R) [Vougllmy ([[AZF (ew)|| . + [|AZT16)]
<C(R)R'.
The estimate related to the second term on the right-hand side of (4.47) is
[(ug, T2 [07A2°, g(0)] (971 (0)Vap))]
< C(R) e Vsl (g™ O)Veplage + 19(8) = g(0)]] 341
+ C(R) || Vaus| (Ilg’l(f))%pl m: + l9(0) — 9(0)||H5+1)

C(R) I Vaugllms (A2 ()| yorr + IAZF 10 1 + (19 1<)
C(R)R' .

)

<
<
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We show the estimates related to the leading order terms in the rest of the terms in
(4.47). The lower order terms are bounded similarly. The leading order term for the
third term on the right-hand side of (4.47) satisfies

(4.48)

[(ug, To [05A2, g(0)] g~ (0)h(ep)u(0) Ay (eu))|
< O(R) & [Vous i (g™ Oh(e)6) Aclen) 1z + 19(6) — 9(O0)] yors:
ar (19~ O)(e(®) Au(ew)a: +119(0) — 9(0)] o+

([[AZF e | yora + IAZT10] 1)
R

+C(R) [[Vaus|
<C(R
<C(R

)
)
The estimate for the leading order term in the last term of (4.47) is

(4.49)
[(ug, To [05A2°, g(0)] g (0)h(ep)m1(0) Ay V)|

< C(R) & [Vougly (lleg™ Oh(en)71(0) AnVablmye + ellg(0) = 9(0) | g+
+ CR) [Teuslz: (e O)h(ep)ra (6) V6]

< C(R)R' (el|VuAZ 10| gross + €| AZT0] 1r+)
<C(R)R'(1+¢R)).

uz + ellg(6) — 9(0)]l )

Thus, the leading order terms are all bounded by C'(R)R/(1 + eR’). The lower order
terms are estimated in the same way. Therefore the first term in hs is bounded by
C(R)R' (1+€R)

(4.50) |(ug, Ty [05AZ, g(0)] O(ew))| < C(R)R'(1+€R').

The third term of hg has a similar structure as hi. Therefore its estimate is similar
to that for |(pg, Toh1)|, which gives

(4.51) [(ug, Ty [09A2, g(0)u] - Va(ew))| < C(R)(1+ R').
We are left with the estimates for the second and fourth terms on hy. Again we show
only the bounds of their leading orders. The leading order term of the second term
(OFAZ (h(ep) Vi -3) — h(ep) Vs - B5) s

([P(ep), OZAZ]u(O) + h(ep) [(0), O7AE]) (As(ew) + 5Vo Vi - (eu)).
Its estimate is similar to (4.48). Therefore,
(4.52) |(ug, To (O7AZ (h(ep)Vi-S) — h(ep) Ve - Bp))| < C(R)R'.
The leading order term in (85A§3 (eh(ep)Vw-i) — ¢eh(ep)Vy - i/@) is

([eh(ep), DZAZ)T1(ep,0) + eh(ep) [1(ep,6), DIAZ]) (53Valdad).

Its estimate is similar to (4.49). Therefore,

(4.53) ‘<uﬁ T (agAgs (eh(ep)VI-i) — eh(ep)Vy - zﬁm < C(R)R'(1+€R)).
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Combining (4.50), (4.51), (4.52), and (4.53) we have
(4.54) |(ug, Toha)| < C(R)R'(1+€R').

The f-equation has similar structures to the eu-equation. Hence the estimate for hg
is similar to the estimates for hq

(4.55) (05, Tihs)| < C(R)R'(1+€¢R).

By the linear estimate for the slow motion (4.31), we have

%% (<p5’ szﬂ> + <“Ba \/Q(T)TZ(\/Q(T)“B)> + <%95, T195>)
(4.56) + ao||Va (ug, 05) | 712
< C(R) + C(R)R + cC(R)(R')?.

By the equivalence of the norms

1.5, 0) sz ~ (v Tows ) + (us. Vo Te(V9O)us) ) + (365, Ta6s)

we have

T T
Ip, . 0)]2. 1 < C(Q0) + CQ)T + C(Q) / R(s)ds + cC(Q) / (R)%(s)ds

C
< C(Q) + C(QT + CQVT + eC(Q)
C(Q) + (VT +€)C(Q)
C(Qo)e(ﬁJre)C(Q) ,

for T € (0,1]. O

Remark: From the proof of Theorem 4.3 it is clear that for any m € N, a similar
estimate as in (4.36) holds for |[A™ ! (ep, eu,0)||fs+1. In particular, the estimate for
AT (ep, eu, 0)| grs+1 is closed in terms of ||(u,p)|| s and ||(ep, eu,0)| gs+1 for all
m € N.

4.4. A Priori Estimate of curl(e=%u). In addition to (ep, eu,#), we have one
part of w which varies on the time scale of order one as in [2]. By taking curl on both
sides of the u-equation, we have the equation for curl(e=%u) as

0y +u- V) (curl (e_eu)) = curl (e‘sp (Vw X+ V- i)) + curl(e_eu 0¢0)

(4.57)
+ [eurl, u] - V. (e7%u) + curl(e Pu(u - V,0)).

Because there is no singular terms in the above equation, the Sobolev norms of
curl(e~%u) is done by directly differentiating the equations.

LEMMA 4.7. Let s > 5. Let (p,u,0) be a solution to the fluctuation equations
(1.7). Then there exists an increasing function such that

T
(4.58)  sup [leurl(e™"w)) || F - +ao / | Vacurl(e = u)|[3.—: (7) dr < C(Qo)e¥T .
0

)
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Proof. We rewrite (4.57) in terms of curl(e™%u):
(4.59) (0 +u- V) (cwrl (e7%u)) = Vi, - (e Pu(0)Vy (curl(e u)) + Ry,
where
Ry = V(e Pu(8)) - Vi(curl(e™%u)) + Vi(e=Pu(8)) x (Apu + Ve (Ve - )
+ curl(e” U/ (0) Vil - (Vou + (Vou)" — 2(V, -u)I))
(4.60) + V. (e~ Pry) X (%VwaH) + cuerz~(Tg (VQEH ® V.0 — %(VIH-VJUH)I))
+ curlV, - (13 (Va(ew) (Veu)T — (V, (eu))TVmu)))
+ curl(e™%u 8,0) + [curl, u] - V(e ") + curl(e %u(u - V,.0)).
Notice that we do not have a fourth-order term from V, - 3 because the leading order
term of curl(V, - %) vanishes. We do have a fourth-order term from curl(e=%u 9,6)
but it is pre-multiplied by e. Thus the leading order term of curl(e=%u 9;0) becomes
third-order of A.(eu). Now apply 99 on both sides with 1 < |o| < s—1:
(461) (0 +u- V)07 (curl (e~%u))
’ =V, - (e~ Pu(A)V,02 (curl(e~%u)) + 8IR; + Ra,
where

(4.62) Ro = [u, 07]- Vi(curl(e™%u)) + [V, (e~ Pu(8)), 8] Va(curl(e %u)).

By standard energy estimates, multiplying both sides by 87 (curl(e~%u)) and integrate
over R3, we have

T
sup ||cur1(e_0u))||%,s,1 + ao/ \|chur1(e—9u)\|§,5,l(7) dr
[0,7] 0

2
T
(4.63) < colleurl(e™"u) (0, ) [ s + co (/O (107 Rall > + [ RallL2)(7) dT)

T
< COchrl(e_eu)(O, ~)H?{S,1 +coVT / (|07 R |22 + [|R2||32) () dT .
0

Notice that the leading order terms in R; are third-order terms in (Ac(ew), 0) and
second-order terms in u. The leading order terms in Ro are terms of order s+ 1 in u
and of order s + 1 in (ep, ). Therefore,

T
/0 (107 RallZ2 + I R2[1Z2)(r) dr < C(R),

which combined with (4.63) gives (4.58). O

4.5. Some Additional Bounds. In this subsection we show some bounds of
terms ||A§(ka)(63t)k(ep, €, 0)| gar1-x and ||(€0;)*(u,p)|/z2 for 1 < k < s. These
bounds will be used in the next section. Recall the following basic calculus inequality:
for |k1| + k2| + - + |kn| = s with s >d+2=15 |,

(4.64)  |[VFu VF2uy - VE || e < Jlud] g

gl mrs - un || ms Vn € N.
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Recall the definitions (4.34) of R, R':

R:=|(p.w)llas + A2 (ep, e, 0)|1ro+1
R+ = [V (u, )|l mre + [ Vo AZT (e, 0) || o -

First we show the bounds for ||A?(S_k)(66‘t)k(ep, €u, )| grs+1-x. These are imme-
diate consequences of the bound for the slow motion in Theorem 4.3.

LEMMA 4.8. Let (p,u,0) be the solution to (1.7) and ¢ = (ep,eu,d). Then for
all1 <k <s,

JA269) (€0y) ¥4 s < C(R),
IV AZER () | o« < C(R)(1+ RY),

(4.65) sup [|[A267F) (€0,)F | yresa—n < C(Q)eVTHICQ)
[0,7]

/ IV A (€0) 4|34 (7) dr < C(Qp)elYTHICE
0

where Qq,Q are defined in (4.37).

Proof. We simply use equation (1.7) to write (ed;)¥ in terms of combinations of
the spatial derivatives of ¢ and apply Theorem 4.3. Roughly speaking, each €0
corresponds to the spatial derivatives which are at most of order (eV,)*V, with
|a] = 2. More specifically, we clalm that (e@t) 1 is a summation of products of

functions in the form of f;(¢) or Vm (eV )™ w, that is,

k@) m)
(4.66) (0n)fy =" (fj(df) [V (v 1/1) ,
j i
where f; is a smooth function in ¢ for all j and each summand satisfies that

(4.67) SED <k, S m?] < 2k

This claim can be proved by induction. First, (4.66) and (4.67) hold for k = 1 by
(1.7). Suppose (4.66) holds for k. Then for 1 < k41 < s, we have

eat< Hv (V) (J);z;)

@) m@ ( )
= fs 0w+ £ X | (v v @oow ) TTv ewiy
i 1#1
Using (1.7) to replace (ed¢)y in the above equation shows that (4.66) and (4.67) hold
for k + 1. Thus (4.66) and (4.67) hold for all 1 < k < s. This further implies that
inequalities in (4.65) hold by Theorem 4.3. O
LEMMA 4.9. Let (p,u,0) be the solution to (1.7). Let 1 < k <s. Then

1(e0e)* (p, w) | s < C(R),

(4.68) i el ,
1) (2, W)l o1k + [[(€8)" 08| rosr—v < C(R)(1 + R').
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Proof. The idea of the proof of (4.68) is similar as that of (4.65): we use equation
(1.7) to write (ed:)(p,u) in terms of combinations of the spatial derivatives of (p,u)
and ¢ and use norms of (p,u) and ¥ given by R in (4.34). By (4.64), we only need
to check the leading order terms in (¢d;)*(u,p). We claim that these terms are of the
following forms:

(4.69) FOVEu,  f)VEp, fO)VEY, f)(eVa) Vi,

where f is a smooth function in 1. The multi-indices «, 3, v satisty |o| = k, |8] = k+1,
and |y| = 2k —1. Again we prove this claim by induction. First, (4.69) holds for k =1
by (1.7). Now suppose (4.69) holds for k. Then the leading-orders in (ed;)*(u,p) are
the leading-orders in the following terms:

FOOVE(edu,  f(0)V (),  FVE ()b, F(W)(eVa) V] (€.

Using (1.7) to replace (ed;)(u, p, ¥) gives that (4.69) holds for k4 1. Thus (4.69) holds
for all 1 < k < s. Therefore,

1(e00)* (0, w)l| - < C(ll(p, w) 12+, A" 0 | resr) < O(R),

and

1(e0e)* (p, u) [ re+1-r + [[(€0e)" ~* Opbl| e

U1, )z, IAZ T Pl o) - (Ve (s w) e + [AZ T Vel o)

(4.70) <C
<CR)(1+R),

by the definitions of R, R’ in (4.34). O
Given Lemma 4.8 and 4.9, we recall the following bound in [2] (Remark 6.21):

LEMMA 4.10 ([2]). Let F € C®(R! x R® x RY) such that F(0) = 0. Let ¢ =
(ep, eu, 0) be the solution to (1.7). Then

(4.71) IF ()| 0.1:15) < C(0) + VTC(R) < C(8)eVTHICE)

We will use this bound in next section for estimates of the fast motion.

5. A priori estimate — fast motion. In this section we establish estimates
for p and the acoustic part of u. The proof is presented slightly differently from [2]
where the frequency space is divided into high and low regimes and estimates are
obtained for these regimes respectively. Here using the various bounds obtained for
the slow motion in Section 4, we can show Sobolev bounds of (V,-u, V,p) by studying
estimates for (edy)*(p,u) with 1 <k < s.
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5.1. Linear Estimate for the Fast Motion. First we prove a linear estimate
for the fast motion. Recall system (4.1) for (p,u,6)
(5.1)

1 - R
20 + 0~V )+ V- (u—2 h(€po)(0) V) = Zeh(epo) ((2 n z) V1o + Vs - q)
— 2h(epo)k(00)Vepo - Vel + f1,
1 N

9(00) (0 + uo- Vi )u + gVgcpzh(epo) (Vx X4V, E) + f2,
%(875 + UOVw)e + Va: ) u:€2h(6p0> ((Z + i) :quo + Vx . q)

+ h(epo) Vi - (K(00) V) + f3,

(p,u,0)(x,0) = (p™, u™, 0™)(x),

where
(5.2)
(00)V0, h(epo) =e P, g(By) =e %,

q=~K

S = p(0o) (Vau + (Vou)” — 2(V, - w)l)

% = 71(epo, fo) (V20 — £(AL0)I) + 2(epo, 0o) (VIQO ® V0 — 1(Vabo - ng)[)
+ 627—3(6]30,00) ((vru(J)(vzu)T - (VxUO)TVzU) )

(j = T4(€p03 90) (Awu + %Vsz . U) + Tﬁ(epo,eo)vweo . (un — (Vmu)T) s

+ 75(epo, 00) Vb - (Vau + (Vou)” — 2(V, - w)I)

The estimate for (p,u) states
THEOREM 5.1. Let (p,u,0) be a solution to the linear system (5.1). Then there
exists an increasing function C(-) such that

T
sup (IBl13: + 13 ) + a0 / IVl () dr
(0,7 0

T
< C(ro)e™ ) (I3 + 113 ) + C) / I(efa(r), £5(7) | dr
2

(5.3) .
+ ( / ||(f1(7)7f2(7)||Hng> FTC() sup |V (eu. D)
0 [0,7]

T ~
+ (IR0l + IGolo) [ 18,813, (ar.

where (p,1,0) is defined in (5.5) and Fy(-),Go(-) are defined in (5.32) and (5.34)
respectively.
Proof. Similarly as in the slow motion estimate, we combine leading order term

in the dispersive term V, - ¢ in the p-equation with the singular term. In that way,
the p-equation is transformed into

1
%(875 + ug - Vw)p + ng; : (Tgu - % h(epo)li(eo)vw9>
=eVou + eVqiu + €Wl + U160 + f1,
where the symmetric positive operator T3 is

(5.4) Ts=1— €V, - (Eh(epo)a(epo, 00) Vi) £ 1 — €2V, - (g3(epo, 00) Vi) -
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Again we use ¥; to denote a homogeneous i*"-order differential operator. Here
the coeflicients of ¥; and ¥s depends on V& (h, 71, T2, 73, T4, 6p) with |a1| < 2 and
VgQ (UO;PO) with |0[2| < 1.

As suggested by the singular term in the above p-equation, we consider the system
for

(5.5) (B,3,0) = (p, u—T5" (3 hepo)s(00) Vab) , 0) -

The equation for p is
1 . .
(56) %(815 + ug - Vw)ﬁ + gva; . (Tga) =eVou + eViu+ eWsf + V10 + f1,

Next, we compute the equation for @. By (5.1) the equation for V.0 is

30y + o - Vi) Vil + ViV, - w
(5.7) = Wau+ Vou+ Wiu+ €h(epo)T4(00) VoA Vi - 1
-+ h(Epo)ﬂ(GO)vaxé -+ 62\P39~ -+ \Ifgé + meg .

Therefore, we have

38y +uo - Vi) Vil + ViV, - (Tou) = W30 + Ul + 010 + T30

5.8

(5.8) + EWou + EVu+ VYV, f3.
Thus,

59) (00 + o - V) ( 2h(epo)(00)V20) + 75 h(epo)(00) Va Vi - T

= \Ilgé —+ \Ifgé —+ \Iflé =+ EQ\I/3U =+ 62\11211, —+ 62\11111, + %h(Gpo)H(eo)vmfg .
Now apply T3 ! to (5.9) to obtain the equation for Tgfl(%h(epo)m(ﬁo)vzé).
(% + o - V) T3 (%h(epo)ﬁz(ﬁo)vx0~> + T3 (4 h(epo)k(00) Vi Vi - Toil)
=Ty ' W30 + Ty " Wof + T3 1010 + 2T ' Wsu + T3 ' Uou
+ T3 (5 (epo)n(00) Vi fs) + 01, T3] (2h(epo)(00) V.0

T W+ ug - Ve, Ty (%h(epo)fi(@o)vré) .

(5.10)

The last two commutator terms satisfy that
[0, T7 Y] (%h(qyo)m(ﬁo)vwé) +uo - Vi, T (%h(epo)fz(ﬁo)vwg)
= Tgllilo (%h(epo)m(ﬁo)vzé) ,
where Uy is a zeroth order pseudo-differential operator which maps H* to H* for

all s € R. The L2-norm of this operator depends on ||0;(h, 74)|lw1.« and [Jug]|y2.o.
Recall that we have the u-equation as

1 ~
(5.11) 9(00) (D1 + uo - Vi )u+ Vi = hiepo) (Vo =+%-2)+ 1.



28 A Low Mach Number Limit of a Dispersive Navier-Stokes System

Subtracting g(6p)x (5.10) from the u-equation, we obtain the equation for @
(5.12)

9(00)(0¢ + uo - Vi) + EVwﬁ — 9(00)T5 " (£ h(epo)k(00) Vi Vs - Totd)

= h(epo) (o) (As + Vo Vi) + € Wou + Uyu + €2g(00) T3 H(Pau + Uou + Uyu)
+ g(00)T5 (W30 + ol + W16) + W30 + Uo(Ty  W16) + Wnf + 0,0
+ 9(00)T5 " To(2h(epo)r(00) Vb)) — g(00)T5 " (s hepo)r(00) Vi f3) + fo,

The norms of U1, Uy, U3 and Wy depend on ||(h, 74, 75, 76 ) || wi.ce, |0 (R, 7a)|| w10, and
|lwo ||z . We summarize the system for (p, @) given by (5.6) and (5.12):
(5.13)

1 ~ -
%(at +ug - Vi) + EVI (T3a) = eVqu+ eVyu+ eUob + P10 + f1,
o1 _ .
9(00)(0r + uo - V) + *pr — 9(00)T5 " (£ h(epo)k(00) Vi Vy - Totd)
= h(epo)1t(0o)(Ay + Vi Vi) + € Wau + Uyu + €2g(00) Ty H(Vau + Vou + Vyu)
+ g(00)T5 (U360 + Wab + U1 0) + W36 + Uy(Ty 1 016) + Vo + T, 6
+ 9(00)T5 " To(2h(epo)k(00) Vi) — g(00)T5 " (s hepo)r(00) Vi f3) + fo.

We still keep the notation v in some terms on the right-hand side and recall that «
and u are related by (5.5).

Multiplying the p-equation in (5.13) by p and integrating the resulting equation
over R? we have

1 s - . . . - -
10 dt ||p||L2 + <p, EVI ! (T3u)> = <p7 Uup - vmp> + <pa 6\112u> + <p7 E\Ijlu>
+ (B, W) + (5, W10) + (5, )
The estimates for the right-hand side of (5.14) are

[ w0+ V)| < COAIE:
(B el +w2)(@,0))| < CONUBIE + 1@ O)IF) + 140 ( D)3 + 5l Vel
(5. w0)] < @) (1513 + V.01 ) -

Therefore we have for the p-equation

1 -
sl + (5. 292(1ai) )

< OBl + 1@, O)IF) + V20l Fs + 16 IVeallFrs + 1Bl 22l full e -

(5.15)

To estimate the H!-norm of %, multiply T3% to the @-equation in (5.13) and integrate
over R3. We bound each term similarly as in those estimates for the slow motion.
First,

(5.16) %@3(\@@)7 VI i) = 2(Ts(\/gi), \/90,) + Ry

= 2<T3’L~L, g@t@ + 2<[T3, \/g], \/§8t11) + Ry R
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where
Ry = (I — €*V, - ((0g3) Va)) (v/90), /g0)
+ (I = Ve - (93 Vo) ((0:1/9) ), /g)
(I = Vs - (g3 Vi) (Vg1), (311/9)0) .
Therefore,
(5.17) |Ri| < C(r)]lall7

with C(r) depends on [[(0¢g3, 0¢g)|lw1.-. We estimate 2([T3, \/g], /g 0¢1) using t
u-equation. First

(T3, /)t = 0 a0 + Vo,

with the coefficients of ¥y, ¥, depending on ||(g,g3)|lw2~. We show here the es
mates for the leading order terms in 2([T3, \/g], /g 0¢%). The lower order terms ob
similar bounds. First we have

(U@, 197 (00) V) = e(V1@, V,p).
Hence,
(5.18) (U1, LVLP)| < C(r)[[Va(ep)|72 + 500 Va7,
where C(r) depends on ||(g, g3, 74)||w2.. Next,

|(Writ, (00)T5 " (F5h(epo)s(80)Va Vi - To) )|
= (9., (4h( o)(00) T3 ¥1), Tyl

(5.19) <o 0 L4 eCr)
< O(r) ||u||Hg + LoVl +eCON Vil
and
(520)  |A(Wii, Woit)| = (U(eq), Walei)) < O)|[all% + Lol Vol
Third,
(Wi, Waf)| = [e(Wy(ei), Wa)|
(5.21) < C(r) (e, 0) |32 + eCr) | Vol 3 + eC(r)]| Aa0]2

< C(r)]

(e, 0) 72 + ggollVatll3 + eC(r)[|AsbIZ: ,
by choosing € small enough. Combining (5.18), (5.19), (5.20), and (5.21) we have

(T3, val, Vgdal)| < C)lI(B, @, 0)l7 + jool VailF +eCr)[|A0]7,

(5.22) + (Ve - (2h(epo)r(00)T5 (W1 (e@) + Vo(edr))), €fs)
(klll(eu) + Uy(en), €fa).

y (5.16),

(5.23) (Tsit, 90,1) = 5 (T3(V/gi), Vo) — (Ts(v/gi0), Vgoii) — 3R,

CL‘Q_,

29

he

ti-
ey



30 A Low Mach Number Limit of a Dispersive Navier-Stokes System

where (T5(,/gt), /g 0;ti) satisfies (5.22) and Ry satisfies (5.17).
The rest of the terms are estimated similarly. First by integration by parts the
convection term has the bound

(5.24) (T, g(0o)uo - Voa)| < C(r)l|alF:

where C(r) depends on ||(g, g3, uo)||w1.. The pressure term has the form
o1 1, _
The third term on the left-hand side of the @-equation in (5.13) gives

— <T3’l~l,, g(GO)Tg_l (%h(épo)lﬁ)(ao)vmvz . TQ’&)>

(5.26) ~ 8 i
> 200||Ve - @72 — 500l VatlF: — C(r)llall .

The dissipative term satisfies
(5.27)  —(Thii, h(epo)pu(Bo)(Aq + Vi Ver)it) > 20| Vil 32 — C(r)fiil|72 -

The rest of the terms related to u have the bounds
(5.28) ~ -
[Tz, Wau)| < C(r)l(ew, §)||7 + C(r)|[Va(eu, )|l -

(T3, Uru)| < O() [|(@,0)1F: + C0)|IVabllz + 161Vl Fra
(T3, €9(00)T5 ' (Vau+ Vou + Vru))| < C(r) [|(@ 0)[| 72 + C(r) | Va(ew, 6)|3
+ 15| Vol s -
Terms involving 6 are bounded as
(Tsii, (U260 +0,16))| < C(r)[|(@,0) |3 + C(r)[|Valeu, 6)F:
+ 1500l VaulF

(T, 9(80)T5 " (W28 + 16)| < C(r)II(@,0) |72 + C(r)||Va(eu, 0)I[3

+1g0 Vau s -

(5.29)

We need to be more specific with the bounds for terms involving U40. The reason
will be clear when we do the estimates for high-order derivatives for (p,u). There are
two terms that have third-order derivatives in . The term g(6o)T; '¥36 comes from
(5.10). It has the form

9(00)T5 W30 = g(00)T5 " (h(epo)k(00) Ax Vb)) .

Therefore,

(Tsti, g(00)Ty " Us0)| = [(Tsii, g(00)T5 " (h(epo)r(00) Ay Va0))|
= |<T3 ( (00)T31), h(epo)r(00)A,V.0)]
(g(60) @i, h(epo)r(00)AsVib)]

+ (T3 9(00), Ts]), h(epo)r(Bo) A Vab)] .

(5.30)

—~
Q
—~
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The first term on the right-hand side of (5.30) has the bound
[(9(00) i, hlepo)r(00) A V)|
C(r)l|all gz + C(r)IVubl 72 + | Fo(tho) =1 A28 2 + g0l VaiaZe

where Fy(g) = %g(@o)h(epo)n(%). The second term on the right-hand side of (5.30)
satisfies

(T3 [9(00), Ts]a), h(epo)r(B0)AsVib)| < C(r)lI(@, 0) |13 + C(r)[|Va(eu, )|,
+ 150l Vaill -
Therefore we have
(Tsit, g(00)T5 " W36)]
(5.31) < C)[(@,0) |3 + C )| Va(eu, 0) 13 + gl Vaal
+ (| Fo(tho) | = 182017
with

(5.32) Fo(1o) = 2g(80)h(epo)(bo)

The other term that has the third-order derivative of 6 is from the dispersive term in
(5.11). Tt has the form

\Ijgé = h(Epo)Tl (Gpo, eo)szé .
Following similar estimates as we have done for (5.31), we have

(Tsa, Ws0)| < C()ll(@,0)|7: + CW)IValeu, )l + ol Vatllf

(5.33) -
+1Go(Wo) = 8401

where

(5.34) Go(¥o) = 2=(1+ g3(epo, 60))h(epo)T1(€po, bo) ,

and g3 is defined in (5.4).
Finally the forcing terms satisfy

(Tsii, g(00)T5 " (2h(epo)k(00)Vaf3)) + (Tsi, fo)
= —(2h(epo)k(60) Ve - (T3 (g(60)T5)), fs) + (Tsi, fa).

Combining (5.23) through (5.35), the energy estimate for @ is
%d7< AV (90 T3 \/ >+C¥0 ||V U”Hl + - <T3’LL Vzp>
(r

c(r) (1513 + (@, 9>\|Hl) +C(r) | Valeu, 0) |

+ (IFo(o)llis + IGo (o) =) 18,83 + (¥1(e) + Yo(ed), ef)
+

+

(5.35)

(Tsi, fo) + (3h(epo)r(00) Ve - (T5 ' (9(00)T510)), f3)
(Va - (2h(epo)r(00) T ' (W1 (€t) + Wo(etr)), €fs) .
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By (5.15) and (5.36) the energy estimate for (p,a) is

L (21512 + (5. Va@) To(/al80)0))) + S Vel
< C(r) (||25||2L2 + ||(ﬂ’é)||%{51> + (1Fo (o)l o + 1Go (o) | =) 1820132
+ C(r) [[Va(eu, 9~)||%Ig + (V1(et) + Wo(en), efz) + (Tsa, f2) + (B, f1)
(5.37) + (Vo - (Bh(epo)r(80)T5 (Wi (@) + Wo(eqr)), efs)
+ (2h(epo)k(00) Ve - (T3 (g(60)T5@0)), f3)
<C(r) (||25||2L2 + ||(ﬂ79~)||§{g) +O(r) || Ve (eu, )72
+ (I1Fo (o)l o= + Go (o)l o) 1820131 + llefoll72
Nl | foll s + 1Bl [ f1lle + CO fallzr + 0l Vol -

By Gronwall’s inequality and the equivalence of norms

(. Vo) T (v/9(B0))) ~ lllhs

Hl

we have

T
sup (1732 + ;) +ao [ ¥l (r)dr
[0,7] 0
T
< Clra) ) (157 52 + 1575y ) + ) [ Iefalr). fo(r) s dr

+ (/0 ||(f1(7—)7f2(7)|H3d7—> +TC(r) sup ||V (eu, 0)| 7,

[0,7]

T ~
+(||Fo(wo)||Lm+HG0(¢0)HL°°)/O 1820][: (r)dr .

5.2. A Priori Estimate for the Fast Motion. In this subsection we show
a priori estimates for the fast motion (u,p). First we apply Theorem 5.1 to obtain
bounds for (ed;)”(p, u), which then lead us to the bounds for the pressure and the
acoustic part of the velocity field. The estimates for (ed;)Y(p, u) with 1 < v < s are
stated in the following theorem:

THEOREM 5.2. Let (p,u,0) be a solution to (5.1). For s > 5, define

(538) (p’yau’yaa’y) = (eat)fy(pauao) )

where 1 <y < s . Then there exists an increasing function C(-) such that
T
(5.39)  sup (IIp- 132 + lluy I3 ) + a0 / V2 (b ) I[72 dr < C(Q0)eVTHICEN.
[0,7] ‘ 0

Before proving Theorem 5.2, we show how to use it to obtain the bounds for V, - u
and V,p. To this end, we directly solve from equation (5.1) to get
Vo u=—3(ed)p — 2(eu) - Vop+ 2e~ PV, - (k(0)V,0) + 2ee™ P X : Vy(eu)
(5.40) + %e e Py Ve (eu) + %62 e PV, q,
VD = —e_g(eat)u — e_e(eu) -Vyu +ee”P (Vw X+ V- i) )
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First we use induction to show that for every 0 < k < s,

(5.41) sup (1) 2 plI3e + [1(c0) Ve Vi - ullf2 ) < C()eVTHICD),
T ’
(5:42) / [V (€00)* Ve Vi - ullfa (7) dr < C(Q9)eVT+I.
0
T
(5.43) / [Va(0)* VBl () dr < C(80)e VT
0

where |a| = s — k, and |o/| = s — k — 1. Notice that Theorem 5.2 shows (5.41) holds
for k = s. Now suppose (5.41) holds for k£ + 1 and we show that it also holds for k.
Apply (¢8;)*V# with |3| = s — k — 1 to (5.40). The resulting equations are

(5.44)

(0P VEV, - u = —3(e0) VD — 2(e0h) V2 ((e) - Vup)

2(0,)"VE (e PV, - (K(0)Vi0)) + 2(e0y) VY (e™ P X : Vy(eu))
%(e@t)ka (e e~ Py Vx(eu)> + %(eat)ka (e PV, -q),

+ +

(€0)*VEV,p = —(ed,)* VP (efe(eat)u) — (edy)kVP (eig(eu) - Vpu)

(5.45) +(0)FVP (Ee—ep (VI X+ V.- i)) :

We estimate each term on the right-hand side (RHS) of (5.44). The estimates for p
is similar. First, by the induction assumption, the first term on the RHS of (5.44)
satisfies

(5.46) 0.1 1(€0) V2 Vap]l 12 < C(Q)eVTHID,
0,

By Lemma 4.9, the second term on the RHS of (5.44) satisfies

(5.47) [Sou:,% 1(€0)* VY ((eu) - Vap) [|L2 < €C(9) .

The rest of the terms on the RHS of (5.44) are all in terms of ¢ = (ep, eu,0) and
their leading orders are at most (8;)*(¢V,)VZ V2 with |3| = s — k — 1. Therefore by
Lemma 4.8, the L?-norm of these terms are bounded by C(Qo)e(ﬁ“)c(m. Together
with (5.46) and (5.47), we have the desired bound for w in (5.41). The bounds (5.41)
for p and (5.42), (5.43) are all shown in a similar way.

Combining (5.41), (5.42), and (5.43) we have the following theorem for p and the
acoustic part of u (given Theorem 5.2):
THEOREM 5.3. Let (p,u,0) be a solution to the fluctuation equations (1.7). Then

T
o (IplZs + Ve - ull ) +/0 (V2 Vo - ullfrems + [ VapliFe) (1) d7

< C(Qo)e(ﬁ“)c(m _
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Now we proceed to prove Theorem 5.2.

Proof. [Proof of Theorem 5.2] Apply the operator (ed;)” to the system (5.1).
Recall the notation (p, u, 0) = ((€0r)"p, (€0¢)u, (€0¢)79). Then (p,, u,, 0., ) satisfies
(5.48)

(0 + u-Va)py + LV, (uy — 2h(ep)(0) Vibs) = 2eh(ep) ((27 + 27) Vyu -+ vz-qv)
+ 2h(ep)k(0)Vup - Viulby + g1,
9(0) (D1 + u V)t + 1Vopy = hlep) (Vi - B + Vi 55 ) + 2
%(8“9"/ FuVolby) + Vo - uy = *h(ep) ((E'ﬂ'i’y) :Vau+Vy - qN'y)
T h(ep)Vi - (5(8)V28y) + g5
where
Sy = u(0) (Vo + (Vauy)' = 3(Ve - uy))
iv:ﬁ(epa@)( "/ ;,(A ) )‘*’TQ(GP’Q) (VG@V@ 1VI9'V90971) )
+73(ep, 0) (Vo (ew)) (Va(euy))™ = (Va(ew))” Va(eus))
and
Gy = T4(ep,0) (Aguy + Vo Vi - uy) + 76(ep, 0) (Vo — (Vouy)T) - V0
+ 75(ep, 0) Vil - (Vouy + (Vouy)t — 2(Voru ), .

The commutator terms are

g1 = [0, (D7) - Vap — Ve - [2h(ep)w(0), (c01)7] Vb
+ €e[Uy + Uy, (e@t) ] u+€e[Wy + Uy, (e0;)7]0
[ (ep)74(0), (€0p)” } AV u,
(5.49) = [9(0), (€0,))0uu + [g(B)u, (€d,)] - Vi + [Uo + Uy, (ed))]u
— [h(ep)T1(0), (€0¢)"]A: Va0 + [V + Wy, (e0;)7]0,
g3 = [u, (€01)"|Va0 + Vo + Uy, (e0;)7]0
— [h(ep)Ta(0), (€0¢)") AxVy - u+ €2 [Uy + Uy, (€8)"]u

— €

Here ¥4 and ¥, are homogeneous differential operators of order 2 and 1 respectively.
Terms involving ¥, in g1, go come from the dissipative and dispersive terms and their
structures are

(5.50) [0(0)0z, ), (€0¢)] Onyay0 or  [6(3), (€01)"] Oy ur,
where ) = (ep, eu, 0) and ¢ is a smooth function in . Typical terms in (5.50) are
Cha ez s ((€00)*16()) ((€00)*28,80) ((€0)"2 8z, ¥)
and
Chaks ((€00)*46()) ((€04)* 0, 1)
where C, k, ks and C, i, are generic constants with

ki+ko+hks=y=k, kithka2>1,
ky+ks=Fk, ky>1.
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To estimate the H!-bounds of terms in (5.50), we only need to consider the leading-
orders. These terms are

5(1) ((€0¢) 02, %) Byt 6(9) ((€00)0, ) (€)™ 0, ¥0)
and
() ((€0)" ™" Oyaju) -
By Lemma 4.8 and 4.9,

1(€00)? O Wl 112 + 1(€84) "™ Do, Wl 11 < C(R),
1(€0t)" Oz ull iy < C(R)(1+ RY).

Therefore,

(5.51) [[6(4) a1, (€04)") Oy, || < C(R)A+ R').

By the linear estimate (5.3), we need the bounds of ||(g1, g2,93)[z1- Again by (4.64)
we only need to check the leading-orders in each term of g1, g2, g3. The leading-order
in the first term of g; has the form

2 ((ed) u) - Vip + 2 ((eBr)u) - ((€0:) ™ Vip) -
By Lemma 4.8 and 4.9,
12 ((€0:)w) - Vap + £ ((0)u) - ()"~ Vop) [y < C(R)(1 + R').
Therefore,
(5.52) I [Bu. (€00)] - Viapllsz < CRYA+ ).
The leading-order in the second term of ¢g; is
—2 (0: (h(ep)r(0))) ((e0)) ' A0) — 2 ((€0:)" ™" 0 Vi (h(ep)r(0))) - Vb
By Lemma 4.8 and 4.9,

| = 2 (@ (h(ep)(0))) (D) A0]l 2 < O(R).
| = 2 ()" 8V (h(ep)w(8))) - Vabll s < C(R)(1+ R).

Therefore,
(5.53) | = 19, - [Zh(e)n(0), ()] Vublls < C(R)(L + R).

The terms involving ¥s are bounded as in (5.51). The leading-order in the last term
in g is

—€2 ((¢4) (h(ep)74(0))) (As Vi - u) — €2(3; (h(ep)7a(9))) (€)™ (AuVi - )
where by Lemma 4.9,

I = €2(e0) (h(ep)7a(9)) (AaVa - u) [l < C(R),
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and

| = €2(8: (h(ep)7a(8))) (€0) " (Au Ve - ) |l p < C(R)(L+ R').
This gives
(5.54) || —e [%h(ep)m(@), (€01)] ALV, - ullgr <C(R)(1+R').

Terms involving ¥y in g; are commutators from X, ¥, and G. They have the form
[0(4) 0z, u, (€0:)"]0u,t0, or  [6()0u,; (€01)] 0,2,
or
[6(4)uy ) Db, (€0p)7] a0
Thus the leading-orders in ¥;-terms are
(6(1)02,102,) ((€01)70p,00) and  (8(1)0a, %) ((€0r)? Dz, (u,p)) -
By Lemma 4.8 and 4.9,

1 (0(¢)0a,,10a, %) ((€00)Y0x1)) Iy < C(R),
1 (6(4)0z,4) ((€0¢)" 0o, (u,p)) Iy < C(R)(1+ R').

Therefore,
(5.55) I[¥1, (€0) ¥l < C(R)(1+ R).
Combining (5.52), (5.53), (5.51), (5.55), and (5.54), we obtain that
(5.56) lorls < C(R)(1+ RY).
The bound of [|gs[|z1 can be obtained by considering the equation for ep — 6:
(5.57) 2eg1 — 393 = [u, (€0h)"]- Vi(ep — ).
The leading-orders in this term are
(D)) - Valep—6) and (D)) - (€)1~ Valep — 6) .

By Lemma 4.8 and 4.9,

1 ((€0:) ) - Vio(ep = O)llarr + [[((eDe)u) - ((€0:) ™ Violep = 0)) |l mrr < C(R).
By (5.57) and (5.56),
(5.58) lgsllzy < C(R)(1+€R').

Now we check the leading order terms in go. The leading-orders in the first term of
go are

((€0,)0,g(0)) (Di(ew)) and  (Drg(6)) (cdy) ' Dy(eu).
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By Lemma 4.8 and 4.9,

1 ((e0) ™1 0e(9(0))) (Oe(ew))l| 2 < C(R),
1(0:9(0)) ((€0:)"u) [y < C(R).

Thus,

(5.59) 19 (), (0¢)"10wullny < C(R).

Next, the second term of go has a similar structure as the first term in g;. Therefore,
(5.60) Ilg(0)u, (€01)7] - Vaullmy < C(R)(1+ ).

The ¥, terms in g are from ¥ and 3. They have similar structures as the ¥; terms
in g;. Thus,

(5.61) 111, (00)"101 1z + I[P, (€0:)ull gy < C(R)(1+ R').

The ¥y terms in go are bounded by (5.51). The leading-orders in the second last term
in g are

— ((€0,) (h(ep)1(8))) (AxVi8) and  — ((edr)(h(ep)T1(6))) (€0r)" ™ (Au Vi)
By Lemma 4.8,

I = ((0:) (h(ep)1(9))) (AaVab)l[m; < C(R),
| = ((0e) (h(ep)T1(0))) (€0:)" ™ (AeVib) |11z < C(R)(1 + R).

Thus,

(5.62) | = [h(ep)1(8), (€0)1AVab|lm: < C(R)(1+ R').
Combining (5.59), (5.60), (5.61), (5.51), and (5.62), we have

(5.63) lgallzy < C(R)(1+ R).

By the linear estimate (5.3), we have
T
sup (I + ;) + a0 [ 195 s (r) dr
[0,T7 ) 0 )
< C) (195 + 17571y ) +C0) [ eaatr).aar) iy dr

T 2

+ ( / |<gl<f>,gz<f>||Hgdr> +TC(r) sup [ (et 0)
0 >

T
+(||1*“o(¢)||LooJrIICv‘o(w)IILw)/0 1826, (|77 (7)dT,
where

b= (ep,eu,0), iy =uy =Ty (2 h(ep)r(0)Vib,) .
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By the estimates for (g1, g2, g3) and (Fo(v), Go(v)), we then have

T
sup (|Ip, 32 + s ) + a0 [ Vs [y () dr
[0,T7] 0
< CQ)) (I3 + 17015, ) + (T + 0@

T
+TC(r) sup ||V (et 0,) |3 + C(S)elVTHICM) / 1820, |21 (r)dr
(0,17 € 0 €

T
+ sup 1757 (3 hlep)(0) Vabo )77 + ao/o V2T (3 hep) () Vo) 342 () dr -

Estimates of terms involving (eu.,6,) in the last four terms in the above inequality
are as follows: by Lemma 4.8 we have

TC(T) sup Hvﬂﬁ(ﬁu% Q’Y)”%Il < TC(Q)7
(0,77 ‘

T
/ 1240413 (7) dr + sup |75 (2 h(ep)5(0) Viabs )| 2 < C(S29)eVTHICED)
0 ¢ [0,T7] ‘

and
T
/ VT3 (2 h(ep)(0) Vi) 312 () dr - < C(Q)eVTHICE.
O €

Therefore,

T
.60 sup (sl + ) + a0 [ [V 22 dr < C(@u)eVTHIC0,
(0,77 ¢ 0

To conclude, we need the bound for fOT [ Vapy |22 dr. To this end, we multiply the
u,-equation in (5.48) by €V,p, and integrate over R3 x [0, T]. The resulting equation
is

L 19mitsrar == [ o) a0 @) - Vs (@.7) daar

(5.65) .
+/ / L (Vepy)(z, 7)dzdr,
0 JR3
where
(5.66) T = —g(6)(eu)- Vs u,y + eh(ep) (vm N4V, iw) Fego.

Note that by (5.64), the first term in I' satisfies
| = g(0)(ew)- Vi s || L2 3 x0.17) < €C(Q) - C(Q0)eVTHICED) < () VT+ICE)
By Lemma 4.8, the second term in I' satisfies

l[eh(ep) (Vz Yy + V- iv> L2 ®ex 0,17 < C(Qo)e(ﬁ+e)cm) _
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By the estimate for go in (5.63), the last term in T" satisfies

1/2

T
||€g2||L2(R3><[O,T]) <e€ (/ (C(R)(l + R/))2(7-) d7-> < EC(Q) R
0
by the definitions of R, R’, {2 in (4.34) and (4.37). Combining these bounds we have

Vpy) (@, 7) dzdr| < 1|2 (R3x[0,T]) ”Vacp'y”LQ(]R?'x[OT])

(5.67) R3
< O(Q)eVTHIC®) 4 1IVep 72 e 0,7 -

To estimate the first term on the right-hand side of (5.65), we integrate by parts in
both ¢ and z. Then
(5.68

)
T
/ / 9(60) 8u((e,) (ew)) - Vips (2, 7) da dr
0 R3
- / (9(0)us) - (€04)" (Va(ep))) (2, T) d — / (9(0)us) - (€01)7 (Vi (ep))) (2, 0) dz
R3 R3

- : | (@), ) pddr+ [ ' | (c09:9(6)) - ) p, dwar

//R& ) (Ve - u'Y)(Eatp'y)dl'dT-i-//Rs V,9(0)) - u,) (dyp,) dz dr .

Estimates of each term are as follows. First, for each t € [0, T], by Lemma 4.8, Lemma
4.10, and (5.64),

1((e0:) (W (ep))) (-, )| 2 sy < C(Q0)eVTHICED) |
[ty (-, )| 22 g3y < C(Q)eVTHICE)
19(0) (-, 8)[| e sy < C/(2)eVTHICE)

Therefore fort =0 and t =T

(5.69)

] (00)) - (0 (Vo)) 1) da| < C(@20)eVTHIC)

Similarly, by the 8-equation, Lemma 4.8 and (5.64),

19|l 2R3 x [0,77) < C'(Qo)e (VT+a0(@)

[Va -ty || 223 xo,7) < C(Q0)e (VT+e)C (sz)
1(€0¢) Vg (0) || oo 2 x [o.77) < C'(Q0)e f+e>cm>
Therefore,

(€0:9(0)) (Vs - ) py dzz d7| < C(Qp)eVTHICE@)

RS
(5.70)

((€0:Vzg(0)) - uy) pydzdr| < C(Qo)e(ﬁ"’e)cm) .

R3
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To estimate the last two terms in (5.68) we need to use the p,-equation in (5.48),
which is
€01y = —32(ew)-Vapy — 3Vu- (uy— 2h(ep)r(0) Viby) + egr
(5.71) S . N,
+ 2E0(ep) ((Z0+5,) i Vau+ Vardy ) + SR(ep)(0) Vi (e)- Vil

Using (5.71) we show bounds for the second last term in (5.68). First, by Lemma 4.8
and (5.64), the contribution from the first term in e0;p,, is

~/0T/]R3 (9(0)(Va - uy)) (5 (ew)-Vips) dz dr

< 3190 (el oe o x10,77) | Vi - s || 2o x 0,7 [ VP | L2 (2 x (0,7
< C(Q0)eYT+HICE T, p | L2 5 x 0.10)

< C(Qo)e(ﬁJre)c(Q) + %”Vip’YH%?(R:‘X[O,T]) :

The contribution from the term ng - Uy in €0ypy is

< 3”9(9) | oo (&3 x 0,77 | Ve - “7‘|%2(R3x[o,T])

T
/ / (9(0)(Vz - us)) (3Vy - uy) dzdr
0 JR3

< C(QQ>€(ﬁ+€)C(Q) )

By (5.56), the contribution from the term eg; in €d;p, is

' (9(0)(Vz - uy)) (eg1) dz dr
/L

< N g(@) |l oo 3 x[0,77) Ve - Uy || L2 (3 x 0,77 [|€91 | L2 (3 x [0,7)
< O(Q0)eVTHICD (eC(Q2))
< C(Qo)e(ﬁJre)C(sz) '

The rest of the terms in ed;p, are all for the slow motion (€d;)"1) = (ep,eu,6). The
highest order for these terms are (eV,)VZ. Therefore by Lemma 4.8, their L?(R? x

[0, 7))-norms are bounded by C(£)e(VTTIC)  Hence, their contribution to the
second last term of (5.68) is also bounded by C/(£)e(VT+C( ) Altogether we have

T
/0 /}R3 (9(0)(Vy - uy)) (€dipy) dazdr| < C(Qo)e(ﬁJre)c(Q) + i“v@’p’YH%Z(HWX[O,T]) '

The last term in (5.68) is bounded in a similar way. Therefore, we have at the end
T
/0 IVapy 122 (7) dr < C(0)eVTHICD 1 31Vepr | 22 e xo,7) -
which gives
T
[ 1%y dr < C@u)etTHCt),
0

We thereby finish the proof of Theorem 5.2. O
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Conclusion. Combining Theorem 4.3, Lemma 4.7, and Theorem 5.3, we com-
plete the proof of Theorem 2.4.

6. Decay of the Local Energy. Given the uniform bound for (p, u, 6), we show
in this section the local strong convergence of the fast wave (p¢,u¢). The theorem
states as

THEOREM 6.1. Let T > 0, and s > 6. Assume that the functions (p%,uc,0°)
satisfy the system (1.7), and

sup (|[(p, u®) || gs + |0 gs+1) < 00.
(6.1) [OT](H( Nies + 10 pre+1)

s

Assume further that ¢ converges strongly in C°([0,T]; Hf,.(R?) for some o > 5/2, to
a limit § satisfying for all (t,x) € [0,T] x R3

(6.2) 16(t,2) — 6] < Colz| 777, [Vul(t,2)| < Cola| 77,
for some given positive constants Cy, v, and 8. Then

pe =0 in L2([0,T); Hip (R%)),
V.- (u - ge—ffﬁ(ee)vﬁoe) S0 i LA(0,T); HETY(R®))

loc

(6.3)

foralll <s <s.

The proof of Theorem 6.1 is based on the following theorem via dispersive esti-
mates by Métivier and Schochet [20] which is reformulated in [2].

THEOREM 6.2. Let T > 0, and let w® be a bounded sequence in C°([0, T); H?(R?))
such that

E0; (a“ By — V, - (V) = ¢

where ¢ converges to 0 strongly in L?(0,T; L*(R3)). Assume further that, for some
o > 5/2, the coefficients (a%,b¢) are uniformly bounded in C°([0,T]; H° (R3)) and
converges in C°([0,T]; HY, .(R?)) to a limit (a,b) satisfying the decay estimate

la(t,z) —al < colz| 77, [Vaa(t,2)] < colz 7T,
[b(t,z) = b < colz| T, [Vib(t,2)] < colz|TFTY

for some given positive constants a,b,co and . Then the sequence w® converges to 0
in L*(0,T; L? (R3)).

loc

Proof. [Proof of Theorem 6.1] First we show that p¢ — 0 in L2([0, T]; Hf (R3)).

loc
By the boundedness assumption (6.1) and interpolation arguments, it suffices to verify

that p¢ — 0 in L2([0,T); L} .(R?)). The equation for p is

loc
3 ) € € 1 € 2 —ep© €
£(0r +u - Vp)p© + sz . (u — e P K(O)V,0 )
= 2o ((2 + S) L Vol + Y, .q) .
Apply the operator €20, to the p*-equation. We have
628t (%(at + Ue : vr)pé) + Eatvm : (UE - %eiépen(ge)vm06>

(6.4) = 26%0, (e_epe ((Z + i) P Vput + Ve q)) ’
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By the uf-equation and 6¢-equation in system (1.7), the above wave equation (6.4)
has the form

(6.5) €20, (%@pe) +V, - (eeevae) = eF(p,us, 0%,

where F' is a smooth function in its variables with F(0) = 0. By the boundedness
assumption (6.1) on (p¢, u¢, 6¢), and the convergence assumption for 8¢, we have

EF(p67 u€> 96) —0 StI‘Ongly in ‘[,2(07 T; LQ(RS)) ,

and the coefficient e’ in V, - (ee‘vmpe) satisfies the requirement of ¢ in Theorem 6.2.
Therefore, by Theorem 6.2, we have

p¢ — 0 strongly in L*([0,T]; L}, .(R?)),

loc

which also implies
p° — 0 strongly in L*([0,T]; H, (R?)),

for all 1 < s’ < s by interpolation.
The convergence of V, - (u¢ — 2e~"k(6°)V,0¢) is shown in the same way. Let

w2V, - (ue - %efepsﬁ(ﬁe)vxﬁe) .
Then the wave equation for w*® is
20w + V, - (eeevwwe) = eF(p°,u, 0%y,

where F is a smooth function in its variables with F(0) = 0. Therefore, the same
argument guarantees that

Ve - <u€ - %e‘Epéﬁ(Oe)Vxee) — 0 strongly in L*([0,T); HS.~*(R?))

loc

forall1 <s' <s. 0O

7. Passing to the limit. Combining the uniform bound given by Theorem 2.4
and the local strong convergence of the fast motion (6.3), we can prove the following
convergence result.

THEOREM 7.1. Using the same assumptions and notations in Theorem 6.1, the
family {(u¢,0)]e € (0,1]} converges weakly in L>([0,T); H*(R?)) and strongly in
L2([0,T); HE (R3)) for all &' < s to a limit (u,0) satisfying the ghost effect system.:

loc

Vs - (%ufn(f))vgﬂ) =0,
eV (Qu+u-Vou)+VoP* =V, - L+ V-2,
304+ u-Vo)0+V, - u=—-V,-q,

(u7 9) (CL’, 0) = (vin7 Gin)(m) )

(7.1)

for some P* satisfying V,P* € C([0,T]; H*"2(R3)), and ¥, ¥, ¥ be defined as

Y = u(h) (Vzu + (qu)T — %(Vm u)I) , q=—k(0)V.0,
S =71(0) (V20 — 2A,01) + 7(0) (Vab @ Vil — 3[VL0)°T) .
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where T1, Ty are the transport coefficients such that 71(0) = 11(0,0) and 72(0) = 2(0, 6)
where 11,72 are defined in (1.9). The initial data (v'™,0™) satisfies that

H(e—einvin) — uin , V, - (’Uin _ %H(ein)vwein) =0,

where I is the projection onto the divergence free of e v and ul™, 0" are defined

Proof. [Sketch of proof] First the uniform bound of the norm defined by (4.33)
gives that

sup ([|(p, u)l[ms + 10 o) < o0
(0,7]

for s > 6. The equation for #¢ then implies that 9;0¢ is uniformly bounded in
C([0,T); H*—3(R?). Extracting a subsequence, we can assume that for all s’ < s,

0c — 6 strongly in  C°([0,T]; Hi. T (R?)),

loc

where the limit 6 belongs to C([0, T]; Hi. 1 (R3)) N L (0, T; H*+1(R?)). Meanwhile,
one can check that the decay conditions (6.2) are satisfied by 6 by checking the
equations for [z|'™7(0 — 0) and V, (|z[**7(6 — 6)). Therefore, by Theorem 6.1, we
have the local strong convergence of p* and V, - (uf — %e’EPEH(Ge)Vxﬂe) as in (6.3).
By the uniform boundedness of (p¢, u€) in C([0, T]; H*(R3)), we can assume that

(7.2) (p,uf) — (p,u) weakx in L>(0,T; H*(R?)),
By the limits

66 in C°([0,T); HS TR,

loc

(7.3) pe =0 in L0, T); H (R%)
Vz~(u67%efepen(06)vxﬁe>%O i L2([0,T); HE " (R%)),

we obtain

(7.4) Ve ut = V,ou in L2([0,T); Hy T HRY)),

Thus by (7.3) the limit (u, §) satisfies the first equation in (7.1). By the equation for
curl (e7% u), there exists a subsequence of curl (e~ u€) such that for all s’ < s,

(7.5) curl (e u) — curl (e % w) strongly in  C(]0,T]; H.~H(R?)),

loc

Combining (7.4) and (7.5), we have up to a subsequence,
u® —u strongly in  L*([0,T}; Hfolc(]Rs)) ,

for all s < s. The third equations in (7.1) is shown by direct applications of the

uniform bounds of (p¢,u¢) in L>(0,T; H*(R?)), local strong convergence of (p¢,u¢)
in L2([0, T); H;..(R3) and strong convergence of 6 in C°([0, T7; Hi T1(R?)). For the
second equation in (7.1), first we have the limiting projected equation using various

convergence of (p¢, uf, )

(7.6) I (9)(e %) + V- (e Pu@u)) =TI (Vx S VA z) :
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where II is the projection operator onto the divergence free part of e~%u. Moreover,
by the first and third equations in (7.1), we have d;u € H*~2(R?) for each t € [0, T].
Therefore there exists Px such that the second equation in (7.1) holds. Furthermore,
by Theorem 3.2, the solution to the ghost effect system (7.1) is unique. Therefore,
the above convergence in fact holds for the full sequence of (p¢, u¢, 6¢), which thereby
completes the proof. O
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