THE RADIATIVE TRANSFER EQUATION IN THE
FORWARD-PEAKED REGIME

RICARDO ALONSO AND WEIRAN SUN

ABSTRACT. In this work we study the radiative transfer equation in the forward-peaked
regime in free space. Specifically, it is shown that the equation is well-posed by proving
instantaneous regularization of weak solutions for arbitrary initial datum in L*. Classical
techniques for hypo-elliptic operators such as averaging lemma are used in the argument.
Among the interesting aspect of the proof are the use of the stereographic projection and
the presentation of a rigorous expression for the scattering operator given in terms of a
fractional Laplace-Beltrami operator on the sphere, or equivalently, a weighted fractional
Laplacian analog in the projected plane. Such representations may be used for accurate
numerical simulations of the model. As a bonus given by the methodology, we show
convergence of Henyey-Greenstein scattering models and vanishing of the solution at
time algebraic rate due to scattering diffusion.

1. INTRODUCTION

1.1. Radiative transfer equation and the highly forward-peaked regime. Radia-
tive transfer is the physical phenomenon of energy transfer in the form of electromagnetic
radiation. The propagation of radiation through a medium is described by absorption,
emission, and scattering processes. In the case that the medium is free of absorption and
emission the radiative transfer equation (RTE) in free space reduces to

Ou+0-Vyu=7T(u), in (0,T)x R x S41 (11)
U= 1Up, on {t=0}xR%x s ’

where u = u(t, z,0) is understood as the radiation distribution in the free space (0,7") x
R? x S where S*! stands for the unit sphere in R%. The initial radiation distribution
is assumed nonnegative and u, € L' (Rd X Sd_l). The scattering operator is global only
in the radiation propagation direction #, specifically, it reads simply as

T(u) = T, (u) = / (u(8') — u(8))bs (0, 0')d0. (1.2)

sd—1

It is commonly assumed that the angular scattering kernel has the symmetry 0 < b,(0,6") =
bs(—6',—0) due to micro—irreversibility and has the normalized integrability condition

1:/ bs(e,e’)de'z/ b(6',6)de’. (1.3)
Sd-1 Sd—1

For detailed presentations of the mathematical theory of linear transport equation with
the classical assumption (1.3) refer to [8, Chapter XXI|. In this work we are interested
in a different regime of propagation called highly forward-peaked regime commonly found
in neutron transport, atmospheric radiative transfer and optical imaging among others.
Refer to [2] for a general discussion of the RTE, including the forward-peaked regime, with
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application to inverse problems. In this regime and under precise scaling, see below, the
angular scattering kernel is formally approximated by

b(o - )
(1—0-0)7

where the function b(z) > 0 enjoys some smoothness in the vicinity of z = 1. More
precisely, in the sequel we will consider its decomposition as

bs(6,0") = s € (0,min{1, 451}) (1.4)

= b(z)

b(z) =b(1) +b(z), where h(z)= A=)t e LY(-1,1). (1.5)
For instance, some Holder continuity in the vicinity of z = 1 will suffice for b(z). This
decomposition is commonly used to separate the peaked regime scattering from others such
as Rayleigh. In scattering physics literature it is common to use the Henyey-Greenstein
angular scattering kernel (also called phase function), first introduced in [9], which for
d = 3 reads

1—g°

(1+g2—290-0)°
where the anisotropic factor g € (0,1) measures the strength of forward-peakedness of the
scattering kernel. For example, typical values for this factor in animal tissues are in the
range 0.9 < g < 0.99, in such a case the regime is referred as highly peaked. Therefore, the
model (1.4) can be viewed (but not restricted) as the limit ¢ — 1 of Henyey-Greenstein
scattering type (with s = %) after proper rescaling. Indeed, assume that ug¢ is the solution
of radiative transfer (1.1) with initial condition u%; and with the Henyey-Greenstein phase
function. Define the rescaled function w9 as

b?’_]G(Q, 9/) ==

uI(t,x,0) = @UHG(ﬁy 1%,79) ;

where the time-space variables (¢,z) are order one quantities. Thus, this rescaling is
introduced in order to observe large spatial-time dynamics (of the original problem) so
that the highly forward-peaked scattering has a visible effect. It can be interpreted as a
diffusive scaling of the type given in [10] for propagation regimes with a small mean free
path. Note that the factor 1/(1 — g)¢ is necessary to conserve the solution’s mass. A
simple computation shows that u9 solves the radiative transfer equation (1.1) with phase
function given by
g /
ooy = o™ e L
1=9  (14¢2-2460.6)7 971 V2 (1-0-0)"

and initial condition uJ = uf- Therefore, it is expected that in some suitable sense

the asymptotic limit v = limgy 1 w9 is given by a radiation distribution w that solves
(1.1) with phase function (1.4) as long as the rescaled initial condition converges towards
Uo. Such asymptotic limits are usually referred as Fokker Planck approximations since
the distribution u solves essentially a Fokker-Planck equation, see for example the refer-
ences [12], [11], [2] and [13] which present instances of this approach. It was noticed in
[12] that the sequence of solutions upg cannot converge (as g — 1) to the solution of a
Fokker-Planck equation, therefore, in principle some diffusion scaling that depends on the
propagation regime is necessary for this to happen. In fact, we will show in this work
that the limiting scattering mechanism is not given by a Laplace Beltrami operator in
the sphere but rather a fractional Laplace Beltrami operator. Thus, in the case of the
classical Henyey-Greenstein scattering, Our work provides a rigorous justification of the
asymptotic analysis in [12]. It also shows that a more precise name for the asymptotic
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limit would be “fractional Fokker Planck approximation”. Independent of the name used
for the approximation, the important underlying issue is that using a standard Fokker-
Planck equation may not be entirely appropriate for the correct modeling of the highly
forward-peaked regime.

Observe that assumptions (1.4) and (1.5) imply that
/ bs(0,0")d0 = +o0 for any s > 0,
gd—1

therefore, the operator Z is not well defined unless the radiation distribution u enjoys
sufficient regularity, say having two continuous derivatives in the variable 6. Such regular-
ity needs to be proven for solutions of the radiative transfer equation (1.1) in the highly
forward-peaked regime. Consequently, the interaction operator is defined using the weak
formulation: For any sufficiently regular functions v and v

/ Z(w)(0) ¥(0)d0 : = —1 / / (w(@) — u(0)) (£(8') — ¥(8)) bs(6,0')d0'd0

= lim u(6) (7#(0’) — w(ﬁ)) bs(6,60)d0'do. (1.6)
€0 Jgd-1 {1-6-0/>¢}
Although, we are not yet precise what the space of test functions is, we observe that
equations (1.6) is equivalent to the strong formulation (1.2) for sufficiently regular u. In
Proposition 2.1 a explicit expression in terms of the fractional laplacian will be given.

1.2. Definition of solution, results and organization of the proof. Let the function
Uy € L}E 0 ! be a nonnegative initial state and 7' > 0 be an arbitrary time. A nonnegative
function

ue L*®([0,T); Ly 4) NC([0,7); L,)

is a solution of the RTE in the (highly) forward peaked regime with initial condition u,
provided that

O, Vau, Ty, (u) € L*([to, T); L24) Vi, >0,
and u solves the RTE equation a.e.

{ Ou+0-Veou=Ty, (u), in (0,7) x R? x S4-1

U= 1Up, on {t =0} x R% x §%1, (1.7)

Let us state the results in one theorem. The detailed statement of the results with precise
estimates and spaces can be found in Sections 4 and 5.

Theorem 1.1. (1) (Stability and existence of solutions) Consider a sufficiently regular
nonnegative initial state u, € Li,e and let {u9}g>0 a sequence of rescaled solutions of the
RTE with Henyey-Greenstein kernels having such initial state. Then, {u9},>0 converges
weakly in LQ([O, T); L;e) as g — 1 to the unique solution u > 0 of the RTE in the forward-
peaked regime having initial condition u,.

(2) (Ezistence of solution for general initial state) Consider a nonnegative initial state
U, € Lglco. Then, the RTE in the forward-peaked regime has a unique smooth solution
u > 0. Furthermore, all higher norms of u are controlled exclusively in terms of m,, the
mass of u,, for any positive time.

IThe shorthand L;g denoting L' (]Rd X Sdil) and its equivalent to other Lebesgue and Sobolev spaces
will be used extensively along the paper.
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(3) (Time asymptotic vanishing) Consider a nonnegative initial state u, € L. ,. Then,
the solution u of the RTE in the forward-peaked regime satisfies for any t > 0

C
u(t) < o)
ta
and constant C(m,) depending only on the initial mass my.

N[ —

for some universal a >

Theorem 1.1 is proved in Sections 4 (items (1) and (2)) and Section 5 (item (3)). The
proof is based on Section 3 where all the a priori estimates are worked out. Section 2 is
of independent importance and contains the averaging lemmas that propagate regularity
from the angular variable to the spatial variable. More precisely, the proof follows the
following argument: Assume existence of a solution (as defined previously) for the RTE
in the peaked regime. For such solution, the main energy estimate (2.18) is valid. Such
estimate essentially points out that higher angular Sobolev regularity is controlled in terms
solely of the Li’e—norm of the solution. Although, the control of a higher spatial Sobolev
norm is not explicit in estimate (2.18), it is possible to propagate a fraction of such angular
regularity to the spatial variable using hypoelliptic methods. In particular, we choose
to follow in Section 2 a flexible and powerful technique based on the so-called average
lemmas, see [4] and [5] for a complete discussion and an extensive list of references in the
topic. This section ends with Corollary 3.3 which states precisely this fact. In Section
3, a classical technique in parabolic PDE theory is used, namely, to show successively
improved regularity in the solution starting from the lowest conserved quantity, in this
case the L}c’@—norm, we refer to [3] to observe such technique in the context of nonlinear

integral equations. Thus, Section 3 starts proving the basic control of the Li g-norm in

terms of the Liﬁ g-norm. Such result only requires a standard version of the average lemma
given in Propoéition 3.1. Improvement of regularity, involving Sobolev norms in both
space and angle, is done in Proposition 4.5 by differentiating successively the equation
and arguing by induction. The initial step of the induction is given by the strong form
of the average lemma proved in Theorem 3.2. All the results up to Section 3 are valid
assumed the existence of a solution, thus, Section 4 is dedicated to show the existence
of such solution. To this end, the RTE in the peaked regime is approximated using the
physical model, namely, the rescaled RTE with Henyey-Greenstein type of scattering. Of
course, it is possible to approximate the RTE in the forward peaked regime in many ways
(including simpler ones), we choose the Henyey-Greenstein type for its physical relevance.
Uniform estimates, in the anisotropic coefficient g, for the approximating solutions allow
to show that such a sequence of solutions indeed converge to a solution of the RTE in
the forward peaked regime, see Proposition 5.1. Item (1) is proved in Proposition 5.2 and
item (2) is proved in Theorem 5.3. Finally, in Section 5 a classical technique in elliptic and
parabolic theory to obtain improved regularity by studying the level sets of the solution is
used, an excellent reference for this topic is [6]. Interestingly, such technique is borrowed
in the present case to obtain a vanishing algebraic rate of the max-norm of the solution as
described in item (4). This result is proof of the diffusive nature of the scattering in the
forward-peaked regime.

2. BASIC PROPERTIES OF THE SCATTERING OPERATOR AND FUNCTION SPACES

In this section we show some basic properties of the scattering operator Z. These
properties are fundamental to the analysis in this paper. They also motivate the function
spaces that we will work within.

2.1. Stereographic projection and the representation of the projected scatter-
ing operator. The results given in this work can be stated transparently employing the
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stereographic projection S : S¥~! — R%1. Using subscripts to denote the coordinates of
a vector, we can write the stereographic projection as
C1—6g’
The stereographic projection is surjective and smooth (except in the north pole) with its
inverse J : R¥™1 — S%1 given by
2v; . o2 — 1
v)i=-——>, 1<i<d-—1, and V)g=—"5—,
TWhi= e 150 TWa= "0y
where (v) := /1 + |v|2. The Jacobian of such transformations can be computed respec-
tively as

S(); 1<i<d-1.

de 241 do
dv:W, and d@zm.

Additionally, using the shorthanded notation § = J(v) and 6/ = J(v'), one can show by
simple algebra that

o — o'
()2 (v)?
Proposition 2.1. Let bs be a scattering kernel satisfying (1.4) and (1.5) and write Zp,, =
Ty1) + Zn. Then, for any sufficiently reqular function u in the sphere the stereographic

projection of the operator Ly is given by
[Zoy(w)] ;2% b(1)

<'>d_l Cd—1,s
2955 b(1)

:QiLS<vys(_(—Avywj4-%ﬁQw:ﬂ+%), (2.2)

1-0-60/ =2 (2.1)

<w%(—(—AQ%@7+UJ(—AJS“ﬂi_%)

where uy =uwo J (the projected function) and wy := Hdﬁﬁ. In particular, one has the
formula
1 — 2
m /Ib(l)(u)(a) u(f) df = — Cd,s H<_Av)s/2wJHL2(Rd71) + Cas HUH%2(§d—1) ) (2.3)
for some explicit positive constants cqs and Cq s depending on s and d. Furthermore,
defining the differential operator (—Ag)® acting on functions defined on the sphere by the

formula
[(_AQ)Su]j = <'>d_1+25 (_Av)swja (24)
the scattering operator simply writes as the sum of a singular and a Lg—bounded parts
Ibs =-D (—Ag)s + Cs,d 1+7, (25)

where D = 2955 Cs(_ll) is the diffusion parameter.

Proof. Given the decomposition of the scattering kernel bs assumed in (1.5) one certainly
can write the scattering operator as 7 = Zj,1) +Z;,. The operator 7 is a bounded operator

in L2(S%1). Indeed, assumption (1.5) implies that
b6 - ¢')

(1607 +

Then, using Cauchy-Schwarz inequality it follows that

H-,Zh(u)HLQ(Sd—l) <2 HhHL1(gd—1)||u||L2(Sd—1) . (2.6)

0 — h(6-0)= e LY(st Y.
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The details can be found in the appendix, Lemma A.1. Let us concentrate on the leading
term Zp(1) using the Stereographic projection and (2.1)

[Ib(l) (U)]j(v) = 2%_8 b(l) <'U>d_1+28 /Rdl U‘Z(i} i,;ijj’{igi) <v,>31}1_25

_ 2%—3 b(l) <v>d—1+2s (/ wj(vl) - wj(’U) dv’
Rd—1

|U _ U/|d71+2s

1 1
<U>d—1—25 - <v/>d—1—23 ’
+ug(v) /Rdl o — /[d—1+2s dv )
d—1
22 (1
2 b)),

( >d—1+2s< — (A wg + UJ(_AU)S<.>d—11—25)

Cd—1,s
25 (1)
— 27 2s( s L
= (v) ( (—Ay)*wg + cas <U>d*1+25>' (2.7)

For the last inequality we have used Lemma A.2 on Bessel potentials in the appendix to
find that
1 Cd,s

(=) s V) = gy -

This proves (2.2) and as a direct consequence,

— _ dv
L mo@e @ a=2 [ (5] 0w s
3a-1) _ b(1) /2 2 Cd,s 2
=2z E [_ H(_A) / wJHLz(Rd—1) + FHUHH(Sd—l) . (2‘8)
This completes the proof. O

2.2. Functional spaces, mass conservation and main energy estimate. Due to
Proposition 2.1, it is convenient to introduce the Hilbert space H*(S%"!) (or simply Hj)
defined as

Hy={uelb : (-A)Pwsyel2}, s€(0,1), (2.9)

1 1 s
Wherep—s—2 pas]

<’LL, f>HS(Sd—1) = <(_A)S/zwja(_A)S/29J>L2(Rd—1) )

and endowed with inner product

f7

where wy = (125

and g7 = (2.10)

Wﬁ

as the working space in the angular variable. That (2.10) is an inner product follows from
Hardy-Littlewood-Sobolev (HLS) inequality

(U, u) frsga—1y = / |(—A)S/2wj(v)|2dv

Rd-1
2 2
Ps Ps 7(d71)% —2 Ps Ps
dv) =275 o </Sd_1 |u(0) de) o (2.11)

>t ([ lusto)

where Cp is the HLS constant. Thus, (u, u) ysge-1y = 0if and only if u = 0. The condition

u € LPs (Sdil) is imposed to prevent constants as valid choice for wy (which may happen
for example when u € L(% only). Now, observe the following useful representation of the
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inner product norm in H*(S?"!) which follows directly from (2.4), (2.5) and the weak
representation (1.6)

Dy ||UH§{5(Sd*1) = Do (u, u) gs(ga—1y = D (—Ap)*u(f) u(f) do

Sd-1

- / Ty (w)(6)a8) 6+ cab() [ u@Pds (212)
Sd—1 Sgd—1

0/ _u 0)) / 2
/Sd 1/§d 1|0 — 0|d 1+2s d6"d6 + cq,s b(1 )/Sdl [u(6)["de,

where Dy = 2971 D. In the last expression one simply uses the equality 2(1—6-6") = |6’ —0/|?
valid for any two unitary vectors. Equations (2.12) shown the equivalence of norms in
HS (Sdfl)

(u(0') — u(6))?
”U’H%{S(Sd—l) ~ /Sd—l /gd—l W d@’ dH + ”UH%Q(Sd_l) . (213)

which can be quite useful in computation?. Note that for functions v € LP zp the Sobolev
inequality (2.11) is also valid since u(z,-) € Lb* for a.e x. Therefore, the inequality

2. dx > 2 s :
[ el o> [l aa (214)
is valid in the space
so={uelly : (-0 Pwye L2}, s€(0,1). (2.15)

Finally, a direct integration of the radiative transport equation shows that solutions con-

serve mass
/ / u(t,z,0) dﬁdx:/ / uo(z,0)dddx, t>0. (2.16)
Rd Jsd—1 Rd Jgd—1

They also satisfy the energy estimate
/ / tx9| dex—// / Ty, (u)w df dzdr
Rd Jgd-1 Rd Jgd-1
:2/ / ’u(t',x,G)}szd:c, forany 0 <t <t<T. (2.17)
Rd JSd—1

Thus, using the equivalence of norms (2.12) in (2.17) one gets

/ / u(t,x 9| dﬁdm—l—Do/ / ||’LL||Hsd£L'dT
Rd JSd—1
< 2/ / u(t', z, 9{ dﬁdw—l—Dl/ / w22 (sa-1)y dzdT, (2.18)
Rd

valid for any 0 < ¢/ <t < T. Here Dy depends on d,s and b(1) while D; depends on
d,s,b(1) and the integrable kernel h. Energy estimate (2.18) is central and will be used
extensively along the proof.

2Expression (2.13) proves that (-, -)arg is an inner product when u € Lj® is relaxed to just u € L3. The
HLS inequality, however, does not hold in general under this relaxed assumption.
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3. TECHNICAL LEMMAS: VELOCITY AVERAGING LEMMAS

In this section two versions of the regularization mechanism in the RTE equation are
shown: weak and strong versions. The weak version is the classical velocity averaging
lemma where the average of the distribution function u in the angular variable 6 has
improved regularity in the spatial variable x. The strong version is related to the fact
that the actual density function u will enjoy higher regularity in both angular and spatial
variables. Both proofs are quite related and follow the classical framework developed in [4]
adapted to the fact that 0 lies in the sphere. The reader will note that the result about
L' to L? improvement of Section 4.1 will only need the weak version. Let us show first
the regularity for the averaged density

p(t,z) = /Sdl u(t,z,0)do = / ug(t,x,v)J(v)dv, (3.1)

Rd—1

2d— 1

where J(v) = iy is the Jacobian.

3.1. Averaging Lemma. First we show the weak regularization, that is, the averaging
lemma for the solution. Throughout this subsection, we use ¢y ¢ to denote a constant that
only depends on d. We also use cg 4, to denote a constant that only on depends on d, s
and cq 55 for any constant that only depends on d, s, where § is defined in (3.13). These
constants may change from line to line.

The main result is

Proposition 3.1. Suppose
g € (0, T x RYx R, go € L2((0,T) x RG HY(RT)

for s € (0,1) and d > 3. Suppose uy is a strong solution to the transport equation

drug +0(v) - Voug = g1 + ()T (AN g ug| = uG(z0).  (3.2)
Then p defined in (3.1) satisfies

(—A.)7p € L2(0,T] x RY).
for B> 0 defined in (3.16). Moreover, there exists a constant c¢qss5 > 0 such that
2
180701 < cans (lu5l2s, +luglds  +lorlde  +lgaliz ). (33)

where § is defined in (3.13).

Proof. The proof is an adaption of the method in [5]. We will focus on the second term
containing g since the part corresponding to g; follows directly from [5]. Therefore we
will check the regularity for p where u is a solution to

8tUJ —+ 9(1)) . vmuj — <U>(d_1)+25 (—AU)S/292 ’

g (3.4)
u5|t20 =u%(z,v).
Let A be a constant (in v) which is to be determined. Rewrite (3.4) as
Oug + Aug +0(v) - Vouys = ug + <U>(d_1)+25 (—AU)S/292 ) (3.5)

Uj’tzo =u%(z,v).
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Let p(t, &) be the Fourier transform of p in z and take the Fourier transform in z of (3.5).
We can then directly solve for p and obtain

ﬁ(t,f):e’\t/ e 0 a% I (v de// ~OHPOTG 2 (t — 7,6 0) (v) dvdr
Rd-1 Rd— 1

t .
+/ / e—()\—i-w.g)q— J(’U) <U>(d—1)+25 (—A )8/292(t — 7 g’ )d’U dr. (36)
Rd—1

A
:Il+IQ+I3.

We estimate Iy, I, I3 respectively. First, note that /.J € L?(dv)

/ J(v)dv:/ 1df < cpqe,
2<0(v)-e<z+e 2<f-e<z+e

for any z € R, e € S !, and € > 0. Therefore, the first two terms I, I are estimated in
exactly the same way as in [5] which gives

T
| e+ nreo) a

Cod<€‘/ [u% (&, v \dev+‘§|/ /]Rd 1|uh7t§, Jdvdt) (3.7)

In order to estimate I3, we denote
g= (_Av)_T\W .

Since ga(t,-,-) € L? ,, we have

g(t’ z, ) € L™ (Rd_l) ; b1 =

|
\Y,
DO

The forcing term in terms of g has the form
(—20)*%g2 = =V, - (RY),

where R = (R1,Ra,--- ,R4_1) is the Riesz transform in R9~!. Note that Rg € LP*(RI~1).
The third term I35 then becomes

t . —~
I3 = Zd_l/ / e M (6_19'57 <U>_(d_1)+28) Vo -Rg(t—7,&v)dvdr
Rd 1

t ) —
— 9 l(irgy. /0 /Rd1 AT pifET (<U>—(d—1)+2s Vﬂg(v)) SRt — 7,6 v) dvdr

t . =
i / / ATy (<U>—(d—1)+25) “Rg(t —7,&,v)dvdr
0 Rd—1

A
=131 — I32.

We will show the estimates for I35 in details. The other term I3; will be bounded in a
similar way. For the ease of notation, let

¢(’l}) _ <v>f(d71)+28 .
Note that
Vot (v) < co,as (0) " (3.8)
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The estimates for I39 are as follows.

/|132t§|dt—22d 1/(//Rd 1*” e T 7 1h(v) - Rg(t — 7, )dvd7—>2d

22(d 1) - o0 :
g / / AT / e~ PN 7 (v) - RG(t — 7, &,v) dv
Rd-1

( — ]

: (3.9)
22(d 1) L
RYq /0 </0 °

drdt
2
d7'> dt,
where b(v) = 6(v) - £/|¢|. Following [5], we let ((y) = 1,~0e™ ¥ such that E(z) =
Define

/Rd 1 TV (v) '@(t,f,v)dv

1
1—iz

o= [, ¢ (””‘y) V(o) - Ryt €, v) dv

a1 7y Y
Denote F,, as the Fourier transform in v. Then
1

[Fu(0) (2)] = \/TW

Hence by Plancherel’s theorem, the integrand in the last term of (3.9) satisfies

o0 A
/ e_m,r
0
< /Oo 1/ e PO 4h(v)
o A2 92 Jra-1 Y
M VA A

< [ 2o ("2=0) 9w Rite g oyae
A

where v = GE Using Hélder’s inequality, we have

/Rdl iC <b(v)7_y> Voth(v) - RG(t, €, v) dv

3 () ) [ () ) 00

X HRg(ta 57 ')H%Pl(dy) ’
where «, ¢ are chosen such that
d—1 d—1

= , <a<l.
1715 2d—2s) -

/Rd 1 e MV, 0(v) - RY(t &, v) dv

2
dr

/Rd_l e~ 4 (v) -@(t,{,v) dv

-7/fgv(t,§,v) dv| dr

2
dy,

2

d—1
Note that for d > 3 and s € (0,1), we indeed have 72((1 25) < 1. In this case,
—2s

/R Ve dy < o /R ()7 dy < oo, (3.11)
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o<t -5t (2) (5555)

Take « close to ﬁ such that

(1—a)= d—1 d+1—4s _ 26
1 C\1l-s 2(d — 2s) d—2s’
where § is close to zero which is to be determined. Note that
g1 —a)(d—2s)=2(d—1)+ (<(11_1) (d+12_48> 2(d1)) -0
— 8
(d—3)(d—1)
2(1—s)

Next,

=2(d—1)+ — 25

In particular, if d = 3, then
g1l —a)(d—2s)=2(d—1)—2).
Then,

/ |Vv¢‘Q(lfa) dv < Co,d,s/ <U>72(d71)+25 dv
z2<0(v)-e<z+e 2<O(v)-e<zte

1
|
2<0-e<z+e (1 - 93)6
for any 6 € (0,1), z € R, and e € S¥~L. If d > 4, then we can have
q(1—a)(d—2s) >2(d—1)

1-6
dé < Cd,s,5 € )

by choosing « close enough to %. In this case, § will be chosen as zero. Therefore,

/ Vyp|1=) do < Co,d,s/ (0) 71072 gy < Cod,s €
2<0(v)-e<z+e w<h(v)-e<w+e
for any z € R, e € S~!. By the proof of Lemma 2.4 and Remark 2.5 in [5], we have
_ 2/q
(/ /2 (b(v)y> ‘vqu(l*a) dv) < Cdss F2(1=0)/q (3.12)
Rd-1 v
where
0 € (0,1) arbitrary for d = 3, 0=0ford>4. (3.13)

Combining (3.10), (3.11), and (3.12), we have

1 [bw)—y = 2
/ / Lo (MUY 9 op0) - Rt € v)du| dy
R [JRI-1 Y Y
< a5y IV RG(EE s (a0
Therefore,
T 920d=1) o /A —142(1-8)/a T __
132t7£2dt§’<> / RG(t, &, ) o (aw) At
| e (7 [ IR

(3.14)

\-2+2(1-8)/q [T
/ Gt €, )2 dv dt.

< .
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The estimate for I3; is similar since
‘ <U>7(d71)+25 vvm < Co.d <,U>fd+28 7
which is the same bound as V,% in (3.8). The only difference is that I3; has an extra

coefficient i7€, which gives an extra coefficient |§| in a similar step in (3.9) when estimating
fo 131 (,€)|* dt. Therefore,

T ) \—4+20-8)/¢ (T )
0 < cas i [ 0P dvar (3.15)

Combining (3.7), (3.14), and (3.15), we have

T
/0\(t§) dt<cdsa<‘§|édl\j( \Jdv+‘£|/ /Rdlyujtg, 2dvdt)

\-24201-0)/q  \—4+2(1-0)/q )
+eans | “gaa + igaraa /0 3(t,€,0) 2 dv dt.

Choose
3P 2(1 =96
= |£|57B1 ) ﬁl - ( ) .
q
Since p € L2((0,T) x R%), we only need to integrate over |¢| > 1 and obtain

2
16l 2 0.1y, 15 ey < Causid (H“OJH%%Jdvdx) + g2 aravan) + ”91”%%,m + HgHng,) ’
where recall that ¢ is defined in (3.13) and

2 2 d—1
P=5=8 “5—a=0 I71=s (3.16)
We thereby finish the proof of the regularization of p. O

Remark 3.1. Note that although we assume go € L2((0,7) x R% H*(R? 1)) to make
the proof of Proposition 3.1 rigorous, the bound in (3.3) only depends on the L2-norm

of g2. Hence a typical density argument can relax the assumption to go € L2((0,T) x
R% L2(R471)).

3.2. Strong Regularizing Lemma. The objective of the following discussion is to prove
a key estimate to obtain the regularizing effect in the spatial variable of a solution u(¢, z, 6)
satisfying the radiative transfer equation in the highly peaked forward regime.

Theorem 3.2. Fiz any dimension d > 3 and assume that u € C([to, 1), L*(R? x S%71))
solve the transport problem

8tu+0~qu:I(u), t e [to,tl). (3.17)
Then for any s € (0, 1), there exists a constant C := C(d, s) independent of time such that

H(_Ax)%OUHLQ([tO,tl)XRdXSd*) <C (Hu(tO)HL%RdXSd*l) + HUHLQ([to,tl)dede*I)

s/4
+ H w~7HL2 ([to,t1) xRIxRd— 1)) ’ 50 = 2s+1° (3.18)

Proof. We follow the method given in [4] and adapt it to the advection operator 0 - V.
We start with an approximation of the identity in the sphere {pc}¢>o defined through an
smooth function p € C(—1,1) satisfying the properties

! d—3 1
/ p(z)z 2 dz=1, 0<p(z) S ——F. (3.19)
-1 zz T8
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Introduce the quantity
d—2 d—3
=S y/ T (2—ez) 7 dz, ee(0,1], (3.20)

and note that inf.c 1) Ce > 0. Thus, define the approximation of the identity as

z
pe(2) = —=r p( ) (3.21)
C. ET
It is not difficult to prove that
/ pe(1—0-60)do =1, €e>0. (3.22)
Sd—1

In the sequel we understand the convolution in the sphere, for any real function v defined
on the sphere, as

(pxv)(0) = /Sd_l p(1—0-0")y(8) do". (3.23)

Now, we wish to analyze u, a solution of (3.17), in the interval [to, 1) for any 0 < ¢y <
t1 < oo. To this end, multiply (3.17) by 1y, ) and take the Fourier transform in time
and spatial variables to obtain

i(w+0-k)a(w, k,0) = Z(0)(w, k,0) + u(ty, k, 0) e~ (3.24)
were we have denoted u(w, k, ) the Fourier transform of u(t,z,0) 1y, ;) in the time and
spatial variables. Note that the boundary component at ¢; is disregarded by causality of
the equation. A key step in the proof is to decompose u, for any fixed (w, k), as

U(w, k,0) = (pe * @) (w, k, 0) + [a(w,k,0) — (pe * 0)(w,k,0)], (3.25)

and observe that, thanks to (3.19) - (3.22) and Proposition 2.1, the error can be estimated
in terms of the regularity in the variable 6 as

|@(w, k,-) — (pe ) (w, k, ')H;(sd*l)

2
:/ / pe(1—0-0) (@(w, k.0) — @(w, k.0)) 4’| db
sd—1 | Jgd—1
/ / (1=0-0)|a(w, k,0) — u(w, k 9’)\ d¢’ do (3.26)
§d—1 Js§d— 1
Se / / wk&—u(wk@’)‘ 48’ a6
Ce §d-1 Jgd-1 1_9 9/)
. . )
- csb( )/Sd o @) (w, k, 0) 8w, k,0) 46 *H o) 27w, k) [y -

Let us estimate the term p, * u, for each fixed (w, k), which we compute from (3.24)

AU+ Z(u) + uto, k, 0) e~ wto
- 2
“ Ati(w+0-k) ’ (3:27)
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where A\ > 0 is an interpolation parameter depending only on |k| (the parameter e will
depend only on |k| as well). Formulas (2.5) and (3.27) in turn lead to

~ Au(w, k,0") + Z(u)(w, k,0") + a(to, k,0") e iwto
P 0) = —06.0 L) s vy s Ky f
( I3 *U) (U}, k;, ) /Sd . p€(1 -0 ) \ Z(w o ,) 10

a(w, k,0') + K@) (w, k, 0’
[ nfimog) RO D),
Sd—1 1+i(w+k-0")/X

D n (ZAg)u(w, k,0')
3 S PO Sy Y (3:28)
1 Qto b, ') et A
= (1-6-¢ 7 A9’ 2Ty + Ty + T3,
TN fou, P T T Y 1+ 2t s

where K := ¢5 41 + 7}, is the bounded part of 7.

Estimating the term Tp. Simply note that

pe(l—06-0") '
[Tate. k. 0)] < (/Sd—l|1+i(w+k~9’)/>\\2 de)
(/ pe(1—0- 9’)]@(w,k,9’)\2 d9’) (3.29)
Sd—1

1 o e
+/\</Sd_1pe(1—9.9)\/C(u)(w,k,9)\ d@) ]

The first integral in (3.29) is estimated observing that

pﬁ(Z) S C'1d211{|z<5} and ‘9—9/‘2 :2(1—9-9,).

e €

D=

N

X

D=

Addltlonally, Choosmg k as the north pole of S9! we can decompose any vector § € S?—1
as 0 = (0 - k) k+6, with 6, € DL, Tt follows that

1
pﬁ(]- — 0 . 9’) § F 1{‘979,|2§26}
e€ 2
1
T Lo k-0 BP0, —01, [2<2e} (3.30)
€
1
= Cj {‘9’“ 0/ k[2<2¢} Lo, —o' 2<2e} -

In this way, using (3.30) we can establish that
(1—0-0
/ P ( ) 5 de/
st |1+ i(w+k-0)/A|
1 /ﬂ— 1{|9 T— cos(a)|?2<2¢}
2

< - L9 —sin(a)ol2<2er do sin?2(a) | da
C.e's ’1+2 (w + |k| cos(a /)\‘ (/Sd2 {01 msin(ejo sz}

{|9 &— cos(a)|?<2¢}
< da. 3.31
C\[/ 11+ i(w + |k cos(a /)\‘ (3:31)
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The last integral in (3.31) can be estimated using Parseval’s theorem

/ L0 5—cos(a)2 <26} da 1 1 d
C\f \1+zw+yk\cos )/A” NCf 114 ((w+ [k 2)/A)° VI =22

- — | dz 3.32
V2Ce/e oo 1+ ((w K] 2)/0)° <|1—z|é i |1—{—z|2) (3.52)

O jwe _ e cos(§) 1 A
- e kIS e [kl d¢e < -
ey ) PEERREevAllT

Using (3.32) in (3.29) one obtains that the LZ-norm of Ty is estimated by

HTl(w7 k:, .)HL2(Sd*1)

LN R
<C <\/5 |k|> (Hu(w,k,.)HLQ(Sd_l) + K@) (w, K, ')||L2(Sd—1)) . (3.33)

Estimating the term T5. Let us use the stereographic projection and the definition of the
operator (—Ay)® to obtain

[(_AG’)Sa]j(ka’v) dv
L+i(w+ k- T()/A (v)!

__2d_12 (1_9 Tl )) —Ay)’wy(w, k,v) dv 3.34
/Rd ! l—i-z(w—i-k: J( ))/A)( >;_5( Jig( ) ( )
_od— 1D
= T

Pe (1 —0-TJ(v ))
where the fractional gradient operator V2*~! is defined by Fourier transform as

D
To(w, k,0) = —9d-1 3 /Rd—l pe(l -0 j(v))

V23 s (w, ko) do,

(1= i(w+ k- T@)/A) )7

F{VETIp}(€) = —ile[* T EF{w}(€).

Now, explicitly compute the gradient inside the last integral in (3.34) to obtain 3 terms,
namely,

P6(1 —0- ._7(11))
(1—i(w+k- T(0))/A) (v) T~
Vope(1—0-T(v)) L p(1=0-TW) o 1
(I—i(w+k-J@)/A) T T (-iwtk-T@)/A)
P6(1_0'~7(U)) v 1
(I—iw+k-T@)N/A) )5

Vy

which give us the decomposition Ty = T} + T3 + T3 respectively. Additionally, note that
for any vector x € R4!
|z

[Vole- T@)] 2 1y (3.35)
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that leads to the estimate for T}:

/ —
Rd—1 w+k: J /A‘ ——s+1
1
/ — q
_D / (1-6-Tw)] O 50
AN R 1 —i(w 4 k- F(0)) /A (o) 5+
1
p
X (/ (10T (VQS L7 (w,k,v)’p dv> S
q p
Using Sobolev embedding one has
HVQS 1w«7(w k,: HLP (R4-1) < CdSHvS@(waka ')HLQ(qu)
- OdsH 8/2/}( ‘)HLQ(R4—1)7 (337)

for % — ﬁ = %. This defines our choice of p := p(d, s) > 2 in (3.36). In this way,

(%—s%—l)q:d—l,

and estimate (3.36) reduces to

1
D |pe(1—0-0")| A%
Ti(
|ka‘g)}NA(/Sd_1\1—i(w+k-9/)//\}qd9 8
1
p

x(/ (1—6- T ‘v% L (w,k,u))pdu> . (3.38)
Rd—1

It follows, after estimating the integral in the sphere as previously done for the term Th,

that
pe1=0-6)] ., C [A
0 < ——, | = :
/Sdl [L—i(w+k-0)/A" " ~ evel [k (3:39)

Thus, estimates (3.37), (3.38) and (3.39) lead to

1

D

I /A
HLP(Sd—l) < e

<\/E |k‘> q H(_A )S/zwj(w K, HLQ(Rd 1y (3'40)

Similarly, the term T% is simply computed as
D |k /06(1_9 J (v )) ‘
A SR 1 —i(w + k- T (0) /A ()5

1
€ 1-6- ! ?
< D|2k| / p( 9 9) 2q da/ X
A si-t |1 —i(w+k-0)/A|

x ( / p(1-0-T@) |VE @y (w k)| dv)
Rd—1

1

DIkl{1 [ X\ 201 p
< _ . s—

HT%(w,k, )

2s—1
v

‘T%(kaae)‘ 5 ﬁ)}(w,k,v)‘ dv

1
p

1
P
dv) ,
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where the exponents p and ¢ are those of the term T%. Previous estimate lead us to the
bound

D[ 1 [x)°
T30 k) | gy < AL!(\/E Ikl> (=20 257 (w, b, )| pagasy - (341)

For the final term T3 note that V,—+— = —(% — s)%ﬂ, therefore the stereo-
oo s

graphic projection leads to

1
D pe(1—6-6) AT
T3 (w, k, 0 / de’
‘ U} )|N )\< cd-1 ‘1—z(w—|—k‘9’)/)\|q 1_01/1 X

X (/Rdl pe(1—0-T(v)) ‘Vgs_llﬁ}(w, k‘,v)‘p dv) . (3.42)

Note that |19 9,‘ < Sinl(a), with « the polar angle. Therefore, the following estimate is valid

for any d > 3 (recall that ¢ € (0,2))

pe(l—6-0) 104\
/Sd_l \1+z’(w+k-9/)//\}q<1—0;> a0

1 T {|0E cos(a)|2<25} . d—o—
= c. e Jo [1+i(w+ |k|cos(a)) /AT \ Jsa2 Lo, ~sin(a)of2<2c} do sin “(a) | da

1-4
~ Cee Jo {1+i(w+|k:|cos(oz))/)\‘qsin(a)q_1NCEG k|

With estimate (3.43) we finally conclude that

2—¢q

D (1 [x)"
HTg(wv’fa‘)HLp(sd—l)SAﬁ(\/g Ik> |20 257 (w0 k) pasy - (344

Estimating the boundary term T3 In the same spirit of previous calculations we have

lto, k,0')]
T 4 g ‘u(tOv ) /
[Ts(w, k. 0)] )\/ )‘1+i(w—|—/~c-0’)/)\‘ a0
1
< pe(1-6-9) d6'>2>< (3.45)
)\ Sdl‘l—I—zw—{—/{: 0’/)\‘ (1=50)

N =

. 2
x / pe(1—0-0) [@to, b &) — de
sd—1 1+ i(w+k-0) /A7
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where s € (%, 1) will be chosen in a moment. Observe that for the first integral

p— . /
S

U i(w A+ k- 0) AT
< / 1 1
~ Ceve ) \1+ (w + |k| )/)\)2]1_50 V1—22

1 1 A
/ —rd < |2

Recall that By(1_,) is the Bessel potentlal of order 2(1—sp), thus, previous estimate is valid

for sg sufficiently close to % and such that the singularity at £ = 0 becomes integrable.
More precisely, from the short discussion in the appendix about Bessel potentials one
notices that any so € (3,3) will do. Plug estimate (3.46) in (3.45) and integrating in

(w, ) variables to obtain

dz (3.46)

l
C 1 A
HT3('7]€7 .)HL2(R><S’1*1) < ﬁ (\/E ‘k > H’LL t(), ’.)HL2(S‘171) . (347)

Conclusion of the proof. From the decomposition (3.25) and estimates (3.26), (3.33),
(3.40), (3.41), (3.44) and (3.47) one concludes

~ 1 .
Hu("k")HLQ(RXSd 1 = <\/ ) (H ')HLQ(RXSdfl)+%HIC(U’)("k")HLQ(RXSd*1)>

c (1 A\, 1(1 [ k| )
(7 w)”““h”W@ﬁ+D<m<wsmO )
(1 . o

Aﬁ(ﬁ W) +62>H(_A)/2 70k )| 2

(3.48)

With estimate (3.48) we are looking to find control for |k| large. Indeed, assume that
|k| > 1 and set € = |k1|a and A = |k|® with a,b > 0. Since we expect that

R
VeV Ikl Tkl

sp >0,

we can control the term

k| [ 1 A . K|
2 \ﬁ m by choosing le,

that is, choosing b = % Using that ¢ € (1,2) one concludes that the leading terms are

Q=

1 2—q
RIS L S 0 S P TR
VT ) e\ VeV ‘

Therefore, the best option independent of the dimension is choosing a such that

nmx{(;; ,;) )=

[S17Y
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1/2
2s+1°

A simple calculation shows that a = and therefore, from (3.48) one concludes that

. C . .
(-, &, ')HL2(R><SCI*1) S 7 (H“('Jﬁ '>HL2(R><S‘1*1) +{[K@)( &, ')HLQ(Rde*)

+ H 8/2@( a‘)HLz(RXRd—l) + Ha(t(ﬁ k, ')HLQ(S‘i—l)) ’ |k| =1

This inequality proves the result recalling that K is a bounded operator in L? (Sdil). O

Corollary 3.3. Let u be a solution to (3.17) which satisfies the conditions in Theorem
3.2. Then for any t. € (to,t1), we have

s 1
H(_Ax) 20UHLQ([t*,m)x]Rfide—l) <C (m + 1) HUHL2 [to,t1) X RIxS4—1) (3 49)
+ CH S/ijHL2 [t() tl)XRdXRd 1)
where sg = 2‘1/;11.

Proof. Let T € [to,t1) be arbitrary. Then (3.18) gives

50 112 2 2
H(_A‘T)guHLQ([T,tl)XRdXSd*1 <C (Hu(T)HLQ(RdXSd* + HUHL2([t0,t1)><Rd><Sd*1)

s/4
+ H S/27“U~7HL2(1€0,1$1) R xR 1)) ’ 50 = 25 +1°

Taking the average of the above inequality over [t, t.], we have

s 1 t S0
[(=As) gUHi%t*,tl)dede*l) = t —to /to [(=Aq) guHi?([T,tl)dede*)dT

1 9 9
< € (i [ I oy 4 Bty +

+ H(—Av)sﬂwj‘

2
LQ([to,tl)XRdXRd_l) >

1 2 2
<C (t to/ Hu HL2(Rdxsd—1)dT+ H“HL?([to,tl)dede—1)+

5 2
1= 20) 207 | ey oo ) -

Inequality (3.49) is then obtained by taking square root on both sides of the above in-
equality. O

4. A PRIORI ESTIMATES: SMOOTHING

In this section we study the regularity of the solution. In particular, we will show that
solutions with L! initial data will gain immediate smoothness. Generally speaking, the
solution will enjoy higher regularity in the space and time variables. The solution will
enjoy regularity in the angular variable as well, however, this regularity will be tied to the
regularity of the scattering kernel b.

4.1. Regularity - From L' to L?. First we show that solutions with L' initial data
will become L? for any positive time. In addition, we will use the work done in Section
3 to shown a gain of a fractional derivative in both x and . We start by showing an
interpolation between the total mass of the density function u and its fractional derivatives
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in x and #. This will give us an L?*-bound (in time) for u with some w > 1. Recall the
notation

p(t,z) = / u(t,z,6)do.
gd—1

Throughout this subsection, we use ¢4, to denote any constant that depends only
on d,s,s’. We use ¢, for any constant that only depends on d, s, s’,mg where mg =
Jga Jsir u(t,z,0) dO dz is the total mass. These constants may change from line to line.

Proposition 4.1. Suppose u > 0 and u € L?([to,t] x R% H5(S* 1)) for some s > 0.
Suppose p € LQ([to,t];Hsl(Rd)) for some s € (0,1). Then there exists w > 1 such that
u € L* ([to, t]; L*(R? x S%71)). Moreover, there ezists a constant ci,m, > 0 such that

t t t
/I!uli‘ﬁo(T)dTSCLmO (// lullFs (7, @) da dr + ||(—Ax)s/2p|%%(7')d7'>.
to z to JRA to

Proof. By (2.11) and Sobolev imbedding, for each 7 € (to,t) we have

2/
/ ||u(7',x, )H%{s dx > COds/ (/ Up(x,Q) d@) pdx,
Rd 0 7 Rd Sd-1

2/q
82t g = o ([ 0)00)

sd—1
where
11 s I s
@ 2 d’ ps 2 d—1°
Note that go,ps > 2. Let
2q9 — 2
ar =27 c0,1), a=20a€0,1), r=piar+l-a)>2, (4.1)
Dsq2 — 2 2
such that
aq 2 1—061
— = =4q2,
az  ps 1 —a
-2 -2 2 -2
Psq2 — 2 Psq2 — 2

Then by Hoder inequality, we have

2/r ay 2/r
< / / u’"dedx> g( / < / upsd9> plm dx)
Rd JS§d—1 R4 Sd-1

o1

o 22/t ey N 2(1—a2)/r
(L)) (o)
Rd gdfl Rd

2/ps 200/ 2(1—a)/r
= / (/ u?s d@) dx (/ pP dx)
Rd Sd—l ]Rd
2&2/7‘ , 2 (17a2)q/1“
< cCgs.s (/ Hu||%{s dx) </ ‘(_Az)s /Qp‘ dx)
o Rd o Rd

Note that by the choice of (4.1), the parameters satisfy

200 (1-02)g
T r

=1.
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Thus if we integrate in time, then

t 2
/(/ / u’”d@dx)’“dT
to Rd J§d—1
¢ 25“72 ; (1—ag)gn
< , 2, —A,)¥? "
<cans | (( [ Tl da) * (1207712, ) )df

¢ 209 ‘ (1—ag)ay (4'2)
< Cd,s,s! </ / H’U,H%{g dx dT) </ H(_Ax)s’/2p||%% dT)
to JR4 to
t ¢ /
< oo ([ [ Ml arar+ [ 1a0 20l ar ).
to R4 to x
Let ( )
2(r—1 1
-=——>1, a= 1 1
w . >1, a=-—¢€ (0,1) (4.3)
Then 5
ra+(1—a)=2, w=—.
ar

By Hoéder inequality and (4.2), we have

t w t aw (1—a)w
/<// u2d0dx> dfg/<// urdedx> <// ud@dx) dr

to R4 JSd—-1 to Rd Jgd—1 Rd Jgd-1

t 2/r

§C1,mo/ <// urdedx> dr
to Rd Sd 1
< Cimg ( / [ Ity avar + / 1(=22)" |12 df),
to

—a)w

where ¢1 m, = Cqs,5 m(() is an increasing function in my. O

Proposition 4.1 shows that only spatial regularity is needed on the averaged quantity p
to obtain a bound on the full norm [[u|[ 120 (4 4,12 ,)- An immediate corollary of Proposition

3.1 is the following.

Corollary 4.2. Suppose u € LQ((to,tl) x R4 x Sdil) 1s a weak solution to the transport
equation (1.1) on [tg,t1 | with 0 <ty < t; < co. Let g = min{t; — to,1}. Then

swp(Jlul%2 (1) / | el daar + =Bl dr < callulto, 2
te(to,to+eo) to x,0

for any t € (to,to + €0). Here the constant ca depends on d,s,0, and b with § defined
n (3.13).

Proof. Recall that Proposition 3.1 gives

t
1820l 07 < cass (oI, + i, + 1-20 gl ).

Hence by the energy estimate (2 18),

sw (@) + [ [ Il asar [ 1207 ar
tE(to,to-ﬁ—eo)

< eallulto, )22 +ean / lul, dr.
z,0 to z,0
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where ¢ 1 only depends on d, s, d, and b. By (2.17), we have

Hu||%ig(t) < ”uH%i,e(tO) , for any t € (to,to + €o).
And thus,
2 ! 2 ! 2
sup (Julls, ) + [ [l dedr+ [ =807l ar
te(to,€0) .0 to JRE to
< 02”u(t07 K )H%i o’
where ¢y = 2c2 1 which only depends on d, s, d, and b. O

Proposition 4.3. Suppose u is a weak solution to the transport equation (1.1) on [0,T].
Let Ty = min{T,1}. Then there exists a constant cs = c3(d, s, s, mg, d,b) which is increas-
ing in mg such that

lu()lz, <est™ =1,  forall0<t<Ti,
where mo = [ga fea—1 u(x,0) dx do is the conserved mass and w is defined in (4.3).
Proof. Let T1 = min{T,1}. Then for any ty € (0,77), we apply Proposition 4.1 and
Corollary 4.2 and obtain

t
[ I, ar < e luto)ls, e 0,7, (4.0
to x, x,

a)w

1— . . . ..
where ¢31 = ¢1mC2 = C2 ¢4, S/mé is an increasing function in mg. Denote

X(r) = ()%, € (to,T).

Then (4.4) becomes

( tX(T) dT> < (e31)“X(to),  te(to,Th).

to
If we fix t € (0,71) and further denote
t

Y(to) = [ X(r)dr, 0<to<t<Ti,
to
then
5 1Y (to) + Y(to) <0, w>1.
The key observation here is there exists a universal constant cy > 0 such that
t _ 1
HU(T)H%?: o dr = Y(tO) <32 ty Wt s O<ty<t<Ty,

to

oo\ L
where c39 = <c3’1 )w_l. Recall the basic L2-bound of the solution

-
Hu(t)]%ge < Hu(r)]%ge, O<to<T<t<Ty. (4.5)
Taking the average of (4.5) from ty to ¢, we have
oI, < —— [, dr < 22457 0<p<i<T
u Li,e_ —to o u\T Lz,e T_t—too s 0 1-

In particular, if we take 0 < tg < 7T1/2 and t = 2t¢, then

w

- _w_ T,
lu(t0)[75 < eazto ™ <eg(2t0)"= T,  forall 0 <ty < 31
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where c3 = 251 3,2 which is increasing in mg. Hence,
Ju@)lizz, < s 77T forall0<t<Ti,
which proves the L' to L? regularization. (|

4.2. Regularity - From L? to higher norms. Using the strong regularization lemma
it is shown that a solution to the transport equation (1.1) has higher smoothing in both
spatial and angular variables for any positive time. A boot-strapping argument is used
after we show a basic L? estimate on the transport equation (1.1).

Lemma 4.4. Let u € L?([to, t1] x R x S71) be a solution to equation (1.1). Let wy =
M;’;ﬁ. Then u, w7 satisfy the estimate

-804

i < L D) g2 (4.6)
L2((ty,t1) xRIxRA-1) — Do(t* _ tO) Do UITL2((to,t1) x RIxSd—1) ’

and

1
2 2
sSup v -1y (¢ S< +D1) u .
te(turtr) || ”L2(]Rd><Sd 1) ( ) tye — to H HLZ((to,tl)X]Rded 1

for any t. € (to,t1). Here Do, Dy are the two constants in (2.18). Moreover, there exists
co,d,s which only depends on d, s such that

s0 1
=20 F i msngioy < oae (s + 1) Wiliaqoanncsiy s (47)
_ s/4
where sg = ZST—H

Proof. Let t, € (to,t1) be arbitrary. For any t,,1 € (fo,ts) and t € (t.,t1), we derive
from (2.18) that

K 2
el 2 g1y () + Do / |(-a0)72uy

L2(R4dxRd—1)
2 n 2
< ||U||L2(]Rd><gd71) (tm) + -Dl/tv ||u”L2(Rd><Sd*1) dr.
0

Taking average over ¢, 1 € (to,t«) gives

/t1
ts

Similarly, we have

1 h
2 2
sup HUHLQ(RdXSd*l) (t) < (t 1 +D1) / HUHLZ(Rded*l) dr.
tE(tt1) * 0 to

Combining (4.6) with Corollary 3.3, we then obtain (4.7). O

(~20)uy|

t1
2
/ ”UHL2(Rded—1) dr.

to

2 dr < 1 +D1
L2(RdxR4-1) T= Dy(ts —to) Do

Proposition 4.5. Suppose u € L>*([to,t1] x R? x S?71) is a solution to the transport
equation (1.1). Let wy = @)‘?‘%23' Assume that for some integer No > 1,

b(z)
(1— z)%“

Then for any 1 > 0,1 <k < [%] — 1, and any t, € (to,t1), we have

h(z) = e cMNo([-1,1)). (4.8)

k+1

(=AM € L2((ty, t1) x REx S¥71) | (=A,) 2 *wy € L2((ty, t1) x RY x RI71Y
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More specifically,

“ L2((ts,t1)xRIxSd—1) < &5 [lull L2 eo 1) xmexsa-1) (49)

< ¢ ||ull 2 dygd—1
L2((ts,t1)xRIxRA=1) T I HL ((to,t1) xRdxSd=1) >

where cs only depends on l,d, s, ﬁ and cg only depends on k,d, s, ﬁ. In particular,
they are independent of t1.

Proof. We first establish the regularity in z. To this end, fix ¢, € (to,t;) and apply the
operator (—A,;)*/? to (1.1). The resulting equation is

) ((_Ax)so/%) +0V, ((—Ax)so/%) = T((-Ag)* %), te (fofte ),

Where (—Ag)%?u € L2(("eft 1) x R? x S?71) by (4.7). Applying estimate (4.7) twice
gives

1
1(=8a) ] L2 1) xraxsary < ca (ﬁ +1) H(—Ax)SWUHLz((L;t* ) xR xgi1)
1
< ¢ (t* “to + 1) HUHLQ([to,tl)dede—l) )

where ¢4 1 only depends on d,s. Any higher order derivative in = can then be derived by
finitely many iterations. Specifically, for any [ > 0, we have

l
[(=20) ul| 2y, 11y xmaxgi-1y < €l z2(ao i) xraxse-1)

1
where ¢5 depends on i l,d,s.

We now show the regularization in v given the aforementioned smoothing in x by applying
an induction argument. Since higher order derivatives in v will introduce remainder terms,
we add in a forcing term to the original equation solved by w. Specifically, we consider
the equation

8twj +0- waj = —D0<v>45(—AU)S’w] + Rw(wj) + Rf , (4.10)
where Ry = Ruy,1 + Ruw,2 with

_149s s 1
Rui1(wg) = Dowg (<'>d 2 (—Ay) <>d—1—25> = Cds,3W7,

Rualug) = rrg D],

(4.11)

where cqs3 = cqs Do and h was defined in (4.8). We assume here that the forcing term
R s satisfies the bound

o+ v (%)
1

with the coefficient ¢4 only depending on d, s, b, e By Lemma 4.4, we have

S 56 HUHL2((1‘,Q,t1)><]Rd><§d_1) s (412)
L2((ty,t1)xRexRI—1)

(= 20)*wa || L2ty 00 xRaxra-1) < 6,1 1Ul| 1219 1) xRAxSI-1) 5
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for any t2 € (to,t1) and with cg1 = m —|— L which only depends on d,s, = to

Multiplying (4 10) by (—A,)*ws and integrating in x, v, we have
s/2 2 < _ 4s 1 s 2
a0 Pty < b [ [ 0" a0l s
Ruw
+/ / [(0)** (—Ay) wy | ‘)‘ dvdz (4.13)
Rd JRd—1

/Rd/Rd ) wﬂ"dvdw.

By Lemma A.1 and Lemma A.2, we have

1 Wy
o Ru1(wy) = Cds,3 0o ;
Lz, L2,
1
| gRuaten)| < cosliliz,

where cg3 only depends on ||hl/;1. For any ¢,,2 € (to,t2) and ¢ € (t2,t1) such that
(=2 2w (tma, ) € L2, and (—A )% 2w (t ) € L2, apply Cauchy-Schwarz to the
right-hand side of (4.13) and integrate over [t,, 2,t]. We have

I(-20) 2wz (1) +DO/ / / ) (= Ay g2 (£ 2, 0) do da dt
to R4 JRA-1

< [[(=A U)S/2w\7(tm,2)HLg’v + coallvll Lo ((ro,00) xR x-1) 5
where cg4 only depends on d, s, ||h||;1. Taking average over tp,, o € (to,t2) and apply-
ing (4.6) then gives
12 (=A0) Wl L2((tg,00) xR -1y < €65/ 1ull L2 (10,00 xR 51 (4.14)

for any to € (to,t1) where cg5 only depends on

have obtained the bound
[ (=20 ]

ﬁ,d,s, ”h”Lé' In general, suppose we

L2 ((tg 1) xRAXRI-1) = 06’6Hu”LQ(“O’“)XRdXSd”) ’ (4.15)

where t3 € (to,t1) is arbitrary, k > 1, ks < 1, and ¢g 6 only depends on ——, k,d, s, [|h[| 1,
and [|hf|eng(_1,17)- We want to show that for any ¢4 € (o, 1), there ex1sts 08 independent
of t1 such that

k+
H(_A”) ’ J‘L2 ((ta,t1)xRIxRI-1) = < esllull o xrtxoi - (4.16)
Note that by interpolation between (4.15) and (4.6), we have
H(_A )" ‘LQ (t3,t1) xRExRA—1) < orllulluomxrixsi (4.17)

where cg 7 only depends on m, k,d,s, ||l 1, and ||hf|cng (117 In order to show further
regularization in v, define the difference quotient

Wy = wg (v +d3{)1 —kwj(v) for any y € R\ {0}. (4.18)
lyl = T2t
The induction assumption (4.15) and (4.17) imply that

H(I + (_Av)s/Z)wjﬁ‘ #1)xRdxSd—1) - (4.19)

LQ((tg,tl)XRdXRdfl)
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where cg g only depends on ﬁ, k,d, s, ||h||11, and [|h[|ong—q,1))- The equation for wy s
has the form

8twj,5+0(v+y) 'Vg;’wj’(S :—D0<U>4S(—Av)swj’5—R1—R2 +7€w,1 —1-75,10,2 —i-ﬁf, (4.20)

where
O(v+y)—0(v v+y s
Rl:%%()'vwwﬂ”)? Ry = Dy’ L Ei> (—A) wz(v+y),
ly[ 7z 2 lyl'z "2
~ R ('U +y)—R (’U) ~ Rmk(w\y)(v + y) Rw7k(wj)(v) .
Rf: ! d1+sf ) Rw,j: M+Es , J=12,
ly| = ly| "z 2
Note that (4.12) implies
1
—R S 56 Hu” d v Qd— y (421)
H ()% d Lz((t*,tl)XRd§H%(Rd_l)) Pt XREST
for any 0 < % < 1. This in particular implies
b 1 Ry(v+y) —Ry(w)|
/ / / / o D= dvdydxdt
te JRI J{|y|<1} JRI-1 Yy
< C6,1 llull 2 (1o, 1) xROxSE-1) 5 (4.22)

where ¢g1 only depends on ¢ and d,s. Note that although we have assumed that Ry
satisfies (4.12), the real bound that we need for Ry is (4.22). Our first step is to prove

that
t1
/ / // WJ5‘ dvdzrdy < oo,
ta J{ly|<1} JRd JRA-1

for any t4 € (to,t1). To this end, multiply (4.20) by (—A,)*wys s and integrate in (z,v) to
obtain

s 2
2

DO H<U>2S(_Afu)sw\7,5ui%m

2

/ / Ril|(—Au)*wy ) dzdv + / / [Rol |(— Ay 5] dar o

RdxRd—1 R xRA-1

// w1‘+)Rw2‘+‘RfD o)fwsrg] dzdo. (4.23)
RdxRd—1

Now we estimate the terms involving R;, Ra, ﬁw,l, ﬁwyz. By Cauchy-Schwarz,

[ Rl ey dedo
RdXRd—l
|0(v+y) —0(v)| wy
S// d—1_ k Vx 2s
Rd xRd—1 |y| 3 t3s <v>

e gl

o o

|<”>28(_Av)swj,5| dx dv

wg

Vi
<,>2s 12

T,v

y
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and for {|y| <1},

[ el g,
RdxRd—1 U

(v + )t — ()*
< Do // d—1, k | ‘ AU)SwJ(rU‘i‘y)‘ ’<U>2S(—Av)swj’§’ dz dv
Rd xRd—1 yy| 3 +2s< >4s
€6,10 H
el kg g 1+ s—1

E Ay wgllpe 62 (=A0)wgsll7,
. | |

where cg 9, ¢ .10 only depend on d, s. Integrating the above terms over {|y| < 1} gives

/ // (|R1] + |R2]) [(—Ay)*wy 5| dzdvdy
{lyl<1} J JRIXRA-T
s s 2
< o (IVeulZz, + (P (=A% w7, ) o

DO / 2s s 2
Do PP, L dy)
) ({lm [ (- ual, y>

where cg 11 only depends on d, s. We estimate the term involving 7511;,1 using (4.11)

Jigen e

Dy 2
< c6,17 ij,(sHi%v + 8/ H<v>25(_Av)SwJ,5HL2 dy |
’ {ly|<1} v

[V

Rua| 1(=20)*wg.| dz dvdy
(4.25)

where cg 17 only depends on d, s. The term involving ﬁwg follows rewriting it as

~ 1
Rw72 =Crwg — [m /Sd_l u(9')h(9 . 9/) dg,:|j N

where the constant c7 := [u1 h(6 - ') d6’. Hence,

Ruw2(v) = crwg s(v) — Wty

(o) (172 / W(@)h(O() - 0') Ao’
S §d—1

jyl =
B 1 Joa—1 w(@)R(O(v +y) - 0") A0 — [ca—r u(0') h(O(v) - 0") d¢’
(v)d—1-2s s
= CrWwWyg,s — ﬁw,2,2 - féw,Q,S .
Thus,
_ v+ —(d=1-2s) _ (,,\—(d—1-2s) c 1
’Rwﬁ,?(v) = < y> d—1 k< > = Zgﬁgs d—1_ k ’ ’y‘ <1,
jy = )y T e
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where c7,1 only depends on d, s. Therefore the term involving ﬁwg,g has the bound

/{Iylfl} //RdXRdl

()2 (A wy 5|
< cr2 / == dy ‘
ly|<1

71+§8—1

d—1
lyl 2

ﬁw,Q,Q‘ [(—Ay)*wys 5| dedvdy

/ w(@)h(0 - &) Ao’

2
Lx,é’

D=

S S 2
< eral|hl i gany llul 2, ( [ e arugls, dy> ,
© {ly|<1} v

where c7 2, c7 3 only depend on d,s. The bound for ﬁw,m is

~ 1 n [0 +y) -0") — h(O(v) - 0)]

1 1
S\/Sdi_l sup |W(z 7 s
5 (o, 146 ) e e ol

Therefore,

Jisen e

< era W gy el ( [ e, dy) 7

ﬁw,%’)‘ (=Ay)*wgs| dedvdy

N

where c7 4 only depends on d, s. Hence,

/{|y§1} //Rdx]Rdl

Dy s s 2
< axs (s, totts) + 22 ([ aoreastly )
' © {lyl<1} o

Ruwa| (=805 da dvdy
(4.26)

N

where c7,5 only depends on d, s, [[h|f1(_y 1), and [[h][¢1((_y 17)- Furthermore, the estimate
for the forcing term is

Jisen e

2
DO / 2s S 2
+— () (=Ay) wgs dy) :
8 ( {\y|g1}H 7z,

Ry | l(=A0) w0y 5] dodvdy
Ry
()

Using estimate (4.19),

N|=

4
<
= Dy

Lz(Rd XRd—l)

(—A)Pwgst,- ) € L2,  tE(tst) ae.
Let t4 € (t3,t1) be arbitrary. For any t,,3 € (t3,t4) and t € (t4,t1) such that

(_Av)s/zwj,5(tm,3> "y ) € Li,v ) (_AU)S/QwJ,(S(t7 " ) € L2

T,
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we integrate (4.23) over (t,3,t) and apply the estimates (4.14), (4.22), (4.24), (4.25), and
(4.26). Then

Dy ("
D] Al @y
ta J{lyl<1} =

<crg (\ t1)xRIxRI-1) + H(uvVl‘u)H%Z((tg,tl)x]RdXSd*l))
2s s 2 s/2 2
+cre H<> (_Av) ijLQ((tg,tl)dede—l) + (<1} H(_Av) w\7,(5‘ 12 ( m,3,Y )dyv
< " )
t1)xRdxsd—1) T €78 H(_Av) 2 wJ(th)‘ 2,

where c7,6, ¢7,7, ¢7,8 only depend on d, s, [|h[| 11—y 1), and [|All¢1((_1 17)- Taking average over
tm,3 € (to,t4) and using (4.19), we obtain that

ty
S S 2
/ / 1602 (= A0 slPe @) dyd < erplulZauy iy eminsi »  (427)
ta J{lyl<1} o
where c79 only depend on d, s, [[h| 11—y 1y, |Bllcr(=1,1]), and 7= In addition to this,

t1
/ / w~7‘5”L2 (y)dydt
ta {|y|>1}
t1 Sw 7 (v + Av S (v 2
/ // / 7 dy)1+k(5 Jwg(©) dy dvdxdt (4.28)
ta JJRIXRIZL S (ly]>1) 1y]

t1
< C7,10/ // (A *ws]? dvdadt.
ta RdxRd~-1

where c7 10 only depends on d, s. Combining (4.14), (4.27), and (4.28), we have

t1 9
2
/t4 s L%U dt < Cr.11 Hu||L2((to,t1)><Rd><Sd71) .
where t4 € (to,t1) is arbitrary, and c7,11 only depends on d, s, ||kl 1y 1), [Aller—11)

; ito' We thereby finish the proof for the induction (4.16) for £ > 1 and %s <L
Furthermore, the above argument applied to V,u gives

IVoVawg | 2t 1) xrixri-1) < €712 [Ull 210 1) xREx-1) (4.29)

where c7,12 only depends on d, s, |[hl|¢1(_ 17), and 7 —to

k+1
If k£ is sufficiently large such that k'gls > 1, we can apply Vz[ ] to equation (4.10) first
and repeat the above procedures for the fractlonal derivatives. Specifically, suppose we
have shown that for some integer M > 1 and any m € N~ ! satisfying 1 < |m| < M and
any t, € (to,tl),

t1
/t ||v:)nw\7(t)HiQ(ng—17H1(Rg)) dt < C7.13 HUH%Q((to,tl)XRdXSd*l) 5 (430)

[ e eanviuo|;
te J{lyl<1}

L2

x,v

2
dt § C7.13 ||u||L2((to,t1)de><Sd*1) y (431)
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where |m| = |m| — 1, ¢7,13 depends on d, s, ﬁ and ||Allcam_q 1y, and

wr(v+y)—wsv _
wg = 7( i)l T 7(v) for any y € R? 1\{0}.
ly| 7 20

for any [ > 1 and Is < 1. Note that (4.31) indeed holds for M = 1 as shown in (4.27).
Apply V" to (1.1) to obtain

(Vi'wg)+0(v) - Ve (Vi'wg)
4
= —Do(v)*(=Au)*(Vi'wg) + Rua(Viwg) + ) Ry, (4.32)
j=1
where R,,1 is defined in (4.11) and the remainder terms Ry ;’s are
Rpi= > conmVi0() - VViuy,

[m1|+|ma|=|m,
[ma|<|m|—1

Rps=-Do > Cmm Vi ((0)*%) (A VIPuwy
[ma|+|ma|=|m],
|ma| <|m|—1

h(0-0")

m _ / m /

Ry3 = HhHLl Viwg, Rya = /Sd_l u(0)Vy <<v>d—1—28> dg".

Recall that h is defined in (4.8). Thus, if we can show that each Ry ; (1 < j < 4) satisfies

the same bound as Ry in (4.22), then we can derive by the previous argument that for
'| = M +1 and some c7,14 depending only on d, s, 72—, and [|h||crm41,

) ta—to
/tl

tx
h 2 /| —1+ 2 2
S m'|— S
/t* /{y|<1} HH (=A) w”(t)‘ 2, dt < ez aa l[ullLa (o 40) xRaxst1y 5

any |m

2

Vi wg (1)

2
L2(REL H1(RY)) dt < C7,14 ||UHL2((to,t1)><]Rd><Sd—1) R (4 33)

which then concludes the induction proof, and hence, we prove the estimates (4.9). Note
that Ry 3 can be obsorbed into Ry, 1(Vy'ws) in (4.32). So we only need to check Ry ; for
j=1,2,4.

Let us show first that Ry and Ry 4 satisfy the bound (4.22) with Ry replaced by these
Ry ;’s. Indeed,

t1
| IVuRgals at

t
M t1
<5 Z /
t

Im[=1

[m|

2
1m] 2
Ve (—Ay) 2 wJHL?, dt < c716 [[ull 72 (1,41) xRAxRE1) 5

where c7 16 only depends on d,c7 13 hence d,s,ﬁ, and |[|hf|cr_y ). Hence (4.22) is

satisfied by interpolation. Next, by the assumption of h in (4.8), we have that for any

|m/‘ =M+1,
w (B0 0) [hllgrin
Vi <<U>d—1—25>‘ < G (pyd—1-25 -
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Therefore,

2 2
VoRfa dt < cpy [|hlloasr [[ullz2 (g0 xROXRA-1) 5

[ e

where ¢,,» only depends on M. In addition, we have

/tl ‘Rf,j ?
o 11425 2

T,V

2 .
dt <79 ||UHL2((tO7t1)XRdXRd—1) , for j=1,4.

Hence by interpolation, the remainder terms Ry and Ry 4 satisfy (4.22). Finally, let
R Rpa(v+y) — Rf2( )

’ [yl T 5
The leading order term in R 2 are bounded as
t1 2
Iy T (A VR (0)| e
e J{lyl<1} L2,

t1
S S m 2
S 4/ / H<>2 (—Av) VU 2w\,776(t)HLQ dt é 407713 HUH%Q((tOJl)XRdXSd71) 5
te J{lyl<1} o

}vml v+ y>4s vml <v>4s
d—

1,k
7 328

| (—A0)° V2w (t)

2s

for any |m1| = 1 and |mg| = |m| — 1. The rest of the terms in 7%]32 satisfy that
dy dt
L2

/ /
Ty |<1
z,v

t1
Ay) V2w () dy dvda dt
/t* //]Rd Rd— 1/{|y|<1} ‘y’d 1+k5 1 ‘( v) ()‘

< 07,21/t ()% (A, V2w (t HL2 dt < 10713 [[ull72((1g 1) xmAx50-1)

ly| =

for any |m;| > 2 and |ma| = |m| — |m|. Here c721 only depends on d,s. Hence Ry also
acts similarly as Ry in the previous proof. In conclusion, all the remainder terms does
not affect the energy bound and similar estimates as for M = 1 apply to (4.32) which
give the desired higher order bounds (4.33) in the induction argument. This concludes the
proof. O

Proposition 4.6. Suppose u € L?((tp,t1) x R? x S¥1) is a solution to (1.1). Then for
any ji,j2 € N and any t. € (to,t1) there exists cj, j, such that

wawlazz vy

< Cj1,52 Hu||L2((t0,t1)><R’1><Sd*1) )
L2((ts,t1)xRExRA—1)

<,U>23

where cj, j, only depends on d, s, b, ﬁ In particular, cj, j, is independent of t.

Proof. We will apply an induction argument. First, by Proposition 4.5 and (4.14),

wg
”atUHm R xSd—1) — O < g1 HUHL2 RdxSd=1) >
((t 1) xR ) (v)2s L2((ts,t1) xRExRI=1) ((toste )
(4.34)
where cg 1 only depends on d, s, ﬁ, and the kernel b. In general, suppose
aju‘ = ‘ A < cgollu 1y,
H ¢ L2((ts,t1)xRIxSd—1) t (v)?2s L2((te,t1) xRAXRA-1) < csa ||L2((t07t1)XR‘i><S‘i b
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for some j > 1 and cg 2 depending on d, s, j, ﬁ, and the kernel b. Then 8tju(t, ) € Li}v

for t € (t«,t1) a.e. Moreover, ag u satisfies the transport equation
Oy (afu) +6-V, (Bt]u) =7 <8§u>

with the initial data in Liﬁ. Hence (4.34) applies and gives that for any t.. € (ts,t1),

j+1 W7
8? < >23 < 8.3 ||u||L2((t0,t1)><Rd><Sd*1) y
v L2((Lan,t1) xRIXRA-1)
where cg 3 only depends on d, s, b, j, ﬁ for any 7 > 1. Since t, is arbitrary, we have

that for any j7 > 1,

i _WT
t

‘8 mE

where cg 4 only depends on d, s, b, j, F—
ment to show that for any ji,j2 > 0 and t,. € (to,t1),

< C84 HUHLQ((tO,tl)XRdXSd—l) J
L2((ts,t1)xRdxRI—1)

. Similarly, one can use similar induction argu-

i1 972 wg
H(‘M %

where ¢, j, only depends on d, s, b, j1, j2, ﬁ O

S le,jQ Hu||L2((t0,t1)XRd><Sd71) ?
L2((ts,t1)x R4 xRA—1)

5. EXISTENCE, UNIQUENESS AND STABILITY

In this section we use the previous work to prove the main theorem of the paper. We
start with a lemma that approximates the limiting model by integrable Henyey-Greenstein
models. The main theorem will follow from here. We just recall the notation here

b
Approximating Kernel : b9(z) = b9(z) + h(z), h(z) = (%7 g€ (0,1). (5.1a)
1—2)2 ™%
1
Limiting Kernel : bs(z) = ————— + h(z). (5.1b)
(1—2)z **

Recall that the explicit form of the approximating scattering kernels is the rescaled Henyey-
Greenstein type models
9 1+g 1+g
b (z) = P .
(I+g°—2g92) 2" ((9-1)2+29(1-2)) ="

With this in mind it will be convenient to introduce the operator (—A,); which approxi-
mates the s-fractional Laplacian

Y (V) =g (v)

(_Av)fﬂbj == Rd-1 59(1)71)/)
_ byt 2) —vs(v)
Rd-1 dg(v,v + 2)

1

where 3,(v,v') : = (1+g) " ((g — 1)2(0)(v))? + 4gl/ — v[2) 7 ™.
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Note that for each g € (0, 1), the operator (—A,); is bounded on L?(R41). Furthermore,
we have the following useful inequalities that follows from the symmetry of d4(v,v’)

N 2
og/Rdle (AU)Sde:;/Rdl/R“ (W(gg)( v () dv dv’

v, ")

S [ a0 av= ol ge 0.1, (5:2)
Ra-1

Finally, it will also be convenient to express the scattering approximating operator in
terms of (—A,); as we did in the second section with the limiting operator in equation
(2.2). Indeed, performing analog computations to those of (2.7) it follows that

Ig u
[<b,>(d—)1]j = —()*(-Au)jug + UJ<->25(—AU)Z<_>d_11_28 : (5.3)

Proposition 5.1. (Estimates on physical solutions) Let u, be a nonnegative initial state
such that [uo)7 € C2, with compact support and consider a scattering kernel (5.1a) with
h € Lé. Then, the radiative transport equation with scattering kernel by has a unique
solution u9 > 0 such that u9, Vyud, owud, Tps (ud) € C([O,T);Liﬁ). Moreover, for any
time T > 0, the solution u9 satisfies

U

sup [ w9 (O)ll 2, < luollzz, . sup|Vaud(®)l 2, < IVauolpz, . (5.4a)
t>0 x, x, t>0 x, x,

sup [|0u? (t)[| L2 | + sup | Zys (w?)| 2 | < Cll[uolsllez,, » (5.4b)
t>0 T t>0 % ’

where the constant C' := C(supp(u,)) is independent of the approximating parameter g.

Proof. Since the scattering kernel b7 is integrable for any g € (0,1) one has that the
scattering operator 7,9 is a bounded operator in Li ¢- Since the initial condition 0 <

Up € Liﬂ, it follows that the RTE has a unique nonnegative solution w9 € C([0,7); L?;,e)
satisfying such initial datum and the estimate

g
sup [0 (D)2, < oz,

We refer to [8, Chapter XXI - Theorem 3| for the details of the proof. As a consequence,
Tys(u9) € C ([O,T);Liﬂ). Furthermore, V,u9 satisfies the same RTE with initial condi-

tion V,u,, therefore, using the same theorem it follows that V,u? € C([0,T); L2 ;) with
estimate

sup [V2(1) 12, < IVl
Thus,
Oru? = =0 - Voud + T (u?) € C([0,T); L3 ),
and hence,
(Oru?)o = —0 - Vyue + Lyg (uo) -

But 0yu? satisfies the same RTE with initial condition (0,u9),, therefore using the same
rationale

sup [l 2, < 1@l 2, = || = 0~ Vo + Tyg (o)l 2,
>0 2, 2 @,

<1l = 6 Vatoll gz, + 1wl + I Ta(uo)lzz, < Cllluolsles,
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with constant C' := C(supp(u,)) independent of g € (0,1). For the last inequality we have
used the formula (5.3) and Lemma A.3 to obtain the estimate

Teliel )|, <] - -l

|l 0 (-

Z @l = |

2, < Cll[uolsllez, »

valid for a compactly supported function [u,]s € Cg’v. Finally, using the RTE once more
Tye (u?) = Opu? + 6 - Vyu? — I (u)
proves the estimate for Zys (u9). OJ

Proposition 5.2. (Stability and ezistence of solutions) Let u, be a nonnegative initial
state such that [u,)y € C2,, with compact support and consider a scattering kernel (5.1a)
with h € Lé. Then, the solutions w9 of the radiative transport equation associated to
the scattem’ng kernel (5.1a) converge weakly in L2([() T); L2 ) to a nonnegative limit u €

C([0,T); L2 ;) which additionally satisfies Vyu, dyu € LOO([O T);L? o) and (—Ay)°wg €
LOO([O, T); wa) Such limit is the unique solution of the radiative transport equation with
kernel (5.1b) satisfying the initial condition uy and the estimates

sup lu(®lzz, < oz, + Vo0l imisz < Woollz, o 55w
08 ez + 1 (~AnV wg iz ) < Cllllles, . (5.5D)
where C' := C(supp(uo)).

Proof. Let {u9} the sequence formed by the approximate problems. Thanks to Proposition
5.1 there exists a function v € L?([0,T); L2 ;) such that the following weak-L?([0,T); L2 ,)
convergence happens as g — 1 (up to extracting a subsequence if necessary)

uwd —=u, Veud = Veu, Owd— o, L) —~T.
Let us prove that Z = 7, (u). Clearly Zp(u9) — Zj(u) since Zj, is a bounded operator,
therefore, we need only to identify the weak limit of Zys(u9). To this end, it suffices to

identify the distributional limit of each piece of the right side in the formula (5.3). First
note that for any ¢ € L?([0,T); Ds,v)

/ /Rd/w 1 5w v dv dz dt = / /Rd/Rd | g dv o
/ /Rd/Rd wf (=A,) ¢ dvda dt
+/0 /Rd /Rdl wh ((=A)g = (Ay)*)¢dvdrdt,

where ¢ = (-)?*¢. Since (-)**(=A,)%¢ € L*(L2 ) it follows that

/ /Rd/Rd 1 gzbdvd:cdt—)/ /Rd/Rd 1 pdvdadt.
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Furthermore, using Holder’s inequality, Lemma A.3, and Lebesgue dominated convergence,

T
L s asaasal
< HUQHLQ(L;(Q)H<'>2s((_Av)Z - (_Av)s)d)HLz(L%m)
< OO (80 ~ (D)) 12z ) — 0.

In this way
()% (Au)guws = () (A 'wg in L*([0,T); D). (5.6)
The distributional limit of the second term in formula (5.3) follows the same rationale
1 1 .
<'>2sugj(—Av)§m — <'>28U\7(—Av)s<'>d,ﬂ in L*([0,7); D), (5.7)

and, as a consequence of (5.6) and (5.7)

[Ibg (Ug)] T

= =()* (=80 wg + () ug(=A,)° in L*([0,7);Dy,) -

(-1 m
This readily implies that
[Zg ()] 7 _ [Ibg(ugi]ﬂ MEICHI N CACI v £*((0,7); D).

<.>d—1 - <.>d—
But, it is known that
[Ibg (ug)]J . [I]j
(T
thus, due to uniqueness of distributional limits Z = Z;_(u). Now, take the weak limit in
L?([0,T); L2 ) in the equation for u9

opu? + 0 - Vyud = Ty (u?) = Ou+0 - Vou =T, (u), (5.8)

weakly in L2([0, T); Li,v) )

and conclude that u satisfies the radiative transfer equation in the peaked regime (1.7).
Estimates (5.5a) and (5.5b) are an easy consequence of (5.4a) and (5.4b) and the fact that
the weak limit does not increases the L>°(L2 ;)-norm. In particular, the estimate of the
fractional Laplacian follows by noticing that 7

Ty (u In(u
9 Ay = | §f>(d_)1]~7 _l <’T>(d_”1~7 - <->28uj<—Av>swﬂ_25.

Therefore, for a.e t € [0,T) it holds
1692 (A s (2, < 1To (wlt)) g2, +
T Oz, + Collu(®)lzz, < Clluclsle,

for some constant C' := C(supp(u,)). Additionally, the convergence of the time derivative
implies that u € C([O,T); Liﬂ) and, as a consequence, we must have u(0) = u,. Finally,
the fact that the whole approximating sequence {u9} converges weakly to u follows by the
uniqueness of solutions of the limiting problem. O

Theorem 5.3. (Ezistence of solutions for general initial configuration and regularity) Let
u, € L., be a nonnegative state and consider a scattering kernel (5.1b) with h € L}.
Then, the radiative transport equation in the forward peaked regime has a unique solution
0 <wueCl(0,T);L},,)NL>(0,T); Liﬁ) with initial state uy and satisfying conservation

of mass [u(t) = [ for all t > 0. Moreover, the solution is such that (—Ax)klanU €
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LOO((O,T);Liﬂ) (for any k1, ko € N), (—Av)s/QwJ € LOO((O,T);L%U) and (—Ay)*wg €
L2((0,T); L2 ) with estimates for any t, > 0

||(—Ax)k16k2u“%oo (tosT)iL2 ) < Chy ko (to_, HUOHL;ﬁ) V ki, ke €N, (5.9a)
(=4, )S/QwJHLoo( (o2, < Clto HUoHL;ﬁ) ; (5.9b)
12 (= A0 walTo g, iz, < Clt HuoHL;,g) t (5.9¢)

where t; € (0,t,). Furthermore, if h € CNe([—,1,1]), then it follows that

k+s

()25 (=Ay) 2 w7 || 2ty ) < Crlts s lollpy ) £ 0 <k < No. (5.10)

Proof. Let {uo}oo | be a sequence of nonnegative initial states such that {[u}]s} C C
with compact support converging strongly to u, € L' 20" By Proposition 5.2 such sequence
produces a sequence {u/(t)}° 52, of solutions to the RTE in the peaked regime satisfying
the estimates stated there. These solutions belong to C([O, T); Lg,e)- In particular, they
belong to C([0,T); L},.). We can subtract the equations for u/(t) and u'(t), multiply the
resulting equation by sign(u’ () —u'(t)), and integrate in [s, ] x Bg x S¥~! (Bp is the open
ball centered at zero and radius R > 0). Using the contraction property of the scattering
operator

/Sdl T(u? (t) — u'(t)) sign(uw’ (t) — ul(t)) dO <0
we conclude that

l? (t) = @' ()l 11 (Bxst-1y < 1w (5) = ' (5)| 11 (B st

/ / / | (t') — ul( ] (6-z) dodz dt’ . (5.11)
OB Jsi—1

Observe that the integral in the rlght side of this inequality is well defined by the spatial
regularity of the sequence {u/(¢)}3° 321 (thus, the integral on 9 Br make sense), furthermore,
it holds for any 0 < s < t due to time continuity in L' (BrxS?¢1). In particular, evaluating
at s = 0 and then sending R — oo

sup o7 (¢) — ! (0) 3, < = bl (5.12)

where we used that the integral term in the right side of (5.11) belongs to L(0,00) as
a function of R (for any fixed times s and t). Thus, the sequence {u’ 152, is Cauchy

in C([0,T); LL.), and therefore, it converges strongly to a limit u € C([O T);L},) N
L*>([0,T); xe) with u(0) = u,.

Note that each w/ € L>(LP,) since each u} € L), therefore, w/ € L(H? ;) for any
j € N. In this way, Sobolev inequality (2.14) is valid for such sequence, hence, the a priori

estimate of Proposition 4.3. As a consequence, it follows from Propositions 4.3 and 4.6
that

T
[ A 0 O | o < Cupaty Nl )T, Vi, ko € N.
to :
Applying the operator (—A, )’ﬂa’”, with k1, k2 € N, to the RTE, multiplying the result
by (—A, )kl(?kzu and integrating in space and angle it follows that

[(—Ag) a2l ()2 < [(—Ag) 10r2ud (5)]|2, ;o 0<to<s<t<T (aeins,t).
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Thus, estimate (5.9a) follows after averaging in s € (t,, 2t,) and then using the propagation
property of the L?-norms of spatial and time derivatives. Furthermore, from Lemma 4.4
it is concluded that

H(_A )8/2 J HLQ ((to,T)xRIxRA-1) < C Hu HLQ(t T)xRAxSd-1) = C(t;7 ”ugHL}C’g)'

Thus, multiplying the projected RTE by (—Av)swjj and integrating in x and v it readily
follows that for a.e t € (t,,T)

(0, (-0 (0)
SO A) WO +C2 (), + 190 (02 ,)

< —3lOF (A w07z, + Ot el ) (5.13)

IN

Integrating (5.13) in t € (s,T) (for a.e s) one has in the one hand

T .
5/ 10 (A0 Wl (7122, dr < (=A0) 2wl (s)I1Z2 |+ Clt lludllps )T

As a consequence, estimate (5.9¢c) is proved after averaging in s € (tp,7") and sending
j — oo. In the other hand, estimate (5.13) also implies that for 0 <t <s <t < T (a.e
in s and t)

(=20 2wl (D72, < (=202l (s)Z2 | +Clt5 gl ,) -

Therefore, estimate (5.9b) follows after averaging in s € (t,,2t,) and sending j — oo.
Having these estimates at hand one can pass in the Weak—LQ([to,T); L2 9) limit, for any
t, > 0, and obtain

Oy + 6 - Vol =Ty (v) = du+ 60 - Vou =Ty, (u) .

Therefore, the limiting function u solves the RTE in the peaked regime with initial condi-
tion u(0) = u, which conserves the mass (recall the the sequence {u/(t)}32, is converging
strongly in L®(L! )

// hm// u! (t) hm// O:// Up, t2>0.
RdxSd— 1 J—00 RdxSd—1 J—00 RdxSd—1 RdxSd—1

Hence u fulfills all the requirements to be a solution. Additionally, observe that estimate
(5.10) is a direct consequence of Proposition 4.5.

Regarding uniqueness, let v(t) be any other solution having initial state u,, therefore, it
is the case that

[u(t) = vl L1 (Brxsi-1) < luls) = v(s) L1 (Brxsi-1)

//aB /Sdl o(t)] (0-7) dodzdt’ 0<s<t.

Therefore, sending first s — 0 and then R — oo it follows that ||u(t) — v(t)]| ;1 , =0 for
a.et > 0. 7 O
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6. DECAY ESTIMATE

In this section we borrow the framework used in [6] to show that the solution to the
RTE in the peaked regime is bounded for any positive time and its L°°-norm decays to
zero algebraically in time. The precise statement is give in the following proposition.

Proposition 6.1. Suppose u is a weak solution to the transport equation (1.1). Then
there exists a constant cg which only depends on d, s, b, and m,, the mass of u,, such that

u(T,x,0) < cy T_ull—T; forall T >1,
where the constants pi, pa are defined in (6). In particular, we have
U(T,SC,Q)SCgT_% as T — o0.
Before proving Proposition 6.1, we need to establish some auxiliary bounds for u. To this

end, define the level set functions

(u— A4, t= (w7 =Ny for any A > 0. (6.1)

Ur = WTA T T )d—1-2s

Proposition 6.2. Let u € L?((tg,t1) x R? x S¥1) be a weak solution to (1.1) for 0 <
to < t1 < oo. Then for any A > 0, we have

at// uAdOda:—l—Do// S/Qw“} dvdx<D1// u3 dfdz, (6.2)
Rd JSd—1 Rd JRA-1 Sd—1

where Do, D1 are the constants in (2.18).

Proof. The level set function u) satisfies

Oruy + 0 - Vyuy = 1u>>\I(u). (6.3)
By the definition of Z(u) and u), we have
_ /
—/ d9_/ / u®) =u®) 6. 0)a0 s
Sd— 1 sd—1 Jgd— 1 1_9 9/)T+5
-1, — (u(@)— A
:/ / un( )Lu(o)>x (Ugl) )1y wO>X g p) g ap
§d—1 Jgd—1 (1 —0. 6/)—+s
0) — M1, — (u(0) — N 1,021y
2/ / UA(Q)(U( ) = Nlu@>r = (W) — Nlu@pzaluoza (6-6)de’ do
§d—1 Jgd—1 (1 —0. 0/)?—1-5
0)— M1, — (u(@) = N1,
] O Do 0 N gy 4949
sd—1 Jgd—1 (1 —0. 0/)74-

= u ur(0) — ur (') . 'd6 = — uxZ(u
_/Sd /S 0) 2 b0 0) a0 /S \T(u) df

= Dyl|(=A )S/ij )\HLQ(Rd 1y~ Dl”u)\||%2(sd71)7
where the last inequality follows by (2.3). Estimate (6.2) is then obtained upon multiply-
ing (6.3) by uy and integrating in (x,0). O
Proposition 6.3. Suppose u € L?((to,t1) x R? x S¥1) is a solution to (1.1). Suppose
b e CNo([—1,1]) with Ny > d+ 2. Then (v)~ (@1 [I(u)]J € L®((ts,t1) x RE x RI~1) for
any ty € (to,t1). Moreover,

H 7l oy S STy - (60

where cg only depends on d, s, b, ﬁ In particular, cg is independent of t.
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Proof. We will show that (v)~(¢=1) [I(u)]j € HF Y ((ty,t1) x R x R¥1) and apply the
Sobolev imbedding H¥H ((t,,t1) x RIxRI™1) < L((t,,t1) x RIxR4~1). By the transport
equation (1.1), wy satisfies

T v WT o —(d-1)
Ot e +0(v) -V, e (v) [I(u)]j (6.5)
Therefore, we only need to show that
wg d+1 d d—1 wg d+1 d d—1
at<v>25 € H ((ty, t1) x RT x R4H) | Vx<v>2s € H™ ((ty, t1) x RE x R

or simply

UT e H2((t,, 1) x RY x R4 (6.6)

s < B X ' |
Using (2.5)

()" V[Z(w)] ; = =D)*(=A,) wg + (W) K (W)]

where K = ¢, 41 + Iy, is a bounded operator on L?(S?~1). Note that if we denote
Wi = (=A2)0u

then Wj, ;, satisfies the transport equation (1.1) and Wy, j,(t.,-,-) € L? 2o forae. t. €

(to,t1) by Proposition 4.6. Hence Proposition 4.5 applies and gives

H d+2 )Jlamwj‘ L2((t0 1) xRAXRA-1) < Cg,6 HUHLZ((tO,tl)dede—l) )
for any ji,j2 > 0 and any t. € (fo,?1). Here cs¢ only depends on d, s,b, j1, j2, 7—- This
in particular implies that for cg 7 = cg 5 + cg 6,

[ o) capargg) | ey
which proves (6.6) and (6.4). O
Let py n be the density function such that

PAN = /S L (v o8)do=2"" /R ]y @ @) de, (67)
where 7y is a cutoff function ny € C°(R4!), with 0 < nx < 1, and such that
ny =1 on B(O,N —1), supp(ny) € B(0, N) C R,

Here B(0, R) denotes the ball centered at 0 with radius R. The introduction of 7y will be
clear in the proof of the following Proposition which gives a bound on py n.

Proposition 6.4. Let u € L?((tp,t1) x R x ST1) be a strong solution to (1.1). Let uy
and px n be defined in (6.1) and (6.7) respectively. Then

(—A)Ppan € L*((to, t1) x RY)

where B is the same number as in Proposition 8.1. Moreover,

1=V or B rayay < €0 (18132 |+ a3 0y iy ) + (6.8)
2
2(d—1) —(d—1
+CON H )[I(u)]JHL‘”((to,m)dede*l) </ |’1u3>A N (w HL2 dT) 7

where ¢y is the constant in (3.3). In particular, cy is independent of N.
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Proof. Multiplying (6.3) by nx o S, we have the equation for [U/\]jUN as

0 ([ur] gw) +0(v) - Ve ([un] ynw) = nv Loy [Z(w)] 5
We can then apply Proposition 3.1 to the above equation and obtain
L?Z‘ 'U>

0 - 2 —(d— 2
<o (I, + oy, ) + N0 o 1o, e 2]

I(=2aV a3z, < co (HUf\Hig sl Lo (2]

where ¢ is the constant in (3.3). O
Proof of Proposition 6.1. Let M > 0 be a constant to be determined. Let
Me=M1-27%), tp=to+ (To—to)1—-27%), k>1,

for any 1 < tg < Tp. We want to show that u < M a.e. in (z,0) for any to < t < Ty if M
is chosen large enough. Define the functional

To R 2 To
U= s fun iz, + [ ]| Cantup, [, s [l ar 69
tk x,v tk ’

e <t<Tp

where recall that uAk,w} A, are defined in (6.1). Our goal is to prove that Uy — 0 as
k — oo, which implies u < M a.e. in (z,6) for any t € (to,Tp). For any s € (tx—1,tx) and
t € (tg, Tv), integrate (6.2) from s to ¢ and from s to Tp. This gives

/ / d9d:z:</ / s)dfdx,
tk<t<TO Rd Sd 1 Rd Sd 1

To
Jo kol

and

S

Yiwt

20
\7’

2
A dvdxdTS/ / u3 (s)dfdz
k Rd Jga-1 °F

Dy [To
+1/ // 3, dfdadr,
DO th_1 Rd Jsd—1

where Dy, D; are the constants given in (2.18). Adding up these two inequalities

To
Uk<2/ / d9dz+<+1)/ / / u?\kdedxdr,
Re Jsd— 1 d Jgd—1

and taking the average in s over [tx_1, tx]

2 b 2D, [To
ng/ // d0dx+1/ // W3 dfdzdr
te —te—1 Jt,_, Jrd Jsa- 1 d Jga-1 °F
k+2 To
g(2 +2Dl+1>/ // 5)dédz.
To — to d Jgd— 1

Additionally, using Proposition 6.4, Proposition 6.3, Proposition 4.3, and the non-increase
property of [lullz ,

[ s

Vo (, 7')‘ dzdr
. (6.10)
20-1) [° 2
< coUp, + c9,0(To — to) N 5 Lpusagy |2 A7,
t z,v

k
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where py, v is defined in (6.7) with X replaced by . Here the constant cg o only depends
ond,s,b, and ||ue|| ;1 ) In particular, ¢g o is independent of Ty. Now, following [6] we note

that
2k 2

hence,

To 2 22k To 9 22k’
/t HTIN 1{u‘7>)‘k}HL%’U dr < ]\42/ HU,\,CIILiﬁ dr < WUk.

k Ly

In light of (6.10) and the Sobolev imbedding over = € R? it follows that

To » 2/pg 2(d-1) 22k
/ </ p/\iJV d$> dr S <Co + 0970(T0 - to)N N ]\42) Uk 5 (612)
th R4

where % = % — g. Note that pg > 2 and let
qp =4 —4/ps € (2,4) N (2,p5) -

Then, using (6.12) and Holder inequality,

T T 1-2
0 s ¢ Ps Pp 2 Pp
Py, N dedr < Py,.n dz P, N dx dr
t, JRA ’ e R ’ R4
2
T 2 =25
< / (/ pﬁﬁ Ndx) 7 ar sup / p?\k dx
tr Rd R te<t<Tp JRA
1—2
To pl pg
< - dx) ?ar sup / / ul dfdx
- </tk </Rd Pa,N 1 <t<Tp JRA Jsd—1 A

2(d—1 22k z
< <CO+6970(T0 —to)N (d— )]\42) Ukz .

Next, using (6.9) and the Sobolev imbedding over # € S¢~1

To 2/ps
/ / </ uk d9) dedr <cg1 Uy, (6.14)
ty R4 Sd—1 k

where cg 1 only depends on d, s. Recall that p%; = % — 777 and ps > 2. Let

~ 2q3 — 2 ~ - - - -
a1 = 7@8 S (0, ]-) s Qg = &al € (07 1) ) T =Dpsa1 + (1 - al) > 27 (6]‘5)
Psqp — 2 2
and observe that
a1 2 1-o
= = ~ = d4g-
Qy  Ps 1—as g
Therefore,
- -2 -2 2 -2
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Using (6.14), Holder inequality, and the definitions of a1, ag,r in (6.15) it follows then

To To ai L
d0 d d < —Q1 d d
/tk /Rd /Sd 1 u)\k’N e /tk /Rd </Sd 1 > p)‘ka Ldr

T & T 1-s
/tk /Rd </Sd1 ul;\i d@) dedr / / p)\ ]\2[ de dr
& 2/ps ¥ T 1-G
= / / (/ ) dxdr </ / p‘/I\B v d d7'>
Sd— 1 " R ks

1—as
2 7
S €92 <1 + (T )N2(d 2 M2> Uk’/Q’

where cg 2 only depends on 3,d, s,b,tp, and ||u,||; 1 . Consequently,

2k+2 2D, To
< - 1 2 dodzd
Uk_<T0—t0+ + / /d/gd1U/\k(nNOS) xdr

+ ( 2 + L4 1) /TO / / (v)_Q(d_l) dvdad
I U T.
To —to ty_1 JRI {|v|>N/2} 3 7

Furthermore, using estimate (6.14)

To
/ / / [u,\k];@)_z(d_l) dvdzdr
te—1 JR® J{|v[>N/2}
To 2/ps
< (/ / (/ [u/\k]l; dv> dx d7'> (/ (v)~2d-1) dv)
ty_1 JRY Rd—1 {lv|>N/2}

< ¢, 1N7(d71)Uk < ¢, 1N7(d71)Uk_1 .

IN

(6.16)

Hence, recalling inequality (6.11)

2k2 2D To
Ukﬁ( +1+1> </ / / NOS)deZEdT—l—CglN (d— I)Uk 1)
To —to sd— 1

9k+2 2D1 9k(T=2)  rTo
= N—(d-D)
_(To—t0+ DO ><MT 2 / /d/SdIU)\k 1 UNOS)deade—l—cgl Uk) 1

where 7 > 2 was defined in (6.15). Using estimate (6.16) and taking k sufficiently large

k+3 k(7—2) 2k \ 1-02
<2 T(l +t09,1) <2MF—2 <(T0—to)N2(d1>2> U’ + Ny, 1) :
00—t

Choosing N > 0 such that we minimize the right side of previous estimate
9k(r-2)
MT—2

one concludes that

22k 1—as .

4(1 + ¢ 1) 28041 1+(7/2—1)wo _
Up < (To — to)1- (-G g U5 , r>2,

where
1

i a) €O n=@-2+20-@)me (1),

Vg =
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Since 7 > 2, it follows that 1 + (¥/2 — 1)1y > 1. Thus, for any fixed ¢, Ty one chooses M
as
1=y vy
M=Ci(F)(Ty—ty) = U/Fhwimn (6.17)
for some constant Ci(7) sufficiently large. Then, it can be shown that with this choice
Ur — 0 as k — oo which proves that the solution u is bounded for any positive time. Let
us now study the dependence of M with time. Denoting

1-— (1 — &2)1/0 F 140
= —_— — (L — 1 —
H1 v ) H2 (2 )Vl )
it follows that (6.17) simply writes as
M = Cy(7)(Tp — to) UL | (6.18)

Since @ € (0,1) and 7 € (2,3), we have

1 T
—pitpe=——|[1-w|5—a
141 2

1 N 7o
= T 205 <1—|—2(1—a2) - 2+a2> (6.19)

1 ~ F 11
T (14201 -a9) <(1—a2)+(2—2)> <=5 <73

It also follows by (6.19) that p; > pe > 0, and

r_1 17 -2 1
2 2
== —— = = <. 6.20
B o o1 —as) T-2+2(1—an) 2 (6:20)
Now, by the definition of Uy
Up < (3+25%) sup [juf 2 S(Ty—to+1),  To—to>1. (6.21)

[to,T0]
In this way, for any T' > 1 choose to = T and Ty = 27". Then, formula (6.18) gives
M = Cy(7) T~ UL (6.22)
and, using the non-increasing property of |lu(t)|| 2 . (6.21) and (6.22) it follows that
Uy < (6 + %) T ||U(T, * )H%ig
< (6+5) luollps, MT
< (6+ 252) Co(F) lluol| 1, UE>TH .

As a result,

1 -

Us < ((6+452) oM lluoll o, ) ™= T (6.23)
Using (6.23) in (6.22), we derive that

_H1—H2

_ 1-m
u(Tyz,0) <M <cgT AR ETT cgT T-r2 |

where the coefficient cg is given by

M2

co = 1) ((6+ 35 CL(®) w2, ) T -
Note that by (6.20) it follows in particular that
u(T,z,0) < cg T 3.
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This proves the algebraic decay of ||u(T), -, -)HLOOG as T — oo. O

A. APPENDIX
A.1. L? estimate of the scattering operator.

Lemma A.1. Let 0’ — b(0-0') € LY(S1). Then

1 Ze(w)[| L2 (sa-1) < 2|6l L1 (ga-1y lull 2ga-1y -

Proof. This follows by using Cauchy-Schwarz inequality

/Sd_l /Sd_1 w(6')b(6 - 0') d6’ ?

do
= /s </§ @] [o(6- )] o) ( /S b6 0)] d") do

= 111171 ga-1) el 21y -

g

A.2. Fractional Laplacian. Let f € L'(R%"!) be a sufficiently smooth function. Then,
the s-Fractional Laplacian operator (—A,)* is defined through the relation in the Fourier
space

FL=A) 1) = [ F{f}(©), se(0,1). (A1)
It is not difficult to prove that this definition is equivalent to the singular integral relation
5 ploy _ f) = flv+2)
Ca)rw =a [ T (4.2)
where the constant is given by
1 1 — i€
— = —d 0. A3
o~ e 42> 43
A.3. Bessel Potentials.
Lemma A.2. The following relation holds for any s € (0,1)
s 1 Cd,s
(=4v) (v)d—1-2s = (v)d—1+2s ° (A.4)
with constant
(=L
cas = 2% (dzl +5)
L(5 =)
Proof. The Bessel Potential B, (v) = @ﬂ%ﬁ’ with v € R4!, has Fourier transform
1 a—d+1
F{Ba}(©) = ~gmzms Koo (Jel) 165 (A5)

955 rld-1)/2p(2)

where K, (z) is the modified Bessel function of the third kind of order v € R, refer to [1,
Section 3 and 4] for a short discussion on Bessel potentials and their Fourier transform.
We compute the left side of (A.4) using (A.5) with o = (d — 1) — 2s

F{(=80)" s O = 162 F{Bao-al6) = i Kol (A6)
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Furthermore, the right side of (A.4) can be computed also with the same formula and
a=(d—-1)+2s
1 . .
F{ s 1O = el Kool = e, lel Ki(le), (A7)

where the last equality follows from the fact that K, = K_, for any v € R. Thus, from
(A.6) and (A.7) it follows that

Cl
Fli=t) s }©) = 32 F{ s O

cd,s

and the result follows after taking the inverse Fourier transform and calculating the con-
stants. 0

A.4. Convergence of the operator (—A,);.

Lemma A.3. Let ¢ € C2(R?Y). Then, for g < 1 there exists an explicit ;> 0 only
dependent on s € (0,1) such that for any e € (0,1)

(“A)50 = (~Au)*6| < Cagllbllealo = D (w)*, (A8)

with the constant Cq s independent of g. Moreover, if 1 € C?(Rd_l) previous estimate
upgrades to

(=205 = (~A0)*6] < Cas|supp(@)I[Wlle2 (g — 1) (A.9)

with explicit decay

o] < ca PRI (a10

Proof. Fix any g € [3,1) and recall that we introduced the notation

By(0,0') = (14 9) 7 (g = (@) () + dgl’ — 0f?) T+,

P(v+2) —¢(v)
ri-1  Og(v,v+ 2)
v+ 2) + (v —2) = 2¢(v)

Rd—1 dg(v,v + 2)
w3 [ o= -v+2)

We first prove that the second integral on the right side of (A.11) goes to zero uniformly.
Indeed, using the inequality

2% — y*| < max{l,e/2}(z* ' +y* |z —y|, a>1,z,y>0, (A.12)

dz

dz

dg(v, v+ 2) — bg(v,v — 2)
dg(v,v + 2) dg(v, v — 2)

dz. (A.11)

with a = % + s, it follows that

}59(1),1) +2) — 0g(v,v — z)‘
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As a consequence,

dg(v,v+2) —0(v,v—2
dg(v, v+ 2) 0g(v, v — 2)

1
5g(v, v+ 2)12, (v, v — 2)

) <da(l+g)(1 - g)2<v>2<

1
Sy(v, v — 2)1/28,(v,v + z)> }U - Z‘ . (A.13)

_|_

Furthermore, for any v, z € R it follows that
dg(v,v £ e = g(v,v £ z)(l_(sl_s»/o‘&g(v, v+ )9/
> (- 1222 A L2 S e s ). (A4
The parameter s’ will be chosen in the sequel. Using (A.14) in (A.13) it follows that

dg(v, v+ 2) —0(v,v — 2)
dg(v,v 4+ 2) dg(v,v — 2)

< Cd,s(l _ 9)2(5’—5) <U>2(s’—s)+1 ‘Z‘—(d—l)—2s’+1 ’ (A.15)

valid for any v, z € R, Introduce a large radius R >> 1, then in the set {|v| < R} one
has directly from (A.15)

v—2) — vtz §g(v,v+2) = dg(v,0 — 2)
/ (Wl =2) =l + ) o o —2) O

_N2(s"=s) 7, \2(s'—s)+1 ¢(U - Z) - ¢(U + Z)
< Cys(1—9) (v) i o] 1+25' -1 dz
< Gl (1 — 90 B 941 (19, 1 [0lli) . max{s, 3} < < 1.

(A.16)

For the last inequality, simply break the integral in the sets {|z| < 1} and {|z| > 1} and
directly compute

Yw—2z2)—yYv+z 1
/ ( d21+23’(71 a: < ||Vv¢”oo/ e 4% = Cag[[Vedlleo,
Qe<1y 2] |

{z]<1} |2
(v —2)—Y(v+2) / 1 /
' dz < [Pl — dz=Cuy|¥)e, & >1/2.
/{z|>1} |Z|d71+23 -1 HT/JH (1>1) |Z|d71+23 1 d,s Hz/}H /

In the set {|v| > R} break the integral in {|z| < |v|/2} and {|z| > |v|/2}. For the former,
note that

dg(v,v £ V> (g—1)? ()2 v+ 2)? > 19— 1)? (v)*  whenever |z| < |v|/2,
therefore, using (A.13) it holds that

o — 2 — (ot 2 dg(v, v+ 2) — 0g(v,v — 2)
/{z|<|v/2} (vt )~ vl +2) bg(v,v +2) dg(v,0 — 2) d

(1+9) 1
=da (v) /{|z<|v|/2} (w(v —E) vt z))W a
<o, 19 ] I Vuthlloo + max{1, () 72|l if s # 1/2
=R Voo + In(v)][9]|o if s =1/2

1+g9)

< Cas(IVotlloo + l[#lloe) 5

(A.17)
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As before, for the last inequality one breaks the integral in the sets {|z| < 1} and {1 <
|z| < |v|/2} and directly computes the integrals. For the latter one simply estimate

N dg(v,v + 2) — 0g(v,v — 2)
‘ /{|z|z|v|/2} W =2 = +2) Sy(0.0+2)og(v0—2)
|00 |9l

1 | |
gmpoo/ . _q:=cC, <, . (A.18)
H H 12|>[v]/2 |Z’d_1+25 <’U>25 R25 (

Gathering (A.16), (A.17) and (A.18)

v—2) — blv+ 2 5g(v, v+ 2) = dg(v,v — 2)
‘/{|Z>|”|/2} (w( )it )) dg(v, v+ 2) dg(v,v — 2) d

< Cayss (IIVotlloo + [[9]loc) %

1

( 2(5 —s R2(s —s)+1 + 7) , maX{S, %} <sd <1
RS

<

2(s" — s)s
2(s' —s)+1+s’

Casslltler(g— 1), B = (A.19)

The rate f3; is obtained by choosing R > 0 (large) such that (g—1)2(' =) R2(s'=s)+1 — 1 /Rs,

Let us now focus in the first integral on the right side of (A.11). The procedure is similar as
before, first introducing a radius R > 0 (not necessarily large this time) and considering
the region {|v| < R}. Then, inequality (A.12) and some direct computations leads to
(recall that o = % + )

1 1 1+g

2 /Rdl (T/J(U +2)+yYv—2)— 21/’(”)) <5g(v,v 1) - (4g|z2)a> dz
2 oy p2y20-s) 1

< [ofulle(lo— 0B [ g de

s 1
+ 1l (g — 1) R )/ LI ¥
H H ((9 ) ) (=31 ‘Z|d—1+2s

< Caawlltllez((g = DR max{s, 1} < <1. (A.20)

In the set {|v| > R} simply use the rough estimate for any € € (0,1)

1 1+g¢

. 21+4g) _ (1) 2(1+9)
So(v,vt2)  (AglaP)

~ (49|22 T Re (49]22)>

to conclude that

1

1 1+4+g¢
| fo P04 90— = 200) <6g<v,v v <4g|z|2>a> dz'

O (1192 / 1 / 1
<C 05| 0 dz+ U|lso dz
Re H H {|21<1} |Z|d 1-2(1-s) H H (21>1} ’z|d—1+25

< Caloles 2

(A.21)
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Thus, gathering (A.20) and (A.21) it follows that

. N 1 B 1+g¢
2 /Rd_l(‘”(” A=) = WO 5T T Ggp ) ©
< Canw vl (o~ DR 4+ )
2(1 — ¢
< Cuslltlesla = V0P, o= 20250 (A

The last inequality follows choosing R > 0 such that ((g — 1)R2)2(1_5,) = %:. Since
% < B2 < 3 estimate (A.8) follows from (A.19) and (A.22) after choosing max{s, 3} <

s’ < 1.

Finally, estimates (A.9) and (A.10) follow from the fact that the all integrals vanish in the
regions {|z| < [v|/2} whenever |v| > 2diam(supp(¢)). For instance

sl |, S5

(v + 2) |supp(¢) [[19]|oo
< .
‘/|>|v|/25 (v,v+ z) d ) Cas |v|d—1+2s

Meanwhile, in the region |v| < 2 diam(supp(¢)) one clearly has
[(=20)50(v)] < Cas D) ¢lle: -

g
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