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INTUITIVE RULES IN NUMBER THEORY: EXAMPLE OF ‘THE
MORE OF A, THE MORE OF B’ RULE IMPLEMENTATION

ABSTRACT. Students’ belief that a larger number has more factors is outlined as a
particular example of ‘the more of A, the more of B’ intuitive rule. Robustness of this
belief is discussed by demonstrating students’ tendency to perceive conflicting evidence as
an exception to the rule. Some pedagogical approaches are considered.

1. INTRODUCTION

The study of students’ conceptions and reasoning in mathematics and sci-
ence has been a focus of the vast body of research. A variety of studies
focused on identifying, describing and classifying students’ errors and
misconceptions with respect to specific topics and tasks (A comprehensive
review can be found in the work of Confrey (1990) and Radatz (1979,
1980)). Several researchers made attempts to identify common themes or
rules in students’ erroneous responses to different situations. For example,
similarities in students’ algebraic errors in the following cases

• computing(a + b)2 to bea2 + b2

• computing sin(a + b) to be sin(a)+ sin(b)
• computing 2a+b to be 2a + 2b

were identified by Matz (1982). The common rule has been described as
‘overgeneralised linearity’, that is, intuitive applications of what has been
experienced by students as ‘true’ for linear relationships, namelyF(a +
b) = F(a)+ F(b), to relationships that are not linear.

While Matz considered different situations mainly within the algebraic
context, Stavy and Tirosh (1996) have pointed to a unifying rule that can
explain many of students’ persistent alternative conceptions that were ob-
served in mathematical as well as scientific situations. The rule has been
referred to as ‘the more of A, the more of B’. Stavy and Tirosh provided
a variety of examples in mathematics and in science where the application
of this intuitive rule by students has resulted in erroneous conclusions. A
student applying this rule would conclude that having more of one property
(such as size, area, volume, weight, length, density, etc.) results in having
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more of another property as well. The cognitive source of the rule is likely
grounded in one’s experience of a variety of situations in which it holds.
Classical Piagetian conservation tasks, such as where children of a certain
age claimed that there was more water in a taller cup (after an equal amount
of water was poured into both containers), are examples of an application
of this intuitive rule. In mathematics, beliefs that a longer row has more
objects, or that an angle with longer arms is bigger, are expressed mostly
by very young children. However, beliefs that a person saving a higher per-
centage of his or her salary saves more money, that a rectangle with a larger
perimeter has a larger area, or that a longer segment contains more points
are shared by many adults. Understanding these common trends has a pre-
dictive power, it helps anticipate students’ responses and therefore plays
an important role in planning for instruction, whether students’ errors are
seen as grounds for remediation (Radatz, 1979, 1980) or as ‘springboards
for inquiry’ (Borasi, 1994, 1996).

This study adds another example to a rich collection of mathematical
and scientific situations presented by Stavy and Tirosh in which the intuit-
ive rule ‘the more of A, the more of B’ has been applied. It is students’
intuitive belief that a larger number (A) has more factors (B). In what
follows I present several situation of the appearance of this rule and discuss
its robustness among preservice elementary school teachers.

2. METHOD

This report contributes to the ongoing investigation on learning element-
ary number theory (Zazkis and Campbell, 1996a, 1996b; Zazkis, 1998).
The participants in this study were preservice elementary school teachers
enrolled in a course ‘Principles of Mathematics for Teachers’ which was a
core course in a teacher education program. Topics of number theory, in-
cluding factors and multiples, divisibility and divisibility rules, prime and
composite numbers, prime decomposition and the Fundamental Theorem
of Arithmetic were addressed in this course. The course attempted to em-
phasize learning for understanding and implemented a variety of problem
solving activities in small groups.

The data were collected in two phases. In Phase 1, as part of a larger
study, 15 out of 65 students enrolled in the course were interviewed. The
interview included the following questions:

Part (1a)
What are the prime factors of 117= 32 × 13? Can you list all of them?
What are the factors of 117= 32 × 13? Can you list all of them?
What are the divisors of 117= 32 × 13? Can you list all of them?
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Of which numbers is 117 a multiple?
Is 117 a multiple of 26?
Can you give an example of a multiple of 117?
Any observations? Can you think of a factor which is not a divisor? Can you think of a
divisor which is not a factor? Can you explain?
Can you think of a number which is both a multiple and a divisor of 117? Any others?

Part (1b)
So far we’ve discussed factors and divisors of 117 (117= 32 × 13).
Look at the following numbers A= 32 × 7 and B= 32 × 17. What do you think is the
number of factors of A and B? Is the number of factors of A larger than, smaller than or
equal to the number of factors of B?

Questions in Part (1a) were designed to investigate participants’ under-
standing of the concepts of a divisor, a factor and a multiple, as well as
students’ links among these concepts. Participants’ responses to Part (1a)
and the analysis of these responses are reported in Zazkis (in press). This
article focuses on the analysis of Part (1b). Students’ responses to Part
(1a) had no direct influence on their responses to Part (1b), however, for
the purpose of this study it is important to note that questions in Part (1b)
were discussed with the interviewees immediately after the questions in
Part (1a).

In Phase 1 of the study, clinical interviews identified a strong belief
of many participants that a larger number had more factors. Therefore,
Phase 2 was designed to follow up the findings of Phase 1 with a dif-
ferent group of 58 preservice elementary school teachers enrolled in a
subsequent offering of ‘Principles of Mathematics for Teachers’ course.
During the instruction preceding Phase 2 data collection there was an at-
tempt to confront this belief without making an explicit reference to the
rule ‘the more of A, the more of B’ or the erroneous application of this
rule by some participants. A classroom activity invited students to list all
the rectangular arrays that can be built from a given number of squares and
record the number of these arrays in a table. In a classroom discussion that
followed this activity the results of the table were connected to concepts
of elementary number theory. Students noticed that for the prime numbers
only two rectangular arrays were built, that the number of rectangular ar-
rays corresponded to the total number of factors of a given number and
that ‘perfect squares’ resulted in an odd number of rectangular arrays, that
is, perfect squares had an odd number of factors. Students were invited
to connect their observations to the terminology and definitions acquired
during the course. The activity was intended to help students find patterns
connecting natural numbers and their factors.

The students in both phases were introduced to an algorithm to determ-
ine the number of all the factors of a given number, considering the prime



200 RINA ZAZKIS

decomposition of the number and the fundamental counting principle. That
is to say that ifN is a natural number and the prime decomposition ofN is
p
a1
1 ·pa2

2 · . . . ·pakk , and ifF is a factor ofN , then each prime factorpi of N
can appear inF in a powers, where 0≤ s ≤ ai . Therefore the number of
factors ofN is equal to (a1+1) · (a2+1) · . . . · (ak+1). Although the same
topics were learned in both offerings of the course, the issue of determining
the number of factors of a given number received greater attention in Phase
2.

In Phase 2 the following tasks solicited a written response from a group
of 58 preservice elementary school teachers.

Consider the following statement and decide whether it is true or false. Justify your de-
cision.
Part (2a)
If a natural numbera is bigger than a natural numberb, then the number of factors ofa is
bigger than the number of factors ofb.
Part (2b)
If a composite natural numbera is bigger than a composite natural numberb, then the
number of factors ofa is bigger than the number of factors ofb.

The question in Part (2b) was designed and administered after completion
of a preliminary analysis of students responses to Part (2a). Both phases
of data collection took place after the students had completed the topic on
number theory.

3. RESULTS

Phase 1

Fifteen interviewees were asked to compare the number of factors of num-
ber A with the number of factors of number B, where A= 32 × 7 and
B = 32 × 17, after the number of factors of 117= 32 × 13 had been
established. Seven interviewees claimed A and B had the same number of
factors. However, three of these students based their explanation on their
conclusion that both numbers had two factors only: (3 and 7) or (3 and
17). This was an obvious confusion between factors and prime factors.
Other students made an attempt to explain their claim, based on the prime
decomposition of these numbers. In these explanations students often re-
ferred to their intuition, rather than logical reasoning. The excerpt from the
interview with Mary exemplifies such an explanation.
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Interviewer: Let’s take a couple of other numbers. Let’s take a number that we’ll call
A and A will be 32 × 7, and B we’ll make 32 × 17.

Mary: Um hm.

Interviewer: Now, do you think that A would have more factors than B, less factors
than B, or the same number of factors as B?

Mary: I would say the same.

Interviewer: And why would you say that?

Mary: I knew you were going to ask why. Because both are 3 times 3 times a
prime number, and (pause) something tells me, and I don’t know what the
something is, that they would be equal in number.

The interviewer attempted not to be suggestive by avoiding the question
‘which number has more factors?’ and wording the question in the fol-
lowing way: ‘do you think that A would have more factors than B, less
factors than B, or the same number of factors as B’. This strategy follows
Piaget and Ginsburg guidelines for clinical interviewing (Ginsburg, 1997).
Nevertheless, eight students expressed initially their belief that a bigger
number would have a greater number of factors. In all the interviews the
interviewer invited participants to approach this question first without cal-
culating the value of numbers A and B. This request was usually followed
by an invitation to explain or justify their answer. In several cases students
sought empirical verification by listing all the factors of A and B. Follow-
ing additional empirical explorations some students refuted their initial
conjecture. Liz in the excerpt below explicitly stated that the number of
factors depended on the size of the number.

Liz: Depending on the product of the multiplication within those functions,
it’ll, it’ll change, like, for 32 × 17, it’s going to be a greater number than
32 × 7. So there’s a greater potential for more factors, depending on the
product, so, the same with 32 × 13, there’s going to be a greater potential
for factors than . . .

Interviewer: So, without calculation, if you had to guess . . .

Liz: Had to guess? I would say that 32 × 17 would have the most. 32 × 13
would have the next, and 32× 7 would have the least.

Amy wanted to approach the problem by listing all the factors, however,
when asked to conjecture first without making such a list, her response was
similar to Liz’s, but it sounded less confident.
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Interviewer: Please look at these two numbers. Let’s call them A and B. A will be
32 × 7, and B is 32 × 17. Do you think that A would have more factors
than B, less factors than B, or the same number of factors as B?

Amy: I will have to solve for A and B and list their factors.

Interviewer: OK, in a second. But before you start calculating, can you tell me what
you think?

Amy: Um, (pause) well these are all prime numbers so I’m not too sure, but
(pause) I think this would be larger maybe . . .

Interviewer: The number of factors of B would be larger.

Amy: Yeah . . .

Interviewer: And why do you make this conjecture?

Amy: Because 17 is larger than 7, so there’s a few more possibilities to try
(laugh).

The lack of certainty expressed by Amy is based on the observation that
‘these are all prime numbers’. Later in the interview Amy listed all the
factors of A= 32×7 and claimed that the number of factors of B was also
6, without going through additional calculation. Therefore she refuted her
initial conjecture and in fact concluded that all the numbers of the form
(32× prime) had exactly the same number of factors. Marty started her
approach in a similar way to Amy’s, conjecturing and calculating.

Interviewer: I’d like you to write down the following numbers: A= 32 × 7 and B=
32 × 17 . . .

Marty: Um hm . . .

Interviewer: Would you say that the number factors of A is more than the number of
factors of B, less than the number of factors of B, or the same number of
factors?

Marty: I’d say less.

Interviewer: And why would you say that?

Marty: Because (pause) 17 is bigger than 7.

[Marty was given an opportunity to find the factors of A]

Interviewer: Okay, so you’ve come up with 6 factors for 63 now.

Marty: Um hm . . .

Interviewer: Do you, do you think, I mean you say that that’s all of the factors, what
makes you feel that you have them all?

Marty: Well because I see that 21, 7× 3 is 21, so I already got the factors of that
included in there, and then of 9, 3× 3 is 9 and I already got that included
in there. 7 is prime, so there’s nothing else but (pause), nothing else in 7’s
multiplication table that will equal 63, except 9.

Interviewer: Hmm, um hm, okay. Um, now, if we were to say that the total number of
factors for 63, which is A, is 6 . . .
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Marty: Um hm . . .

Interviewer: How many factors do you think there would be for B? Do you think there
would be less than 6, more than 6, or 6?

Marty: I don’t, I’d have to figure again what 9× 17 would be.

Interviewer: OK, and then you would work it out by looking at –?

Marty: Oh, so there would probably be more factors to it, because if you multiply
this out, 17× 9, there’s a bigger number (pause), there would be more
factors to that.

Going through the process of figuring out the factors of A, and even no-
ticing how these factors were formed from the prime factors, didn’t give
Marty a clue about the number of factors of B; she retained her opinion of
B having more factors. Her belief that larger numbers have more factors
was probably a very robust one, because the evidence of 117= 32×13 and
A = 32×7 both having exactly six factors did not make her reconsider her
view. Marty was familiar with the existence of ‘very large’ prime numbers
and also with the idea of infinitely many primes. However, this knowledge
did not appear to her to be in conflict with her belief.

Phase 2

In part (2a) of Phase 2 the students were asked to determine whether the
statement ‘If a natural numbera is bigger than a natural numberb, then the
number of factors ofa is bigger than the number of factors ofb.’ was true
or false and provide justification for their decision. Table 1 summarizes
students’ responses. Only 4 students (7% of 58 participants) claimed erro-
neously that the statement was true. As a justification two of these students
provided examples of a pair of numbers where a larger number had more
factors, such as 6 and 12. One student considered several examples, but
realizing the need for a justification simply restated the statement, claiming
that ‘it would take a larger amount of factors to make up the larger num-
ber’. One student claimed ‘20 and 40 have the same factors 2 and 10 and
this disproves the statement that all factors ofa should be larger than the
factors ofb’. It appears that this student misread the statement attending to
thesizeof the factors of two numbers rather than to thenumberof factors.

54 students (93% of 58 students responding to the question) correctly
identified that the statement was false. As shown in Table 1, four stu-
dents provided incorrect counterexamples, either miscounting the number
of factors or confusing ‘factors’ with ‘prime factors’. Two students (out of
54) provided no numerical counterexample to justify their claim. One of
them simply claimed that ‘a natural number, no matter its value, can have
the same number of factors as another natural number’, while the other
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TABLE I

Frequency distribution of students’ responses to Part (2a),n = 58

TRUE FALSE

(incorrect) (correct)

4 54

justification correct counterexamples incorrect no examples

by example examples

4 48 4 2

example example and example and

involving justification justification

2 composite referring to referring to

numbers 2 prime a ‘larger’

numbers prime

number

6 12 30

provided a correct justification considering the algorithm to determine the
number of factors based on the prime decomposition of the number.

48 students provided correct counterexamples, all listing a pair of num-
bers for whicha > b, but the number of factors ofa was not bigger than the
number of factors ofb. It is possible to summarize this result claiming that
88% of the students who provided a correct answer provided also a correct
justification. Does this mean that these students did not possess ‘the more
of A, the more of B’ rule or were successfully cured from applying it in
this situation? A close look at the counterexamples provided by these 48
students and justifications that accompanied their counterexamples invited
a second look at the rule and its robustness.

Out of 48 correct counterexamples, 42 included a reference to prime
numbers. In 12 counterexamples both numbers were prime, in 30 counter-
examples one (larger) number was prime. Students’ explanations that ac-
companied these counterexamples strongly relied on prime numbers. Sev-
eral examples of these arguments are listed below:

• false, because two prime numbers have the same number of factors, 1
and the number itself (Anne)

• all prime numbers have only two factors and one can be larger than
another (Bob)

• although 11 is greater than 7, both have two factors because both are
prime (Cindy)
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• true in most cases, but using 2 prime numbers, then the number of
factors ofa would be the same or equal to the number of factors ofb,
therefore false (David)

• false because when both numbers are prime they have both the same
number of factors and prime numbers are elements of the set of nat-
ural numbers so I can choose both to be prime numbers (Eve)

• false becausea can be a large prime number andb can be a small
composite number (Frank)

• if a smaller number is a composite number and a larger number is a
prime number the statement is false (George)

• prime numbers could be very large but still they will have only two
factors, natural numbers smaller than that prime may have many more
factors (Julie)

• a prime number can be greater than a composite number (Ivan)
• the statement is not necessarily true because natural numbers include

prime numbers (Kim)
• false, true in most cases but not all the cases, in the case of prime

numbers 11> 10 but 10 has more factors than 11. (Larry)

The finding that the majority of students used prime numbers to create
a counterexample and referred to prime numbers to explain and generalize
their counterexamples can be due to the fact that these are convincing
examples that are easy to generate. By using prime numbers one can ad-
dress the question without going to the trouble of calculating the number
of factors of a chosen natural number, this number of factors is given
by the definition of prime numbers. However, some students’ responses
appeared as if students saw in prime numbers an exception to the rule that
generally held true. The responses of David and Larry explicitly refer to
this possibility. In the responses of Eve, George and Kim such reference is
implicit.

In order to investigate further students’ view of the relationship between
the size of a number and the number of its factors, prime numbers were
excluded from the discussion. In part (2b) of Phase 2 the students were
asked to consider the statement ‘If a naturalcompositenumbera is bigger
than a naturalcompositenumberb, then the number of factors ofa is
bigger than the number of factors ofb.’ Similarly to part (2a), students were
asked to decide whether this statement was true or false and to provide
justification for their decision. Table 2 summarizes students’ responses.

13 students claimed erroneously that the statement was true. Even though
these 13 students are the minority (22%) among the 58 students respond-
ing, it is interesting to note that the number of students providing an incor-
rect response to (2b) has more than tripled in comparison to the number of
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TABLE II

Frequency distribution of students’ responses to Part (2b),n = 58

TRUE FALSE

(incorrect) (correct)

13 45

justification erroneous correct counterexamples incorrect no example

by example argument examples

7 6 35 7 3

example and other

justification

involving

squares of

primes

11 24

students that provided an incorrect response to (2a). An additional obser-
vation is that all the 9 students who responded correctly to part (2a) and
incorrectly to part (2b) were among those whose justifications in (2a) relied
on prime numbers. Furthermore, several erroneous arguments justifying
the incorrect choice of ‘true’ involved reference to prime numbers. For
example:

• Since composite numbers are not prime, when they become larger so
does the number of factors

• As numbers get larger the number of factors becomes increasingly
larger, unless the number is a prime number

45 students (78% of participants) claimed correctly that the statement was
false. Students’ incorrect examples were caused by confusing factors to
be counted and prime factors or were simply a result of miscounting the
number of factors. 35 students provided correct counterexamples, that is,
they showed two composite numbersa andb, wherea > b, but the number
of factors ofa was smaller than or equal to the number of factors ofb.
In analyzing students’ correct counterexamples, the most noticeable fea-
ture was the reference to perfect squares of primes, given by 11 students.
Typical explanations were as follows:

• False,a could be a perfect square and its square root is a prime
number, soa would be a composite number but it would only have
3 factors,a = 49,b = 12,a > b.
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• False,a andb can both be perfect squares so both would have exactly
3 factors: 1, itself and its square root,a = 25,b = 49.

A short ‘at hoc’ interview with two of the eleven students confirmed the
suspicion that they believed that the rule of larger numbers having more
factors was ‘true in general’, however the mere existence of prime numbers
provided counterexamples to reject the rule. Furthermore, when the ques-
tion was asked about composite numbers only, a special kind of composite
numbers – squares of primes – provided counterexamples. ‘If your natural
numbers are not primes or primes squared, the larger number would have
more factors’, explained Julie basing her claim on a variety of examples
she had investigated.

4. DISCUSSION

“When a child correctly judges conservation tasks, is this because the rule
‘more of A, more of B’, has ceased to exist or does it exist but fail to
compete with other bits of knowledge?” (Stavy and Tirosh, 1996, p. 665).
Although the participants in this study were not children, and the tasks in
question were not conservation tasks, I believe that the following discus-
sion has a strong relationship to the question posed by Stavy and Tirosh.

A large number of students responding correctly to the questions in
Phase 2 can be seen as an indication of the fact that students do not ad-
opt ‘the more of A, the more of B’ rule in the discussion of numbers
and their factors. However, a closer look at students’ responses suggests
that some students didn’t modify their intuitive beliefs, but were able to
identify ‘special cases’ as exceptions. For the 9 students who responded
correctly in (2a) and incorrectly in (2b), as well as for the 11 students who
justified their correct responses in (2b) by the choice of perfect squares of
primes, the rule was not changed. The rule had been amended when several
exceptions to the rule were recognized.

The impression of ‘success’ presented by quantifying results in Phase
2 is premature. ‘The more of A, the more of B’ appeared to be robust
and not readily given up by some students even when they were confron-
ted with new evidence. This may not be surprising, as ‘experience has
shown that robust intuitions – no matter if they are correct or not – tend
to survive even when contradicted by systematic formal instruction’ (Fisc-
hbein, 1987, p. 47). According to Fischbein (1987) the perseverance of
students’ intuitions presents a constant pedagogical challenge. Fischbein
recommends ‘to make the student aware of the conflict and help him to
develop control through conceptual schemas over his intuitions’ (ibid.).
Amending the rule could be a first step towards confronting one’s intu-
itions. It is possible that students who chose to treat primes and squares
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of primes as ‘special cases’ would reconsider their beliefs when presented
with a larger variety of ‘special cases’. This could include for example
cubes of primes or products of two ‘large’ primes, as ‘special cases’ of
numbers having exactly four factors. A further activity could invite stu-
dents to give examples of 4 or 5-digit numbers that have exactly four
factors. Then instead of four any other given number of factors could
be considered and similarities in the multiplicative structure of composite
numbers having the same number of factors could be discussed. Consider-
ing additional ‘special cases’ could increase the power of the new evidence
and new knowledge to compete with students’ intuitive rules and assist
students in developing control over their intuitions through conceptual
schemas.

According to Stavy and Tirosh (1996), knowledge about students’ in-
tuitive rules enables teachers and researchers to foresee students possible
inappropriate reactions and therefore is crucial for developing curricula
and planning instructional activities. Application of ‘the more of A, the
more of B’ rule considering numbers and their factors is not the only
intuitive belief that guides students in elementary number theory. Prior
research (Zazkis and Campbell, 1996b) has described students’ implicit
belief in a possibility of more than one prime decomposition for a given
number. This belief was identified when students, considering a product of
two ‘large’ primes (16,199= 167×97), had difficulty concluding whether
it was divisible by 13 without additional calculations. Students’ knowledge
of the Fundamental Theorem of Arithmetic in many cases didn’t assist
their decision making. Furthermore, a related students’ belief that a ‘large’
composite number should have a ‘small’ prime factor has been described
(ibid.). This belief was identified when several students concluded that a
given 3-digit number (391= 17× 23) was prime by checking its divisib-
ility by primes up to 11. Belief in existence of a ‘small’ prime factor and
the knowledge about existence of infinitely many primes didn’t seem to
present a conflict for some students. Students’ belief that larger numbers
have more factors is consistent with their belief in existence of a ‘small
prime factor’. A pedagogical design such as the ‘special cases’ activity
described above can address these beliefs effectively.

The mathematical statements presented in (2a) and (2b) are both false,
contradicting the intuitive ‘the more of A, the more of B’ rule. However,
the investigation must not end with providing counterexamples. Stavy and
Tirosh (1996) suggest that ‘students should be encouraged to pay attention
to the effects of intuitive rules in their reasoning, and to criticize their own
conclusions.’ In a similar fashion, Borasi (1996) calls for ‘capitalizing on
errors as springboard for inquiry’, that is, using students’ errors as ped-
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agogical opportunities leading to valuable explorations and learning. In
line with these suggestions, a further investigation could invite students to
establish criteria, that is, to find constraints for natural numbersa andb,
under which the statement (2a) is true. An extension of this activity could
invite students to build subsets of natural numbers, finite as well as infinite,
where the rule holds for all members of the set, that is, for any two numbers
x andy in setT , if x > y then the number of factors ofx is greater than the
number of factors ofy. Considering ‘greater or equal’ instead of ‘greater’
with respect to the number of factors ofx andy presents an interesting
variation of the task. Such an open-ended investigation could help students
face their intuitive beliefs, as well as achieve a deeper understanding of the
relationship between numbers and their factors.
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