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ABSTRACT

Feedback traps are tools for trapping single charged objects in solution. They periodically measure an object’s
position and apply a feedback force to counteract Brownian motion. The feedback force can be calculated
as a gradient of a potential function, effectively creating a “virtual potential.” Its flexibility regarding the
choice of form of the potential gives an opportunity to explore various fundamental questions in stochastic
thermodynamics. Here, we review the theory behind feedback traps and apply it to measuring the average work
required to erase a fraction of a bit of information. The results agree with predictions based on the nonequilibrium
system entropy. With this example, we also show how a feedback trap can easily implement the complex erasure
protocols required to reach ultimate thermodynamic limits.

Keywords: feedback trap, nonequilibrium entropy,information entropy, Maxwell’s demon, Szilard engine, virtual
potential

1. INTRODUCTION

Thermodynamics explores laws of nature that govern processes of work, heat, matter, and information exchange
among systems, subsystems, and their environments. It applies to all systems in nature and sets constraints
on permissible physical processes, as formulated in four basic laws.1 As a consequence of those fundamental
laws, the total entropy in any process never decreases, which puts fundamental limits on the energy efficiency
of heat engines, refrigerators, and computations. Although the probabilistic nature underlying many processes
in thermodynamics has been suggested since the middle of the 19th c.,1 experiments on such systems were
traditionally based on macroscopic manipulations of many constituents and observations of their mean behavior,
or, at best, on low-order moments of fluctuations.

Only in the past few decades have experimental tools become widely available for microscopic thermodynamic
manipulations of small, fluctuating systems with energy resolutions below kT .2 These developments have been
accompanied by significant advances in theory, culminating in the development of a new field, stochastic thermo-
dynamics,3,4 for treating thermodynamics in systems that are small enough that fluctuations play an essential
role. As a result, we now can directly control the individual constituents of a system and use that control to
test experimentally the foundations of thermodynamics and statistical physics in a way that previously could be
done only via highly idealized “thought experiments.”

One hundred and fifty years ago, Maxwell suggested one such thought experiment, where an intelligent
creature—a demon—has the ability to acquire information about each individual molecule in a gas and use it for
doing work.5,6 Later, the probabilistic nature of the thermodynamics became detectable,7,8 and measurements
where the outcome depends on how much information about the system is acquired became possible.9 This led
to the design of the first information engines,9,10 which use information reservoirs to extract work or cool the
system or alternatively use energy to erase or modify information.11,12

These tests of thermodynamic systems at the molecular scale have been possible only because of the develop-
ment of new experimental techniques. In this paper, we present a relatively recent technique for such studies, the
feedback trap and compare it to more traditional techniques such as optical tweezers. The feedback trap is a tool
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suitable for exploring a broad spectrum of problems in this field, because of its unique flexibility in the choice
of a potential and ways to manipulate it. In this paper, we present an experiment where less than one bit of
information is erased, and we measure the minimal work to carry out this operation. Our memory is represented
by a silica bead trapped in a “virtual” time-dependent double-well potential, created by a feedback loop. The
major challenge is to design a thermodynamically reversible protocol capable of reaching the minimal work.13 As
we show in Sec. 5.2, such a protocol requires complex control involving barrier height, tilt, and local coordinate
stretching to produce asymmetry between macrostates and operate close to equilibrium. These manipulations
are easy to achieve using feedback traps, where the form of a virtual potential is defined in software by applying
the force at each measured position that would be applied by a physical potential. In this paper, we also com-
pare the feedback trap with other tools and techniques for micromanipulation and discuss their application to
stochastic thermodynamics.

2. MEASUREMENTS IN STOCHASTIC THERMODYNAMICS

Several important advances in science and technology have made possible measurements on small systems that,
before, could exist only in thought experiments. They allow one to test fundamental limits for processes in
stochastic thermodynamics. These advances can be roughly classified in two groups: technical, which includes
the ability to manipulate the small objects; and conceptual, which is the ability to estimate thermodynamical
quantities for a single object in a medium.

2.1 Experimental techniques in stochastic thermodynamics

Many tools for micromanipulation, predominately used in biology and biophysics have also proven useful for
measurements in stochastic thermodynamics. Because the amount of work needed to manipulate the system
is comparable to the thermal fluctuations, the intrinsic dissipation of the tool should not perturb the system
significantly. In our studies, we use one of these new tools, a feedback trap. To motivate its choice, we first
introduce the feedback trap and some alternative tools,2 so that we can better understand the special features
of our technique. Later, in Sec. 4, we provide a more detailed description of feedback traps.

2.2 Feedback or ABEL trap

Feedback or Anti-Brownian ELectrokinetic (ABEL) traps14 are tools for trapping and manipulating single
charged objects, such as molecules in solution. They have been developed as an alternative to optical tweezers
and other single-molecule techniques. They use feedback to counteract the Brownian motion of a molecule of
interest. Since they also can counteract other types of motion caused by mechanical or electrical drifts and can
also use forces that are not electrokinetic, we refer to them more generically as feedback traps. In its original
implementation by Cohen and Moerner,14 the trap first acquires information about a molecule’s position and
then applies an electric feedback force to move the molecule. Since electric forces are stronger than optical forces
at small scales,15 feedback traps are the best way to trap single molecules without “touching” them (e.g., by
putting them in a small box or attaching them to a tether).

Feedback traps can do more than trap molecules: They can also subject a target object to forces that are
calculated to be the gradient of a desired potential function U(x, t).15 If the feedback loop is fast enough, it
creates a virtual potential whose dynamics will be very close to those of a particle in an actual potential U(x, t).
But because the dynamics are entirely a result of the feedback loop—absent the feedback, there is only an object
diffusing in a fluid—we are free to specify and then manipulate in time an arbitrary potential U(x, t). In our
work presented here, we have improved the stability and accuracy of measurements of feedback traps to the
point that we can use them for sensitive experiments in stochastic thermodynamics.16

2.2.1 Optical tweezers

In 1986, Arthur Ashkin showed that a tightly focused beam of light can attract and confine a micron-sized
particle in a solution.17 The typical trapping force induced by a tightly focused laser beam on a micron-size
bead is on the order of 1 pN, which makes optical traps suitable for probing energies of order kT , the average
energy per degree of freedom (kT ≈ 4 pN × nm at T ≈ 300 K). The optical trap can be used for two distinct
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types of experiment. In the first, the potential induced by the optical trap is the subject of a direct study, while
in the second type, optical forces are used to probe some other stochastic system, such as a single molecule.

The optical trap, in principle, allows one to impose potentials of several different forms. For example, two
nearby traps can together create a double-well potential. Alternatively, varying the intensity of the laser light
allows one to control the stiffness of the harmonic trap near the potential minimum. Several calibration methods
were developed to establish the connection between the stiffness and the laser intensity.18,19 The optical trap
can be combined with a piezoelectric motor to move the trapping bead relative to the surrounding fluid. Wang et
al. demonstrated the importance of fluctuations in small systems and showed the long-anticipated probabilistic
nature of the second law of thermodynamics.7 In combination with the acousto-optic laser deflector (AOD), the
optical tweezers were used to test the Landauer principle.11

Single molecules are another example of stochastic system that can be manipulated by optical tweezers and
further used in stochastic and nonequilibrium thermodynamics. For example, a single RNA hairpin was manip-
ulated using optical tweezers to test the Jarzynski work-fluctuation theorem8 and, later, the Crooks theorem.20

2.2.2 Electric and magnetic forces

Small objects in solutions are usually electrically charged and can be manipulated by electric fields in a process
called electrophoresis. Even if the object is not charged, one can still move it in a fluid using an electroosmotic
flow in the presence of the electric field. Although the electric field can have local minimum for passive trapping
such as in a corral trap,21 it is often implemented together with feedback or used to modify the optical force.
In one of the first information engines, Toyabe et al. used position information to make a particle climb up a
spiral-staircase-like potential created by an electric field.9 In another study that combines optical and electric
forces, Roldán et al. explored how sudden changes in ergodicity affect the thermodynamics of a colloidal bead
and explored memory erasure as the restoration of a broken symmetry.22 Electric forces can, in some cases, be
an additional source of fluctuations. This opened a possibility for coupling a system to several different thermal
baths and operating a first Brownian Carnot engine.23,24 This approach is different from heating a surrounding
fluid directly by a laser.25

2.2.3 Thermally driven, hydrodynamic, and acoustic traps

Braun et al. developed a new single-molecule-trapping concept that uses a temperature gradient to counteract
Brownian motion.26 This method locally heats the fluid around a trapped particle and can be used with or
without a feedback. It spatially and temporally varies the temperature at a plasmonic nanostructure and induces
thermodiffusive drifts.

Hydrodynamic traps can manipulate small objects by creating flows of a surrounding fluid. The moving fluid
can displace objects with sufficient drag and confine them in a small region.27,28 They can also be combined
with a feedback to stabilize a particle at the desired point.29–32

2.3 Single-particle stochastic thermodynamics

Sekimoto introduced an important conceptual advance for extending thermodynamical ideas to small systems. He
proposed a method for determining the stochastic energetics of a particle solely from its Langevin dynamics.3,33

In practice, the thermodynamical quantities work and heat can be estimated from a particle’s trajectory x(t) and
the shape of the potential U [x, λ(t)], that can be controlled using a time dependent protocol or parameter λ(t).
In particular, determining the stochastic energetics does not rely on measuring directly the minute amounts of
heat (1 kT ≈ 10−21 J), which is a typical energy scale for many stochastic processes. This method was tested, for
example, by studying a colloidal particle in an aqueous medium.34 Extensions have led to a new field, stochastic
thermodynamics, which is the natural formalism for describing small systems.4,35 By focusing solely on the
trajectory and the potential, one can isolate and measure the quantities of direct interest. This method removes
the contributions of work and dissipation from ancillary devices—computer, camera, illumination, etc.—that
are irrelevant to calculating the work done by the potential on the particle and the heat dissipated into the
surrounding bath.
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2.3.1 Stochastic heat and work

Many of the experimental techniques described in Sec. 2.1 manipulate a single particle in a potential U [x, λ(t)]
via a control parameter λ(t) to find the stochastic work and heat exchanged with a bath. The change in total
energy of a particle confined in a potential is

dE = dU = (∂xU)dx+ (∂λU)dλ . (1)

For a particle in equilibrium in a constant potential U(x, λ =const), no work is done, and dW = 0. The
energy of the particle depends only on where the particle is in the potential dE = (∂xU)dx. From the first law,
dE = dW − dQ, and the energy in Eq. 1, the heat released to the bath is

dQ = dE|λ=const. = (∂xU)dx . (2)

For an equilibrium system at constant temperature T , a particle in a static potential continuously exchanges
heat with the bath, but there is no net heat exchange on average.

Applying work to the particle requires a time-dependent potential U [x, λ(t)]. The work to change the potential
while the particle remains at the position x is

dW = (∂λU)dλ . (3)

Finally, to find the total work and heat released to the bath during a protocol of duration τ , we integrate
Eq. 2 and Eq. 3 over time. The total work is

W =

∫ τ

0

∂λU(x, λ)|x(t) λ̇dt , (4)

and the heat exchanged is

Q =

∫ τ

0

∂xU(x, λ)|x(t) ẋ(t) dt = −
∫ τ

0

Fẋdt . (5)

When λ(t) = t, the work estimate in Eq. 4 simplifies to

W =

∫ τ

0

∂tU(x, t)|x(t) dt . (6)

Although one can use Eqs. 5 and 6 to estimate heat and work directly, the result will be more accurate if one
estimates only the average work and then infers the heat using the first law of thermodynamics.36 Also, since
the work estimate is insensitive to the discretization scheme in use, which is not the case with the heat, we focus
solely on work estimates.

2.4 Fluctuation theorems

Traditional thermodynamics describes irreversible processes with inequalities. For example, the second law can
be expressed as the Clausius inequality W ≥ ∆F , which puts a lower constraint on the average work in any
process. In 1997, Jarzynski showed that this relationship can be the consequence of a more general equality,
commonly referred to as the work-fluctuation theorem or Jarzynski equality.37 This theorem can be applied
to any system arbitrarily far from equilibrium. Here, we briefly introduce the Jarzynski equality and Crooks
theorem, which is a related equality describing non-equilibrium transformations. Both expressions require the
temperature of the bath to be well defined, which is the case for our isothermal experiments.
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2.4.1 Jarzynski equality

In any nonequilibrium process or transformation starting in an equilibrium state, the Jarzynski fluctuation
theorem quantifies the work to change the free energy of the initial equilibrium state by the amount∗ ∆F as〈

e−W/kT
〉

= e−∆F/kT , (7)

where the left-hand side of Eq. 7 is an exponential average over the work distribution p(W ):〈
e−W/kT

〉
=

∫ +∞

−∞
p(W )e−W/kT dW . (8)

The Jarzynski equality allows one to estimate the free-energy difference, an equilibrium property, from non-
equilibrium measurements. For example, if a system is driven via a controllable potential U [x, λ(t)] from the
initial equilibrium state [λ0 = λ(0)] to the final state [λτ = λ(τ)], the free-energy difference between two states
can be estimated from Eq. 7 by calculating the exponential average of the measured work values. It is not required
for the system to be in equilibrium at the end of the protocol, because any further relaxation to equilibrium,
without change in λ, does not contribute to the work.

For certain classes of work distributions, Eq. 7 can be simplified. If the work distribution is Gaussian, then

σ2
W =

2

kT
(〈W 〉 −∆F ) , (9)

where σ2
W is the dimensionless variance in work scaled by kT . Equation 9 gives a transparent expression for

estimating ∆F from the mean and variance. The Jarzynski equality has been tested in many experiments.8,38–41

It is also a common method to estimate free energy landscapes for proteins.35,42,43

2.4.2 Crooks and detailed fluctuation theorem

The Crooks fluctuation theorem states that observing a trajectory of a time-reversed process is exponentially less
likely than observing the same trajectory in a forward process. The Crooks theorem has very broad application,
as it holds for trajectories in any phase space. For the purpose of work measurements, the Crooks theorem is
useful for linking work done in forward and time-reversed processes.

The detailed fluctuation theorem links the two processes in a quantitative way. The probability p(Λx) of

system taking a trajectory Λx in a forward process is exponentially more likely than the probability p̃(Λ̃x) of
retracing backwards the same trajectory when the protocol is reversed:

p(Λx)

p̃(Λ̃x)
= e{W [x(t)]−∆F}/kT , (10)

where Λ̃x denotes the time-reversed trajectory..

In Eqs. 7 and 10, ∆F is the change in free energy between the final and initial states. The work along
trajectory Λx in the forward direction is WF (Λx), while the work along the same trajectory is WR(Λ̃x) when
time reversed.† Below, we simplify the notation and use W ≡WF (Λx)

A work value W can be calculated from several different trajectories, but only one trajectory Λx corresponds
to only one work value in Eq. 4. By averaging over all trajectories corresponding to a single work value W ,
the probabilities of measuring that work value W in a forward pF (W ) and −W in the corresponding reverse
pR(−W ) process can be written as the Crooks relation

pF (W )

pR(−W )
= e(W−∆F )/kT , (11)

∗ The definition of free energy difference here is between the final and the initial state ∆F = Ffinal − Finitial.
†Time reversal is just a mathematical abstraction. No experimentalist can reverse time and measure work while

“undoing” the experiment. She or he can only run the reversed protocol forward in time and measure work, while
assuming this to be equivalent to time reversal.
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(a) (b)

(c)(d)

T℃T℃

Figure 1. Szilárd engine. (a) Single gas molecule in a box. (b) The demon splits the volume in two and measures
the location of a single molecule. (c) Based on the molecule’s position, the demon attaches “the gear” for extracting
mechanical work and couples the system to a thermal bath. (d) In an isothermal process, the heat is transferred from the
bath and converted to the mechanical work. Demon illustration from Ref. 47.

3. INFORMATION AND THERMODYNAMICS

Information, thermodynamics, and the probabilistic nature of the second law were implicitly linked in two
historical thought experiments, Maxwell’s demon (1871) and the Szilárd engine (1929). Later, in the 1940s,
the scientific community tried to determine the minimum power for a computation. When the first electronic
computers became available, John von Neumann proposed that any computation necessarily releases heat and
requires work for operation.44 Surprisingly, in 1961, Rolf Landauer, recognizing the physical nature of infor-
mation, showed that only logically irreversible operations require work;45 however, if the operation is logically
reversible, in principle it could be done without work.

3.1 Maxwell’s demon and Szilárd engine

The probabilistic nature of the second law of thermodynamics is well illustrated by Maxwell’s demon, a thought
experiment introduced to the public by James Clerk Maxwell in his book Theory of Heat in 1871.5 The demon
is an intelligent agent or creature capable of measuring the speed of individual molecules in a gas. It further uses
that information to create a temperature gradient and push the system out of equilibrium, to extract work.

Maxwell’s demon is the first discussion of the role that feedback plays in thermodynamics, showing how the
demon’s measurement based on the acquired information can alter the thermodynamics of a system. Maxwell
did not explicitly discuss information collected by the demon; information was introduced to thermodynamics
later in a stylized version of a demon, the Szilárd engine.

Leó Szilárd linked information to thermodynamics for the first time in 1929, when he proposed a thought
experiment with a single molecule gas.46 Instead of continuous information about a speed, his demon collects
binary information about a molecule’s position, whether it is in the left or the right half of the box. The demon,
illustrated in Fig. 1, splits the box into two equal volumes with a movable piston. Depending on the information
about the position, the demon now lets the single-molecule gas isothermally expand to the right (or left) and do
work.

In this original setup, the demon operates with maximal efficiency and collects the most meaningful data.48

Only under such circumstances, the maximal amount of work per cycle that the Szilárd engine can do is kT ln 2.
The amount of meaningful information that the demon acquires about the system, per cycle, is 1 bit = ln 2 nat.
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This demon can, in principle, run indefinitely and extract work from the bath for ever. The demon has puzzled
many scientists over the years. Leó Szilárd,46 Léon Brillouin,49 and others6 proposed that the measurement step
is inherently dissipative. Indeed, this is the case for some special systems,49 where the demon spends more
energy on the measuring process than it can extract from the system; however, Charles Bennett showed that
measurements can, in principle, be done without work.50 Bennett and, independently, Oliver Penrose51 concluded
that if measurements and calculations do not require work, the only other possibility consistent with the second
law is that the erasure step, required to return the demon’s memory to its original state, is dissipative. Thus,
Landauer’s principle resolves the paradox created by Maxwell’s demon. In other words, Maxwell’s demon can
extract work from the bath as long as it can acquire information about the gas.6

In the past, there have been other proposals and objections about the design of this type of thought exper-
iment: for example, is the pressure a single molecule exerts on a piston smooth enough to calculate work from
the ideal-gas equation? From a quantum-mechanical point of view, measuring a molecule’s location alters its
position, too. It was later clarified that this was not relevant. Detailed discussion about such ideas can be found
in Ref. 6.

4. FEEDBACK TRAPS

In 2005, Cohen and Moerner developed a new tool for trapping and manipulating small objects, such as single
molecules, in solution.14 This new tool, which we call a feedback trap, is an alternative to optical tweezers and
other single-molecule techniques. It uses feedback to counteract the Brownian motion of a molecule of interest.
The trap first acquires information about a molecule’s position and then applies an electric feedback force to
move the molecule. Since electric forces are stronger than optical forces at small scales, feedback traps are the
best way to trap single molecules without “touching” them (e.g., by putting them in a small box or attaching
them to a tether).

Feedback traps can do more than trap molecules: They can also subject a target object to forces that are
calculated to be the gradient of a desired potential function U(x). If the feedback loop is fast enough, it creates
a virtual potential whose dynamics will be very close to those of a particle in an actual potential U(x). But
because the dynamics are entirely a result of the feedback loop—absent the feedback, there is only an object
diffusing in a fluid—we are free to specify and then manipulate in time an arbitrary potential U(x, t).

4.1 Operation of a feedback trap

Feedback traps have been applied to the study of single molecules15,52–58 and to explore fundamental questions in
the non-equilibrium statistical mechanics of small systems.12–15,41,59–63 Depending on the intended application,
feedback traps differ in their design. For the study of single molecules, the feedback trap has to be able to trap
a fast-diffusing, dim molecule; as a result, it is usually implemented with a fast-scanning laser beam.53 Each
time the laser beam hits a molecule, a photon can be emitted and detected by a photo diode. The position of a
molecule can be inferred from the laser position at the time of a photon detection and later used to counteract
the displacement due to the Brownian motion.

For the application in stochastic thermodynamics, which is the main focus of this article, the feedback trap
has to be able to operate over days-long experiments and collects large amount of statistical data. Our camera-
based feedback trap is implemented around a home-built inverted microscope.16,59,61 We trap silica beads of
nominal diameter 1.5 µm immersed in water. The beads are heavy enough to sink to the bottom of the sample
cell and stay in focus in the microscope but light enough to diffuse laterally. Thus, gravity balances electrostatic
repulsion from the bottom and confines particles vertically. Two sets of electrodes control the electric field in
the x and y directions, applying the desired force to the particle.

Figure 2 shows one cycle of a feedback trap in operation.16,59 The camera first images a particle using a
dark-field microscope. From the image, the particle position x̄n is estimated using a centroid algorithm,64 and
the feedback force is calculated from the chosen potential fx = −∂xU(x, t), evaluated at the observed position
x̄n. Finally, the feedback trap applies a voltage Vn that is calibrated to correspond to the desired force fn, which
moves the particle. The voltage is kept constant for ∆t = 5 ms and then updated with a delay td = 5 ms relative
to the exposure midpoint.

Proc. of SPIE Vol. 10347  103470U-7

Downloaded From: https://www.spiedigitallibrary.org/conference-proceedings-of-spie on 10/10/2017 Terms of Use: https://spiedigitallibrary.spie.org/ss/TermsOfUse.aspx



(a) (b) (c)

Figure 2. Schematic of feedback-trap operation. (a) Acquisition of an image of a fluorescent particle. (b) Determination
of particle position from that image using a centroid algorithm. (c) Evaluation of feedback force fx = −∂xU(x, t) at the
observed position x̄. (d) Application of electric force, with voltage set by electrodes (light blue), held constant during the
update time ∆t = 5 ms. The long gray arrow indicates repetition of the cycle. Figure reproduced from Ref. 41.

In the original version of the feedback trap14 and in our first version,16,59 as well, the imaging was based
on fluorescence illumination, as is appropriate for fluorescent particles and for labeling individual molecules in
solution. In such low-light conditions, camera-based imaging systems need to integrate all the time to capture as
much information from a fluorescent particle as possible, leading to a camera-exposure time tc = ∆t. Even with
such a long exposure, the overall light levels are low, implying significant observation noise due to photon shot
noise and the diffraction limit of the microscope. In the much brighter scattering-based illumination described
above, the camera time can be short (tc/∆t ≤ 0.1) and the measurement noise can be small.61 The simplified
theoretical description developed below takes advantage of this improved illumination scheme.

4.2 Trap dynamics

The low-frequency stochastic dynamics of a Brownian particle are well described by a Langevin equation in the
overdamped limit. For a one-dimensional trajectory x(t), the Langevin equation is

γ ẋ = f(x, t) + ξ(f)(t) , (12)

where γ is the drag coefficient, ξ(f)(t) is the fluctuating thermal force acting on the particle, and f(x, t) is the
external force. Here, the force f(x, t) = −∂xU(x, t) is chosen to be the gradient of a time-dependent potential
U(x, t). In Eq. 12, we have neglected the mass term, mẍ, as the inertial time scale, m/γ, is of order microseconds,
whereas experimental time scales are of order milliseconds.

Although Eq. 12 is one dimensional, the particle moves in three dimensions. We have already discussed how
gravity and electrostatic forces naturally confine the motion in z. For the lateral y-direction, we confine the
particle by adding a static harmonic component, so that U(x, y, t) = U(x, t)+ 1

2κy
2. The y motion then plays no

role in work and heat estimates and is ignored in the rest of the analysis, which focuses on the one-dimensional
motion along x.

To discretize Eq. 12, we integrate it over the time interval [tn, tn+1), where tn ≡ n∆t and ∆t is the feedback
cycle time. The force is kept constant in that time interval: f(x, t) ≡ fn−1, for t ∈ [tn, tn+1). The discretized
position of the particle (xn) at the beginning of that interval (tn) is

xn+1 = xn + ∆t
γ fn−1 + ξn , ξn =

1

γ

∫ tn+1

tn

dt ξ(f)(t) . (13)

In Eq. 13, ξn represents the displacement due to thermal forces that are integrated over the cycle time ∆t of
a single time step. The displacements are described by i.i.d. random Gaussian variables with mean 0, and
variances

〈
ξ2
n

〉
= 2D∆t, with D the lateral diffusion coefficient of the particle. As discussed above, in general,

we would supplement Eq. 13 with a second equation for the observed position, which incorporates effects due
to exposure averaging, measurement noise, and the rather subtle noise correlations that follow.12 Fortunately,
these are all small effects in the current setup and will be ignored here.
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To simplify the equation of motion, let us introduce coordinates where lengths are scaled by ` =
√
D∆t and

energies by kT . We also use the Einstein relation D = kT/γ. More formally, we define (omitting the time
subscript for simplicity),

x′ =
x

`
, ξ′ =

ξ

`
, U ′ =

U

kT
, f ′ =

`f

kT
, t′ =

t

∆t
. (14)

In terms of these scalings, Eq. 13 becomes

x′n+1 = x′n + f ′n−1 +
√

2 ξ′n , f ′n−1 = − ∂U ′(x′, t′)

∂x′

∣∣∣∣
x′ = x′n−1, t

′ =n−1

. (15)

Note the n − 1 subscript for the force term, which reflects the unit delay of the feedback system. In our
experimental design, we take care to make sure that the updated force is applied precisely at a time ∆t after
the midpoint of the exposure, as this is necessary in the simplified equations we give here. We note that the
experiment is particularly sensitive to timing variations and that using “real time” programming techniques and
hardware is important. Finally, in Eq. 15, the scaled noise terms ξ′n are independent Gaussian random variables
with 〈ξ′n〉 = 0 and 〈ξ′n2〉 = 1.

An important special case is a harmonic potential, U = 1
2κx

2, or U ′ = 1
2αx

′2, where α = κ`2/kT = κ∆t/γ =
∆t/tr. In the last version, tr is the relaxation time of an overdamped particle in a harmonic potential. More
generally, we can replace κ by ∂xxU(x, t), evaluated at the bottom of a local potential well. For a harmonic
potential, the scaled equation of motion is

x′n+1 = x′n − αx′n−1 +
√

2 ξ′n . (16)

Earlier study explores in details the dynamics and thermodynamics of a particle in a virtual harmonic potential
and takes into account the delay, exposure time, and the observational noise.12 If the relaxation time of the
potential is much greater than the update time of the feedback trap tr � ∆t or α = ∆t/tr → 0, the dynamics
approaches the dynamics of a particle in a physical potential. In our experiment, the feedback gain never exceeds
α = 0.2, which affects the work in a virtual potential. Nevertheless, for a cyclic protocol, where the potential is
the same at the beginning and the end of a protocol, the correction term cancels out and the work measurement
is exact.62

4.3 Trap calibration

The energy scale of the processes we consider are of order kT ≈ 4× 10−21 J , where T is the temperature of the
heat bath the system is immersed in and k is Boltzmann’s constant. For detecting such small energy changes
in protocols that can last minutes, we need careful, high-precision calibration techniques that can convert the
applied voltages into precisely known forces.16 Here, we briefly summarize the calibration process.

Rearranging Eq. 15 for the feedback trap dynamics, we write ∆x′n ≡ x′n+1 − x′n = f ′n−1 +
√

2 ξ′n for the dis-
placement. Thus, the displacement results from a deterministic component, f ′, which we control, and a stochastic
component, ξ′, which we do not. To control the forces f ′n−1, we apply a voltage Vn−1, which generates an electric
field that moves the charged particle to a new position. In other words, the controllable component of displace-
ment f ′n−1 is proportional to the applied voltage as f ′n−1 = µ∆t (Vn−1 + Vo), where µ is the mobility (response)
of a charged particle (in an ionic fluid) to the applied voltage. The offset Vo arises from electrochemical reactions
at the electrodes and from the amplifier in the circuit. The link between displacement ∆x′n and applied voltage
is then

∆x′n = µ∆t Vn−1 + µ∆tVo +
√

2 ξ′n . (17)

In principle, we could estimate µ and Vo as the slope and intercept in a linear, least-squares fit to N measure-
ments and could similarly infer the diffusion coefficient D from the residuals. However, our goal is to implement
a continuous calibration, and we cannot afford to recompute such a fit at every time step in the experiment.
Fortunately, it has long been known that linear least-squares fits have a recursive formulation where existing
estimates of slope and intercept are updated each time a new data point arrives.65 Here, in order to treat small
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noise correlations (arising from term neglected in Eq. 13), we use a slight generalization known as Recursive
Maximum Likelihood (RML).16,65

One complication is that experimental parameters slowly drift due to temperature drifts and electrochemical
reactions. We thus limit the amount of the past time series measurements that enter into the calibration by
using a running average variant of the RML algorithm that weights new versus old measurements.16

The RML algorithm is similar to a simplified version of the Kalman filter ,66 except that in RML case, the
changes in parameters µ and D are traced by time-averaging.

Another complication is that the feedback trap corrects motion in two dimensions. Since the electric-field
lines are not exactly aligned along the x-y axes (defined by the camera pixels), we need to implement a full
two-dimensional version of the RML algorithm that accounts for coupling between axes. Apart from generalizing
the mobility µ to a two-by-two matrix µ and the offset voltage to a vector V0, the algorithm is identical.

5. EXAMPLE: FEEDBACK TRAP FOR MEASUREMENTS IN STOCHASTIC
THERMODYNAMICS

In this final section, we apply a feedback trap to the problem of erasing less than one bit of information. Our
system is a silica particle trapped in a symmetric double-well potential, which is allowed to take an asymmetric
form during erasure. We test two different protocols to erase such an incomplete memory. Our first, naive
protocol, does not reach the limit presented in Sec. 5.2, while adding extra steps to the protocol makes reaching
such limits possible.

5.1 Virtual double-well potential

Our virtual double-well potential has x and y components that are programmable in our LabVIEW code. The
potential in z is physical, where the gravitational force keeps the particle at the bottom of a trapping region.
The virtual potential is static harmonic in t he y direction. In the x direction, the potential has a double-well
form. One of the wells can be selectively stretched. The functional form for our potential is

U(x, t) = 4Eb

[
− 1

2g(t) x̃2 + 1
4 x̃

4 −Af(t) x̃
]
, (18)

where the scaled coordinate x̃(x, t) is selectively stretched for positive or negative x, as desired. More precisely,
x̃(x < 0, t) = −η̃(t)x̃(x ≥ 0, t) where η̃(t) is a time-dependent stretching factor. Note that the stretching
amplitude η scales the stretching factor η̃(t). In all cases, η̃(0) = η̃(τ) = 1, so that we start and end with a
symmetric potential. In Eq. 18, Eb is the energy barrier height, A the tilt amplitude. The functions g(t) and
f(t) can take values between 0 and 1 and control the barrier height and tilt. Together with stretching η̃(t), they
allow us to implement various protocols.

5.2 Partial memory erasure

Using the potential in Eq. 18, we can encode less than one bit of memory. This is achieved by placing a particle
in the left well with the probability p0. For a total number of measurements N , we place a particle to the left
well p0N times and to the right well (1− p0)N times. We can then estimate the Shannon entropy H[p(t)] in bits
as

H(p) = −p log2 p− (1− p) log2(1− p) , (19)

where p is the probability to find a particle in range x ⊂ (−∞, 0].

Our goal is to estimate the minimal average work to erase less than one bit of memory. This work is67

〈W 〉min = kT (ln 2) [H(pτ )−H(p0)] , (20)

where p0 and pτ are probabilities before and after erasure. For the full erasure pτ = 0 and the average work is

〈W 〉min = −kT (ln 2)H(p0) , (21)
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t=τ
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pτ=0

Figure 3. Comparison between work in Protocols 1 and 2. Recorded trajectories are shown next to the potential. Both
protocols start with information H( 1

3
), indicated by one out of three trajectories starting in the left well. (a) Protocol 1

directly mixes two states to erase the memory and return the potential to its initial form while keeping particles in one
well. (b) Protocol 2 brings the system to a global equilibrium by stretching the right well and then erasing memory as in
Protocol 1.

Here, we explore only the case where the system starts in the left well with probability p0 = 1
3 ; therefore we

can directly estimate the minimal work in Eq. 21, 〈W 〉min ( 1
3 )/kT = (ln 2)H( 1

3 ) ≈ 0.64. We further present two
protocols and test whether they can reach the minimal work value (Eq. 21) in an arbitrarily slow limit. Protocol
1 allows two states to interact directly, while the Protocol 2 brings the system to a global equilibrium first and
then allows for the interaction between states. We will see that only Protocol 2 can reach the limit in Eq. 21.

5.2.1 Protocol 1

Protocol 1 is depicted in Fig. 3 (a). This protocol starts from a symmetric double-well potential, encoding
information H(p0), and a high energy barrier Eb/kT = 13. We first lower down the barrier. This is achieved by
decreasing the value of the function g(t) from 1 to 0. In next step, we tilt the potential. The tilt amplitude is
set to A = 0.2, while the tilting is achieved by increasing the value of the function f(t) from 0 to 1. This strong
tilt assures that all trajectories end in the right-hand well with pτ = 0. Finally, we increase the barrier back to
Eb/kT = 13 and untilt. Typical particle trajectories are also shown next to the potential in Fig. 3 (a).

5.2.2 Protocol 2

We show Protocol 2 in Fig. 3 (b). Again, the system starts from a symmetric double-well potential, encoding
information H(p0), and Eb/kT = 13. In this protocol, we first bring the system to a global equilibrium by
equalizing the probability densities in two wells. We first stretch the right coordinate by the factor η = 2, as
shown in Fig. 3 (b). We then lower the barrier and compress the right coordinate to its original scale. The rest
of the protocol is the same as Protocol 1: we tilt, raise the barrier, and untilt.

Proc. of SPIE Vol. 10347  103470U-11

Downloaded From: https://www.spiedigitallibrary.org/conference-proceedings-of-spie on 10/10/2017 Terms of Use: https://spiedigitallibrary.spie.org/ss/TermsOfUse.aspx



Because of the stochastic nature of our system, we repeat such measurements for about 30 minutes for a fixed
cycle time, after which we change the cycle time and repeat the measurements. For each cycle, we measure the
stochastic work.

5.3 Work estimate

We estimate work from a single trajectory starting in a left wiL or right wiR well by discretizing Sekimoto’s formula
in Eq. 6. The mean work for a fixed cycle time is estimated via conditional work values. That is, we measure the
average value of work WL to erase conditioned on starting in the left well and similarly for the right well, WR.
For NL and NR individual measurements of wiL and wiR respectively, we estimate the mean via the average:

WL ≈WL =
1

NL

∑
i

wiL

WR ≈WR =
1

NR

∑
i

wiR (22)

The averages WL and WR are measured for both protocols and shown as a function of the inverse cycle time
τ in Fig. 4. Error bars on work measurements in all cases represent the standard error of mean, calculated as
σW /
√
N , with σW the standard deviation of the N individual measurements. The unconditional work at time

τ is estimated from the law of total probability as Wτ = p0WL + (1− p0)WR.

The work in the arbitrarily slow limit W∞, is obtained by extrapolating the average work values Wτ , which
are measured at cycle times τ , to “infinitely” long cycle times. Operationally, we use the asymptotic form
Wτ ∼ W∞ + aτ−1 and fit a line against τ−1.68,69 The arbitrarily slow limit, obtained by extrapolating work
measurements to infinite cycle times, is still faster than the barrier crossing time. Nevertheless, the barrier
crossing time can be extremely long, because it grows so rapidly (∝ eEb) with barrier height Eb.

13

Estimating the work in the arbitrarily slow limit for Protocol 1, we find W 1
∞/kBT = 0.67 ± 0.05. Similarly,

for Protocol 2, we find W 2
∞/kBT = 0.58±0.07. Protocol 1 requires more work than Protocol 2 to erase the same

information H(p0).

5.4 Discussion

For Protocol 1, both conditional average work values are the same within the error bars. That is expected,
because Protocol 1 applies the same transformations to the both, left and right, sides of the potential prior to
lowering the barrier and mixing states. Protocol 2 treats left and right state separately, since it stretches only
the right state, while the left state remains intact; therefore, we observe a difference in the mean work. After the
two states are mixed into a single state, the remaining work is not conditioned on the initial state. We point out
that a quantity of information H(p0) is erased at the moment when the barrier is lowered, and the two states are
mixed. At that point, the system has only one degree of freedom, with information 0 according to Eq. 19. The
rest of the protocol is designed to lock the system in this single degree of freedom and return the potential to its
initial symmetric double-well form. Without these steps, the analysis in Eq. 21 should include a term giving the
change in potential energy. The high barrier ensures that the system has only one degree of freedom over the
time scales of interest.

5.5 Reversibility

Our measurement shows that Protocol 1 requires more work for erasing information H(p0) than Protocol 2.
This is a consequence of the thermodynamic irreversibility of Protocol 1. But can we calculate the difference in
work between two protocols? To calculate the required work in the arbitrarily slow limit, we can use recently
developed tools of stochastic thermodynamics.3,4 In particular, following the lead of Crooks,70 we can compare
the “forward” experimental trajectories with hypothetical “backwards” versions that result from reversing the
protocol of potential manipulations. When Protocol 1, Fig. 3 (a), is played backwards, and a particle ends up
in the left well with probability p̄1 = 1/2. That is not the case for Protocol 2. It ends up in the left well with
probability p̄2 = p0 = 1/3 when time reversed; therefore, Protocol 2 is thermodynamically reversible.

Proc. of SPIE Vol. 10347  103470U-12

Downloaded From: https://www.spiedigitallibrary.org/conference-proceedings-of-spie on 10/10/2017 Terms of Use: https://spiedigitallibrary.spie.org/ss/TermsOfUse.aspx



2

0

W
 / 

 k
B
T

10
Inverse cycle time  τ−1

from left

from right

2

0

W
 / 

 k
B
T

10
Inverse cycle time  τ−1

from left

from right

(a) (b)

Figure 4. Protocols of duration τ for erasing a fraction of a bit, accompanied by sample trajectories. All end in the right
well, which is achieved by strong tilt. (a) Protocol 1: less than one bit of memory is erased by directly mixing two states.
This protocol is intrinsically dissipative, unless p0 = 0.5. (b) Protocol 2: The potential is stretched to bring the two states
to global equilibrium before mixing.

The average work in the arbitrarily slow limit can be estimated from the probabilities of each initial state p∗0
and the probability to end in each state in a backward process p̄∗ as,

〈W 〉∞
kT

= ∆H +DKL(p∗0||p̄∗) , (23)

where ∆H is the change in information or, in our case, the erased information H(p0). The Kullback-Leibler
divergence DKL(p∗0||p̄∗) is the “distance” between the probability distributions p∗0 and p̄∗.‡ Equation 23 applies to
a system with several discrete states, and to a system where discrete states are indexed by i, and DKL(p∗0||p̄∗) =∑
p0i ln(p0i/p̄i). In our case, we have only two states that occur with the initial probabilities p0 and 1− p0, and

probabilities in backward process p̄∗ and 1− p̄∗. Expanding the Kullback-Leibler divergence in Eq. 23 then gives

DKL(p∗0||p̄∗) = p0 ln
p0

p̄
+ (1− p0) ln

1− p0

1− p̄
. (24)

For Protocol 2, the expression in Eq. 24 gives 0, while for Protocol 1, it gives 5
3 ln(2)− ln(3) ≈ 0.06; therefore,

from Eq. 23, we expect Protocol 1 to require more work. This is also in accordance with our measurements
in Sec 5.3, where the work for Protocol 1, W 1

∞/kBT = 0.67 ± 0.05, is greater than the work for Protocol 2
W 2
∞/kBT = 0.58± 0.07. Although the difference between the two values of W/kBT ≈ 0.09± 0.078 is consistent

with the expected value of 0.06, the statistical errors cannot quite rule out the null hypothesis of identical means
(Welch’s t-test gives P=0.17).§

With planned technical improvements to our feedback trap, we will be able to improve our resolution by
increasing the bandwidth of the feedback trap and acquiring more data. In Ref. 67, we present another approach
using the time-reversal symmetry of the thermodynamically reversible protocol, a method that allows one to
explore broad changes in information and for which the statistical errors are smaller. Nonetheless, here, we

‡ Although not symmetric in its arguments, DKL is positive for two different distributions and zero for two identical
distributions.
§ We calculate Welch’s t statistic from the average work and standard error as t = (W 1

∞−W 2
∞)/

√
σ2
W1 + σ2

W2 ≈ 1.05.
The number of degrees of freedom is estimated as ν ≈ (σ2

W1 + σ2
W2)2/

[
σ2
W1/(1 −N1) + σ2

W2/(1 −N2)
]
≈ 3.6, where N1

and N2 are the degrees of freedom for the linear fit in Fig. 4.
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have showed that our feedback trap has both the ability to implement very complex and versatile protocols and
measure work to a high precision.

6. CONCLUSION

In this paper, we have used a feedback trap to erase a fraction of a bit of information and measure work for such
an erasure. To achieve the minimal work for erasure, we designed a complex protocol that includes asymmetric
stretching of a local coordinate, lowering the barrier, and tilting the potential. We also compare this complex
protocol to a naive version, which cannot reach the ultimate thermodynamic limit. Our feedback trap is able
to detect the work difference between two protocols to a high precision. In this case, the thermodynamical
irreversibility of our naive protocol results in approximately 0.06 kT of extra work.

We have also reviewed some of the theoretical work in stochastic thermodynamics that is directly applicable
to our experiment, and we have compared our feedback trap to other common tools and systems used for
measurements in stochastic thermodynamics. We emphasize that a virtual potential imposed by a feedback
trap is a perfect candidate for measurements in stochastic thermodynamics, because such measurements often
require great flexibility for choosing and manipulating the form of the applied potential. This kind of flexibility
is difficult, perhaps impossible, to achieve using physical potentials but is readily accomplished using feedback
traps.
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