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questions

Are Newtonian N-body simulations consistent with
perturbative GR?

If so, what GR coordinate frame (gauge) do they work in?

What are the correct GR initial conditions for N-body simulations?

What is the predicted GR galaxy distribution (observed
along the past light cone, at given redshift and angle)?



Standard Newtonian+Gaussian initial fields

Gaussian primordial metric fluctuations {(x) from inflation + linear
Einstein-Boltzmann code (e.g., CMBfast, CAMB, CLASS)

Gaussian initial Newtonian potential (I) — (3/5)<

; Gaussian initial matter density using Poisson equation
2 2 =
VD = 4nGa“po

@ Gaussian initial displacement = =

V.V

(< Newtonian N-body simulations SRS

5+ V.((140)7=0 [
§+HT+ (5T = -V | ‘




Newtonian ACDM cosmology

homogeneous+isotropic background (Miine 1930s)

same evolution+continuity equations for matter density, p

+ Friedmann (energy) constraint:

K — ldz _ G(4mpa’/3) _ éaz
2 a 6

cosmological constant A = constant vacuum density

Newtonian energy = interpret in GR as spatial curvature



! FRW cosmology
preferred coordinates
for homogeneous and
Isotropic space

preferred space+time split in FRW cosmology
breaks symmetry of Einstein’s theory

Newtonian description sufficient



! FRW cosmology

X

no unique choice of time (slicing) and space coordinates (threading)
in an inhomogeneous universe

t n
f _ FRW cosmology
+ perturbations

arbitrary gauge (t,x)




! FRW cosmology

X

no unique choice of time (slicing) and space coordinates (threading)
in an inhomogeneous universe

t n
f _ FRW cosmology
+ perturbations

arbitrary gauge (t,x)

X

gauge problem: see different GR perturbations in different gauges
what gauge are N-body simulations using?



! FRW cosmology

X

synchronous+comoving with pressureless cold dark matter
time-slicing orthogonal to comoving worldlines

l AN
FRW cosmology
+ perturbations

comoving-Lagrangian
q coordinates (7,q)




Newtonian vs relativistic Lagrangian frame

©® Newtonian (absolute) time, t
=» comoving-orthogonal time-slicing - unique

/\/\q
T T

©® Lagrangian coordinates, q /\/\

=» comoving spatial coordinates — unique



Newtonian vs relativistic Eulerian frames

Newtonian (absolute) time, t

T=q+ V()
Lagrangian coordinates, q

Eulerian coordinates, X (only “comoving” in background)
not unique (see, e.g., Rampf. arXiv:1307.1725)



4 FRW cosmology

X

Poisson = conformal Newtonian = longitudinal gauge
hypersurface-orthogonal 4-vector field n is shear-free

tm n f
_ FRW cosmology

+ perturbations

j — Poisson gauge
coordinates (7’,x)




! FRW cosmology

X

time-slicing orthogonal to comoving worldlines
Spatial threading is same as Poisson gauge (Eulerian, not Lagrangian)

n

FRW cosmology
+ perturbations

total-matter
coordinates (7,x)

VAN



Linear matter perturbations in total-matter gauge

Energy and momentum conservation

comoving density contrast:

b= -V.I-R
total-matter velocity:
v+ Hu=Vo

Energy constraint:

2 — 2
Conformal Newtonian potential V b = —47TG,OCL 5

Momentum constraint:

Comoving curvature perturbation (for zero pressure):

R =0



First-order density in Fourier space

_ = ik.Z -
07(2) = /dw e *C () D4 (2)
linear transfer function through radiation era from Elnsteln Boltzmann code

07:(2) = Ti(2) P 1, —T*( ) Ck

0.1

* Power spectrum

NG
k

P(k) [10° Mpc’]

0000000

scale-dep. bias
= = Poisson gauge
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Standard Newtonian+Gaussian initial fields

Gaussian primordial metric fluctuations {(x) from inflation + linear
Einstein-Boltzmann code (e.g., CMBfast, CAMB, CLASS)

Gaussian initial Newtonian potential (I) — (3/5)<

; Gaussian initial matter density using Poisson equation
2 2 =
VD = 4nGa“po

@ Gaussian initial displacement = =

V.V

(< Newtonian N-body simulations SRS

5+ V.((140)7=0 [
§+HT+ (5T = -V | ‘
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First-order displacement in total-matter gauge

Fidler, Rampf, Tram, Crittenden, Koyama & Wands, arXiv:1505.04756

§=-V.7-3R = V.U=_-6-23R

Newtonian displacement Relativistic displacement in total matter
30 —

0 10 15 20 25 0 5 10 15 20 25 30
Gpe/h Gpe/h
GR volume distortion, & , absent in Newtonian N-body density
—3 3) (=2 =
PN—body = @ Z mpé( (T - Zp) = p(1 +3R)

particles



first-order solution: N-body gauge R=0

Fluid equations for density contrast and velocity:

« Newton vs Einstein®
5m+677m20 5m+§.17m:0
’I;j’m + HUy, = —ﬁCI) ?Lfm + HU,, = —ﬁfb + 6(HT + HHT)
V@ = 47 Ga? péy, V2® = 41Ga*pé,y,
2
2fp = —3H—5_§
VoHT H 1+ w

*in N-body gauge (comoving-orthogonal slicing, zero volume distortion)

P = PN—body = a”’ Z mp5(3) (T — Zp)

e no volume distortion

« Bardeen potential H — (1/3)V2HT 4 H(HT o v)



first-order solution: N-body gauge R=0

Fluid equations for density contrast and velocity:

Newton vs Einstein™ zero pressure
O+ V. = 0 O+ V. Ty =0
U + HUp = —V O U + HUpy = —V O
V@ = 47 Ga? péy, V2@ = 4nGa®po,,
V?Hr =0

*in N-body gauge (comoving-orthogonal slicing, zero volume distortion)

P = PN—body — a”’ Z mpé(g) (T — Zp)

no volume distortion

Bardeen potential d — (1/3)V2HT 4 H(HT - v)



beyond zero-pressure, linear matter?

Including radiation



Newtonian motion gauges

Fidler, Rampf, Tram, Crittenden, Koyama & Wands, arXi:1606.05588
iIn GR coordinates are arbitrary

coordinates+metric define the physical spacetime

S0... construct gauge such that
Newtonian displacement = GR displacement

N — wGR
W (t7 @ =V (tv CD
N-body simulation Newtonian motion gauge

| | | | | ,I
B

u T |

1mni1




Newtonian motion gauges
Fidler, Rampf, Tram, Crittenden, Koyama & Wands, arXi:1606.05588

N-body simulations solve Newtonian non-linear collapse for matter

Einstein-Boltzmann code solves relativistic perturbation equations for
metric potentials and radiation in Newtonian motion gauge
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beyond zero-pressure, linear matter?

including radiation
massive neutrinos®
dark energy™

second-order perturbations™

* left as an exercise for the reader



beyond first order?



so, does Newtonian = GR for matter?

“even to the second order perturbations, equations for
the relativistic irrotational flow... coincide exactly with
the previously known Newtonian equations”

Hwang & Noh gr-qc/0412128

fluid flow evolution equations are the same in comoving-
orthogonal time-slicing (e.g., total-matter gauge)

but there are non-linear constraints in GR

there is no linear Poisson equation relating density to metric
perturbations beyond first order

there are GR corrections to linearly growing mode at second-
and higher-order



Second-order solutions in GR

Tomita (1975)... Bartolo, Matarrese and Riotto (2005); Bruni, Hidalgo, Meures & Wands (2014)

Matter density contrast, 0, obeys second-order differential equation:

 first-order linearly growing mode: L{(g(l)} —0

= 5 = 01 (B) D (t)

constraint : Cq ~ V2C1

 second-order:

L{6®} = Q{(6™)*}
= 0 = Cy(Z) Dy (t) + Po(Z) Day (¢, T)
constraint : Co ~ VQCQ + C1V2C1 + (VC1)2

« usual “Newtonian” solution is the particular solution: P,(x)~(C,(x))?
» intrinsic non-linear GR constraint leads to non-trivial homogeneous
solution: C,(x) (similar to primordial non-Gaussianity from inflation)




Second-order solutions

Bernardeau et at (2001), ...

5z = / dz %% § ()

Second-order convolution

Fourier space

—

dk, dk L
52 = / (zlﬂ)j 51 60 Kk, ko, k) 67 (R + F — F)

k1
\IC L
ks /

 kernel




Second-order solutions

Bernardeau et at (2001), ...

Fourier space , /; — ,
Oy = [ dZe™7"(X)

Second-order convolution

—

dk, dk L
5 = / (zlw) 250 51 IC(k ko, k) 60 (By + o — K)

N/kz

B(k1, ko, k3) = P(k IC(k1, ko, k3) + 2 permutations

* reduced bispectrum




Second-order Newtonian matter solution

Peebles (1980); Bernardeau et at (2002)

Second-order convolution

@ [ dkidks (1) () DT 77
5 _/ ozt O O Kk k) 87 (R + K —

« Newtonian kernel

- — - — 2
By ki1.ko (ko Ky k1.ko
Knlk. ki ko) = — —
N(k, ki1, k) = (By —an) + > Terko k1+k2 + an o :

» Constant coefficients for matter-dominated (EdS) cosmology

2

CYN:?, ﬁNzl

« weak time-dependence at late times for ACDM cosmology
* Newtonian kernel vanishes in squeezed limit, k,<<Kk,



Second-order GR matter solution

Bartolo, Matarrese & Riotto (2005); Bruni, Hidalgo, Meures & DW (2014); Uggla & Wainwright
Second-order convolution

@ [ dkidks (1) () Y
5 _/ ozt O O Kk k) 87 (R + K —

* GR kernel in total-matter gauge ,
Bkyiky (ke Ky k1 .ks ki ko \°
kokyi ko) = (8 — c L N
Kkknke) =B —a)+ o e ) P9\ o ) 77 G %

» coefficients for matter-dominated cosmology
2  5H? 15 H? 5 H?

O = —

RIS

GR corrections dominate at early times / large scales




Second-order GR matter solution

Bartolo, Matarrese & Riotto (2005); Bruni, Hidalgo, Meures & DW (2014); Uggla & Wainwright

Second-order convolution

@ [ dkidks (1) () DT 77
5 _/ ozt O O Kk k) 87 (R + K —

* GR kernel in total-matter gauge ,
Bkiky (ke Ky k1 ko ki ko )\’
ko ki ko) = (8 — il ~ Moo
Kk kb)) =B -+ o\ 6 ) Pl es | 70\ 5

» coefficients for matter-dominated cosmology

2 N 5 H? 8-1 15 H? 5 H?
==+ ——5 =1— ——= = T 55
7 2k2 2 k2 1T T2
GR corrections non-vanishing in squeezed llmlt
k1 5 H?
< AL ko /k 0, K(k,ki,k = ———
=g R0 Kk 2)—>7<k2> -

ki



Second-order GR matter solution

Bartolo, Matarrese & Riotto (2005); Villa & Rampf (2015)

Second-order convolution

@ [ dkidks (1) () DT 77
5 _/ ozt O O Kk k) 87 (R + K —

« GR kernel in Poisson gauge (adapted from Villa & Raménf (2015))
Bkyiky (ke Ky k1 .ks ki ko \°
k. ki,ky) = (8 — — — — - =
Rk kb)) =0 =)+ o U ) TN ok ) 77
» coefficients for matter-dominated cosmology

2 59H® | A5HT 5 L _ 3 9
7 Tk okt PP T T T 0 P

ap =

gauge transformation dominates at early times/large scales



Second-order Einstein-Boltzmann solution

Tram, Fidler, Crittenden, Koyama, Pettinari & DW (2016)

Second-order convolution

@ [ dkidks (1) () Y
5 _/ ozt O O Kk k) 87 (R + K —

* Full numerical GR kernel in Poisson gauge™ using SONG
2= 500() z=100.0 = O()

1.2 L v rrveeoeew -y -y - o - T T T
1.0f —_— 5CDM numer|cal — §, humerical - = dcpum analytlcal [VR]
0.8} S =
0.6
0.4
0.2}
0.0F
—-0.2}
—0.4} L
_06 MEEETIT] B R SR TIT] B S ETIT] T ..TI

K(k,107° Mpc ™, k)

S

-

L ool NI T Al .- - L ool L ool L ool L ool N
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k  [1/Mpc] k  [1/Mpc]

*photon scattering simplest in Poission / conformal Newtonian gauge



Second-order GR matter solution

Tram, Fidler, Crittenden, Koyama, Pettinari & DW (2016)
Second-order convolution

@ [ dkidks (1) () DT 77
5 _/ ozt O O Kk k) 87 (R + K —

* GR kernel in Poisson gauge ,
Bkiky (ke Ky kKo ki ko
k ki ko) = (B — z L o2
Kkknke) =B —a)+ o e ) P9\ o ) 77 G %

» coefficients for matter-dominated cosmology

aP:g+59%2+45H4 5p=1—%—2+54H4
7 14k2 2k* 7 2k2 k4
* + squeezed limit from separate universe / peak-background split
3H? 9H* S5 [H* _H*|OInT
T T Tk [k o ] Y

\V]




Second-order solution

Squeezed limit SE\>7‘E2 Tram, Fidler, Crittenden, Koyama, Pettinari & DW (2016)
2=100.0
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Second-order £ solution

ks

equi|atera| §T~ Tram, Fidler, Crittenden, Koyama, Pettinari & DW (2016)
]f\i\ﬁfg
z=100.0 z=0.0
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solution

Tram, Fidler, Crittenden, Koyama, Pettinari & DW (2016)

Second-order

k, =0.0001Mpc '

kQ/kl

0.8}

0.6}

0.4} \

0.2}

0.0 '

1.0 .

0.8} \

& 0.6f \ 1 + .
~—
S 04f + + -
P,+
0.2} o + -
Rel. error [%] u
O'%.O OI5 1I.0 1I.5 0.0 OI.5 1.0 1I.5 0.0 OI.5 14.0 1I.5
k3/k1 k3/k1 k?)/kl



work in progress...

second-order initial conditions for N-body simulations
modern simulations use “2LPT” (Newtonian second-order
Lagrangian perturbation theory)
“GR2LPT” now exists in Poisson gauge

but need consistent second-order GR interpretation of N-body
simulations in order to set GR initial conditions

other approaches

incorporate Post-Newtonian corrections to modified N-body
simulations in Poisson gauge (Adamek, Durrer, et al)

still linear (weak-field) on large scales
see also Millilo, Bruni, et al or non-linear formalism

must also include relativistic corrections along line-
of-sight for observed angular power spectra...



Conclusions

Newtonian cosmology works well
needs consistent interpretation within GR

Einstein gravity imprinted in initial conditions
Gaussian metric perturbations from inflation, {(x), generate
non-Gaussian matter distribution (bispectrum)

Newtonian non-linearity dominates at small scale / late times
GR non-linear corrections at large scale / early times
need consistent GR interpretation of N-body simulations
observations also introduce significant non-linearities
need angular bispectrum of galaxies, shear, etc, in redshift space

GR effects could provide a target for future surveys



