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ABSTRACT

Advancements in wearable device technology have enabled accelerometers to continuously record minute-by-minute physi-

cal activity over consecutive days, yielding curves serially correlated in dense and regular longitudinal design. Motivated by a

large-scale cohort of physical activity data throughout a week, the collected repeatedly measured functional data exhibits longitu-
dinal (interday) and functional (intraday) interactions on fine grids. To accommodate this complex data structure and investigate
the relationship between health assessment results and weekly physical activity patterns, we propose an innovative and efficient
two-dimensional functional mixed-effect model (2dFMM), characterizing the longitudinal and functional cross-variability while

incorporating two-dimensional fixed effects and four-dimensional correlation structure in marginal representation. We develop

a fast three-stage estimation procedure to provide accurate fixed-effect inference for model interpretability and improve com-

putational efficiency when encountering large datasets. We find strong evidence of intraday and interday varying significant
associations between physical activity and mental health assessments among our cohort population, which sheds light on pos-
sible intervention strategies targeting daily physical activity patterns to improve school adolescent mental health. Our method is

also used in environmental data to illustrate the wide applicability.

1 | Introduction

A growing amount of research suggests an essential relation-
ship between adolescents’ physical activity and mental health,
and recent studies have further discovered that the context of
when and where physical activity occurs is also an influential
factor [1-3]. The development of wearable devices has enabled
the continuous recording of an individual’s physical activity

profiles over consecutive days, allowing for a longitudinal study
design by segmenting the time series into daily profiles [4, 5].
Modeling the dependence arising from the temporal correlations
between curves is the main concern of longitudinal functional
data analysis [6, 7].

Our motivating dataset comes from a Shanghai school adolescent
study, designed to investigate the association between students’
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FIGURE1 | Heatmap of a Shanghai school adolescent’s activity pro-

file showing minute-by-minute physical activity counts for a week. Data
were obtained from wrist Actigraph.

weekly physical activity patterns and mental health outcomes,
while adjusting for demographic covariates. In this study, a total
of 2313 students aged between 11 and 18 years from several
Shanghai schools wore ActiGraph accelerometers for seven con-
secutive days to obtain physical activity signals. The signals were
then aggregated into minute-by-minute activity counts, yielding
1440 observation grids over a day throughout the week. To stan-
dardize longitudinal analyses, all participants’ wear days were
aligned to a Monday-Sunday sequence. Figure 1 illustrates an
example of one participant’s weekly activity profile, exemplifying
repeatedly measured functional data (RMFD) we focus on in this
work. This data exhibits both longitudinal (interday) and func-
tional (intraday) variability within dense and regular sampling
grids, requiring fixed-effect inference that preserves the serial
dependencies between adjacent days rather than discretizing lon-
gitudinal indices or condensing the week’s data to single curves.
The challenge of modeling the intricate longitudinal and func-
tional cross-variability in RMFD analysis presents an important
area of independent scientific inquiry.

Current methods for analyzing RMFD commonly employ func-
tional mixed effects models (FMEM) for fixed effect estimation
and inference [8-10]. However, their underlying assumption
of sparse and irregular sampling hinders effective modeling of
fixed effects and longitudinal-functional correlation structures in
densely and regularly sampled RMFD [11, 12]. To better capture
longitudinal-functional interactions, bivariate fixed effects are
preferable to univariate methods, enhancing understanding
of underlying processes. While some studies propose bivariate
models for symmetrical data (i.e., images), these often extend
univariate approaches and can be computationally intensive
[13-15]. Improving correlation structure is also essential for
flexibility and universality. While the random effect component
of FMEM incorporates longitudinal visits through a linear frame-
work with additive assumptions [6, 12, 16], a four-dimensional
covariance function that accounts for continuity along two
domains with dense observation offers a more flexible alterna-
tive with minimal assumptions. Furthermore, many estimation
procedures, including spline-based and functional principal com-
ponent analysis (FPCA) methods, struggle with scalability even
when encountering smaller sample sizes and functional sam-
pling grids than our motivating data [4, 10]. This is primarily due

to the challenges of estimating the complex four-dimensional
correlation structure and conducting fixed-effect inference.
Although some techniques have been proposed to enhance com-
putational efficiency [6, 8], the implementation in large-scale
population studies remains challenging.

To address these issues, we propose a novel two-dimensional
functional mixed-effect model (2dFMM) framework for RMFD.
The 2dFMM incorporates two-dimensional fixed effects and
subject-specific random intercepts, along with a nonparametric
four-dimensional covariance structure in marginal represen-
tation. This flexible approach integrates longitudinal variation
without relying on prespecified correlation assumptions, while
maintaining optimality [11]. Model component estimation
employs an efficient three-stage procedure that combines point-
wise and smoothing techniques, ensuring both interpretability
and fast computational performance. Additionally, statistical
inference tools, including pointwise and simultaneous confi-
dence bands derived from marginal decomposition, enhance
the estimation of the four-dimensional covariance function.
This framework leverages FPCA and basis splines to alleviate
computational burdens.

The rest of this paper is organized as follows. In Section 2, we
propose 2dFMM with an estimation and inference procedure.
Asymptotic results of the proposed estimator are also provided.
Extensive simulation studies are conducted in Section 3 to eval-
uate the performance of 2dFMM and compare it with existing
approaches. Section 4 further applies 2dFMM to the Shanghai
school adolescent study and Australia electricity demand data.
Conclusion and discussion are in Section 5.

2 | Methods
2.1 | Two-Dimensional Functional
Mixed-Effect Model

The functional response is denoted by Y;(s, ), the ith subject’s
profile at functional time ¢t € 7, repeatedly measured at lon-
gitudinal time s € S, where i =1, ..., N. We assume that the
covariate-dependent mean function u(s,#,X;) is the linear com-
bination of P-dimensional time-invariant or time-varying covari-
ates of interest X; = (1, x;,(s,1), ..., x; p(s,1))" at time s and 1,
which is also known as a standard linear concurrent model.
The proposed two-dimensional functional mixed-effect model
(2dFMM) is

Yi(s,t) = u(s, 1, X)) + (s, 1) + €,(s,1)

P
= Bo(s. 1)+ DX, (5, DB, (5, ) + (5. 1) + €(s, 1) (1)

p=1

where { (s, 1), p1(s,1), ..., Bp(s, 1)} are corresponding coefficient
functions, #,(s, f) is a smooth bivariate random process with mean
zero and four-dimensional covariance function C(s, ; u, v), cap-
turing the functional-longitudinal correlation structure, while
random measurement error process ¢;(s,?) is mean zero with
variance ¢? and independent of #,(s,?). Thus, the functional
response Y;(s,?) is i.i.d. Gaussian random process with mean
E[Y;(s,1)] = u(s,t,X;) and variance function of Y;(s, ) is 62(s, 1),
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while for any s # u and t # v, covariance function is o (s, t; u, v) =
C(s,t;u,0) + %1 (s=ut=v} where 1 (yisan indicator function.

The four-dimensional covariance function C(s,t;u, v) removes
the constraint of the linear framework in FMEM and allows
a more flexible representation. Compared with FEME design,
our model addresses the pre-specification difficulty: Whether
using a random slope effect depends on hard-to-verify a priori
assumptions about longitudinal correlation structure due to the
discretization of longitudinal visits.

To ensure identifiability of univariate effects, for example,
effects over the domain 7, we impose the identification
condition E[f,(s)] =1 and adopt the multiplicative decom-
position  f,(s,t) = f,(s)B,(t). This approach follows the
common practice in nonparametric regression to resolve
scaling ambiguities inherent in multiplicative structures
[17-19]. The satisfication of identification conditions implies
B, = /5 B,(s,1)fs(s)ds, where fg is density function with
bounded support. Hence, given an estimator of bivariate coeffi-
cient function ﬁp(s,t), the univariate function estimator can be
obtained as f,(r) = R™' Y% §(s,.1) with the covariance estima-

tor Cov{, (). f,()} = R X, ¥, CoviB,(s, .0, B,(s5,,.0)}.

2.2 | Dimension Reduction for Covariance
Structure

Traditional approaches decompose #;(s, t) using two-dimensional
FPCA via a Karhunen-Loéve expansion with orthonormal
L2(S x T) bases [20]. While this method explains a large propor-
tion of the four-dimensional covariance C(s, t; u, v) using the top
eigencomponents, it faces two critical limitations: Computational
intractability and poor suitability for asymmetric bivariate struc-
tures commonly observed in real-world functional data (RMFD).

To address this issue, in Model (1), we decompose #;(s,?) by
exploiting the technique of marginal covariance functions to sep-
arate the bivariate process for efficiency as follows [6, 11, 16],

ni(s.0) = D& (O (s)
j=1

where y;(s) be eigenfunction of marginal covariance function,
such that Cg(s,u) = Z/ 17w ($)y;(u), the marginal covariance
with respect to S [21, 22]. The smooth random coefficient func-
tions {¢; ;(r) : j > 1} represents the projection of #,(-,#) subject
onto the direction y(s), that s, (n(-, 1), w;) s, ensuring E[&; ()] =
Oforr e 7T and EI(E; ;. & )71 = 7,1 op)-

We further define the covariance function ©;(,v)=
E[¢; ;¢ ;(v)], which depends on the jth eigenfunction of
marginal covariance C(s, u). Therefore, for any s # u and ¢ # v,
we can obtain an expression of the four-dimensional covariance
function as follows,

C(s,t;u,0) = E[(Y;(s, 1) — u(s, 1, X))(Y;(u, v) — pu(u, v,X;))]
= D, (W81, v) @)

j=1

The four-dimensional covariance function in Equation (2)
employs a decomposition that relaxes the strong separa-
bility assumption, which requires the covariance to factor-
ize into purely spatial and temporal components, that is,
C(s,tu,v) = Co(s,u)Cr(t,v) [21, 22]. Instead, our model
assumes a component-wise separability: For each eigenfunc-
tion y;(s), the temporal covariance ©;(z,v) is allowed to vary
across eigencomponents. This more flexible approach better cap-
tures real-world phenomena while maintaining computational
feasibility, and can achieve near-optimal performance under
appropriate conditions [11, 23].

2.3 | Estimation of Model Components

Suppose design points s, and ¢, satisfy densities in Remark 3,
we let a pointwise response vector denoted by Y, , and

. . T
design matrix X, , = (Xlx P ""XN,S,,,,)T , where X,S =
(1, x;1(5,5 1), ... x; p(s,,1,))T. We propose a computationally

efficient three-stage estimation procedure as follows.

Step I: Bivariate Pointwise Estimation. We reform a linear model
Y, =X, B+ es > where B = (y(s,. 1), ... Bp(s,, 1))
and e, , ~ N(0, c? o InDs under’ the mutual 1ndependence
assumption, Wthh is commonly adopted in other fixed-effect
estimation approach [7, 8, 24]. We use ordinary least squares
estimator B, , = (X[ X, )7'X[ Y, for initial estimation
because it shares nice statistical properties and low compu-
tational cost. Considering the bivariate pointwise conditions,
the covariance matrix estimates of coefficient functions can be
obtained for any o Spy by s

COV{ﬂs L ﬁs —A } = O, 11,38,y 011 HS,1 A szz,t,z ®3)

where H, , = (X{ X, ,)7'X]  and the estimates for o, gt
will be prov1ded in step III later. Note that for palrWlse
observation (s,, ?,), the standard error estimate of the linear model
which is denoted by &fﬂ ,, is the raw estimate to 652” »
Step II: Bivariate Smoothing. As the raw estimate is obtained,
bivariate smoothing is required to refine it by integrating neigh-
boring temporal information. Here, we illustrate the use of the
sandwich smoother due to its computational efficiency with nice
asymptotic properties. Denote the raw pth estimated bivariate
coefficient function by matfix ﬁp = B,(s,..1) ey the refined
estimator is expressed by f,=S,8,S,, where S, and S, are
smoother matrices for 7 and S respectively, utilizing P-splines
in different prespecified number of knots K and K . The proce-
dure is also known as the bivariate pointwise and post-smoothing
(pointwise-smoothing) estimation.

Additionally, with the help of the bivariate smoother, the vari-
ability of the covariance estimator > . can be further dimin-
1shed Applying the sandwich smoother on standard error matrix
= (62 . JRxL BIVes the final covariance estimator R = (0' 1 JRXL"
However there is no guarantee that the resulting estlmators are
all non-negative. The issue can be handled by trimming the neg-
ative values at zero [8, 25, 26]. In this study, we also provide ten-
sor product smooths in the practical implementation of bivariate
smoothing. The performance of two smoothers will be shown in
detail in simulation studies.
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Step III: Covariance Estimation. To reduce the computing
burden of covariance estimation, we employ FPCA on marginal
covariance and B-splines to approximate score functions under
marginal representation, tailored to dimensional imbalance
between domains. The efficient estimation procedure also con-
sists of three stages.

Firstlyy, we use the centered data, 17,.(3,, 1) =Y(s,. 1) —
A(s,.t,X;), to estimate the marginal covariance function
Cgs(s,u) and obtain the estimates of semi-definite covariance
function estimates 65(s,1,s,z), eigenfunctions y;(s) and score
functions ¢&; ;(f) by FPCA. Specifically, we pool {I~’i(~, t),i =
1,...,N,l =1, ..., L}andhave sample covariance 55(5,1, s,z) =
(TI/NLDEX ¥ Yi(s, . 1)Y(s,.1), where 1<r <r,<R.
Because the number of longitudinal grids is relatively small, we
obtain eigenfunctions estimates {{;(s) : j =1, ..., J} and score
function estimates E,.,j(t,) = [5 )N’i(s,t,)ti/j(s)ds by kernel-based
local linear smoothing in PACE algorithm [26]. The number of
components J is determined by a fraction of variance explained
(FVE), the threshold of which is set to 0.99.

Secondly, we estimate the marginal covariance functions ® (1, 0)
by “observed” functional data &, (r). Suppose each func-
tional data has B-splines basis expansion & (1) = BJ.T(Z,)b,., i
where B;(t)) = (B;,(1)), ..., Bjx(t,))" andb, ; = (b ;1. .... b, ;x)",
B, (1)) is the kth B-splines basis function of the jth principal com-
ponent, K is the number of basis functions. Let K be the same
for all j; the basis functions B(#;) do not rely on j. The covari-
ance estimator of Ei’j(t,), denoted by @j(t,l, 1), can be obtained
nonparametrically

N
@j(tlla tlz) = N_IZEi,j(tll)éi,j(tlz)
i=1

N
= NYB ()b, ®b, )B(1,)
i=1

The choice of the value of K depends on a tradeoff between
capturing variations adequately and ensuring computational effi-
ciency. To ensure that the majority of variations are captured
by a large enough number of basis functions, we also consider
the computational efficiency of the basis function expansion.
Compared with FPCA, which has the computational complex-
ity O(N L? + L3) for each 5;,,-(1) [27, 28], the usage of B-splines
requires O(N LK?) computations. It implies that when K <
(L + L?/N)'/2, our approach offers a lighter computational cost.
Naturally, we can set K = K; and K; =min{L/2,35} is rec-
ommended by [29]. Thus, in practical usage, we suggest K =
min{(L + L?>/N)"?,L/2,35).

Finally, given Equation (2), we obtain the estimator of
four-dimensional ~ covariance  function  C(s, .1;;5,,.1,)
as follows.

ry’

J N
~ ~T ~
C(SH’ 115 5ry t’z) = NﬁlBT(z[l) {Zw/(s'l)u?j(srz)zbi,j ® bi’j } B(tlz)
=1 i=1
4)

A -
f, =C(s, 51 38,,,1,)+6

Syl 3yl

and therefore, 6

Sy

(s, =8, 0y =11, )

The estimation with randomly sampled designs is discussed in
Section 5. Our approach also lends itself well to parallelization,
further accelerating the entire process.

2.4 | Inference Procedure
Here we show the construction of pointwise and simultaneous
confidence bands. Let ﬁp = vec(Bp) indicate a matrix is stacked
by column and Cov{ B,.B,} bea RL x RL covariance matrix esti-
mates of the pth bivariate coefficient function constructed by
the pth diagonal element of Cov{f, . B, ,,, } via Equations (3)
rn>h rph
and (4), fE)r all s, ,s, .t , 1, . By tensor product properties fj, =
(S; ® S,)B,, the ultimate four-dimensional covariance estimator
of the pth bivariate coefficient function is

Var(f,(s,. 1)} = el (S, ®8,)Cov{f,. 5,}(S, ®S,)"e, , (5

where e, , denotes RL-dimensional unit vector with 1 at the
(I — 1)L + rth entry. The covariance estimator of the refined coef-
ficient is coincidentally equivalent to the covariance smoothing
approach [30, 31].

The analytic inference for two-dimensional fixed effects using
confidence bands is straightforward. To construct confidence
bands for the two-dimensional fixed effects, we estimate the
pointwise variability at each grid point (s,,?,) using Equation
(5) for practical inference. The 95% pointwise confidence bands
(PCBs) are then defined as:

B(s,.1)) + 2Var{ f,(s,.1) 1172

While PCBs are computationally efficient, they ignore the inher-
ent correlations across functional domains and inflate false posi-
tive rates [8, 32].

To address this issue, we employ simultaneous confidence bands
(SCBs) constructed via nonparametric bootstrap of the maxi-
mum absolute statistic [33]. This bootstrap method is gener-
ally applicable to SCBs in functional data analysis, which does
not require parametric assumptions [8, 32, 34, 35]. Specifically,
resampling entire subjects—also known as the subject-level
bootstrap algorithm—is well-suited for our model, as it pre-
serves within-subject functional-longitudinal correlations while
respecting between-subject independence. This approach avoids
restrictive assumptions about the error process ¢;(s, #) and aligns
with our flexible covariance framework. Algorithm 1 details our
implementation.

In the algorithm, when generating Bm’p(s,, t;) for computing
the maximum absolute statistic, we reduce the computa-
tional complexity of multivariate normal simulations by
leveraging FPCA and B-spline basis expansions [34]. Instead
of simulating directly in the high-dimensional functional
domain, we generate parameters in a lower-dimensional
spline space. This dimension reduction ensures tractable
computation while maintaining accuracy. The number of
components J; and the number of B-spline basis functions K
are determined using criteria analogous to those for selecting
J and K.
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ALGORITHM 1 | Nonparametric Bootstrap for Simultaneous Confidence Bands of I} (500 1))

1: forb=1,...,Bdo

2 Resample the subject indexes from the index set {1, ..., N} with replacement and define 7, be the set of indices;

3: Denote the bth bootstrap sample as (Y, (5,01, X, (5,0 1) 15

4: Use Step I and Step II of the estimation procedure to obtain /?[(,b )(s,, 1);

5: end for

6: Perform FPCA and marginal decomposition technique on { ﬁf,”(s,, 1)y eens ﬁ;,B)(s,, 1)} to obtain {@;(s,), b iod =
1,...,Jp}, where §; is the jth eigenfunction function and b; is the B-spline coefficient vector of length K. Derive
the mean function/?l,(s,, t;) and obtain the sample covariance of b s denoted by \Y I3

7. form=1,...,M do

8: Generate a random variable u, from the multivariate normal with mean 0 and covariance matrix V I

o Derive f,, (5, 1)) = B,(5,.1)) + Zfil BT (1)), ;1,(5,);
B, (s, 1)1 /Var{ B, (s,. 1)} '/?};

10: Computeq, = max, , {| /?m p(Sps 1)) —
11: end for
12: Obtain the 100(1 — a)% empirical quantile of {a, ...

. qy, }, denoted by q;_;

13: The 100(1 — a)% simultaneous confidence bands are given by ﬁp(sr, 1)+ ql_a\/feﬁ‘{ﬁp(sr, 1)}

1/2.

2.5 | Asymptotic Results

In this section, we derive the asymptotic distribution of
our pointwise-smoothing estimator by showing the asymp-
totic bias and variance structure. Asymptotics of our estima-
tor is established based on the properties of the least square
estimator and sandwich smoother, which is equivalent to
a bivariate kernel regression estimator with a product ker-
nel, (RLhgh;)™ ¥, B,(s,, 1H,, {hl(s — s H,, {h'(t =1},
where H,, is the equivalent kernel for univariate penalized
splines, hy and h; are the bandwidths [29, 36]. The kernel func-
tion H,, is symmetric and bounded. For simplicity, our results
are for the case of equally spaced design points and knots. For
notation convenience, a ~ b means a/b converges to 1. Some con-
ditions are required and stated in the Supporting Information.

We first derive the asymptotic bias in the interior points. Let
mpg and m, are difference orders of differencing matrices, m, =
4mgm; + my + m; for notation simplicity.

Proposition 1.  Suppose conditions (a)-(d) and (g) are sat-
isfied, further assume Ky ~ cxg(RL)', K; ~ ¢; (RL)*, with b, >
(mg + Vmy [my, by > (mp + Dymg/myp, hy ~ dpg(RLY™"/"r p, ~
d; (RL)™"x/"r for some positive constants cy,c;,dg.d, . Then, for
any (s,t) € (0,1)%, we have

bias{f,(s.1)} = (- 1)’"R+1d§”‘ka e

By(s,1)

+ (_l)mL+1d2mL

S ﬂp(s 1)+ o(h}™)

The bias remians same with the sandwich smoother [29], con-
taining componests from S and 7. Noted that the bias converges
at a slower rate at the boundary than in the interior [37], the proof
of which is ignored here.

To derive the asymptotic variance of the estimator, we assume the
covariates are identically and independently distributed as well as

time-invariant. For simplicity of illustration, we also assume no
missing values.

Proposition 2. Suppose conditions (a)-(g) are satisfied and
under the conditions of Proposition 1, when N — oo, we have

var{f,(s.1)} = 2(RLhgh; N) ' 0,6%(s, Nk(H,, Jx(H, )+ o(h‘z”’")
where w, is the (p, p)th entry of EX,, X 1 o) )= Qandk(H,) =
/ H2(u)du. The proposition implies that the asymptotic variance
structure of our estimator has an extra component because of the
existence of a pointwise least square estimator, compared to the
sandwich smoother only [29]. Additionally, it also shows that the

correlation influence of two points can be ignored, similarly with
kernel regression estimator [38].

Based on the asymptotic bias and variance structures, and
Proposition 1 in (Xiao et al.) [29], the corresponding asymptotic
distribution of our estimator is given by

(NhRhL)l/Z(RL)(4mRm,_+mT)/2mT (ﬂ’\p(s’ T)
= B,(s,1)) = N(a,(s,1), V,(s,1))

in distribution as R —> oo and L — co, N — oo, Wwhere
2m 2m
a,(s, 1) = (=" d " S B (s,1) + (— Lyt S5, 1)

and V,(s,1) = 20,6°(s, )k (H,, Jr(H,, ).

3 | Simulation

We conduct extensive simulation studies to evaluate the perfor-
mance of the proposed estimation and inference procedure. The
bivariate functional model is simulated as follows:

Yi(s,0) = Bo(s: 1) + X, ()P (s, 1) + 7,0() + 2,(8)y; ()

+¢€(s,1), (s,0) €[0,17
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The fixed-effect covariates are generated from X;(s) ~ N(0,4)
and z;(s) = 6(s — 0.5)*> + N(0, p?), where p represents how noisy
the signal of repeatedly measured visits is. For bivariate coef-
ficient functions, we take into account two different types, as
shown in Figure S1 of the Supporting Information. The first
scenario (S1) presents a continuous non-differentiable bivariate
function with local zero regions (sparse), while the second sce-
nario (S2) presents a smooth bivariate function. The simulations
of random effect and measurement error are also provided in the
Supporting Information.

The performance of the method is evaluated from three aspects
reflecting the accuracy of estimation and inference, as well as
computational efficiency. First, the estimation error is assessed
by integrated squared error (ISE) to measure the difference
between the estimate and the underlying truth, defined as
ISE(B,) = ISX T [5 [ (B,(s.0) - ﬁp(s,t))zdt, where |S X T
denotes the area of the entire domain. Secondly, the propor-
tion of pointwise surfaces wrapping the true plane in the
sandwich form is computed for the bivariate functional slope
to evaluate inferential performance on fine grids. We use
the empirical coverage probability of 95% PCB, defined as
ISXTI™" [s J7 1j,cnepcs,sndsdt. A similar approach is used

ISE(B,) (S1) Coverage(f;) (S1)
. 10'
0.31 , e o = + + *
= .. <§ 0.8 e
o 0.24 * ¢ © =
(2] ° (0]
- * 3 0.6 <
0.1 * o
50 75 100 50 75 100
Sample size (N) Sample size (N)
ISE(f,) (S1) Coverage(f;) (S1)
. 10'
03{ | o - + - +
<= s
<£_ :; \g 0.84 + <é
g ] . ©
o 02 g 2
+ 3 06
0.11 !
10 15 20 10 15 20
Number of grids (R) Number of grids (R)
ISE(B,) (S1) Coverage(f,) (S1)
. 1.0
[ ]
0.3 * . -~ * * *

. 14 < ] o ° .
<£_ g 08 <é
o 0.2 o =
2 * g 061 <

o
0.14 .
T T T 0-4- T T T
100 150 200 100 150 200
Number of grids (L) Number of grids (L)
FIGURE2 |

for SCB. Additionally, to measure the width of confidence
bands we also report integrated actual width (IAW), defined
as|Sx 7|7 [, [{UB,(s,1) — LB,(s,1)}dsdr, where UB, (-, -) and
f\Bp(-, -) are pointwise estimates of upper bound and lower bound
respectively.

3.1 | Bivariate Comparison

We compare our proposed approach (2dFMM) with the concur-
rent bivariate functional regression method denoted by 2dGAM,
which is developed by tensor product smooths [13]. The fol-
lowing several simulation scenarios are considered. We let
sample size N € {50,75,100}, the number of functional grids
L € {100,150,200}, and the number of longitudinal grids R €
{10,15,20}. The baseline settingis N = 50, R = 10, and L = 100,
where all other sample-generating parameters are fixed at their
baseline values when one is changed. The noise argument of the
longitudinal signal is set to p = 0.5. A total of 100 replicates is
independently simulated.

Figure 2 demonstrates that the proposed 2dFMM generally
outperforms 2dGAM in estimation accuracy under the first
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scenario. This is due to the sandwich smoother’s ability to handle
non-differentiable functions. However, as the dimensional
difference between longitudinal and functional domains
decreases, 2dGAM slightly surpasses 2dFMM because tensor
product spline basis expansions suit symmetric grids. The 95%
PCB coverage probability for 2dFMM is close to the nom-
inal level, whereas 2dGAM falls short due to ignoring the
four-dimensional correlation structure, resulting in narrower
confidence bands. Additionally, 2dGAM’s reliance on the gen-
eralized additive model representation leads to significantly
longer computation times and storage issues with large matri-
ces, often causing memory shortages even with moderate
sample sizes.

Figure 3 displays the results of the second scenario of the slope
coefficient function, while we use tensor product smooths as a
post-smoother instead. The comparable performance of the two
methods regarding estimation results indicates that the smoother
is sufficient to compensate for the violation of the independence
assumption underneath the pointwise technique when encoun-
tering continuous functions. The choice of the tensor product
smooths also solves the problem of the symmetric numbers of

longitudinal and functional grids that the sandwich smoother
has. Despite similar estimation accuracy, our method is still
plausible given the nice inferential behaviors and low computa-
tional cost.

We evaluate the empirical coverage probabilities of 95% PCB and
SCB under different scenarios, with results shown in Table 1.
As expected, SCB exhibits wider intervals and greater robustness
compared to PCB, as its construction accounts for the inherent
correlation structure in functional data, thereby reducing false
positive rates.

3.2 | Univariate Comparison

Our method is examined not only in bivariate but also in univari-
ate perspectives, as other competing FMEM estimation methods
often focus solely on fixed effects over the functional domain. We
compare our approach with established methods, including fast
univariate inference (FUI) and fixed-effect inference for longitu-
dinal functional data (FILF), which accounts for between-visit
correlations [6, 8].
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TABLE1 |

The average empirical coverage of 95% PCB and SCB under S1 and S2 with varying sample parameters among 100 simulation replicates.

The value in the parentheses corresponds to IAW. The baseline setting is N = 50, R = 10, and L = 100. When one parameter is changed, all other

sample-generating parameters are fixed at their baseline values.

Sample size (N)

Type 95% CB 50 75 100
S1 PCB 0.93 (1.45) 0.93 (1.19) 0.93 (1.03)
SCB 0.95 (1.62) 0.95 (1.33) 0.95 (1.14)
S2 PCB 0.97 (1.36) 0.97 (1.11) 0.96 (0.96)
SCB 0.97 (1.42) 0.97 (1.15) 0.97 (0.99)
Number of grids (R)
10 15 20
S1 PCB 0.93 (1.45) 0.93 (1.38) 0.94 (1.39)
SCB 0.95 (1.62) 0.96 (1.58) 0.97 (1.59)
S2 PCB 0.97 (1.36) 0.97 (1.12) 0.97 (1.05)
SCB 0.97 (1.42) 0.97 (1.18) 0.97 (1.09)
Number of grids (L)
100 150 200
S1 PCB 0.93 (1.45) 0.93 (1.39) 0.93 (1.36)
SCB 0.95 (1.62) 0.96 (1.58) 0.95 (1.53)
S2 PCB 0.97 (1.36) 0.97 (1.36) 0.96 (1.35)
SCB 0.97 (1.42) 0.98 (1.44) 0.97 (1.42)

In longitudinal functional data analysis, fixed effects in the
FMEM framework are often evaluated only over the func-
tional domain. Several methods, including functional additive
mixed models (FAMM), fast univariate inference (FUI), and
fixed-effect inference for longitudinal functional data (FILF),
allowing between-visit correlations, are considered for compar-
isons, while FUI and FILF are designed for simpler computa-
tion [6, 8, 39]. They are prespecified to incorporate random slope
covariates using longitudinal time points. However, the perfor-
mance of FAMM is not shown because it is similar to FUI while
taking dramatically longer computing time and narrower confi-
dence bands |6, 8].

All approaches are evaluated in two cases: (i) Bivariate functional
slope is retained in the true model, but only the marginal effect
over the functional domain is examined. (ii) Bivariate functional
intercept and slope are shrunk to univariate ones in the true
model, that is, ,(1) = |S|™* [ B,(s,0)ds, p=0,1. Let the noise
argument p € {0.5,2,6} control the magnitude of the longitu-
dinal correlation in the true model. A total of 100 replicates is
independently simulated. When comparing with other methods
for FMEM from the univariate perspective, we accommodate all
metrics with only 7 direction.

Figure 4a presents that, under case (i), 2dFMM outperforms other
methods in estimation accuracy across all noise levels due to its
two-dimensional effects. FMEM methods perform worse with
increasing noise, indicating a lack of longitudinal correlation
and resulting in functional random slope model misspecification.
For confidence bands, 2dFMM maintains robust coverage and
width, while FILF achieves high coverage with wider bands. In
contrast, Figure 4b highlights 2dFMM’s disadvantage under case
(ii), where strong longitudinal correlation and univariate effects

align with the FMEM framework. The lower estimation accuracy
is due to misinterpreting strong random longitudinal signals as
fixed effects. Consequently, 2dFMM performs better with heav-
ier longitudinal noise, while others decline due to misspecifica-
tion. Despite this, 2dFMM still achieves decent coverage close
to the nominal level, though slightly conservative in unfavorable
conditions. These patterns persist with larger sample generating
parameters, which are shown in Figure S2-S4. Comparisons of
computing time for the entire estimation procedure are given in
Table S1 in the Supporting Information.

4 | Application

In this section, we apply our proposed method to two studies
for illustration. The first study uses motivating accelerometer
data to examine the intraday and interday dynamic associations
between adolescents’ physical activity and their demographic
characteristics, family socioeconomic status, and physical and
mental health assessments. The second study uses a public envi-
ronmental dataset to assess the association between electricity
demand and temperature. To present the statistical inferences of
bivariate coefficient functions, we define a new metric ip(s, 1) =
ﬁp(s, N1, B, (500 or UB,(5.<0) to quantify and interpret the dynam-
icity of the associations. Heatmaps of the significance evaluation
ip(s, 1) will be displayed.

4.1 | Application to Shanghai School
Adolescent Physical Activity Data

In the Shanghai school adolescent study, we collected each sub-
ject’s demographic information, including a binary indicator of
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FIGURE4 |

The comparisons of ISE, coverage probability of 95% PCB (Coverage), and IAW for FUI, FILF, and our method with reducing to func-

tional direction with the setting N = 50, R = 10, and L = 100. (a) Case (i): The bivariate functional slope f, (s, ) under the second scenario (S2) is
retained in the true model, (b) Case (ii): The bivariate functional slope f, (s, ) is shrunk to univariate f, () under the second scenario (S2) in the true

model.

gender, grade from 7th to 12th, annual family income level, and
mother’s education level. Annual family income contains 7 lev-
els from “< 10 k” to “> 300 k”, while mother’s education level
includes 8 levels from “not graduated from primary school” to
“at least master’s degree”, both of which are treated as ordinal
variables. Mental health screening questionnaires were also con-
ducted during the measurement periods. All health assessment
results are numeric to present the subjective psychological con-
ditions within different aspects, such as anxiety disorder and
happiness. We first regress the subjects’ profiles on demographic
and socioeconomic covariates in the baseline model. To avoid the
collinearity of mental health outcomes, each covariate is added
to the baseline model separately. In this study, activity profiles
were analyzed over a standardized Monday-Sunday sequence
to analyze longitudinal trends as calendar day-of-week effects.
The functional response consists of a 16 191 x 1440 dimensional
matrix, where each row corresponds to “day of week” and each
column corresponds to “time of day”.

Figure 5 presents the baseline model results, incorporating only
demographic and socioeconomic data. The heatmap of the esti-
mated intercept function aligns with overall student physical
activity patterns. Girls tend to sleep later and wake earlier, while
boys are more active during the day. Interestingly, girls show
more intense activity on Saturday night and Sunday. Grade,
indicative of age and school workload, shows that older students
are more sedentary, except at 6 a.m., 6 p.m., and midnight, likely

due to longer study hours. Among socioeconomic factors, fam-
ily income has a weaker effect than the mother’s education level.
Higher maternal education correlates with students waking up
and going to bed later, possibly due to more demanding assign-
ments or better material well-being, such as private car commutes
and more evening entertainment options. Additional univariate
effects for weekdays and weekends are shown in Figure S5 in the
Supporting Information.

Figure 6 shows inferential heatmaps for self-reported health
assessments from well-known questionnaires. Physical activity
patterns are similar for depression, anxiety, and stress (DASS)
scores. Students with severe symptoms are more active at mid-
night on weekends but more sedentary at 6 p.m. after school or
on weekends, likely due to reluctance to exercise. The Anticipa-
tory and Consummatory Interpersonal Pleasure Scale (AICPS)
indicates that students with higher scores are more active dur-
ing the day, especially on weekends, suggesting that happier
students are more motivated and energetic. Emotion regula-
tion strategies (ERQ) measure the tendency to adjust emotions,
including cognitive reappraisal (ERQ(CR)) and expressive sup-
pression (ERQ(ES)). Heavy reliance on expressive suppression
significantly reduces physical activity on weekends, while cogni-
tive reappraisal mainly affects behavior during weekend daytime.
Additional univariate effects for health assessments by time of
day for weekdays and weekends are shown in Figure S6 in the
Supporting Information.
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(an interpersonal pleasure scale), ERQ scores of cognitive reappraisal (ERQ(CR)) and expressive suppression (ERQ(ES)). White regions indicate no
significant effects, red indicates significantly positive effects, and blue indicates significantly negative effects, while the darkness of the colors represents

the magnitude of the effects.

4.2 | Application to Electricity Demand Data

In Adelaide, Australia, summer electricity demand is highly
volatile and strongly correlated with temperature, as shown
in various studies [13, 40]. The data, available through the
R fds package [41], covers July 6, 1997, to March 31, 2007,
with half-hourly recordings for each day. Our study examines
the association between electricity demand and temperature,
and the impact of weekends, using our proposed model. The

dataset includes 63 two-dimensional samples, each representing
a weekday of a year, such as Monday of 1998. The response
variable is electricity demand, measured in megawatts, recorded
at half-hourly intervals within each week of the year, result-
ing in 48 functional grids per day and 52 longitudinal grids
per year.

Figure 7 shows inferential heatmaps for intercept, temperature,
and weekend effects. The intercept indicates higher electricity
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intercept, temperature, and weekend. (a) Univariate effect over time of day, (b) Univariate effect over week of year.

demand during mid-year weeks (Australian winter). In summer,
temperature positively affects demand, especially from 10 a.m.
to 8 p.m., due to residential cooling needs and daily activ-
ity patterns. In winter, rising temperatures decrease demand,
likely due to Adelaide’s mild winter reducing heating needs.
Weekends show lower electricity demand compared to week-
days, particularly around 6 a.m., reflecting later wake-up times.
Figure 8 presents univariate effects of time of day and week
of year separately, supporting the bivariate effects. However,
the interplay of two temporal directions is only evident in
the bivariate perspective of temperature, such as the pro-
longed positive effect around week 10 and week 40 at 3
p.m., possibly due to work-related activities offsetting climate
effects.

5 | Conclusion

Motivated by daily activity profiles from wearable devices, our
work presents an effective method for repeatedly measured
functional data, common in longitudinal studies. This type of
data is crucial in large-scale medical research, biomedicine,
and environmental sciences. Efficient and flexible statisti-
cal tools are needed to handle ultra-high-dimensional and
complex longitudinal-functional structures. We introduce a
two-dimensional functional mixed-effect model with efficient
fixed-effect inference. Our approach is demonstrated through
analyses of adolescent physical activity profiles and hourly elec-
tricity demand data, examining their associations with various
covariates.
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Our fast three-stage estimation procedure significantly reduces
computing costs for large-scale samples and dense functional
grids. Although focused on dense, regular longitudinal sam-
pling designs, the method can adapt to irregularly sampled data
by averaging within equal-sized rectangular bins. The covari-
ance function can be estimated using local-linear smoothing
and functional principal components analysis, while maintain-
ing two-dimensional fixed-effect inference. Our method supports
the use of wearable devices in health research and offers broader
applications for longitudinal studies and spatial analysis. Its flex-
ibility and computational efficiency make it a valuable tool for
researchers handling complex, high-dimensional functional data
across multiple disciplines.
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