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Abstract

The partial least squares approach has been particularly successful in spectrometric prediction in chemometrics. By treating
the spectral data as realizations of a stochastic process, the functional partial least squares can be applied. Motivated by the
spectral data collected from oriented strand board furnish, we propose a sparse version of the functional partial least squares
regression. The proposed method aims at achieving locally sparse (i.e., zero on certain sub-regions) estimates for the functional
partial least squares bases, and more importantly, the locally sparse estimate for the slope function. The new approach applies a
functional regularization technique to each iteration step of the functional partial least squares and implements a computational
method that identifies nonzero sub-regions on which the slope function is estimated. We illustrate the proposed method with
simulation studies and two applications on the oriented strand board furnish data and the particulate matter emissions data.

Keywords Partial least squares - B-spline basis functions - Functional data analysis - Functional linear regression - Locally

sparse - Principal components

1 Introduction

In this article, we develop a sparse version of the functional
partial least squares. Our proposed method provides locally
sparse estimators for the functional partial least squares basis
functions. More importantly, the proposed method is able to
produce a locally sparse estimate for the slope function in
the functional linear regression model.

Our work is motivated by an oriented strand board (OSB)
furnish research conducted by FPInnovations, a private not-
for-profit organization that specializes in the creation of
solutions in support of the Canadian forest sector’s global
competitiveness. In this study, a novel laboratory spec-
troscopy technique was developed for determining species
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identification of OSB strands and the relative proportions of
sound wood, rot, and bark in OSB fines samples. The log sec-
tion samples were first retrieved from Canadian OSB mills
and then separated into sound wood, rot, and bark groups.
A laboratory disk strander was used to prepare strands and
a laboratory grinder ground the samples into coarse powder.
Vis—NIR (visible and near-infrared) spectroscopy measure-
ment techniques were applied to acquire the spectra traces of
the samples with 2150 individual wavelengths ranging from
350 to 2500 nm. Figure 1a displays the spectra traces of 182
OSB fines samples.

Currently, mills do not monitor the key raw material con-
stituents (sound wood, rot, and bark) that play a major role in
production operating efficiency and final product attributes.
Periodically monitoring raw material can help mills identify
problems associated with rot in logs, debarking inefficiency,
and species variability. Measurements can also provide data
to assist in process adjustments and production planning and
budgeting. Figure 1b illustrates spectra traces of OSB fines
samples with different proportions of compositions of sound
wood. It can be observed in Fig. 1b that samples with differ-
ent proportions of sound wood have distinct spectra traces
and thereby we focus on predicting the proportions of sound
wood in OSB fines samples from their spectra traces.
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Fig. 1 a Spectra traces of 182 OSB fines samples. b Selected spectra
traces of OSB fines samples with different proportions of sound wood
( , 100%; - - - - - , 80%; -+ ,40%; - - -~ 0%)

Partial least squares (PLS) regression searches for com-
ponents from the perspective of prediction and takes the
response into account, and is often used in spectrometric pre-
diction in chemometrics. Cook and Forzani (2019) pointed
out that the best asymptotic behavior of PLS is reached in
abundant regressions in which many predictors contribute
information about the response, which occurs in chemomet-
rics applications. For instance, in the OSB furnish study, the
spectra traces were acquired at 2150 individual wavelengths
from 350 to 2500 nm. On the one hand, we can treat the spec-
tra as 2150 separate variables and apply the PLS method.
However, this approach ignores the continuity, smoothness,
and order of the 2150 measurements. For this reason, instead
of considering them as separate variables, we treat the spec-
tra traces from 2150 individual wavelengths as realizations
of a stochastic process. Therefore we aim to develop a func-
tional partial least squares method. At the same time, we
are also interested in detecting the sub-ranges of the wave-
lengths of the spectra that have no significant contribution on
the prediction of the proportions of sound wood. The litera-
ture on PLS is abundant; see Wold (1975), Helland (1990),
and Garthwaite (1994), for example. The PLS first gained
popularity in chemometrics (e.g., Frank and Friedman 1993;
Martens and Na&s 1992), and more recently has been applied
to other fields, such as bioinformatics (Boulesteix and Strim-
mer 2006) and image detection (Schwartz et al. 2009). The
PLS method was also extended to process functional data by
Preda et al. (2007) and Delaigle and Hall (2012a) for classi-
fication. Escabias et al. (2007) adapted PLS to the functional
logit model. Delaigle and Hall (2012b) developed an alter-
native formulation of PLS in the functional setting that led
to detailed theoretical results. Delaigle and Hall (2012b) also
pointed out that compared with the functional principal com-
ponents analysis (Lin et al. 2016; Sang et al. 2017; Nie et al.
2018; Nie and Cao 2020; Shi et al. 2021), the functional par-
tial least squares (FPLS) captures the interaction between the
response and the functional predictor using a smaller number
of components, which leads to more parsimonious and inter-
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pretable bases. In addition, PLS was employed in functional
linear models by Preda and Saporta (2005) to determine the
slope function. Reiss and Ogden (2007) proposed a smooth
estimator of the slope function by combining the smoothing
method and the PLS in the functional linear regression model.
Although these endeavors can produce satisfactory estimates
for the slope function using PLS, they do not specifically
focus on the locally sparse estimation.

To address the aforementioned problem, we develop
a new method, which we call sparse functional partial
least squares method (SFPLS), that simultaneously produces
locally sparse estimates for the functional partial least squares
basis functions and the slope function. Achieving locally
sparse estimates for the FPLS basis functions is not diffi-
cult. However, the locally sparse estimates for the FPLS basis
functions do not directly lead to a locally sparse estimate for
the slope function, because the estimated sparse sub-regions
of each basis function may not overlap. Our proposed SFPLS
method combines the ideas of the dimension reduction via
PLS, the B-spline expansion, and a functional regularization
technique which is called functional smoothly clipped abso-
lute deviation (fSCAD) penalty (Lin et al. 2017). Similar to
PLS, the SFPLS method is an iterative procedure. In each
iteration, we obtain a locally sparse FPLS basis by employ-
ing the fSCAD penalty and identify the nonzero sub-regions,
called active regions. On the subspace of the active regions,
we update all the FPLS basis functions and estimate the slope
function. This idea is motivated by Chun and Keles (2010),
who proposed a sparse partial least squares (SPLS) method
for simultaneous dimension reduction and variable selection.

Our method is related to Chun and Keleg (2010). However,
the two proposals differ in several ways. Chun and Keleg
(2010) used the PLS method in linear regression models. By
imposing sparsity in the midst of the dimension reduction
step, they achieved simultaneous dimension reduction and
variable selection. We extend their method to the context of
functional linear regression models. Chun and Keles (2010)
applied an L1-penalty to promote sparsity, while we employ
an fSCAD penalty to achieve the local sparseness of the func-
tional partial least squares bases and the slope function. In
addition, we impose a roughness penalty to regularize the
smoothness of the estimators.

We highlight our contributions in this article as follows.
First, we develop a sparse version of the functional partial
least squares, which is easy to interpret. The nonzero sub-
regions of the functional partial least squares bases represent
the active regions on which the response has major cor-
relations with the functional covariate. Second, compared
with the FPLS method and the functional principal compo-
nent method, the proposed SFPLS method provides a more
accurate estimator of the locally sparse slope function and
achieves a smaller prediction error using fewer components.
Third, the proposed method provides a locally sparse esti-
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mate for the slope function using FPLS bases. There are some
related works on the locally sparse modeling of the slope
function. James et al. (2009) pioneered the locally sparse
estimation of the slope function. They expanded the slope
function using a simple grid basis for the empirical results.
Zhou et al. (2013) and Lin et al. (2017) studied the locally
sparse slope function by expressing it as a linear combina-
tion of B-spline basis functions. Hall and Hooker (2016) and
Guan et al. (2020) investigated the truncated functional linear
regression models. To the best of our knowledge, no work has
been done on using the FPLS bases to determine the locally
sparse slope function due to the difficulty of deriving the
FPLS bases that have overlapping zero sub-regions. Preda
and Saporta (2005) and Reiss and Ogden (2007) estimated
the slope function using PLS. However, their primary inter-
ests are not the interpretability, and their methods do not
allow locally sparse modeling. Finally, our proposed method
is computationally efficient. This is partly achieved by a
closed-form solution for the estimator of the coefficients for
expanding each sparse FPLS basis function.

We structure the rest of the paper as follows. In Sect. 2, we
introduce the proposed SFPLS method and provide its com-
putational details. In Sect. 3, simulation results are presented
to numerically evaluate the performance of the proposed
method. Applications of the SFPLS approach to the OSB
furnish data and the particulate matter emissions data are
given in Sect. 4. Section 5 concludes the paper. Additional
discussions are provided in an online supplementary docu-
ment.

2 Methodology

2.1 The first sparse functional partial least squares
basis function

We consider the first FPLS basis function here and discuss the
estimation of the other basis functions in a separate subsec-
tion. Suppose we observe data pairs (X1, Y1), ..., (Xu, Yn),
which are independently and identically distributed as
(X, Y), where X is a random function defined on an inter-
val [0, T] and Y is a random scalar generated by ¥ =
w+ fOT X()B(t)dt + e, with u being the intercept, B(t)
the slope function, and ¢ representing the noise that is inde-
pendent of X. The first FPLS basis function might be found
by

T
max Cov? <Y, / X(t)w(t)dt),
w 0

subjectto [lw|3 = 1. 1)

To estimate w(?), we utilize B-spline basis functions that
are detailed in de Boor (2001). Let B(?)
= (B1(t), ..., By+a(t))" be a vector that contains M + d
B-spline basis functions. Each basis function is defined
on [0, T'] with degree d and M + 1 equally spaced knots
0=1 <1t < -+ < ty = T, which is a piecewise
polynomial of degree d. B-spline basis functions are well
known for their compact support property, i.e., each basis
function is positive over at most d + 1 adjacent subintervals.
We approximate w(t) by b"B(t) with b = (by, ..., bpyia)”
representing the coefficients for expanding the FPLS basis
function w(z). Let Y = (Y1, ..., Y,)" and denote by U the
n x (M + d) matrix with elements u;; = [, X;(1)B;(t)dr.
If we denote Vi the (M + d) x (M + d) matrix with the
elements vg;; = fOT B;(t)B(t)dt, then b can be estimated
by

ml?x b"Hb
subject to b"Vob =1,

where H =U"YY'U.

To derive the first sparse FPLS basis function, we intro-
duce a surrogate r () of w(¢) and impose the fSCAD penalty
on the surrogate r (¢). We approximate the surrogate function
r(t) by ¢"B(t), where ¢ = (cy, ..., cpia)". Form > 0, let

T
B™ () = (Bl(m)(t), - B,(\fﬁd (t)) denote the vector of
the m-th derivatives of the B-spline basis functions. The first

sparse FPLS basis function is then obtained by

AT
c

w(t) = ——B(), @)

llella
where ¢ = (¢1, ..., Cpyaa)T solves

r})lin —«kb"Hb+ (1 — k)b —c)"H(b — ¢)
,C

2
+vy 29

T
cTB<m>H§+¥/O pu([TB@)) dr +5 "B

subjectto b"Vob =1, 3

with nonnegative parameters «, y, A and §. In this formula-
tion, p, (-) is a SCAD penalty function proposed by Fan and
Li (2001), which is defined on [0, oc] as

Au if0<u<x
_uP—2aru41?
2a—1)
(a+DA*
2

pa(u) = if A <u<ak

if u > ax,

where a is a constant suggested to be 3.7. In (2), we use the

rescaled ¢ as the B-spline coefficients, which has a norm 1.
In the objective function, the first term measures the inter-

action between the response and the latent component, while
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the second term enforces the surrogate function to be close to
the FPLS basis function in the same context. The third term
is a roughness penalty that controls the smoothness of the
estimated surrogate function. In practice, we choose m = 2,
which corresponds to measuring the roughness of a function
by its integrated curvature. The fourth term is the fSCAD
penalty which is designed to regularize the sparseness of the
estimated surrogate function. The last term in the objective
function aims to stabilize the estimation procedure.

Let V denote the (M + d) x (M + d) matrix with
the elements v;; = fOT Bi(m)(t)Bj(.m)(t)dt. The roughness
penalty term yields yc¢"Ve. We follow Lin et al. (2017)
to approximate the fSCAD penalty by the local quadratic

approximation. Let Vo; = tt/_j_l B(t)B™(¢)dt and define

oy (I,
() =2 (2

) (0)
lz / ”r[l] “2 ”r[n ”2
2 & Pa JT/M | JT/M’
© :lﬁ p/x(”’”[(l(i)Hz\/M/T> Vo
g Hr[(lol) |,vT7M

)

where Hr(o) |, = ( g |r(0)(t)‘2dt>l/2. Then

[7] -1
M (T ©)
?/ pi (|c"B|)dt ~ " Q; ¢ + G, (r(0)> .
0

A choice for r© is the first FPLS basis function obtained
by solving (1). Since G, (r(o) ) does not depend on b and c,
we remove it from the objective function. We may write the
last term in the objective function as 8¢TVyc. Therefore the
objective function in (3) can be approximated by
—«kb"Hb+ (1 —k)(b—¢)"H(b—¢) +yc"Ve
+¢"QVc +5¢Ve. (4)
2.2 Computational method
To solve (3), we iterate between solving for b for fixed ¢ and
solving for ¢ for fixed b. Estimating b given ¢ becomes the

following problem

mbin —kb"Hb+ (1 —k)(b—c)"H(b — ¢),

subjectto b"Vob = 1.

Since V| is symmetric and positive definite, we can write
Vo = WoWy, where W is symmetric. Let b, = Wb and
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¢, = Woc. Define Z = WalUTY.ForO <k < 1/2,bcan
be obtained by

Walarg rrblin (Z"b, — K/ZTC*)T (270, — 'Z7¢c,),
subjectto bLb, = 1, (5)

where k' = (1 — k)/(1 — 2«). Now if we fix b in (4), ¢ can
be estimated by minimizing

(1= )b—THB —c)+yc"Ve+c"0V¢ +5c"Ve.

Based on Theorem 3 of Chun and Keleg (2010), we have The-
orem 1 which gives the closed-form solution to minimizing
4)for0 <k <1/2.

Theorem 1 For 0 < k < 1/2, the solution to minimizing (4)
ish=Wy'Z/1Z|l> and

é=(1—x) ((1 —H+yV+ 00+ (svo)f1 Hb. (6)

The proof is relegated to the supplementary document.
Based on the solution to minimizing (4), the solution to
(3) can be found by iteratively computing (6) until ¢ con-
verges. The initial estimate ¢© is the first FPLS weight
vector (see the supplementary document). Then given e,
we compute (1) = B()Te¢®, y), and ¢tV = (1 —
K) ((1 —OH+yV+ 0"+ 5V0) "Hb. As pointed out
by Lin et al. (2017), ¢ found by the local quadratic approxi-
mation is a local minimizer. Once ¢ is produced, the estimate

for the first empirical sparse FPLS basis function is given in

Q).

2.3 An algorithm for the sparse functional partial
least squares

Incorporating the formulation of the first sparse FPLS basis
into the iterative conventional FPLS algorithm (see the sup-
plementary document) enables us to obtain the subsequent
sparse FPLS basis functions. However, the sparse FPLS basis
functions derived this way are unlikely to have the same
zero sub-regions and therefore the estimated slope function
might not be sparse. To see this, without loss of general-
ity, we assume X(-) and Y are centered, i.e., EX(¢) = 0
and EY = 0, so that u is zero. Assume wi(¢), ..., wg (1)
are the first K sparse FPLS basis functions. We express the
slope function in terms of the sparse FPLS bases, which
can be written as B(t) = Zleakwk(t). Let S be the
n x K matrix with elements s;; = fOT Xi(t)w;(t)dt. The
columns of S represent the scores. The coefficient vector
a = (a1,...,ak)T can be estimated using ordinary least
squares by & = (STS)~!STY. It is obvious that if the basis
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functions w1 (¢), ..., wg(¢) do not have overlapping zero
sub-regions, then ,3(t) = Z/f:] Qrwi(¢) is not a locally
sparse estimator.

To address the above problem, we propose the following
algorithm. At each iteration, we first produce a sparse FPLS
basis function by using (2) and solving (3), based on which
we define active regions A, and then we update all the FPLS
basis functions on A. The slope function is expanded by
the FPLS basis functions and is not zero only on the active
regions A. Define X 4(t) = X (t)I;c4), Where Iy denotes
the indicator function, and let X 4 = {X4, ..., Xp4}. We
first set the initial estimate ,3(0) (t) =0forall0 <t <T
and set AQ = @. Set YV = Y. The algorithm is outlined
below. Fork=1,..., K,

1. Find w(¢) by using (2) and solving (3) with H =
(UTY®) (UTY®)'.

2. Update A® as {r : w(r) # 0} U A*=D,

3. Update the first k FPLS basis functions with ¥ and X 4«
using the conventional FPLS method detailed in the sup-
plementary document.

4. Update BO (1) by using the estimated FPLS basis func-
tions obtained in step 3

T
5. Update Y® = (Yfk),...,Y,i")) with ¥® = v, —
Jy X (AP @)t

The nonzero active regions are updated at each iteration. For
k = K, A% is a combination of the nonzero sub-regions
for the first K sparse FPLS basis functions. After comple-
tion of steps 1 to 5 fork = 1, ..., K, the estimated SFPLS
basis functions are obtained in step 3 when k = K, the esti-
mated slope function A5FPLS (1) = BK) (1), and the estimated
nonzero sub-regions for the slope function is AX). The main
computational complexity of the algorithm at the kth itera-
tion is O((M + d) + kn* + kn(M + d)). Steps 1, 3, and
5 take most of the computation time of the algorithm. The
main computational complexity in step 1 is O ((M + d)?),
and steps 3 and 5 add additional complexities O (kn”) and
O (kn(M + d)), respectively.

Our algorithm extends the SPLS-NIPALS algorithm pro-
posed by Chun and Keles (2010) to the functional data con-
text. The SPLS-NIPALS algorithm achieves simultaneous
dimension reduction and variable selection by incorporat-
ing sparsity in the nonlinear iterative partial least squares
(NIPALS) algorithm, a well-known algorithm for PLS (Wold
1975). Chun and Keles (2010) used an L penalty for sparsity.
In comparison, we apply the fSCAD penalty in the algorithm
to produce locally sparse estimate for the functional partial
least squares basis functions and for the slope function.

In our fitting procedure, there are a few tuning parameters
including «, y, A, §, K, and the parameters for constructing
the B-spline basis functions such as the degree d of the B-

spline basis and the number of knots M + 1. The crucial
tuning parameters are the shrinkage parameter A, the number
of latent components K, and the smoothing parameter y .

We need to determine the number of knots in both steps
1 and 3. In step 1, the cubic B-splines are used to express
the SFPLS bases. Cardot et al. (2003) suggested that the
choice of M is notimportant due to the roughness penalty and
suggested a relatively large value for M to capture the local
features of the functions; see also Marx and Eilers (1999)
and Lin et al. (2017). To find K SFPLS components, we
need to repeat steps 1-5 of the SFPLS algorithm for K times.
To reduce the computational complexity, in step 3 we do not
tune the number of knots, instead, we use the number of knots
selected by the FPLS method with ¥ and X.

The degree d, which is of less importance, is fixed to a
reasonable value, i.e., d = 3. As discussed in Theorem 1, we
choose 0 < k < 0.5. We follow Chun and Keles (2010) and
set k = 0.1 in all numerical studies. We discuss the effect of
k in the supplementary document. We set § to a sensible value
to stabilize the estimation procedure. Readers are referred to
the supplementary document for a discussion on the effects
of k and §.

The roughness penalty in (3) regularizes the smoothness
of the surrogate function, the zero sub-regions of which deter-
mine the active regions .A. In other words, if the roughness
parameter y is very small, the resulting active regions will
be very irregular and scattered; see the supplementary docu-
ment for more details. The above algorithm implies that the
sparse estimation of the slope function depends highly on
the shrinkage parameter A and the number of components K.
Observe that AD C ... € AK) C[0,T], a large number
of components may not lead to a sparse estimation of B(¢).
To encourage model sparsity, the parameters y, A and K are
tuned by minimizing BIC. We follow Krimer and Sugiyama
(2011) to calculate the degree of freedom of the model and
BIC.

We should also mention that more in-depth study on the
asymptotic properties of the estimator is needed and will be
left as our future research work.

3 Simulation studies

In this section, we numerically illustrate the performance
of the proposed method via simulations. We first show that
compared with the functional principal component regres-
sion (FPCR) method and the conventional FPLS method, the
proposed SFPLS method provides a more accurate estimator
for the slope function and achieves a smaller prediction error
using fewer bases. Then we illustrate the proposed method
identifies the null regions with great accuracy.

The functional predictors X; (¢) are generated by X;(¢) =
> a;jjBj(t), where B;(t) are cubic B-spline basis functions
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defined on 50 equally spaced knots over [0, 1], and the coeffi-
cients a;; are sampled from the standard normal distribution.
We consider the following scenarios for (z):

Scenario I: B(t) = Io<:t<0.5). B(t) is a discontinuous
function with a flat nonzero part on [0, 0.5). The zero
sub-region is [0.5, 1].

Scenario II: B(t) = sin(27t)l0<;<0.5). B(t) is a con-
tinuous function with a trigonometric nonzero part on
(0, 0.5). The zero sub-region is [0.5, 1].

Scenario III: B(t) = I(0.25</<0.75)- B(t) is a discontinu-
ous function with a flat nonzero part on [0.25, 0.75). The
zero sub-regions [0, 0.25) and [0.75, 1] are disconnected.
Scenario IV: B(t) = 3t + e’zcos(371t) + 1. B(®) is a
continuous function without zero sub-regions.

The function B(¢) in these scenarios are plotted in Figs. 8
and 9. The errors ¢; are independently generated from nor-
mal distributions so that the signal-to-noise ratio equals 5.
In each study, we run the simulation independently for 100
times with sample sizes n = 100 and n = 500. For each
simulation replicate we also generate a separate test dataset
with a sample size of 5000.

First, we estimate B(¢) from the training dataset using
the first K terms of the bases of the SFPLS method, the
conventional FPLS method, and the FPCR method, for each
of K = 1,...,5. The conventional FPLS method and the
FPCR method are detailed in the supplementary document.
Cubic B-splines with 101 equally spaced knots are used by
the SFPLS method to express the SFPLS bases (step 1 in the
SFPLS algorithm). The FPLS method adopts cubic B-splines
with the number of knots selected by Cross-Validation (CV)
and BIC. To reduce the computational complexity, in step 3
of the SFPLS algorithm, we use the number of knots selected

by the FPLS method.
For the proposed SFPLS method, we set x = 0.1 and
6 = 0.1 in all numerical studies. Foreachof K =1, ..., 5,

the smoothing parameter y and sparse parameter A are chosen
by BIC. We select the tuning parameters of the FPLS and
FPCR methods by CV and BIC. For both FPLS and FPCR,
the results based on BIC are better than CV. Therefore, for
both methods, we provide results based on BIC.

The performance of the estimated /§ (t) is evaluated by
the integrated squared errors on the zero sub-regions and the
nonzero sub-regions, which are, respectively, defined as

1 n 2
ISEo = - /I (Fo o) a
and ISE; = %/Z (ﬁ(t)—ﬁ(t))zdt,
1

where Zy denotes the zero sub-regions of 8(¢), Z; denotes the
nonzero sub-regions of B(¢), and ly and /1 are the lengths of
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the zero and nonzero sub-regions, respectively. For example,
inScenariol,Zog = [0.5, 1],Z; = [0, 0.5),andly =1 = 0.5.

The performance of prediction is assessed by prediction
mean squared errors (PMSE) on a test dataset that is inde-
pendent of training data, which is computed by

2

1 Rtest T R
Z(Yi - xi(r)ﬂa)dr) ,
Ntest izl 0

where n;.5; denotes the sample size of the test dataset, which
is 5000 in our simulation settings.

Figure 2 displays boxplots of the integrated squared error,
ISE, defined on the zero sub-regions for locally sparse B(t)
in scenarios I, II, and III using the first K, K = 1,...,5,
terms of the bases of SFPLS, FPLS, and FPCR for n = 100.
The results in Fig. 2 suggest that the proposed SFPLS method
requires only one component to achieve a smaller ISE( than
those obtained by the conventional FPLS method and FPCR
method using up to five components. In Fig. 3, we present
the boxplots of the logarithmic integrated squared error,
ISE{, defined on the nonzero sub-regions for all scenarios
for B(t) for n = 100. It is observed that in general, SFPLS
and FPLS perform similarly and they require fewer compo-
nents than FPCR to reach the same level of ISE;. Figure
4 shows the boxplots of the logarithmic prediction mean
squared errors on the test data based on 100 simulation repli-
cations for n = 100. We observe that to reach the same
level of PMSE, SFPLS needs the fewest terms whereas FPCR
requires the most terms. In addition, from both Figs. 3 and 4,
we can observe that for Scenario IV where there are no zero
sub-regions, the SFPLS method and FPLS method provide

PMSE =

Scenario | n =100 Scenario Il n=100

0.12
!

0.20
!
0.08
!

0.10

1 1
0.04

1 1

AR

0.00
0.00

T2 345 12345

Fig. 2 Boxplots of the integrated squared error, ISE, defined on the
zero sub-regions for /§(t) using the first K, K =1, ..., 5, terms of the
bases of SFPLS, FPLS, and FPCR based on 100 simulation replications
with n = 100. In each subfigure, from left to right, each group of 5
boxplots corresponds to K = 1to K =5
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with n = 100. In each subfigure, from left to right, each group of 5
boxplots corresponds to K = 1to K =5

nearly identical results. The results regarding the sample size
n = 500 are reported in the supplementary document, which
are similar to those obtained based on n = 100.

To further evaluate the numerical performance of the pro-
posed method, instead of fitting the training dataset using
each of the first 1 to 5 components, respectively, we choose
the number of components by the approach introduced in
Sect. 2.3. We also compare the proposed method with the
conventional FPLS method, the regularized version of the
functional partial least squares (FPLSg) proposed by Reiss
and Ogden (2007), the FPCR method, and the smooth and
locally sparse (SLoS) method proposed by Lin et al. (2017),

which is based on locally sparse modeling. The FPLSg
method adopts B-spline basis expansion and incorporates
a roughness penalty in the regression. The roughness tun-
ing parameter of FPLSp, is selected by fitting a linear mixed
model through restricted maximum likelihood (REML) esti-
mation (Reiss and Ogden 2007). The SLoS method proposed
by Lin et al. (2017) achieves a locally sparse estimator of the
slope function by applying a novel fSCAD regularization
technique.

We use cubic B-splines with 101 equally spaced knots in
step 1 of the SFPLS algorithm, and for the FPLSz and SLoS
methods. For the proposed SFPLS method, the smoothing
parameter y, the sparse parameter A and the number of com-
ponents K are chosen by the approach presented in Sect. 2.3.
In the supplementary document, we discuss the effects of
k, y,and §. The FPLS method adopts cubic B-splines with
the number of knots and the number of components selected
by Cross-Validation (CV) and BIC. The tuning parameters
of the FPCR method are selected by CV and BIC. For the
FPLS method and FPCR method, the results based on BIC
are better than CV. Therefore, we include the BIC results for
both methods. For the FPLS p method, as suggested by Reiss
and Ogden (2007), the number of components is chosen by
CV, while the roughness parameter is selected by REML.
The SLoS estimators are implemented and tuned according
to Lin et al. (2017).

We conclude the ISEg, logarithm of ISE, and logarithm
of PMSE results for n = 100 in Figs. 5, 6, and 7. The results
for n = 500 are included in the supplementary document.
Figure 5 summarizes the ISE of the estimators. The results
indicate that the proposed SFPLS method outperforms all
the other methods on the zero sub-regions, thanks to the
sparse penalty. Figure 6 presents a summary of the logarithm
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n =100
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Fig. 6 Boxplots of the logarithmic integrated squared error, ISEj,
defined on the nonzero sub-regions for B(¢) based on 100 simulation
replications with n = 100

of ISE| of the estimators. It is observed that the proposed
SFPLS method, the FPLS method, the FPCR method, and
the SLoS method have similar performances. In Scenario IV
when there is no zero sub-region, the SFPLS method has
nearly identical results as the FPLS method, as expected.
It is observed that the FPLS approach exhibits relatively
larger errors. In terms of prediction, Fig. 7 suggests that,
for scenarios I, II, and III, the proposed SFPLS method has
the best performance. The SLoS method has a very simi-
lar performance to the proposed method. For Scenario IV,
all the methods except FPLSg are comparable. The results
for n = 500 presented in the supplementary document are
similar.

Among the dimension reduction methods SFPLS, FPLS,
FPLSR and FPCR, in general the SFPLS method selects the
least number of components. For example, the average num-
ber of components selected by the SFPLS, FPLS, FPLS and
FPCR methods for Scenario I and n = 100 are 3.42, 5.28,
6.86 and 6.06, respectively.

To visualize the performance of the proposed SFPLS
method, Fig. 8 compares the estimated B(r) for various
methods. We can see that in the nonzero sub-regions, the
SFPLS method, the FPLS method, the FPCR method, and
the SLoS method provide smooth estimates for the slope
function. However, for scenarios I and II, only the SFPLS
and SLoS estimates are capable of correctly identifying a
major portion of the zero sub-regions. For scenario III, only
the SFPLS method correctly identifies the two disconnected
zero sub-regions. We can see that the SFPLS estimators might
be discontinuous, which helps detect the zero sub-regions
more accurately. For Scenario IV where there are no zero
sub-regions, the SFPLS and FPLS estimates are identical. It
also shows that the FPLS z method might not have sufficient
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Fig. 8 Estimated ﬁ(t) for various methods (
SFPLS method;
method;

, the proposed

, the FPLS method; - , the FPLSR
, the FPCR method; --------, the SLoS method;
, the true B(¢)) in a randomly selected simulation replicate
with n = 100

roughness regularization of the estimated slope function,
which leads to less favorable performance. In Fig. 9, we
present the SFPLS estimates for all simulation replicates with
n = 100. The plots suggest that the SFPLS method locates
the zero sub-regions with considerable accuracy and does a
good job of estimating the slope functions.

Next, we investigate the computational costs of all meth-
ods. Table 1 compares the computation time (in seconds) in
the example with Scenario I for 8(¢) and n = 100. All results
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Table 1 The computation time (in seconds) of all methods for Scenario
Iand n = 100

SFPLS

FPLS FPLSr FPCR SLoS

24.21 0.90 8.39 2.98 22.50

presented are the average of 20 independent trials. The exper-
iments were conducted using a single processor Intel Core
i5 @2.7 GHz (this processor has 2 cores and 4 threads) and
8GB of RAM, equipped with macOS Sierra version 10.12.6.
The results of other scenarios for 8(¢) are similar and hence
omitted. All the computation time includes the model fitting
and tuning. Table 1 shows that the FPLS and FPCR methods
are fast. The SFPLS and SLoS methods are slower because
they are more complicated methods that are capable of iden-
tifying the zero sub-regions. We can optimize the SFPLS and
SLoS methods by parallel computing.

4 Applications

4.1 OSB furnish data

We apply our method to a novel dataset provided by FPInno-
vations which collected wood material from Canadian OSB
mills. In total, 60 cookies from 60 different logs were col-
lected with 10 from each of the following types of logs: aspen
with core rot, sound aspen with bark, balsam poplar with core
rot, balsam poplar with bark, birch with core rot, and birch
with bark. Then the bark and rot were removed from all sam-
ples and segregated into separate sample bags. Sound wood,

rot, and bark material from each species were ground into
powder. Each sample was then oven-dried to minimize the
measurement error due to moisture variation and stored in a
sealed sample bag. In the end, 182 mixtures with different
proportions of sound wood were prepared.

The powder samples were scanned by a benchtop Vis—
NIR (visible and near-infrared) spectrometer ASD 5000 from
Analytical Spectral Devices for acquiring spectra. Vis—NIR
spectroscopy is an industrial proven measurement technique
for classifying and quantifying the composition and prop-
erties of organic materials including wood. In the visible
range from 390 to 700 nm the color composition of the mea-
sured sample was recorded. The records in the NIR range
from 700 to 2500nm reveal special interactions between
light at specific wavelengths and target sample molecular
structures, from which specific sample constituents can be
chemically identified and quantified. Specifically, for each
sample, a spectral file was generated comprised of log inverse
reflectance versus wavelength for 2150 individual wave-
lengths ranging from 350nm to 2500 nm. For each of the
182 samples, three spectra replicates were acquired.

The objective of this study is to examine the relation
between the spectral trajectories and the proportions of the
sound wood in OSB fines samples. In the functional lin-
ear regression model, for the ith fines mixture sample, the
response Y; is the proportion of sound wood content and
Xi(t),t € [350, 2500] is its spectral curve. Both Y¥; and X; (¢)
are centered such that EY; = 0 and EX; (z) = 0. Figure 10a
displays 10 randomly selected smoothed centered spectral
curves.

Figure 10b depicts estimates for §(¢) obtained by the pro-
posed SFPLS approach and the conventional FPLS method.
The SFPLS method uses cubic B-spline basis functions with
101 equally spaced knots. We set « = 0.1 and § = 0.1,
and select y, A and the number of components K by BIC.
The SFPLS estimate for the slope function is zero over
wavelengths 587-2285nm, which suggests the relationship
between the sound wood proportions and spectra in the low
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Fig. 10 a 10 randomly selected smoothed centered spectral curves. b
Estimated $(¢) using the conventional FPLS method (- - - - - ) and the
proposed SFPLS approach ( )
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and high ends of the wavelengths. The FPLS method provides
a similar estimate without giving clear sub-regions on which
the spectra are not related to the sound wood proportions.

4.2 Particulate matter emissions data

We further illustrate our proposed procedure by analyzing
the particulate matter emissions (PM) data, which was stud-
ied in Asencio et al. (2014), Hall and Hooker (2016), and
Guan et al. (2020). The data are detailed in the Coordinat-
ing Research Councils E55/E59 research project (Clark et al.
2007). In the experiment, drivers drove the trucks through a
pre-set series of driving cycles on a chassis dynamometer
test bed which was employed to simulate inertia, wind drag,
and tire rolling resistance. The particulate matter emissions
were measured every second by an emission analyzer which
was attached to the truck exhaust pipe. The engine acceler-
ation of diesel trucks was also collected. Our interest here
is to estimate the effects of the past engine acceleration on
the current particulate matter emission. Intuitively, we expect
earlier engine acceleration to have a smaller impact on the
current particulate matter emission.

To remove dependences in the data, we follow Hall and
Hooker (2016) to use PM observation every 10s after the
first 120's. The response is the logarithm of the PM measured
every 10s after the first 120s and the functional covariates
are the engine acceleration for the past 60s. We center both
the PM and engine acceleration. Figure 11a illustrates 10
randomly selected smoothed centered engine acceleration
curves against the backward time, in which 0 means the cur-
rent time.

The proposed SFPLS approach uses cubic B-spline basis
functions with 101 equally spaced knots with k = 0.1 and
8 = 0.1. The smoothing parameter y, the sparse parameter A,
and the number of components K are chosen by BIC. Figure
11b presents the SFPLS and FPLS estimates for §(¢). The
FPLS estimate suggests that the engine acceleration greatly
influences the PM for the past 20s. Compared to the FPLS
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Fig.11 al0 randomly selected smoothed centered acceleration curves.
b Estimated S(¢) using the conventional FPLS method (- - - - - ) and
the proposed SFPLS approach ( )

@ Springer

method, the SFPLS method provides a more insightful and
interpretable result. The SFPLS estimate indicates a positive
relationship that tapers to zero from second 0 to 16. This
suggests that the past engine acceleration has contribution to
predicting the current PM for no longer than 16s.

5 Conclusion

Motivated by an analysis of a novel dataset provided by
FPInnovations, we proposed a sparse functional partial least
squares regression to simultaneously achieve locally sparse
estimates for the functional least squares bases and a locally
sparse estimate for the slope function in a functional linear
regression model. The proposed method is effective in iden-
tifying nonactive sub-regions of the slope function. In the
fitting procedure, the important tuning parameters include
the smoothing parameter, the shrinkage parameter, and the
number of components. We select these important tuning
parameters via BIC.

Compared with the existing methods, the proposed method
is able to provide a locally sparse estimate for the slope
function via the functional partial least squares method.
From our simulation studies, we found that the proposed
SFPLS method improves the conventional FPLS method
and performs well for continuous/discontinuous and locally
sparse/nonsparse functions. In addition, the SFPLS estima-
tors might be discontinuous, which helps detect the zero
sub-regions more accurately. The real data applications show
that the proposed method provides more interpretable esti-
mates of the slope function.

Supplementary Information  The online version contains supplemen-
tary material available at https://doi.org/10.1007/s11222-021-10066-

y.
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