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Abstract

A mixed-effects ordinary differential equation (ODE) model is proposed to de-

scribe complex dynamical systems. In order to make the inference of ODE

parameters robust against the outlying observations and subjects, a class of

heavy-tailed distributions is applied to model the random effects of ODE pa-

rameters and measurement errors in the data. The heavy-tailed distributions

are so flexible that they include the conventional normal distribution as a special

case. An MCMC method is proposed to make inferences on ODE parameters

within a Bayesian hierarchical framework. The proposed method is demon-

strated by estimating a pharmacokinetic mixed-effects ODE model. The finite

sample performance of the proposed method is evaluated using some simulation

studies.

Keywords: Metropolis-Hastings, Outliers, Pharmacokinetics, Scale mixtures

of multivariate normal distributions, Smoothing Spline

1. Introduction1

Ordinary differential equations are widely used to model complex dynamical2

systems in many areas of science and technology. For example, ODE models3

have been used in the study of HIV viral dynamics (Perelson et al., 1996; Perel-4
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son and Nelson, 1999; Wu and Ding, 1999). Although ODE models are often5

proposed based on expert knowledge of the dynamical process of interest, the6

values of the ODE parameters are rarely known. Estimating these parame-7

ters from observational (noisy) data is an important but challenging statistical8

problem because most ODEs have no analytic solutions, and it is often compu-9

tationally intensive to solve ODEs numerically.10

Several methods have been developed for estimating ODE parameters from11

the noisy data. For instance, Liang and Wu (2008) proposed a two-step method12

and estimated the derivative using local polynomial regression. Ramsay et al.13

(2007) and Cao et al. (2008) developed a generalized profiling approach to es-14

timate the ODE parameters. Cao et al. (2011) proposed a robust method for15

estimating ODE parameters when the data have outliers. Hall and Ma (2014)16

suggested a class of fast, easy-to-use, genuinely one-step procedures for esti-17

mating unknown parameters in dynamical system models. Brunel et al. (2014)18

developed a gradient matching approach for estimating ODE parameters. Li19

et al. (2015) considered a regularization estimation issue of the time-varying20

parameters of an ODE system and developed a modification of the parameter21

cascade approach (Ramsay et al., 2007). Chen and Wu (2008) and Cao et al.22

(2012) proposed a local estimation method and a penalized least square method,23

respectively, for estimating time-varying parameters in the ODE model. With24

the development of computing technology and MCMC algorithms, Bayesian25

approaches gain more and more attentions and are applied to estimate ODE26

models in recent years. For example, Campbell and Steele (2012) proposed a27

Bayesian smooth functional tempering method for the ODE models. Bhau-28

mik and Ghosal (2015) considered the two-step estimation under the Bayesian29

framework. Dass et al. (2017) suggested a Laplace approximation method for30

obtaining the posterior inference of ODE parameters.31

Longitudinal dynamical systems, also called mixed-effects ODE models, have32

been studied by Li et al. (2002); Putter et al. (2002); Huang and Wu (2006);33

Huang et al. (2006); Guedj et al. (2007). For instance, Huang and Wu (2006)34

proposed a parametric hierarchical Bayesian approach to model HIV dynamical35
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data and provided an MCMC algorithm to sample from the posterior distribu-36

tion of ODE parameters. Guedj et al. (2007) used the maximum likelihood ap-37

proach directly to estimate unknown parameters in mixed-effects ODE models.38

Lahiri (2003) proposed a spline-enhanced population model to study pharma-39

cokinetics using a random time-varying coefficient ODE model. Lately, Fang40

et al. (2011) proposed a fast two-stage estimating procedure for mixed-effects41

dynamical systems and applied it study longitudinal HIV virus data. Wang42

et al. (2014) proposed a semiparametric method to estimate a mixed-effects43

ODE model for the HIV combination therapy study. A common fundamental44

assumption of these methods is that the observations for the dynamical process45

follow a normal distribution, but this assumption may lack robustness and lead46

to biased inference when outliers exist.47

As an illustration, we consider the PK/PD experiment (see Wasmuth et al.,48

2004) which investigated the pharmacokinetics of antiretroviral drugs in or-49

der to understand the widely used protease inhibitor combinations of indinavir50

(IDV) and ritonavir (RTV) for treating HIV-positive patients. Their study was51

designed to compare two different combinations of IDV and RTV, and each com-52

bination was taken by healthy volunteers twice daily for two weeks before the53

serum concentrations of IDV and RTV were measured at 13 unequally-spaced54

time points within twelve hours. Figure 1 displays the histogram and normal55

Q-Q plot of the obtained residuals by applying the conventional method which56

assumes the observations and random-effects follow normal distributions. Fig-57

ure 1 shows that the underlying distribution of serum concentration may not58

follow the normal distribution. Hence, assuming normal distributions may be59

too restrictive to accurately model the serum concentration of the IDV in ODE60

mixed-effects models. Moreover, by performing a Shapiro-Wilk test of normality61

for the obtained residuals, the p-value is approximately 1.36× 10−4, which con-62

firms that the normal distribution assumption is quite doubtful in this PK/PD63

data set.64

To deal with this departure from normality, we propose to model the obser-65

vations of the dynamical process and random effects of ODE parameters with66

3



 

Residuals under normality assumptions

D
e
n
s
it
y

−2 −1 0 1 2

0
.0

0
.2

0
.4

0
.6

0
.8

1
.0

(a) Histgram

−2 −1 0 1 2

−
2

−
1

0
1

2

Theoretical Quantiles

S
a
m

p
le

 Q
u
a
n
ti
le

s

(b) Normal Q-Q plot

Figure 1: The histogram and the normal Q-Q plot of the obtained residuals assuming normal

distributions for observations and random-effects in the PK/PD experiment.

a class of heavy-tailed distributions, called the scale mixture of multivariate67

normal distributions (SMN) (Andrews and Mallows, 1974), which includes the68

multivariate normal distribution as a special case. In the literature, this class of69

heavy-tailed distributions has been applied to regression models (Lange and Sin-70

sheimer, 1993; Liu, 1996), linear mixed-effects models (Choy and Smith, 1997;71

Rosa et al., 2003, 2004), and nonlinear mixed-effects models (Meza et al., 2012;72

De la Cruza, 2014), to obtain robust estimates against outlying observations.73

However, there is little study to apply this class of heavy-tailed distributions74

on the robust inferences of ODE parameters. This paper will fill this gap and75

provide a robust inference approach for the ODE models.76

To make robust inference on the ODE parameters, one possible approach is77

to implement a maximum likelihood estimation (MLE) method. However, due78

to the complexity of dynamic systems, the solutions of ODEs generally have no79

explicit expressions, which makes it difficult to maximize the likelihood function.80

In contrast, the Bayesian methods are widely welcomed due to the convenient81

and efficient implementations.82

This article has four main contributions. (i) We propose a mixed-effects83

ODE model, which considers the within-subject and between-subject variations84
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simultaneously and makes statistical inference by borrowing information from all85

subjects. (ii) Our method uses a class of heavy-tailed distributions for random-86

effects and observations for the dynamical process, which is robust against the87

outlying subjects and the outlying observations within individual subjects. (iii)88

Our method can detect the subjects which are outliers or have outlying obser-89

vations by estimating latent variables in the model. (iv) We develop a highly90

efficient MCMC sampling scheme which allows to estimate complex dynamic91

models using the hierarchical structure of the proposed approach.92

The remainder of this article is organized as follows. Section 2 briefly reviews93

the scale mixture of multivariate normal distributions. Section 3 introduces94

our proposed Bayesian estimation method for the mixed-effect ODE models.95

Section 4 demonstrates our proposed method in comparison with conventional96

methods by analyzing a real pharmacokinetics application. Section 5 evaluates97

the finite sample performance of our proposed method using some simulation98

studies. We end this article with conclusions and some discussions in Sec-99

tion 6. The Matlab codes for our simulation studies can be downloaded at100

https://github.com/caojiguo/ODEHeavyTail.101

2. A Brief Review of the Scale Mixture of Multivariate Normal Dis-102

tributions103

In this section, we provide a brief review of the scale mixture of multivariate104

normal (SMN) distributions that will be applied in our hierarchical models.105

An m-dimensional random vector Y is said to follow a scale mixture of

multivariate normal distribution with parameters µ ∈ Rm, an m ×m positive

definite symmetric matrix Σ, and a univariate probability distribution function

H(·;ν) with H(0;ν) = 0, if the probability density function of Y is given by

p(y) =
1√
|2πΣ|

∫ ∞
0

um/2 exp(−uD
2(y)

2
)dH(u;ν), (1)

where D2(y) = (y−µ)TΣ−1(y−µ). We use the notation Y ∼ SMNm(µ,Σ, H)106

to indicate that Y has the density (1). When the mixture distribution function107
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H is degenerate, SMNm(µ,Σ, H) reduces to the usual multivariate normal108

distribution Nm(µ,Σ).109

Azzalini and Capitanio (2014) provided a convenient stochastic representa-

tion for the SMN distributions

Y = ξ + U−1/2Z, (2)

where Z ∼ Nm(0,Σ) is independent of the mixture variable U ∼ H(·;ν), and

ν is a scalar or vector valued parameter. Another convenient form is to use the

following hierarchical representation

Y|U ∼ Nm(µ, U−1Σ), U ∼ H(·;ν). (3)

From (3), the mean and covariance of Y are given, respectively, by

E(Y) = E[E(Y|U)] = µ,

and

Cov(Y) = E(Cov(Y|U)) + Cov(E(Y|U)) = E(U−1)Σ.

Obviously, if E(U−1) < ∞, then Y has a finite positive definite covariance110

matrix.111

The class of SMN distributions provides a group of heavy-tailed distributions

that are often useful for robust inference. A special distribution of the SMN

class is the Student’s t distribution (Lange et al., 1989) that has been extensively

applied in robust regressions, which can be obtained by assuming a Gamma

distribution with shape parameter ν/2 and rate parameter ν/2 for U , i.e., U ∼

Ga(ν/2, ν/2), which has the following density

p(x) =
(ν/2)ν/2xν/2−1

Γ(ν/2)
exp

(
−1

2
νx

)
, x, ν > 0,

where the parameter ν corresponds to the degrees of freedom of the Student’s t112

distribution. If letting ν →∞, the Gaussian distribution is recovered.113
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3. Estimating Mixed-effects ODEs114

3.1. Bayesian Framework115

Suppose that the dynamical process Xi(t), i = 1, ..., n, for the i-th subject116

is defined as117

dXi(t)

dt
= f(Xi(t)|θi), (4)

where t is continuous in some interval [0, T ], f is a known parametric function,118

and θi is a q-dimensional vector of ODE parameters for individual subjects.119

Without loss of generality, we assume that Xi(t) is one-dimensional dynamical120

curve in this article. Let Xi = (Xi(ti1), · · · , Xi(tini))
T with Xi(t) being the121

solution of the ODE (4) given the initial condition Xi(0) and the ODE param-122

eters θi. Generally, the ODE solution Xi(t) is often observed with noise in123

practice. Moreover, the initial condition Xi(0) is always unknown and needed124

to be estimated. In this article, we incorporate the unknown condition Xi(0)125

into θi and treat the initial condition Xi(0) as part of the unknown parameters126

θi. In other words, the first element of θi denotes the unknown initial condition127

Xi(0) and the rest of θi are the ODE parameters.128

Let Yi = (yi1, · · · , yini)T denote the vector of observations or measurements129

for the i-th subject at the observation time ti = (ti1, ..., tini)
T . The following130

hierarchical regression model is used:131

Within− subject variation : Yi = h(Xi|θi) + εi, (5)

Between− subject variation : θi = ξ + bi, (6)

where h(·) is a known function (e.g., h(·) = log(·) in many statistical analysis),132

εi are measurement errors, ξ is a q-dimensional fixed effect, and bi is a q-133

dimensional random effect which accounts for the within-subject correlation.134

In conventional methods, a common assumption is that the random effect of135

ODE parameters bi and the data errors εi both follow the multivariate normal136

distributions. However, as discussed in Section 1, such normality assumptions137

are vulnerable in the presence of outlying observations, which can seriously affect138
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the estimation accuracy of the mixed-effects ODE model. Thus, more flexible139

distributions are necessary to replace the normality assumption. Therefore, we140

propose to use the scale mixture of multivariate normal distributions for ODE141

random effects bi and within-subject data errors εi. In other words, we assume142

that bi ∼ SMNq(0,Σ, H1) and εi ∼ SMNni(0, σ
2
ε Ini , H2).143

Applying the stochastic representation (3), our proposed mixed-effects ODE

model can be written as the following hierarchical structure

Yi|θi, Ui, σ2
ε

ind.∼ Nni(h(Xi|θi), U−1i σ2
ε Ini) ,

θi|Wi,Σ
ind.∼ Nq(ξ,W

−1
i Σ) ,

Ui
ind.∼ H1(κ) ,

Wi
ind.∼ H2(ν) ,

(7)

where Ui and Wi are two latent variables with distributions H1 and H2, respec-144

tively, and σ2
ε and Σ have pre-specified priors, σ−2ε ∼ Ga(a0, b0) and Σ ∼145

IW (S0, df), respectively, where the Gamma distribution Ga(a0, b0) has the146

shape parameter a0 and the rate parameter b0, and the Inverse Wishart dis-147

tribution IW (S0, df) has the scale matrix S0 and degrees of freedom df . The148

hyper-parameters a0, b0, S0 and df are pre-specified. One popular choice for H1149

and H2 is to use the gamma distribution; other possible choices are discussed in150

Azzalini and Capitanio (2014). When Ui and Wi have degenerate distributions,151

model (7) reduces to the conventional model with the normal distribution as-152

sumption. However, when some U−1i has a large value, it indicates that the i-th153

subject may have outlying observations. When some W−1i has a large value, it154

indicates that the i-th subject may be an outlying subject with outlying ODE155

parameters. This outlier detection will be demonstrated in our applications at156

Section 4. Hence, our proposed model (7) is more flexible than the conventional157

model with the normal distribution assumption.158

The ODE model (4) often has no analytical solutions, and can be obtained159

numerically after specifying the values of ODE parameters and initial conditions.160

It is well known that, the ODE solution is very sensitive to the values of ODE161

parameters, and we have to solve ODEs repeatedly over thousands candidate162
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values of ODE parameters, which leads to intensive computation. Therefore, we163

propose to estimate the ODE solution Xi(t) with a linear combination of basis164

functions.165

Let φi(t) = (φ1(t), · · · , φKi(t))T be a vector of basis functions with dimen-

sion Ki. We estimate the ODE solution Xi(t) with a linear combination of basis

functions, i.e.

Xi(t) =

Ki∑
k=1

cikφk(t) = cTi φi(t) , (8)

where ci = (ci1, · · · , ciKi)T is a vector of basis coefficients which needs to be166

estimated from the noisy data. We choose cubic B-splines as basis functions,167

because any B-spline basis function is only positive over a short subinterval and168

zero elsewhere. To ensure the desired flexibility, a number of basis functions169

has to be large enough. Our numerical studies show that the proposed ap-170

proximation obtains similar results when the number of basis functions is large171

enough.172

We measure the fidelity of the nonparametric function Xi(t) to the ODE

model by defining a penalty term

F (Xi(t)|θi) =

∫ T

0

[LXi(t)]
2dt, (9)

where a differential operator LXi(t) = dXi(t)/dt − f(Xi(t)|θi). Then, given173

any values of θi, Xi(t) is estimated by minimizing174 ∫ T

0

[LXi(t)]
2dt =

∫ T

0

[
cTi φ̇i(t)− f(cTi φi(t)|θi)

]2
dt , (10)

where φ̇i(t) denotes the derivative dφi(t)/dt. This idea was first proposed by175

Ramsay et al. (2007), who showed that using this approximated ODE solution176

made the optimization iterations converge faster than using the numerical ODE177

solution directly.178

The integration in (10) usually does not have a closed-form expression and179

needs to be evaluated using numerical quadrature. We use the composite Simp-180

son’s rule (Burden and Douglas, 2000), which provides a good approximation to181

the exact integral. Let Q be an even integer. The interval [0, T ] is partitioned182
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by equally-spaced quadrature points 0 = s0 < s1 < ... < sQ = T . Then, by the183

composite Simpson’s rule, we have184 ∫ T

0

[
cTi φ̇i(t)− f(cTi φi(t)|θi)

]2
dt

≈ T

3Q

[cTi φ̇i(s0)− f(cTi φi(s0)|θi)
]2

+ 2

Q/2−1∑
q=1

[
cTi φ̇i(s2q)− f(cTi φi(s2q)|θi)

]2

+4

Q/2∑
q=1

[
cTi φ̇i(s2q−1)− f(cTi φi(s2q−1)|θi)

]2
+
[
cTi φ̇i(sQ)− f(cTi φi(sQ)|θi)

]2 .

To make the approximation accurate, Q needs to be reasonably large, for ex-185

ample, Q = 10Ki. The above optimization procedure can be implemented by186

the Matlab function “lsqnonlin” conveniently.187

Denote Θ = (θT1 , ...,θ
T
n )T . Let U = (U1, ..., Un)T and W = (W1, ...,Wn)T188

be the latent variables. Then the joint likelihood can be expressed explicitly as189

L(Y,Θ,U,W|ξ,Σ, σ2
ε , κ, ν)

=

n∏
i=1

Li(Yi,θi, Ui,Wi|ξ,Σ, σ2
ε , κ, ν),

where Li(·|·) is the likelihood function of the i-th subject, which is given by190

Li(Yi,θi, Ui,Wi|ξ,Σ, σ2
ε , κ, ν)

= Li(Yi, Ui|θi, σ2
ε , κ)Li(θi,Wi|ξ,Σ, ν),

with

Li(Yi, Ui|θi, σ2
ε , κ) = p(Yi|Ui,θi, σ2

ε )H1(Ui|κ),

and

Li(θi,Wi|ξ,Σ, ν) = p(θi|ξ,Σ,Wi)H2(Wi|ν).

To complete the Bayesian specification of the proposed model, the following191

prior distribution is assigned on the fixed-effects: ξ ∼ Nq(ξ0,Ω0), where the192

hyper-parameters ξ0 and Ω0 are pre-specified. Following the recommendations193

of Massuia et al. (2017), the prior distributions for κ and ν are chosen as an194

exponential distribution with the hyperparameter λκ and λν , respectively. Fur-195

thermore, we assign a restriction of (2.0,∞) on both κ and ν, because the values196
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of κ and ν must be greater than 2.0 to ensure E(U−1) <∞ and E(W−1) <∞197

which further lead to both Yi and θi have finite positive definite covariance198

matrices. The hyper-priors for λκ and λν are set as the Uniform distributions199

U(c, d) given the values of c and d.200

The joint posterior distribution of the parameters of the model conditional201

on the data is obtained by combining the joint likelihood and the prior distribu-202

tions using the Bayes’ theorem. The full conditional posterior distributions are203

presented in the appendix. They are sampled using the Monte Carlo methods.204

3.2. Model Comparison205

To compare the candidate models, in this article, we apply the following206

measures of model adequacy: the conditional predictive ordinate (CPO; Chen207

et al., 2000), the deviance information criterion (DIC; Spiegelhalter et al., 2002)208

and the Widely Applicable Information Criterion (WAIC; Watanabe, 2010). In209

this section, we briefly review the theory of these model selection criteria under210

the general Bayesian hierarchical framework.211

Assume that we have a sample y = (y1, ..., yn)T . Let y−i = (y1, ..., yi−1, yi+1,

..., yn)T be the (n− 1)× 1 vector, with yi omitted. Let f(yi|ϑ) denote the den-

sity function of yi that depends on some unknown parameters ϑ. Then, the

conditional predictive distribution for yi is defined by

CPOi = f(yi|y−i) =
f(y)

f(y−i)
=

∫
f(yi|ϑ,y−i)p(ϑ|y−i)dϑ,

which gives the likelihood of each data point conditional on the remainder of the

data. We estimate CPOi based on the MCMC samples of ϑ (Carlin and Louis,

2008). Let ϑ1, ...,ϑM be the posterior samples from the posterior distribution

p(ϑ|y) with the size M after the burn-in. A Monte Carlo estimate of CPOi is

given by

ĈPOi =

{
1

M

M∑
`=1

1

f(yi|ϑ`)

}−1
,

where {ϑ`}M`=1 are the posterior samples of ϑ (De la Cruza, 2014). Finally, the212

common summary statistic of CPOi’s is defined as LCPO =
∑n
i=1 log(ĈPOi),213

11



which is often called the logarithm of the pseudo Bayes factor. A larger value214

of LCPO indicates a better model.215

The DIC statistic measures the fit and the complexity of the model consid-

ered. Define the deviance

D(ϑ) = −2 log f(y|ϑ) + 2 log g(y),

where f(y|ϑ) is the likelihood function of y and g(y) is the normalized constant.

Then the DIC statistic is defined as

DIC = D(ϑ) + pD = 2D(ϑ)−D(ϑ̄),

where D(ϑ) = Eϑ|y[D(ϑ)] = Eϑ|y[−2 log f(y|ϑ)] is the posterior expectation of216

the deviance, pD = D(ϑ)−D(ϑ̄) is the effective number of parameters, and ϑ̄217

is the posterior mean of ϑ. A smaller DIC value indicates a better model.218

The third comparison criterion is to use the Widely Applicable or Watanabe-

Akaike Information Criterion (WAIC) which was first proposed by Watanabe

(2010). In Bayesian models, the WAIC can be viewed as an improvement on

the DIC and it is asymptotically equal to Bayesian cross-validation. Define the

log point-wise predictive density (LPPD)

LPPD =

n∑
i=1

log

∫
p(yi|ϑ)ppost(ϑ)dϑ.

Then the WAIC is given by (Gelman et al. 2014)

WAIC = −2LPPD + 2pWAIC,

where the penalty term, pWAIC, is used to correct the effective number of pa-

rameters. There are two different approaches to calculate this correction. Here,

following the suggestion of Gelman et al. (2014), we use the variance version,

pWAIC =

n∑
i=1

varpost(log p(yi|ϑ)),

which can be estimated by

p̂WAIC =

n∑
i=1

VM`=1(log p(yi|ϑ`)),

12



where ϑ1, ...,ϑM are the posterior MCMC sample of ϑ and VM`=1a` = 1
M−1

∑M
`=1(a`−

ā)2 with ā = 1
M

∑M
`=1 a`. Moreover, the log pointwise predictive density, LPPD,

is calculated by

L̂PPD =

n∑
i=1

log

(
1

M

M∑
`=1

p(yi|ϑ`)

)
.

Finally, the estimated WAIC criterion is given by

ŴAIC = −2L̂PPD + 2p̂WAIC.

A smaller WAIC value indicates a better model.219

3.3. Bayesian Case Influence Diagnostics220

Our proposed hierarchical models may be sensitive to the underlying model

assumptions, so it is of interest to determine which subjects/observations may

be influential for the analysis. Let D be the full data and D(−i) be the data

with the ith subject deleted. Let P denote the posterior distribution of ϑ

based on full data and P(−i) denote the posterior distribution of ϑ based on the

data D(−i). Define the K-L divergence between P and P(−i) by K{P, P(−i)} =∫
p(ϑ|D) log{ p(ϑ|D)

p(ϑ|D(−i))
}dϑ. Following the work of Peng and Dey (1995), K{P, P(−i)}

can be expressed as log Eϑ|D[{f(yi|ϑ)}−1]+Eϑ|D[log{f(yi|ϑ)}] = − log(CPOi)+

Eϑ|D[log{f(yi|ϑ)}], where Eϑ|D(·) denotes the expectation with respect to the

joint posterior p(ϑ|D). A Monte Carlo estimate of K{P, P(−i)} (Cancho et al.,

2011; Lachos et al., 2011) is given by

̂K{P, P(−i)} = − log(ĈPOi) +
1

M

M∑
`=1

log{f(yi|ϑ`)}, i = 1, ..., n.

A large value of the K-L divergence indicates that the subject/observation is221

influential for the analysis.222

4. Applications: A Pharmacokinetic Study223

In this section, we utilize our proposed approach to revisit the pharma-

cokinetic study of the HIV combination therapy (Wasmuth et al., 2004). This
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experiment follows a crossover design with subjects randomized to two treat-

ments with different combinations of IDV and RTV. For illustration, we only

consider the data collected for one treatment with the combination of 600mg

IDV and 100mg RTV. In this data set, the serum concentration of IDV was

measured at 0, 0.5, 1.0, 2.0, 2.5, 3.0, 4.0, 5.0, 6.0, 8.0, 10.0 and 12.0 hours for 14

healthy volunteers after they took the combination of IDV and RTV twice daily

for two weeks. The following PK/PD dynamical model has been extensively

considered (Wasmuth et al., 2004; Wang et al., 2014),

dCi(t)

dt
= −KeiCi(t) +

DiKeiKai
Cli

exp(−Kait), i = 1, ..., n, (11)

where Di denotes the known cumulative amount of unabsorbed drug at t = 0224

for the i-th subject (in this dataset, Di = 600), Cli denotes the rate of the225

total body drug clearance, and Kai and Kei denote the drug absorption and226

elimination rates, respectively.227

In order for the ODE parameters (Kai,Kei, Cli)
T to be meaningful, they228

must be positive. Therefore, we reparameterized them in the logarithmic scales229

to remove the positivity constraints. The initial condition Ci(0) is also estimated230

together with the ODE parameters. Let θi = (ln(Ci(0)), ln(Kai), ln(Kei), ln(Cli))
T .231

We assume that θi follows the scale mixture of multivariate normal distribu-232

tions SMN4(ξ,Σ, H1), where ξ is the fixed effect of the ODE model, and the233

distribution H1 is chosen as a gamma distribution with the shape parameter234

ν/2 and rate parameter ν/2. Using the hierarchical representation (3), this235

is equivalent to assume that θi|Wi ∼ N4(ξ,W−1i Σ) with Wi ∼ Ga(ν/2, ν/2).236

Let Ci = (Ci(ti1), ..., Ci(tini))
T be the true drug concentrations at observation237

times ti = (ti1, ..., tini)
T and Yi = (yi1, · · · , yini)T be the noisy measurements238

of Ci with ni = 13. We assume that the data follow the scale mixture of239

multivariate normal distributions Yi ∼ SMNni(Ci, σ
2
ε Ini , H2) where the distri-240

bution H2 is chosen as a gamma distribution with the shape parameter κ/2 and241

rate parameter κ/2. This is equivalent to assume a hierarchical representation242

Yi|Ui ∼ Nni(Ci, U
−1
i σ2

ε Ini) with Ui ∼ Ga(κ/2, κ/2).243

We apply the proposed Bayesian method to estimate the mixed-effects ODE244
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(11) from the data. We use cubic B-splines with 13 equally-spaced knots in [0, 12]245

to approximate the ODE solution. We set a gamma prior Ga(a, b) for σ−2ε , an246

Inverse Wishart prior IW (S0, f0) for Σ, a multivariate normal prior N4(ξ0,Ω0)247

for ξ, and a Uniform prior U(c, d) for λκ and λν . Moreover, we choose the248

following values for the hyper-parameters: ξ0 = (0,−0.30,−1.0, 3.0)T , Ω0 =249

diag(1000, 1000, 1000, 1000), S0 = diag(0.01, 0.01, 0.01, 0.01), f0 = 5, a = 1,250

b = 0.01, c = 0.02, and d = 5.251

The proposed MCMC algorithm is run for 20,000 iterations. With the ‘burn-252

in’ of the first 10,000 samples, we choose 1,000 equally-spaced samples from the253

rest of the iterations. We compare our proposed model using the scale mixture254

of multivariate normal (SMN) distributions with the conventional model which255

assumes that both the ODE parameter θi and the data Yi follow the normal256

distributions.257

Table 1: The logarithm of the pseudo Bayes factor LCPO =
∑n

i=1 log(ĈPOi), the DIC and

the WAIC for the pharmacokinetic mixed effects ODE model (11). A larger value of LCPO

or a smaller value of DIC/WAIC indicates a better model.

Distribution Distribution of
LCPO DIC WAIC

of Data ODE Random Effects

Normal Normal -221.02 420.46 421.65

SMN SMN -193.35 373.56 386.58

Table 1 shows that our proposed model using the SMN distribution has258

smaller values of DIC and WAIC and a larger value of LCPO =
∑n
i=1 log(ĈPOi)259

than the conventional model assuming that the ODE parameters and the data260

follow the normal distributions; hence our proposed model is better than the261

conventional method. Table 2 displays the posterior means, the standard er-262

rors and the corresponding 95% equal-tail credible intervals for the fixed-effects263
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Table 2: A summary of the estimated posterior means and posterior standard deviations

(STD) of the population ODE parameters (Ka,Ke,Cl)T in the pharmacokinetic mixed effects

ODE model (11) and the corresponding 95% equal-tail credible/conficence intervals when

assuming that ODE parameters and noisy data follow the scale mixture of multivariate normal

distributions. Here, LCI and RCI denote the left and right side of the 95% credible/confidence

intervals.

Parameters Method Mean STD LCI RCL

Ka Bayesian-SMN 0.591 0.051 0.492 0.694

Bayesian-Normal 0.579 0.042 0.502 0.685

MLE 0.743 0.235 0.282 1.203

Ke Bayesian-SMN 0.372 0.027 0.319 0.429

Bayesian-Normal 0.381 0.034 0.319 0.458

MLE 0.271 0.022 0.228 0.314

Cl Bayesian-SMN 20.898 1.836 17.520 24.763

Bayesian-Normal 19.970 1.893 16.637 23.956

MLE 16.484 1.290 13.955 19.014
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Table 3: The estimated weights in the pharmacokinetic mixed-effect ODE model (11) un-

der the assumption that the ODE parameters and noisy data follow the scale mixture of

multivariate normal distributions.

Subject 1 2 3 4 5 6 7

Residual errors (Û−1i ) 0.647 1.791 0.671 3.955 2.906 2.712 0.830

Random effects (Ŵ−1i ) 13.903 3.655 1.439 2.457 2.235 1.518 2.688

Subject 8 9 10 11 12 13 14

Residual errors (Û−1i ) 6.880 1.946 3.363 0.668 3.207 2.094 0.495

Random effects (Ŵ−1i ) 1.662 2.637 1.263 1.266 3.826 2.977 3.607
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Figure 2: The numerical solution of the pharmacokinetic mixed-effect ODE model (11) using

the estimated ODE parameters and initial conditions for two subjects under the assumption

that the ODE parameters and noisy data follow the scale mixture of multivariate normal

distributions. The circles are the measured drug concentration. (a) Subject 1; (b) Subject 8.
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(Ka,Ke,Cl)T using our proposed model. As a comparison, an MLE method is264

implemented on typical PK compartment model of (11) assuming normal distri-265

butions and the results are also displayed in Table 1. Compared with Bayesian266

methods, the maximum likelihood estimates based on normality assumptions267

have large standard deviations. Our method can also detect the outlying sub-268

jects by studying the values of the weights Ui and Wi in our proposed model.269

Notice that the prior expectations of Ui and Wi are both set to be 1. Hence, the270

posterior value of Ui substantially below 1 indicates that the i-th subject has271

outliers. Similarly, the posterior value of Wi substantially below 1 indicates that272

the i-th subject is an outlying subject. The estimates of U−1i and W−1i for our273

proposed model are displayed in Table 3. Subject 1 has a large value of Ŵ−1i ,274

which indicates that subject 1 may be an outlying subject with outlying ODE275

parameter estimates. However, subject 1 has a small value of Û−1i which indi-276

cates that subject 1 has no outlying observations. On the other hand, subjects277

8 has a large value of Û−1i , which indicates that subject 8 may have outlying278

observations. Figure 2 displays the estimated serum concentration profiles of279

these two subjects. Subject 8 has an observed peak drug concentrations higher280

than the numerical solution of the mixed-effects ODE model using the estimated281

ODE parameters and the initial condition. Hence, our proposed method has a282

capability to detect the outlying subject and/or outlying observations.283

To determine possible influential observations, we computed the K-L diver-284

gence measures for the Normal model and SMN model. The left panel in Figure285

3 shows that subject 1, 4, 5, 8 and 12 have much larger K{P, P(−i)} in the286

Normal model in comparison with the SMN model. As expected, the effect287

of these influential observations on the posterior estimates of ODE parameters288

were attenuated using the SMN distributions. Hence, our method is robust for289

estimating mixed-effect ODE models with possible influential observations.290

As suggested by the referee, we considered the other prior distributions to291

study the sensitivity of our method. Gelman (2006) discussed the effects of292

prior distributions on variance parameters in hierarchical models. Instead of293

using the inverse-gamma distributions as the “noninformative” priors of vari-294
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Figure 3: Index plots of K{P, P(−i)} for the IDV600 data set. The left panel is based on

Normal distributions and the right panel is based on the SMN distributions.

ance parameters, they suggested to use the half-t family such as half-normal295

distribution or half-cauchy distribution. Following this idea, we considered a296

half-normal prior on σε. The fitted results were displayed in Table of the sup-297

plement file. On the other hand, we also considered an informative priors, called298

the Penalised Complexity (PC) priors, for κ and ν. The PC priors were first299

developed by Simpson et al. (2017) which are general enough to be used in real-300

istically complex statistical models and are straightforward enough to be used301

by general practitioners. The fitted results were displayed in Table S1–S4 of the302

supplement file, which are similar to the results by assuming an inverse gamma303

prior on σ2
ε and gamma priors on κ and ν.304

5. Simulation Studies305

In this section, we implement some simulation studies to evaluate the finite306

sample performance of our proposed hierarchical ODE model.307

We consider a simple mixed-effects ODE model:

dXi(t)

dt
= −θi1Xi(t) + θi2, t ∈ [0, 1]. (12)

The true fixed effect is set as ξ1 = 3.0 and ξ2 = 10.0. We generate the in-308

dividual ODE parameters θi = (θi1, θi2)T = (ξ1, ξ2)T + Σ1/2(bi1, bi2)T where309
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Σ = (Σ1/2)2 and Σ = (σij)2×2 with σ11 = σ12 = 0.25 and σ22 = 1.0, and310

bi1, bi2 are independent and identically distributed (i.i.d.) in standardized dis-311

tribution F (·) for n = 50 or 100 subjects. We considered five scenarios for312

F (·):313

(i) The Student’s t distribution with the degrees of freedom 4;314

(ii) The generalized hyperbolic distribution with location=0.0, scale=1.0, skew-315

ness=0.0, shape=1.0 and tail=5.0;316

(iii) The mixture of Student’s t distribution, 0.6 · t(3) + 0.4 · t(6);317

(iv) The inverse Gaussian distribution with location=1.0 and scale=1.0;318

(v) The Birnbaum-Saunders distribution with shape=0.5 and scale=0.5.319

The individual initial condition Xi(0), i = 1, ..., n, are independently gener-320

ated from the same distribution F (·). Then, our simulated data are generated as321

Yi(tij) = Xi(tij) + εij , where Xi(tij) is the numerical solution of ODE (12) via322

the fourth-order Runge-Kutta algorithm evaluated at 21 equally-spaced time323

points on [0, 1], and εij ’s are generated independently from the standardized324

Student’s t distribution with the degrees of freedom 4. We then estimate the325

mixed-effects ODE (12) by assuming the ODE parameter θi and the measure-326

ment error εij follow the scale mixture of multivariate normal (SMN) distribu-327

tions. We also compare this proposed model with the conventional model which328

assumes both θi and εij follow the normal distributions. With the ‘burn-in’ of329

the first 10,000 samples, we obtain 1,000 equally-spaced posterior samples from330

the rest of the iterations. The above procedure is repeated for 100 simulation331

replicates.332

Due to the limits of space, we only show the simulation results when F (·) is333

the Student’s t distribution at here. The simulation results with respect to other334

distributions are provided in Tables S5–S6 and Figure S1 of the supplementary335

file. Table 4 displays the posterior means, standard deviations as well as the336

mean absolute deviation errors (MADE) for the fixed effect (ξ1, ξ2)T . It shows337

that our proposed model using the SMN distribution has smaller standard devi-338

ations and MADEs than the conventional model using the normal distribution,339
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although their posterior means have similar biases. Moreover, the standard de-340

viations and MADEs of fixed effects for both models decrease when the sample341

size increases from n = 50 to n = 100. In addition, with simulated data where342

n = 50, we use the LCPO, DIC and WAIC criteria to evaluate the efficiency of343

model selection when using our method and the conventional methods. To do344

this, we define345

∆LCPO = LCPOSMN − LCPONormal,

∆DIC = DICSMN −DICNormal,

∆WAIC = WAICSMN −WAICNormal.

The results are displayed in Figure 4. Remember that a larger value of LCPO346

or a smaller value of DIC/WAIC indicates a better model. Hence, the proposed347

method based on the SMN distributions outperforms the conventional method348

based on the normal distributions.349

Table 4: The mean, standard deviation (SD) and mean absolute deviation error (MADE)

of estimates for the fixed effects of the mixed-effects ODE model (12) in 100 simulation

replicates when assuming the ODE parameters and the data errors follow the scale mixture

of multivariate normal (SMN) distributions or the normal distributions. The true values of

(ξ1, ξ2)T are (3.0, 10.0)T .

n Fixed-effects

Distribution assumptions

SMN distributions Normal distributions

Mean SD MADE Mean SD MADE

50 ξ1 3.020 0.233 0.182 3.009 0.357 0.283

ξ2 10.037 0.621 0.466 10.013 0.948 0.751

100 ξ1 2.969 0.183 0.148 2.977 0.238 0.187

ξ2 9.903 0.499 0.405 9.911 0.636 0.510

As suggested by one reviewer, we also evaluate the prediction accuracy of

our method. After obtaining the estimates for ODE parameters and initial
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Figure 4: The boxplot of model comparison criteria using the scale mixture of multivari-

ate normal distributions and the traditional normal distributions in Simulation 1, where

∆LCPO = LCPOSMN − LCPONormal, ∆DIC = DICSMN − DICNormal and ∆WAIC =

WAICSMN −WAICNormal.
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conditions from the simulated data in [0,1], we can solve the ODE numerically

in [0,3]. The obtained ODE solution, Ĉi(t), t ∈ [1, 3] can be viewed as the

prediction of future observations. Let Ci(tj) be the true dynamical process at

m equally-spaced grid points in [1,3]. The prediction accuracy is quantified with

the mean absolute prediction error (MAPE) and the mean squared prediction

error (MSPE):

MAPE =
1

mn

n∑
i=1

m∑
j=1

|Ĉi(tj)−Ci(tj)|, MSPE =
1

mn

n∑
i=1

m∑
j=1

(Ĉi(tj)−Ci(tj))2.

We choose m = 201 in this simulation study. Table 5 displays the means and350

standard deviations of MAPE and MSPE for the ODE model (12). It shows that351

our proposed model using the SMN distribution has smaller prediction errors352

than the conventional model using the normal distribution.353

Table 5: The means and standard deviations (displayed within brackets) of MAPE and MSPE

for the mixed-effects ODE model (12) in 100 simulation replicates when assuming the ODE

parameters and the data errors follow the scale mixture of multivariate normal (SMN) distri-

butions or the normal distributions.

n Distribution assumptions
Prediction accuracy criterion

MAPE MSPE

50 SMN 0.219(0.033) 0.374(0.136)

Normal 0.223(0.034) 0.386(0.140)

100 SMN 0.158(0.015) 0.071(0.034)

Normal 0.168(0.024) 0.080(0.035)

The number of observed time points plays an important role in modeling354

ordinary differential equations systems. Further, we considered the simulation355

of (12) where ni = 5, 10, 15. The simulation results are provided in Tables356

S7–S8 of the supplement file, which demonstrated that our proposed method357

works very well. When there are only 3 or 4 time points, our method breaks358

since that it is impossible to accurately recover the ODE solutions from 3 or 4359

observations.360
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6. Conclusions and Discussions361

Ordinary differential equations (ODEs) are elegant and popular models for362

describing the mechanism of complex dynamical systems. In this paper, we363

propose a mixed-effects ODE model, which considers the within-subject and364

between-subject variations simultaneously. We propose to use a class of scale365

mixture of multivariate normal distributions to model the random effects of366

ODE parameters and measurement errors in the data to obtain a robust esti-367

mation for the ODE parameters when the outlying subjects and the outlying368

measurement errors exist in the data.369

Our proposed model can be framed in a Bayesian hierarchical model by in-370

troducing two latent variables. We propose an MCMC algorithm to estimate the371

ODE parameters. The estimated latent variables enable us to identify outlying372

subjects and outlying measurement errors. Our proposed method is demon-373

strated by estimating a mixed-effects ODE model in a pharmacokinetic study.374

We show that our proposed model using the scale mixture of multivariate nor-375

mal distribution is preferred in comparison with the conventional model using376

the normal distribution. Our simulation studies also show that our proposed377

model can obtain more robust estimation for ODE parameters when using the378

scale mixture of multivariate normal distributions.379

It is common to encounter outlying observations in statistical analysis. To380

deal with the outlying observations, we consider a class of more flexible distribu-381

tions like the scale mixtures of normal distributions for data. Another method382

is to model the distributions with the semiparametric approach, e.g., using the383

Dirichlet process or a combination of splines and wavelets. This semiparametric384

approach is more flexible in modelling the skewed or multi-mode distributions.385

For instance, Castro et al. (2018) proposed a Baysian semiparametric mod-386

elling framework for HIV longitudinal data with censoring and skewness. We387

will investigator this semiparametric approach in our future research. Another388

interesting work under investigation is to consider the robust estimations of389

semiparametric mixed-effect ODE models using heavy-tailed distributions with390
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applications in gene regulatory activities. In this project, the ODE model has391

not only parametric parameters but also time-varying parameters.392

Appendix393

We use the Markov chain Monte Carlo (MCMC) methods which consist of394

the Metropolis-Hastings algorithm and the Gibbs sampling method to sample395

the parameters θi, ξ, Σ, σ−2ε , Ui, Wi, κ, ν, λκ, and λν . In this appendix, the396

symbol ‖a‖2A denotes aTAa for the vector a and the matrix A. When A = I,397

a symbol ‖a‖2 is used instead. Define Xi = (Xi(ti1), ..., Xi(tini))
T , i = 1, ..., n.398

The full conditional distributions for θi, ξ, Σ, σ−2ε , Ui, Wi, κ, ν, λκ and λν399

are displayed as follows (where ∼ denotes all variables except the one to be400

sampled):401

(a) Full conditional distributions of θi for i = 1, ..., n.

p(θi| ∼) ∝ exp

{
− Ui

2σ2
ε

‖Yi −Xi‖2
}

exp

{
−Wi

2
‖θi − ξ‖2Σ−1

}
.

(b) Full conditional distributions of ξ and Σ.402

p(ξ| ∼) ∝
n∏
i=1

exp

{
−Wi

2
‖θi − ξ‖2Σ−1

}
exp

{
−1

2
‖ξ − ξ0‖2Ω0

}
,

p(Σ| ∼) ∝ |Σ|−n/2 exp

{
−1

2

n∑
i=1

Wi‖θi − ξ‖2Σ−1

}
|Σ|−(df+q+1)/2 exp

{
−1

2
tr(S0Σ

−1)

}
.

Then the full conditional posterior distribution of ξ is a multivariate normal403

distribution with mean vector µξ = B(
∑n
i=1WiΣ

−1θi + Ω0ξ0) and covariance404

matrix B = (
∑n
i=1WiΣ

−1 + Ω0)−1. The full conditional posterior distribution405

of Σ is an Inverse Wishart distribution with the scale matrix S0+
∑n
i=1Wi‖θi−406

ξ‖2 and degrees of freedom n+ q + 2.407

(c) Full conditional distributions of Ui and Wi.408

p(Ui| ∼) ∝ H1(Ui;κ)U
ni/2
i exp

{
− Ui

2σ2
ε

‖Yi −Xi‖2
}
,

p(Wi| ∼) ∝ H2(Wi; ν)W
q/2
i exp

{
−Wi

2
‖θi − ξ‖2Σ−1

}
.

25



Assuming that Ui ∼ Ga(κ/2, κ/2), then the full conditional posterior distribu-409

tion of Ui is still a Gamma distribution with shape parameter ni/2 + κ/2 and410

rate parameter κ/2 + 1
2σ2
ε
‖Yi −Xi‖2. Similarly, the full conditional posterior411

distribution of Wi is a Gamma distribution with shape parameter ν/2+q/2 and412

rate parameter ν/2 + 1
2‖θi − ξ‖

2
Σ−1 .413

(d) Full conditional distributions of κ and ν.414

p(κ| ∼) ∝ p(κ)

n∏
i=1

H1(Ui;κ),

p(ν| ∼) ∝ p(ν)

n∏
i=1

H2(Wi; ν).

Assuming that Ui ∼ Ga(κ/2, κ/2) and a truncated exponential prior exp(−λκ ·

κ)I(κ > 2.0) is assigned on κ, then the full conditional posterior distribution of κ

is proportional to (κ/2)κ/2/Γ(κ/2)
∏n
i=1 U

κ/2−1
i exp(−κUi/2) exp(−λκ ·κ)I(κ >

2.0). This is not a standard distribution; however, we can apply the Metropolis-

Hastings algorithm to sample it. In the same way, under the assumption of Wi ∼

Ga(ν/2, ν/2) and the prior p(ν) ∝ exp(−λν · ν)I(ν > 2.0), the full conditional

posterior distribution of ν is given by

p(ν| ∼) ∝ (ν/2)ν/2/Γ(ν/2)

n∏
i=1

W
ν/2−1
i exp(−νWi/2) exp(−λν · ν)I(ν > 2.0),

which is also sampled by the Metropolis-Hastings algorithm.415

(e) Full conditional distributions of λκ and λν .416

p(λκ| ∼) ∝ p(κ|λκ) · p(λκ),

p(λν | ∼) ∝ p(ν|λν) · p(λν).

Assuming that a truncated exponential prior exp(−λκ · κ)I(κ > 2.0) for κ and417

a Uniform prior distribution U(c, d) for λκ, then the full conditional posterior418

distribution of λκ is a truncated Gamma distribution Ga(2, κ)I(c, d). Similarly,419

under the assumption of p(ν|λν) ∝ exp(−λν · ν)I(ν > 2.0) and a Uniform prior420

distribution U(c, d) for λν , the full conditional posterior distribution of ν is a421

truncated Gamma distribution Ga(2, ν)I(c, d).422
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(f) Sample σ−2ε .

p(σ−2ε | ∼) ∝ p(σ−2ε )(σ−2ε )N/2 exp

{
− 1

2σ2
ε

n∑
i=1

Ui‖Yi −Xi‖2
}
.

Assuming that σ−2ε has a Gamma prior Ga(a0, b0), then the full conditional423

posterior distribution of σ−2ε is a Gamma distribution with shape parameter424

a0 +N/2 and rate parameter b0 + 1
2

∑n
i=1 Ui‖Yi −Xi‖2 where N =

∑n
i=1 ni.425

Generally, in the above Gibbs sampler algorithm, the full conditional distri-426

bution in (a) has no closed form. We apply the Metropolis-Hastings method427

to sample θi. The details are as follows: in the `th iteration, a candidate,428

θcandi , is generated from a proposal distribution, q(·|θ(`−1)i ), like a multivari-429

ate normal distribution, N(θ
(`−1)
i , σ2

0Iq), where σ2
0 > 0 is a pre-specified scalar430

to control the acceptance rate. Then, the acceptance probability is calculated431

by α(θcandi |θ(`−1)i ) = min{1, p(θ
cand
i |∼)q(θ(`−1)

i |θcandi )

p(θ
(`−1)
i |∼)q(θcand|θ(`−1)

i )
}. However, this acceptance432

probability depends on the ODE solution Xi(t) which generally has no explicit433

expression and has to be obtained numerically. Conditioning on θi, Xi(t) is434

estimated by minimizing Equation (10) numerically.435
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