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S.1 Addtional Simulation Study and Data Application

S.1.1  Simulation 2

In this simulation study, 500 curves are simulated with the same settings as in the previous simu-
lation study except that the three true FPCs, £(t), k = 1,2, 3, are simulated as & (t) = sin 27,
&(t) = sindnt, and &5(t) = sin6nt, where ¢t € [0,1]. All three of these FPCs are designed
such that they are nonzero in almost the entire domain. We estimate the three FPCs using our
iFPCA method and the classic regularized FPCA method. We use the same cubic B-spline basis
functions and the same method to choose tuning parameters as in Simulation 1. The simulation is
implemented with 100 simulation replicates. In this scenario, the iIFPCA method is expected to not
perform as well as the classic regularized FPCA method. But we will see that the iFPCA method
is still quite competitive with the classic regularized FPCA method.

S.1.2 Data Application: Canadian Weather Data

The Canadian weather data contains daily temperature recorded at 35 Canadian cities in one year
(Ramsay and Silverman, 2005). A plot of this data is given in Figure S.1. The functional principal
component analysis is used to detect the time intervals in which the daily temperature curves have

major variations.
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Figure S.1: Daily temperature recorded at 35 Canadian cities in one year. This figure appears in
color in the electronic version of this article.

Figure S.2 displays the first three estimated FPCs for the Canadian weather data. The classic
regularized FPCA method are again nonzero in the entire time interval, while the estimated three
iFPCs are only nonzero in a short time interval. Hence, the estimated three iFPCs can help us
identify the precise time intervals in which the 35 curves have major variations.

The estimated first iFPC is only nonzero in [1, 150] U [247, 365], which indicates that the first
major variation of the 35 temperature curves happens in the spring, fall and winter. Note that the
first iFPC explains 82.7% variance of the 35 temperature curves. It can be interpreted as about
82.7% fluctuation of the temperature locates at these three seasons. The remaining variance that is
not captured by the first iIFPC is mostly picked up by the estimated second iFPC. This iFPC is only
nonzero in [132,257], which indicates that the rest of temperature fluctuation mostly occurs in the
summer. The percentages of explained variances of iFPCs are comparable to those of the classic
regularized FPCs.

Figure S.3 displays the estimated FPCs using our iFPCA method and the classic regularized
FPCA method in one random simulation replicate. It shows that the estimated FPCs using the
1IFPCA method are very close to the true FPCs. The bottom three panels in Figure S.3 also show

the pointwise mean squared errors (MSE) of the estimated FPCs using the two methods. The
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Figure S.2: The estimated three FPCs using our iFPCA method (solid lines) and the classic regu-
larized FPCA method (dashed lines) for the Canadian weather data. Numbers in the parentheses
are percentages of variance explained by the FPCs. This figure appears in color in the electronic
version of this article.

pointwise MSE of the estimated FPCs using the iFPCA method is only slightly larger than those
using the classic regularized FPCA method.

Figure S.4 shows that the average cumulative percentages of variance explained by the esti-
mated FPCs using our iFPCA method are almost the same as those estimated by the classic regu-
larized FPCA method. The differences of the cumulative percentages of explained variance using

the two methods in 100 simulation replicates are no larger than 6%.

S.2 Some Details of Computation

S.2.1 Compute The Leading Eigenvalue

When p is relatively small, the Cholesky decomposition can be used to compute all eigenval-
ues and eigenvectors of the GEP Q,a, = AG,a,. When p is large, the Lanczos algorithm is
preferred since it can take only O(gp*logp) operations (Kuczyriski and Wozniakowski, 1992;
Leyk and WoZniakowski, 1996) to accurately estimate the leading eigenvalue and its eigenvec-
tor of the GEP Q,a, = A\G,a,, where ¢ is a constant factor depending on the tolerance level.

When p is large, ¢ is typically much smaller than p (i.e. typically, ¢ < p). Therefore, in to-



tal it takes O(p*logp) operations for the AMVL approach to approximately solve the problem
(7iFPCA Algorithmequation.3.7).

The greedy backward elimination algorithm based on AVML criterion to compute the first
iFPC is outlined in Algorithm 1. Note that in Algorithm 1, the update to G' and G_'Q,, in each
iteration can be done in O(p?) operations (see Section S2 in the supplementary file). Therefore, the
computational complexity of the greedy backward elimination algorithm is O(p® log p) operations
by noting that 7 < p. The iIFPCA algorithm is outlined in Algorithm 2, which uses the projection
deflation described in Section 3 in the supplementary file to iteratively compute a; by applying
the greedy backward elimination algorithm (Algorithm 1) on matrices Qx and G until the first m
iFPCs are obtained. In total, the iFPCA algorithm takes O(nmp? +m?p?+mp?* log p) operations to
complete. When n = O(p) and m is fixed, the computational complexity of the iFPCA algorithm
grows in the order of O(p3logp). This complexity is almost the same as the regularized FPCA
described in Ramsay and Silverman (2005), which requires at least O(p®) operations.

S.2.2 Efficiently Update G,! and G_'Q,

Suppose

Q. a 1 F f P, p.
aU{i} — 5 G Al ) aU{i} — .
Qautiy <qu w aUu{i} fiT y aU{ }Q ufi} P3T ¢

Then it is easy to check that

Therefore, if G;& o is already computed, then only O(p?) additional operations are required to

compute G *. Also,
G.'Q. =FQ, - ififiTQa = (FQq + fiq)) —y 'i(f7 Qo + ya) ) = Py —y 'fip3,
since
F £\ (Qs & FQ, +fiq Faq,+uwf; P, p;
Gadig Qo = (fl y) (qf w) - (fTQa+qu f7q, +wy> - <p§f C) ’
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Therefore, G.'Q,, can also be computed in O(p*) operations provided that G;& (i) Qaugiy is com-

puted already.

S.2.3 Projection Deflation

Recall that #¥ denotes the residual of X, perpendicular to the space spanned by the first £ — 1
iFPCs &1, &, ..., &y, e, 7F = X; — Zf;ll b;;&;. However, as the iFPCs &1, &, . . ., €41 may not
be orthogonal in the inner product (-, -), the coefficients b;;’s are dependent on the index k. In other
words, we have to recompute b;;’s for each 7¥, which is computationally inefficient. To address
this issue, we use the Gram-Schmidt process to orthogonalize fl, 52, cee ék,l as we progressively

compute iFPCs.

Suppose 11,12, . . ., Ni_1 are orthogonal functions that are produced by Gram—Schmidt process
on &,&, ..., 1. Instead of representing the residual 7 by 7% = X, — Zf;ll bijgj, we write

T = X; — Zf;ll bijn; and each n, = 7% | h,;¢; for v = 1,2,.... Recall that the element
(k
ij N
Suppose we already have Sy, 71,12, - . ., Nk_1, & and we want to compute S, (note that S; = S).

s = Sk(i, j) of the matrix Sy, is the coefficient of 7 with respect to the jth basis function ¢;.
We first continue the Gram-Schmidt process on 71, 7o, . .., Mx—1 and @ = A} ¢ to obtain 7. It is
equivalent to computing the residual 1} of @ with respect to the space spanned by 71,72, ..., Mk—1
and then normalize v. Let ¢, 7, be the projection of 56 on 7, = hl¢. Then @k — ey, ) = 0,
which implies a; Wh,, = ¢,h? Wh,, and hence

8, Wh,
“ = hWTWh,

~

Let ¢ denote the vector (ci, ¢y, ..., cx)T. Then ¥ = & — S2F_ ¢,n, = (@ — c"H)¢ where
H(v,j) = hy;. By normalizing ) to have unit length, we obtain 7. This process takes O(kp?)
operations to complete.

To compute the residual of )/(\] perpendicular to the subspace spanned by the first £ iFPCs, we
only need to compute the residual of 7¥ with respect to 7, since by assumption 7% L 7; and 7y, L 7,
for all j < k. Thus, the residual 7¥*" is found to make 7% = b1 + 7+ hold for some scalar b,
and (7F™ 7)) = 0. In matrix form, it becomes S¥¢ = bh! ¢ + S**'¢ and S**'Wh,, = 0, where



hy, = (hg1, hia, - - -, hiy) ™. They together give

 SyWh;
hIWh,’

S, Wh;h?
hIWh;,

Sk:+1 = Sk -

This process takes O(np?) operations to complete. Thus, in total it takes O(np? + kp?®) operations

to compute Sy 1.

S.2.4 Cross-Validation for Selecting Tuning Parameters 7;’s

Suppose the first (k — 1) iFPCs, El(t), G (t), have been obtained, and we are now estimating
the k-th iFPC &(t) To determine 7, for each positive integer 7, = 1,2,...,p (Recall that p
is the number of basis functions, and is the maximum possible value of 7%.), we compute the
corresponding CV score. For example, if a K -fold CV procedure is employed, then the CV score
for 1, is

K

CV(m) = > I (.

j=1icP;
where P; is the j-th partition used in the K-fold CV procedure, and rgfj ) (7%) is the residual of
X;(t) orthogonal to the span of the iFPCs El(t), . ,@H(t), and {A",(C_j)(t). Here A,(C_j)(t) is the k-th

iFPC estimated from all sample curves excluding those in the j-th partition.

S.3 Proof of Proposition 1

Proof. First of all, note that when B is invertible, the generalized eigenproblem Az = ABz is
equivalent to the ordinary eigenproblem B~'Az = \z. Write the matrices A,B, B~!A and the

vector v in block forms so that

Aa a; Ba bz 1 F fz Va
A = : B= ; B = , V= .
al' w bl 2 £y v;



Nothing that B! = F — fif, we have

vZB;lAava = VZ:(FAa — yilfifiTAa)Va < AMA,, Ba)HvaHg =MA., By)(1— vf),

or equivalently,
VI(FA, +fal vy — y 'VEE(FT Ay +yal )va < AMAq, Bo)(1 —0?).

Now write B"! A in a block form so that

Ba= (! P
Py ¢

Then FA,, + fial’ = Py and f1' A, + yal = p? since

poig_ (F B) (A &) _ (FAc+fal Fatuwfi) (P p
f y al w frA, +yal fla;+wy pl ¢ )’
From (S.2) and v'B~'Av = A(A, B), we have

VIP 1V, + 0;Pa Ve + vivips +vic = A(A,B).

Thus,
VZ;PlVa =AA,B) — (Uz‘Vg(PQ +p3) + Uz‘zc) :

With (S.1), this gives

MA,B) —vvI(py + p3) — vie —y 'vIfplv,

A, B, >
)\( (6] a)_ 1—h2 )

or

AA,B) — A\(A,B,) <

vy vifplv, +v;vl(ps + p3) + v?c — v?A(A, B)

2

(S.1)

(S.2)



Noting that vIps + v;c = v;A(A, B), we have further

vy IV AA,B) — o] + v;vIp,
1—v? '

)‘(A7 B) - )\(AOM Ba) < (S.3)

This proves Theorem 1. [

S.4 Proofs of Theorem 2, 3, 4

The proofs for Theorem 2, 3, 4 are organized as follows. We first outline our proof strategy for
Theorem 2. Then we briefly introduce some results important to our proofs from Qi and Zhao
(2011). After that, we start our proofs by first proving Lemma 1. This lemma not only serves as
a technical tool in the course of proving Lemma 3, but also is of independent interest. Roughly
speaking, it asserts two finite dimensional Hilbert spaces are close to each other if their bases are
close to each other. Lemma 3 is our primary lemma. Some technical details of the proof of this
lemma are moved to Lemma 4 and Lemma 5 so that the mainstream of the proof is manifest. Once
Lemma 3 is established, we are ready and proceed to prove Theorem 2 and Theorem 3. In order
to prove Theorem 4, we first establish three auxiliary lemmas, namely, Lemma 6, Lemma 7 and
Lemma 8. At last, we prove the Theorem 4.

In Qi and Zhao (2011), \/E(Ek —&,) has been shown to converge to a Gaussian random element.

As \/H(Ek — &) = \/ﬁ(ﬁ — &) + ﬁ(& — &), if we can show
1 — &l = 0p(n™1/%), (S4)

then \/ﬁ@ — &) converges to 0 in probability and hence by Slutsky’s theorem, \/ﬁ(& — &) and
\/ﬁ(gk — &) converge to the same random element in distribution. Instead of directly proving
(S.4), we consider a more general problem. Take a scalar sequence {¢,, } convergent to zero and we
choose p, = o(u,,) forall k = 1,2,...,m. When ¢, = n~/? we recover the assumption on p}s in

1

(i) of Theorem 2, and when ¢,, = n™", we recover the assumption on p;’s in (ii) of Theorem 2. In

other words, we will show that [\, — A| and [|&; — & |2 have a convergence rate at least as fast as
pr. Thatis, [ — | = Oy(px) and & — & = O, (pn).
In our proof, we need the “half-smoothing” operator mentioned in Silverman (1996) and stud-




ied more thoroughly in Qi and Zhao (2011). Here we cite some results from Qi and Zhao (2011).
Recall that D? is the second-derivative operator on W2. Let D, be the Hilbert adjoint of D2,
Define S> = (Z + vD.D?)~'. The inverse S~' of S exists and is a self-adjoint operator. By
Lemma 6 of Qi and Zhao (2011), {(\, S71&,) : k € N} are eigenvalues and eigenfunctions of
the compact positive operator SCS and moreover, there are no other eigenvalues for SCS. Fur-
thermore, under the assumption that the eigenvalues A\; > A\ > --- > ), of the operator C have
multiplicity one, Xl, Xz, e ,Xm have multiplicity one almost surely. Therefore, we can assume
XNo> X > e > Xm without affecting the asymptotic properties. As SCS is a compact self-
adjoint positive operator, its eigenfunctions {S ¢, k € N} form an orthogonal basis of L?(.%).
Based on this fact, we can conclude that {51, 52, ...} is an orthonormal basis of W} equiped with
the inner product (-, -).,, as the operator S : L?(.¢) — W3 is one-to-one. Also, for each € W3,

we have (S7'n, 87 n) = (n,7n),. Therefore, we can derive the following useful equation

o B R _ _ _ ~ }\“ f C .’
(6,C&) = (8716, (SCS)STIE) = M(ST16,871¢) = ¢ need (S.5)

0  otherwise.

Now we start our proofs. Let P+ be the projection onto 51, é}, e ,E,H, with respect to the
inner product (-, -).. Let PL be the projection onto El, 22, e ,@,1 with respect to the same inner
product structure. Note that we are dealing with two inner products in 1W3: the one inheritent from
L*(.#) and the modified one (-, -).. These two projections defined in terms of the inner product
(-,-)~- Intuitively, when each EJ is close to EJ the projections P and P are expected to be close to

each other in the operator norm || - ||, defined as

[Ully = sup |iUn],.
new3,nll,=1

The following lemma gives a more precise statement of this intuition. In the sequel the notation

o(1) is understood as some quantity converge to zero almost surely (with probability one).

Lemma 1. Fix any v > 0.
1. If (6,602 = 1+0,(1n) forall j < k, then ||P+—P*|., = 0,(y/i) and [|P—Pl|, = 0,(y/0).

2. If (§,6)2 = 1+ 0(1) for all j < k, then |P* — P, = o(1) and |P — P||, = o(1).

9



These conclusions hold even when &,&, ..., &1 are not orthogonal with respect to the inner

product (-, -)..

Before the proof, we shall point out that in the above lemma claim 1 does not imply claim 2,

as the convergence in 1 is “in probability” while the one in 2 is “almost surely”.

Proof. We first prove 1. For each j < k, expanding EJ by the basis El, 52, ... We assume EJ =
S22 byi&; where bj; = (€5, ;). First note that

Zb?i = bez - bjzj = H@Hi - b?j =1- b?j =1- <£j7€j>’2y' (5.6)

i£j i=1

This implies

S8 = 0,(0n) (8.7)

i#]

as by assumption (£, §J>3 =1+ 0p(ty,). Hence,

P& = &illy = D02 = 0,(v/im (S.8)
i>k

for each j < k. Let ¢ be any element in W3 such that |||, = 1. The projection of ¢ into the
subspace spanned by 51, EQ, e ,Ek,l can be written as 73%“ = Ef;ll chj af 5 = ngj for some
scalar g and 7 < j, then we set ¢; = 0). Letn = ¢ — 73%“. Then for each j < k,

0= (n.&), Zbﬂna =0 (0. &) + Y bs(n, &)y
i#£]j
Thus,

Z bji <777 g)’Y

i#]

b3 (1, 5)] = (S.9)

10



On ther other hand, by Cauchy-Schwarz inequality

=(52) (o) = (o= (5w). oo

Combining (S.9) and (S.10) we have

0<’b]]77€]’2 (Z >

i#]

Z bji <77> gl>7

i#]

In light of (S.7), this implies
[(n; 6]) > < 1051~ - (Z ) = 0p(tn)
i#]

2 _
because of b7; = 1 + 0(v,,). Thus,

1Pl = > .62 = 0,(v/tm).

j<k

This result, combined with (S.8), gives

IPEC =Pl = Y& = > e Pre —
j<k j<k y
k-1 R R _
< IGlIPHE = &lly + [P0l
j 1

= Z |cilop(v/1n) + 0,(/tn)- (S.11)

11



When 21, 5’2, - ,E,H are orthogonal, ¢; = ((, Em and hence |c;| < 1 for each j < k. In this case,

N

-1

|cjlop(V/tn) + 0p(V/tn) = 0p(/1tn). (S.12)

1

<.
Il

When 21, EQ, ey gH are not orthogonal, using 1J to denote 73%“ , we have
Z ¢j Z bji& = Z(PLC, &i)vGis
j<k  i>1 i>1

sothat ;. c;bji = <1§‘,§:;>7 foralli > 1. Letc = (c1,¢,...,c-1) , Bbea (k—1) x (k—1)
matrix such that B(z, j) = bj; for 1 <i,j <k —1,and h = ((J,&), (9, &), - ., (9, &1)) T
Then by a matrix form we have Bc = h. Because of 3. b, = 0p(1,) and b3; = 1 + 0,(tn),
B(j,i) = bji = 0,(1) for i # j and and B(j,j) = 1 + 0,(1). By Lemma 2 (see below), ¢ =
h + 0,(1)1. Therefore, we still have

k—1
> leilop(vim) + 0p(V/em) = 0p(Vim). (S.13)
j=1

Combining (S.11), (S.12) and (S.13), we have

IPH¢ = PHClly = 0p(V/em)-

Since this holds for every ¢ € W2 such that ||C[, = 1, we have |P+ — PL|, = 0,(1/2,). Since
T =P+ P+ =P+ PL wealsohave |[P — P||, = 0,(y/tn).
The above proof is still valid if we replace 0,(-) by o(1). Thus, 2 is also true. O

Lemma 2. Suppose B,, is a ¢ X q matrix such that BY = o,(1) for i # j and BY = 1 + 0,(1).
If c,, is a sequence of vectors in R? and h is a vector such that B, c,, = h, where h is fixed. Then
¢, =h+o0,(1)1

Proof. By assumption, for any fixed e > 0, for sufficiently large n, we have Pr{|B¥| > ¢} < ¢ for
alli # jand Pr{|B%| > 1+ ¢} < eforalli =1,2,...,q. Suppose 2 is the sample space. Then
this means we can find a subset 2, of 2 such that Pr(€2;) > 1—¢?*¢ and for w € §2; and sufficiently

12



large n, |B¥ (w)| < eforalli # jand 1 — e < |B¥(w)| < 1+eforalli =1,2,...,q. When ¢
is taken to be sufficiently small, B,, is invertible for sufficiently large n, since the determinant of
B,, is bounded away from 0. In this case, since B,,(w) — I, we have B! (w) — 1, since the set of
invertible ¢ x ¢ matrices is a Banach algebra, where the inverse operator B — B~ is contintuous.
Thus, ¢, (w) = B, 'h — h for all w € Qy, or in other words, ¢,, = h + 0,(1)1. O

Lemma 3. Suppose p, = o(v,) where v, — 0. For each k = 1,2, ...m, we have
e S5 N Ak — Ak = 0p(tn); (S.14)

and
(€823 1L (662 =1+ 0p(t)- (S.15)

Proof. We adopt the same strategy of proof by Silverman (1996) to use mathematical induction on
the statement .77, of two convergences (S.14) and (S.15). In what follows we will prove .77 holds
by assuming .7Z; holds for each j < k.

On the one hand,

~~ A~~~ ~~ AN~ AN

i = (P&, CPE&) > (P&, CPE;) (S.16)
= (P&, CPE) + 0p(tn) (S.17)
=\ + 0p(tn), (S.18)

where the (S.17) is due to Lemma 4 (see below). On the other hand,

AN AN AN ~ ~

Ao = (P&, CP&) — pS(&) + ppS (&)

AN~ AN~ ~ -~

> (P&, CPE&) — peS(&k) + peS(&k) (S.19)
= (P&, CPE) + 0,(1n) (S.20)
=\ + 0p(tn), (S.21)

where the inequality (S.19) comes from the fact that é\k maximizes <73§ ,CP¢ ) — prS(€) among all
¢ € W# such that ||¢]|, = 1 and the equality (S.20) is due to Lemma 5 (see below) and py, = o(v,).

13



From (S.18) and (S.21) we conclude that |Xk — Xk| = 0,(ty,). If in the above we replace all 0,(¢,,)
with o(1), the above proof still holds. Thus, Xk % Xk
We now proceed to prove (S.15). First note that

~ o~ AN~

i>k jzk

= D {6 6 (60 )4 (6. CE))
1,7k

=D X{E 6,
j>k

where the last equality is again due to (S.5). Also, since P is a projection, H’ﬁngi < HngW = 1.
Then

M= (P&, CPEG) > Ml P&l2 = D N6 602 =D = )& )2 >0 (S22)

P>k >k

as Xk > Xj for all j > k. On the other hand, Xk = Xk. + o(t,,) and by Lemma 4,

~ A~ AN~ A AN AN AN

(P&, CPE) = (P&, CPE) + 0p(tn) = M + 0p(tn) = Ais + 0p(t). (S.23)

With (S.22), this implies

~ ~

STk = A)E €2 = 0,(tn).

>k

Thus,

S GG = S (= M) (6 62

>k Ak = Akt 535
1 ~ o~ o~ ~
<———— > (= A& §)?
)\k - )\k,’—i-l >k
— oy(tn) (S.24)

14



since Xk — Xj > ( almost surely for all 7 > k. Also, we have

D (&2 = D (PG PRE)?

j<k j<k
< Q1P PG),
Jj<k
=3 (P8, P-E)) + oplvim) (P& =0)
j<k

Thus,

This result, with (S.24) together, gives the desired conclusion (S.15):
(G, &) =1 (6, 6)2 =D (&) =1+ 0p(tn).
i<k i>k

The above proof is still valid if we replace o,(-) by o(1). Thus, we complete the proof. O

~ o~ AN~ A AN A

~~ AN~ A~ AN AN

(P&k, CPE&) = (PE,CPE) + o(1).

Proof. Clearly, P&, = &, — P+&,. Thus

~ o~ A~~~

(P&, CPE) = (&, CE) — (&, CPE,) — (P&, C&) + (P&, CPLEL). (S.25)

First, note that

A~ AN

(€, C&) = (P&, CPE) (S.26)

as ac = 7356 Next, expanding & by the basis {gj . j € N} we get & = Zj21<g€, %}@ Thus,
P& = 20, &k €5)&5 and

15



(€. CPH&) = O (6§76, C Y (& §))) (8.27)

j>1 i<k
SHICEEREE S RN 2
- CERDSCETEDSE o
— <;<&, )28, 2;@,]@@8‘1@ (S.30)
= ZJ;X@,@%S*&,S*@ (S.31)
- ]Z;Xj@,é)%, (5.32)

where from (S.28) to (S.29) we rely one the self-adjointness of S~1, from (S.29) to (S.30) we use
the fact that S _15 is an eigenfunction of SCS , from (S.30) to (S.31) we rely on the orthogonality of
eigenfunctions S~1&;, S1&, . . ., and from (S.31) to (S.32) we use the identity (Silgj, 8*15) =
Hg]H7 = 1. By Lemma 1,

<gk7§j>’y = <7/D\gk7ﬁj_g]>’y = <756€775ng>7 + OP(\/Z) = Op(\/L_)'

Thus,

> NG )2 =D Noy(ta) = 0p(tn). (S.33)

j<k j<k

Combining (S.32) and (S.33), we establish

(€, CPLE) = 0,(0). (S.34)
Similarly,
(P&, CEL) = 0p(tn), (S.35)
and
(P&, CPYEL) = 0p(1). (S.36)

16



~~ A~ A~ AN A

~ A~ AN~ A AN A

~~ o~~~

~~ o~~~

~~ A~~~

based on which we again use the divide-and-conquer strategy. First of all,
(€. CP 8 = (€.C Y (6. €)= D_(61:€0)1 (6. CE)).
i<k i<k

For each j < k, we have

(€, CE) = (6,C (&, &),E)

i>1

= 3 (&, &)y (6. CE)

i>1
= > (6,606, CE)
i>1
= Xk <gja g’€>’77
where the last equality is due to (S.5). Thus,

(€, CPE) = M Y (6,42

j<k

By Lemma 1, we also have

(€5, 6)y = (PHE5, P&, = (P&, P&, + 0p(y/tn) = 0(v/1m). (S.38)
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Therefore,

(€0 CPEEY = Mo D (€5, €)% = 0(tn)- (S.39)
<k
Similarly,
(P&, C&) = 0p(tn). (S.40)

Also, we have

(PL&, CPRE) = Y (&, €)-(&, &) (6. CE)

1,j<k

<ICI > (& &)y (&5 &)

i,j<k

= 0p(tn). (S.41)

by (S.38) and HCA— C|| < oo almost surely. Combining (S.37), (S.39), (S.40) and (S.41), we prove

o~~~ o~~~ ~~ A~~~

the (P&, CPE&) = (&, CE) + 0,(tn). Replacing o,(-) by o(1) we then prove (P&, CPE) =
(&, CE) + o(1). [

We are now ready to prove Theorem 2 and Theorem 3.

Proof of Theorem 2. As /ni(&,—Er) = v/ii(Ex—E&)++/1(Ex—Ex ), by Lemma 3, when p = o(n ™)
forall k =1,2,..., m, we have
16 = &l < N1E — &cl13 = IERII5 + IERI15 — 266k, &) = 2 — 2(k, &),
~ ~ 2 ~ o~

= (@r—1) +1- G2 = o) +on ™)

= op(n7"),
by noting that (&, &) = 1+ 0,(n~Y/2). In other words, ||&, — & < 0,(n~1/2). Thus /n(&, — &)
converges to 0 in probability for each £ = 1,2,...,m. So does the joint vector {\/ﬁ(é\k - @) :

k=1,2,...,m}. By Slutsky’s theorem, {\/n(& — &) : k= 1,2, ... ,m} and {\/n(& — &) 1 k =
1,2,...,m} converge to the same random element in distribution. As Qi and Zhao (2011) have
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shown that the latter converges to a Gaussian random element when v = o,(n™1), {y/n (é‘\k — &)

k=1,2,...,m} converges to the same Gaussian random element as well.

By a similar argument, we can show that when v = o0,(n"*/2) and p, = 0,(n"'/?) for k =
1,2,...,m, {\/ﬁ(/)\\k — X)) k= 1,2,...,m} converges to a Gaussian distribution with mean
0. O

Proof of Theorem 3. When p;, = o(1), then by Lemma 3, & — &l < |\§C — ngﬁ, 22 0. In

Silverman (1996), it has been shown that ||, — & “3 0 under the condition that v — 0 as

n — o0o. Thus,

1€, — &kl < 11 — &l + 16 — &xll < 1I& — &kl + 1€, — &l &5 0,

By a similar argument, we can show that \; L2 k. ]

Below we proceed to prove three auxiliary results in preparing proof of Theorem 4. When using
projection deflation, the estimated é};s, are not orthogonal in (-, ). Also, note that the residuals
of curves X;’s are defined in terms of inner product (-, -) (we can not project X;’s in terms of the
modified inner product since X; might not in the domain of D?). To reduce the notational burden,
we reuse P to denote the projection perpendicular to a, 22, e ,Q_l in the space L?(.#). In this
case, Pisa self-adjoint operator on L?(.#). Recall that £, &,, . .. denote the eigenfunctions of C.

Let P denote the projection perpendicular to &1, &o, ..., k1.

Lemma 6. If (£;,£;)2 = o(1) and ||&;|| = 1+ o(1) for all j < k, then
1P+ =P = o(1)

and

P~ Pl = o(1)

Proof. The proof is almost along the lines of proof of Lemma 1, with EJ replaced by &;, (-, ),
replaced by (-, -) and || - ||, replaced by || - ||. O

Recall that we use Hjy_; to denote the subspace spanned by the first £ — 1 eigenfunctions

&1,&, ..., &1 of the covariance operator C. It is easy to see that the operator C, = PCP has
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eigenfunctions &, &,y 1, . . . and eigenvalues Ay > \,; > --- > 0 in the subspace Hj- ;. Its null
space is exactly Hj_,. The following lemma shows that if an operator I/ is sufficiently close to Cy
and (&,U¢) is close to A\, enough, then projection of the function £ of unit length on the null space

of C;, must be close to zero.

Lemma 7. Let {U, } be a sequence of operators on L*(.¥) such that sup|g, =1 [(§; Un&) — (€, Ci&)| =
o(1). If & is a function such that (£, U,&;) = M\, + o(1) and ||E|, = [|EF|| + o(1), then
P&l = o(1).

Proof. First of all, we have £ = P& + P&, Then by Cauchy-Schwarz inequality,
(PH6 UPTE) = (P& UPE) — (P& CPE) = (P& (Un — C)PE) = o(1)

as supye) (6. UnE) — (6,Ch8)| = o(1). Similarly, (PE;,UPE) = o(L), (PELUPE) =
o(1), and (P& U PES) = (P, CPES) + o(1). Thus,
(6 Un) = (P& UPE) + (PEUSPE) + (PE U PE) + (PE U PHE)
= (P&, CuPE) +o(1). (S.42)

On the other hand, by the assumption (£, U,{") = A + o(1). Combining this with (S.42) gives
(P&: CkPEL) = Ak + o(1). Since

P&, CPS,
P& P&

we have A\, + o(1) = (P& CPEE) < MNeIPEEIIP Since ||PEE? < |1€5]]* < 1, we must have
P& = 1+ o(1), which implies that ||PL&% || = o(1) since ||€X]] = 1 + o(1). O

( ) < A,

Lemma 8. IfE(||X|2) < oo and (&;, €)% = o(1) for all j < k, then

et (€, Cié) — (€,Cu6)| = o(1).
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Proof. For each £ € W2,

On ther other hand,

(PE,CPE) = /] PE(s) < /j %ZXi(s)Xi(t)Pg(t) dt) ds

1y )2

By Lemma 6,
Sup (PE, X)) — (P&, X,)| < S IX:(P = P)EN = o] X
Thus,
S (P&, X3)* — (P€, Xi)*| = o(1)]| X",
Therefore,

(€.C&) — (PE.CPE) = (1) S Il = of1),

since by the strong law of large number, we have + 3 [|X;[|* — E||X||*> < oo. Also, since
IC — C|| = o(1), we have

(€,Ch&) — (PE,CPE) = (£,Ch) — (€,Cr€) = o(1)
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for all £ € W3 such that |||, = 1. O

of Theorem 4. The paradigm of our proof is almost identical to the one in Silverman (1996).

Again, we use mathematical induction on the statement .77, of statements:

PYRE W (S.43)
€] — 1; (S.44)

and
(&, &) 23 1. (S.45)

Assume 77 holds for j = 1,2,...,k — 1 and we are going to prove 7.
We first establish (S.43). On the one hand,

Mo = (€, i) > (&5, Ch&l) > (&, Cu) (5.46)
= (& i) + 0(1) = Ag + o(1) (S.47)

because of Lemma and 8. On the other hand,

e = (€, Cibr) — S (&) + prS (&)

> S Gy se) + pS(@E) (S.48)
1€kl 1€kl

=8 Oy o) s + mS@) (S.49)
€kl 1€kl

AL +o(1) = M\ + o(1), (S.50)

where the inequality (S.48) comes from the fact that Ek maximizes (¢, Cré ) — prS(§) among all
¢ € W# such that [|€]|, = 1 and the equality (S.49) is due to Lemma 8. From (S.47) and (S.50) we
conclude that A, — Ay = o(1).

Second, we prove (S.44). The proof is actually identical to the one by Silverman (1996). We
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repeat it here for the sake of completeness. As all inequalities in (S.46) tend to equality, it follows

”ng2 _ <§kvck£k> ¢5>~ 17

(€5 Cuti)

so that || || &3 1.
Finally, we proceed to prove (S.45). First note that

(G Gty =D N(E,€)”
j>k

Also, note that || P& || < [|&;|| < 1. Then

M= (€0, Chéi) = NP =D N6 &) =Y (= A)(€.6)° 2 0 (S.51)

>k >k

as A\ > A; for all 7 > k. On the other hand, by (S.46), (S.47) and (S.43),

e — (€1,Cel) = ol1). (S.52)

Thus,
D (6.6)7 = o(1) (S.53)

5>k
since Ay — A; > 0 for all j > k. By Lemma 7 we obtain ||[PL&;|| =3 0. This result, with (S.53)

together, gives the desired conclusion (S.45):

(6,62 = 1= IPH&I12 = Yo (6 &) =5 1

J>k
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Figure S.3: The top three panels display the estimated FPCs using our iFPCA method and the
classic regularized FPCA method in one random simulation replicate in Simulation 2. The bottom
three panels show the pointwise mean squared errors (MSE) of the estimated FPCs using the two

methods. This figure appears in color in the electronic version of this article.
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Figure S.4: The left panel shows the average cumulative percentages of variance explained by the
estimated FPCs using our iFPCA method in comparison with the classic regularized FPCA method
in 100 simulation replicates in Simulation 2. The right panel displays the boxplot of the loss of
cumulative percentages of variance explained by the estimated FPCs using our iFPCA method
compared with the classic regularized FPCA method in 100 simulation replicates. This figure
appears in color in the electronic version of this article.
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