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ABSTRACT
Brain imaging data is one of the primary predictors for assessing the risk of Alzheimer’s disease (AD). This study aims to extract
image-based features associated with the possibly right-censored time-to-event outcomes and to improve predictive performance.
While the functional proportional hazards model is well-studied in the literature, these studies often do not consider the existence
of patients who have a very low risk and are approximately insusceptible to AD. We introduce a functional mixture cure rate
model that extends the proportional hazards model by allowing a proportion of event-free patients. We propose a novel supervised
functional principal component analysis (sFPCA) method to extract image features associated with AD risk while accounting for
the complexity arising from right censoring. The proposed method accommodates the irregular boundary issue inherent in brain
images with bivariate splines over triangulations. We demonstrate the advantages of the proposed method through extensive
simulation studies and provide an application to the Alzheimer’s Disease Neuroimaging Initiative (ADNI) study.

1 | Introduction

Alzheimer’s disease (AD) is one of the most prevalent age-related
neurodegenerative disorders worldwide. In 2018, Alzheimer’s
Disease International reported that over 50 million individ-
uals globally were living with dementia, a figure antici-
pated to triple by 2050 [1]. In medical research, structural
magnetic resonance imaging (MRI) has become a critical
tool for early detection of presymptomatic AD in numer-
ous studies [2–4]. An intriguing research focus in recent
years pertains to deriving features from the imaging data
that are significantly associated with AD progression and
thus enhance the identification of individuals at varying risk
levels of AD.
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When the outcome of interest is time-to-event, such as the
time to disease progression, the proportional hazards model
is widely used to model the relationship between a survival
outcome and some explanatory variables. These models are
constructed under the assumption that all subjects under study
would eventually experience the event of interest. However, with
the advancements in disease diagnosis and treatment, there may
exist a subset of patients who can maintain long-term stability
in terms of health status. The cure model is applied with the
aim of capturing such a subgroup of low-risk subjects in the
study of Alzheimer’s disease. Our rationale for accommodating a
cured fraction in the model is based upon scientific plausibility.
Contrary to the proportional hazards model assumption that all
subjects would eventually have AD, recent research suggests that
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there may exist a subgroup of approximately event-free subjects
that may remain stable with a very low risk of disease progres-
sion. For instance, certain genetic variations may offer protection
against Alzheimer’s, suggesting that disease immunity is possible
for some individuals [5]. In addition, empirically, epidemiolog-
ical research (e.g., studies on centenarians) shows that some
individuals (and their offspring) oftentimes have shown good
resilience to AD pathology, which might be attributed to genetic,
lifestyle, and environmental factors that significantly reduce the
risk of Alzheimer’s disease to the extent of being approximately
insusceptible to it [6, 7]. These all point to the existence of a very
low-risk subgroup within the population, which motivates the
use of a cure model. It is worth noting that the term “cured”
in this context is used to describe a subgroup of individuals
who are potentially resistant to AD progression and thus have a
significantly lower risk of developing AD to the extent of being
approximately insusceptible, rather than a complete reversal of
brain degeneration. More precisely, such a group of patients shall
be referred to as a “low-risk” group, and our model targets to
identify the individuals who potentially belong to such a group.
The cure rate model, adapted for our purposes, can be used to
highlight the different risks of progression into AD within the
cohort and to explore the potential impacts of various predictors
on these progression trajectories. This approach allows us to
identify and model the heterogeneity in disease progression
among the ADNI participants, offering insights that otherwise
might be obscured in the proportional hazards model.

We consider the mixture cure rate model [8, 9] which simulta-
neously estimates the cure probability and the survival time for
uncured patients. One main challenge in incorporating imaging
data into a mixture cure rate model is the high dimensionality of
the imaging data. To tackle this, functional principal component
analysis (FPCA) is often used to reduce the dimension of func-
tional data by identifying major sources of variability contained
in the data. The FPCA method in this context operates in two
steps: first, it estimates the FPCs for the functional imaging data,
and second, it incorporates several leading FPCs as predictors in
the mixture cure rate model.

Multiple studies have been conducted on estimating FPCs for
imaging data. For example, Huang et al. [10] introduced a
bi-regularization approach that simultaneously penalizes rows
and columns of the data matrix. Zipunnikov et al. [11] used sin-
gular value decomposition to extract functional features from
high-dimensional data and applied the method to brain imag-
ing data to identify the primary variation directions in brain
volumes. However, these methods derive FPCs from the func-
tional data alone, without considering the relationship between
functional features and other available variables such as the out-
come variable. Recently, some researchers considered supervised
FPCA methods to enhance prediction accuracy. For instance, Li
et al. [12] proposed a supervised sparse and functional princi-
pal component analysis method where additional information
across the dataset is incorporated into the analysis to yield more
interpretable FPCs. Zhang et al. [13] developed a supervised prin-
cipal component regression method, leveraging the relationship
between responses and functional predictors based on the inte-
grated residual sum of squares.

A specific challenge in brain imaging data analysis is the
irregularly shaped boundaries of brain images. Conventional
smoothing methods suffer from the problem of boundary leak-
age and hence have poor performance in terms of prediction
when used to smooth data over complex domains [14]. One
method to handle images with complex boundaries and/or
interior holes is partitioning the domain into triangular sections
and applying bivariate splines over these triangulations [15, 16].
Yu et al. [17] and Wang et al. [18] implemented such bivariate
splines in spatial statistical models. Additionally, Jiang et al. [19]
applied sFPCA over triangulation to mammogram imaging data
with complex boundaries, which addressed the complexities of
irregular boundaries effectively.

As for the second step of using the estimated FPCs/sFPCs in sur-
vival models, some statistical methods have been studied in the
literature. For example, Kong et al. [20] considered a functional
linear proportional hazards regression model to investigate the
relationship between the survival outcome and functional predic-
tors. Lee et al. [21] developed a Bayesian functional proportional
hazards model with application to the AD brain imaging data.
More recent studies by Jiang et al. [19, 22] have advanced this
field significantly. In 2023, they introduced an inverse-weighted
sFPCA method within a proportional hazards outcome model,
specifically designed for right-censored survival outcomes in
rectangular-shaped mammogram imaging data [22]. Jiang et al.
[19] further extended this approach to mammogram data with
irregular shapes. However, a notable limitation in these studies
is the assumption that all patients are susceptible to the events of
interest. This assumption restricts the applicability of their meth-
ods to mixture cure rate models, where a subset of patients are
considered insusceptible to the event (e.g., disease recurrence).
Addressing this gap could significantly enhance the utility of
FPCs and sFPCs in more complex survival models.

This paper makes several significant contributions to the field
of functional cure rate modeling and its application in brain
imaging data analysis. Firstly, we introduce an advanced func-
tional cure rate model that expands upon the proportional haz-
ards model. This new model uniquely accounts for a subset of
cured patients within the study population and investigates the
covariate effects on the cured proportion. Secondly, we address
the irregular boundary issue that is often encountered in brain
imaging data by employing bivariate splines over triangulation.
Thirdly, we propose an innovative supervised FPCA over trian-
gulation method to extract image-based features associated with
the failure time. Lastly, we apply the proposed method to brain
imaging data from the ADNI study, deriving new insights that
could have significant implications in the field. This practical
application demonstrates the utility and effectiveness of our pro-
posed method in a real-world context. The R code for the imple-
mentation of the method, together with a sample input dataset
and documentation, is available on GitHub https://github.com
/jiahfeng/sFPCAcure.

The rest of this paper is structured as follows. In Section 2,
we introduce the mixture cure rate model, discuss the bivariate
splines over triangulation, and propose a novel sFPCA method
to estimate the supervised FPCs with time-to-event outcomes.
In Section 3, we report the results from simulation studies. In
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Section 4, we provide an application to the ADNI dataset. Finally,
we conclude the paper with a few remarks.

2 | Methodology

2.1 | Functional Mixture Cure Rate Model

Let 𝑇 denote a nonnegative time-to-event outcome. Let 𝑿
denote a set of demographic variables. Also, let Ω be a bounded
two-dimensional domain of arbitrary shape, and 𝒔 = (𝑠1, 𝑠2) rep-
resent a particular point ∈ Ω ⊂ ℝ2. The imaging data can be rep-
resented as {𝑍(𝒔), 𝒔 ∈ Ω}. The mixture cure rate model assumes
that a fraction of subjects in the study are potentially cured. Under
the mixture cure rate model, the survival function of 𝑇 given the
covariates 𝑿 and imaging data 𝒁 is defined as

𝑆(𝑡|𝑿,𝒁) = 1 − 𝜋(𝑿,𝒁) + 𝜋(𝑿,𝒁)𝑆𝑢(𝑡|𝑿,𝒁) (1)

where 𝑆𝑢(𝑡|𝑿,𝒁) is the survival function of the uncured subjects,
and 𝜋(𝑿,𝒁) is the proportion of uncured subjects, which may
depend on (𝑿,𝒁).

Let 𝑅 denote the latent uncured status, that is, 𝑅 = 1 if the subject
is uncured and 𝑅 = 0 if otherwise. A logistic regression model is
assumed for the probability of being uncured 𝜋(𝑿,𝒁) = 𝑃 (𝑅 =
1|𝑿,𝒁) so that

𝜋(𝑿,𝒁) =
exp

{
𝜶T𝑿 + ∫Ω 𝜂(𝒔)𝑍(𝒔) d𝒔

}
1 + exp

{
𝜶T𝑿 + ∫Ω 𝜂(𝒔)𝑍(𝒔) d𝒔

} (2)

where 𝜶 is a vector of regression parameters, and 𝜂(⋅) is a coef-
ficient function for the imaging data. We propose to model the
survival function of the uncured group by the proportional haz-
ards assumption, which is in the form of

𝑆𝑢(𝑡|𝑿,𝒁) = 𝑆0(𝑡)exp{𝜷T𝑿+∫Ω 𝜁(𝒔)𝑍(𝒔) d𝒔} (3)

where 𝑆0(𝑡) = exp{−∫ 𝑡

0 ℎ0(𝑢)𝑑𝑢} with ℎ0(𝑡) being some unknown
baseline hazard function, 𝜷 is a vector of regression parameters,
and 𝜁 (⋅) is a coefficient function. Note that the demographic vari-
ables in the logistic regression model and the survival model are
not necessarily the same; here we use 𝑿 for both models to sim-
plify the notation.

Suppose that 𝑇 is possibly right-censored at 𝐶 , which is assumed
to be independent with 𝑇 given 𝑿 and 𝒁. Let 𝑌 = min(𝑇 , 𝐶)
and 𝛿 = 𝐼(𝑇 ≤ 𝐶), where 𝐼(⋅) is the indicator function. The
observed data from a random sample of 𝑛 subjects consist of
 = (𝑌𝑖, 𝛿𝑖,𝑿𝑖,𝒁 𝑖)𝑛𝑖=1.

Note that the observed imaging data 𝑍𝑖(𝒔) is actually a realization
of the stochastic process {𝑍(𝒔), 𝒔 ∈ Ω}. By the Karhunen-Loève
expansion [23], provided that𝒁 is a square-integrable process in
space with a continuous covariance function, this stochastic pro-
cess can be written as

𝑍(𝒔) = 𝜇(𝒔) +
∞∑

𝑘=1
𝜉𝑘𝜙𝑘(𝒔)

where 𝜇(𝒔) is the mean function, 𝜙𝑘(𝒔) is the 𝑘th basis func-
tion, and 𝜉𝑘 = ⟨𝒁 − 𝝁,𝝓𝑘⟩ = ∫

𝒔∈Ω{𝑍(𝒔) − 𝜇(𝒔)}𝜙𝑘(𝒔) d𝒔 is the

functional score between 𝒁 and 𝝓𝑘. The scores 𝜉𝑘 are assumed
to be uncorrelated with mean zero and variance 𝜎2

𝑘
. Without loss

of generality, we assume that 𝜇(𝒔) = 0. Typically, we can approx-
imate 𝑍(𝒔) using a relatively small number, say 𝐾 , of the leading
basis functions that correspond to the largest variances of their
respective scores. However, the selected basis functions, while
reflecting the variation in the functional data, may not be asso-
ciated with the time-to-event outcome 𝑌 .

To address this concern, we will first consider the estima-
tion of 𝑍(𝒔) using bivariate splines in Section 2.2. These
splines are constructed as piecewise polynomial functions over a
two-dimensional triangulated domain, which accommodates the
semicircular-shaped domain of brain images. Then in Section 2.3,
we develop the sFPCA method for the imaging data approxi-
mations over triangulations. The extracted functional features
will be ordered by the degree of association with both the
time-to-event outcome and the cure status. We illustrate how the
sFPCA method can be effectively integrated into survival analysis
frameworks.

2.2 | Bivariate Splines Over Triangulation

We consider using bivariate splines [16, 18] that are piece-
wise polynomial functions over a two-dimensional triangulated
domain to approximate the functional data 𝒁. This approach
can effectively handle imaging data with complex boundaries.
Specifically, we define a triangle 𝜈 as a convex hull of three
non-collinear points. A triangulation of a domain Ω is then
formed by a collection of triangles Δ = {𝜈1, . . . , 𝜈𝑁}. This trian-
gulation Ω=

⋃𝑁

𝑖=1𝜈𝑖 must satisfy the condition that the intersec-
tion of any two triangles in Δ is restricted to either a shared vertex
or a common edge. For a triangle 𝜈 ∈ Δ, let 𝒙1, 𝒙2, and 𝒙3 be the
vertices. Then, for any points 𝒙 ∈ ℝ2, we can write it in the form
of 𝒙 = 𝑏1𝒙1 + 𝑏2𝒙2 + 𝑏3𝒙3, where 𝑏1, 𝑏2, and 𝑏3 are the barycen-
tric coordinates of the point 𝒙 relative to 𝜈. Bernstein polynomials
of degree 𝑑 associated with the triangle 𝜈 are then defined as
𝐵𝜈,𝑑

𝑖𝑗𝑘
= (𝑑!∕𝑖!𝑗!𝑘!)𝑏𝑖

1𝑏
𝑗

2𝑏
𝑘
3, with 𝑖 + 𝑗 + 𝑘 = 𝑑. For a non-negative

integer 𝑟, let 𝐶𝑟(Ω) be the set of all functions that are 𝑟-times
continuously differentiable over Ω. Within a given triangulation
Δ, we define the spline space of degree 𝑑 and smoothness 𝑟 as
ℍ𝑟

𝑑
(Δ) = {ℎ ∈ 𝐶𝑟(Ω) ∶ ℎ|𝜈 ∈ ℙ𝑑 , 𝜈 ∈ Δ}, where ℎ|𝜈 is the poly-

nomial piece of spline ℎ on triangle 𝜈, and ℙ𝑑 is the space of
all polynomials with a degree less than or equal to 𝑑. Subse-
quently, for any triangle 𝜈 ∈ Δ, the polynomial piece of a spline ℎ

restricted on 𝜈 can be expressed as ℎ|𝜈 = ∑
𝑖+𝑗+𝑘=𝑑 𝛾𝜈

𝑖𝑗𝑘
𝐵𝜈,𝑑

𝑖𝑗𝑘
, where

𝜸𝜈 = {𝛾𝜈
𝑖𝑗𝑘

∶ 𝑖 + 𝑗 + 𝑘 = 𝑑} is the set of B-coefficients of ℎ on 𝜈.

Let 𝑩(𝒔) = (𝐵1(𝒔), . . . , 𝐵𝐾 (𝒔))T, 𝒔 ∈ Ω denote a set of degree 𝑑

bivariate Bernstein basis polynomials for ℍ𝑟
𝑑
(Δ), where 𝐾 is the

number of Bernstein basis polynomials. Then, for any function
ℎ ∈ ℍ𝑟

𝑑
(Δ), we can rewrite it in the form of basis expansion:

ℎ(𝒔) = 𝜸T𝑩(𝒔)

where 𝜸 = (𝛾1, . . . , 𝛾𝐾 )T is the vector of spline coefficients. Note
that 𝜸 should satisfy the constraint 𝑯𝜸 = 0 to ensure that the
smoothness conditions are met. In practice, we often define a
finite grid of pixels for the measurement of imaging data. Let
{𝒔𝑗 ∈ Ω, 𝑗 = 1, . . . , 𝐽} denote the set of pixel points. Given the
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dataset {𝒔𝑗 , 𝑍𝑖(𝒔𝑗), 𝑖 = 1, . . . , 𝑛, 𝑗 = 1, . . . , 𝐽}, the values of 𝜸 can
be estimated by solving the following minimization problem:

min
ℎ1 , . . . ,ℎ𝑛

𝑛∑
𝑖=1

𝐽∑
𝑗=1

{
𝑍𝑖(𝒔𝑗) − ℎ𝑖(𝒔𝑗)

}2 + 𝜆𝑖(ℎ𝑖) (4)

where 𝜆1, . . . , 𝜆𝑛 are nonnegative roughness penalty parame-
ters, and

(ℎ𝑖) =
∑
𝜈∈Δ

∫𝜈

∑
𝑝+𝑞=2

(
2
𝑝

)
(𝐷𝑝

𝑠1
𝐷𝑞

𝑠2
ℎ𝑖)2 d𝑠1d𝑠2

where 𝐷
𝑞
𝑠1
ℎ(𝒔) is the 𝑞th order of derivative of ℎ along the direc-

tion of 𝑠1 with 𝒔 = (𝑠1, 𝑠2).

2.3 | Supervised FPCA With Mixture Cure Rate
Model

Using bivariate splines over triangulation, we can approximate
𝑍𝑖(𝒔) with 𝜸T

𝑖
𝑩(𝒔) by solving (4). However, this spline-based

method does not take the relationship between the basis func-
tions and the time-to-event outcome into consideration. To
address this problem, we consider the method of sFPCA, which
aims to identify a set of orthonormal basis functions 𝝓 =
(𝝓1,𝝓2, . . . ), with ||𝝓|| = 1 and ⟨𝝓𝑘,𝝓𝑘′⟩ = 0 for 𝑘 < 𝑘′, to maxi-
mize the following objective function

𝑄(𝝓) =
𝜃var(⟨𝒁,𝝓⟩) + (1 − 𝜃)cov2{log(𝑌 ), ⟨𝒁,𝝓⟩}||𝝓||2 (5)

for 0 < 𝜃 ≤ 1. The second term in the numerator represents the
association between the projection of 𝒁 onto the basis functions
and the outcome 𝑌 . When 𝜃 = 1, the above problem reduces to
the standard FPCA approach. The optimal value of 𝜃 can be deter-
mined through cross-validation, which is conducted over a finite
grid of candidate values. The selection criterion for 𝜃 is to maxi-
mize the prediction accuracy of the model.

When the outcome variable is possibly right-censored, Jiang et al.
[22] proposed a method that adjusts the covariance between
observed survival times and functional scores by applying inverse
probability of censoring weights (IPCW) to account for right cen-
soring. Specifically, for the 𝑖th subject, the IPCW can be written as

𝜔𝑖 =
𝛿𝑖

𝐺{log(𝑌𝑖)}

where 𝐺(𝑡) = 𝑃 {(log(𝐶) > 𝑡} is the Kaplan–Meier estimate
[24] of the survival function for censoring times. Let 𝝎 =
(𝜔1, . . . , 𝜔𝑛)T denote the vector of IPCW. To estimate the
covariance term, we first compute the weighted average of
log-transformed survival time, denoted by 𝑌 = 1

𝑛

∑𝑛

𝑖=1𝜔𝑖 log(𝑌𝑖).
The covariance between the log-transformed survival times and
the projection of the imaging data onto the basis functions can
then be estimated by

cov{log(𝑌 ), ⟨𝒁,𝝓⟩} = 1
𝑛

𝑛∑
𝑖=1

𝜔𝑖⟨𝒁 𝑖,𝝓⟩{log(𝑌𝑖) − 𝑌 }

Next, we introduce an eigenvalue decomposition method to
optimize the objective function (5) in solving for 𝝓. Suppose that

each basis function 𝜙𝑘(𝒔) can be expressed as a linear combina-
tion of the bivariate Bernstein polynomials, specifically 𝒃T

𝑘
𝑩(𝒔),

where 𝒃𝑘 = (𝑏𝑘,1, . . . , 𝑏𝑘,𝐾 )T. The empirical score for the 𝑖th sub-
ject can be written as ⟨𝒁 𝑖,𝝓⟩ = 𝒃T𝑴𝜸𝑖, where 𝒃 = (𝒃1, . . . , 𝒃𝐾 )T

and 𝑴 is a 𝐾 ×𝐾-matrix with 𝑴(𝑘, 𝑘′) = ⟨𝑩𝑘,𝑩𝑘′⟩. Then we
can estimate the variance of score by 1

𝑛
𝒃T𝑴𝜸T𝜸𝑴𝒃 with 𝜸 =

(𝜸1, . . . , 𝜸𝑛)T. Similarly, the covariance term can be estimated
by 1

𝑛
𝒃T𝑴𝜸(𝒀 ∘𝝎), where 𝒀 = (log(𝑌1) − 𝑌 , . . . , log(𝑌𝑛) − 𝑌 )T and

𝒙 ∘ 𝒚 is the element-wise multiplication between vectors 𝒙 and 𝒚.

With the above estimates, the objective function (5) becomes

𝑄(𝝓) = 𝒃T𝑼𝒃

𝒃T𝑴𝒃
(6)

where 𝑼 = 𝜃

𝑛
𝑴𝜸T𝜸𝑴 + 1−𝜃

𝑛2 𝑴𝜸T(𝒀 ∘𝝎)(𝒀 ∘𝝎)T𝜸𝑴T. The
maximization of the function (6) is conducted through
eigenvalue decomposition. Let 𝒂 =𝑴1∕2𝒃, and we maximize
𝒂T(𝑴−1∕2)T𝑼𝑴−1∕2𝒂 subject to the constraint 𝒂T𝒂 = 𝑰 . We can
estimate𝒂1, . . . ,𝒂𝐾∗ by finding the leading 𝐾∗ eigenvectors of the
matrix (𝑴−1∕2)T𝑼𝑴−1∕2. Then we can estimate 𝒃̂𝑘 =𝑴−1∕2𝒂𝑘,
and consequently 𝜙𝑘(𝒔) = 𝒃̂

T
𝑘
𝑩(𝒔) for 𝒔 ∈ Ω and 𝑘 = 1, . . . , 𝐾∗.

To determine an appropriate value of 𝐾∗, we compare the pre-
dictive performance of models utilizing different numbers of
basis functions. The objective is to identify an optimal balance
between model complexity and predictive performance.

Under the framework of sFPCA, the functional score for the
𝑖th imaging data can be obtained by the inner product 𝜉𝑖,𝑘 =⟨𝒁̂ 𝑖, 𝝓̂𝑘⟩, 𝑘 = 1, . . . , 𝐾∗. Since 𝑍𝑖(𝒔) can be approximated by
𝜸̂

T
𝑖
𝑩(𝒔) for 𝒔 ∈ Ω, the inner product can be estimated by∑𝐽

𝑗=1𝜸̂
T
𝑖
𝑩(𝒔𝑗)𝜙𝑘(𝒔𝑗) for large enough 𝐽 . With the estimated scores

𝝃̂𝑖 = (𝜉𝑖,1, . . . , 𝜉𝑖,𝐾∗ )T, the probability of being uncured and the
survival function of the uncured group for subject 𝑖, 𝑖 = 1, . . . , 𝑛

at time 𝑡 can be written as

𝜋(𝑿𝑖,𝒁 𝑖) =
exp(𝜶𝑇𝑿𝑖 + 𝜼T𝝃̂𝑖)

1 + exp(𝜶𝑇𝑿𝑖 + 𝜼T𝝃̂𝑖)
,

𝑆𝑢(𝑡|𝑿𝑖,𝒁 𝑖) = 𝑆0(𝑡)exp(𝜷T𝑿𝑖+𝜻T 𝝃̂𝑖)

where 𝜼 = (𝜂1, . . . , 𝜂𝐾∗ )T and 𝜻 = (𝜁1, . . . , 𝜁𝐾∗ )T are the vectors of
regression coefficients for the logistic regression model and sur-
vival model, respectively. The parameters of interest (𝜶, 𝜼, 𝜷, 𝜻)
can be estimated by the expectation-maximization algorithm [25]
based on the observed data and estimated scores. Under such
a cure rate model, standard errors for the estimated parameters
can be obtained through random bootstrap sampling. The inter-
val estimate of the cure probability of a certain subject can be
constructed by plugging in the bootstrapped samples of the esti-
mated parameters into the logistic function in (2). It is worth
noting, however, due to the fact that the sFPC scores are intrin-
sically correlated with the outcomes, we do not have a “true”
coefficient value for their estimated regression coefficient to com-
pare against, except for cases where 𝜃 = 0. In the Supporting
Information, we discuss the details of constructing the confi-
dence interval and conduct a numerical study to verify the cov-
erage probabilities of the interval estimate obtained via bootstrap
for the case where 𝜃 = 0.

Under the proposed method, the same set of survival data is used
to estimate the sFPC and to subsequently fit the mixture cure rate
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model with the estimated sFPC scores. This is a standard way of
performing sFPCA and model estimation in the literature; see,
for example, the methodologies described in Jiang et al. [19, 22]
which involve using sFPC scores under a proportional hazards
model. Such a double use of data is in a similar vein to the idea of
partial least square regression, where the latent components that
capture the covariance in the response and the dependent vari-
ables are extracted first and then a regression model is built using
these components as predictors to predict the response variable.
Furthermore, to avoid over-optimism, we utilize a 5-fold nested
cross-validation procedure. Within each of the primary folds, a
secondary level of 5-fold cross-validation is performed specifi-
cally for selecting the tuning parameter 𝜃 with fine increments
on the grid (0, 1], and the primary cross-validation is used to
objectively evaluate the model performance in an independent
held-out sample.

3 | Simulation Studies

We conducted a large-scale simulation study to investigate
the finite-sample performance of the proposed method. We
simulated 𝐾 = 3 two-dimensional basis functions, denoted as
𝝍 = (𝝍1,𝝍2,𝝍3)T, by tensor products of orthogonal Legendre
polynomials basis functions over the domain [0, 1] × [0, 1] under
the resolution of 40 × 40. Approximately 60% of the pixels were
located within the semicircular-shaped domain Ω. The plots of
all three basis functions are presented in Figure 1. We further
simulated the individual-specific scores 𝝀𝑖 = (𝜆𝑖,1, 𝜆𝑖,2, 𝜆𝑖,3)T for
each subject 𝑖, with a mean vector of 𝟎 and a covariance matrix
given by diag(10, 8, 4). Given the orthogonal basis functions and
scores, the individual-specific images were generated from the
following model:

𝑍𝑖(𝒔) = 𝜇(𝒔) +
3∑

𝑘=1
𝜆𝑖,𝑘𝜓𝑘(𝒔), 𝒔 ∈ Ω

where 𝜇(𝒔) = 0 without loss of generality.

We modeled the probability of being uncured with the following
logistic regression model:

𝜋(𝒁 𝑖) =
exp

[
𝑍0 + ∫

𝒔∈Ω 𝑐(𝒔){𝑍𝑖(𝒔) − 𝜇(𝒔)}d𝒔
]

1 + exp
[
𝑍0 + ∫

𝒔∈Ω 𝑐(𝒔){𝑍𝑖(𝒔) − 𝜇(𝒔)}d𝒔
]

We further considered a proportional hazards model for the
uncured group such that the hazard function is

ℎ𝑖(𝑡) = ℎ0(𝑡) exp
[
∫𝒔∈Ω 𝑐(𝒔){𝑍𝑖(𝒔) − 𝜇(𝒔)}d𝒔

]
We considered two settings for the coefficient function 𝑐(𝒔). In
Setting 1, we set 𝑐(𝒔) = 10𝜓3(𝒔), such that the probability of being
uncured and the hazard over time for the uncured group only
depend on the third basis function. In Setting 2, we set 𝑐(𝒔) =
𝜓1(𝒔) + 2𝜓2(𝒔) + 8𝜓3(𝒔). This made the uncured probability and
hazard rate associated with a linear combination of all three
basis functions. For the baseline hazard function, we assumed
a Weibull distribution ℎ0(𝑡) = 𝜅𝜌(𝜌𝑡)𝜅−1 with 𝜅 = 2 and 𝜌 = 0.16.
The censoring times were generated by a uniform distribution
between 0 and 𝐶 . We considered two sets of censoring and cure
rates. The first scenario involves a censoring rate of approximately
45% coupled with a cure rate of 20%, which implies that around
25% of uncured patients were censored. The second scenario is
a censoring rate of 25% with a cure rate of 10%, indicating that
about 15% of uncured patients were censored. The above settings
can be achieved by adjusting the values of 𝐶 and 𝑍0.

For each setting, we set the sample size as 400. Among the
dataset, a random split was made wherein 300 individuals
were allocated for training the model and the remaining 100 were
used for validation to avoid over-optimism. Within the training
dataset, the tuning parameter 𝜃 in (5) was chosen by conducting
a 5-fold cross-validation over a grid ranging from 0.001 to 1, with
incremental steps of 0.111. Specifically, the training dataset was
divided into 𝐹 = 5 folds, denoted by 𝑑1, . . . , 𝑑𝐹 , each containing
an approximately equal number of subjects. For each iteration
of the cross-validation, we take 𝐹 − 1 folds as the training set
and the remaining one as the validation set. The predictive per-
formance is assessed by the integrated area under the receiver
operating characteristic (ROC) curve (AUC) [26].

In addition, we include the simulation results with conven-
tional FPCA to illustrate the superiority of our proposed method.
Figures 2 and 3 display the results of both the sFPCA and
FPCA methods under Setting 1 with censoring rates of 45%
and 25%, respectively, considering scenarios with one and two
FPCs/sFPCs. We observe that sFPCA consistently achieves a

FIGURE 1 | Illustrations of the true basis functions used in the simulation study. [Colour figure can be viewed at wileyonlinelibrary.com]
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FIGURE 2 | Boxplots for the estimated AUC under FPCA and supervised FPCA with one and two FPCs/sFPCs, respectively, under a censoring rate
of 45% in simulation. [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 3 | Boxplots for the estimated AUC under FPCA and supervised FPCA with one and two FPCs/sFPCs, respectively, under a censoring rate
of 25% in simulation. [Colour figure can be viewed at wileyonlinelibrary.com]

higher AUC value under the mixture cure rate model compared
to conventional FPCA, regardless of the number of FPCs/sFPCs
used in the model. Note that an increase in the number of
FPCs utilized leads to improved performance for the conven-
tional FPCA. This is probably because more variations contained
in the imaging data are captured with more FPCs. Under Setting
2, where the coefficient function 𝑐(𝒔) is a linear combination of all
three basis functions, the results are analogous to those observed
in Setting 1. The proposed method demonstrates superior perfor-
mance over the conventional FPCA in terms of AUC.

Figures S1 and S2 contrast the first and second sFPC’ with FPCs
under a censoring rate of 45%. This comparison is conducted
against the true basis function 𝝍3 from a randomly selected

simulation run under Setting 1. It is apparent that the first sFPC
obtained from the proposed method closely aligns with the true
underlying basis function, while the first FPC does not capture
all the variations contained in the basis function.

4 | Alzheimer’s Disease Neuroimaging
Initiative Data Analysis

We applied the proposed method to the ADNI dataset [2], which
contains MRI imaging data of 1724 subjects at baseline. The sub-
jects’ demographic information, including sex and age at the first
scan, are available. The diagnosis of each subject is classified
into three categories: cognitively normal (CN), mild cognitive
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impairment (MCI), and Alzheimer’s disease (AD). Each subject
underwent periodic examinations and re-diagnoses around every
6 months during the first 2 years and subsequently every 12
months until the end of their follow-up periods. In this study,
a subject is considered to be low-risk (cured) if the subject was
diagnosed with either CN or MCI at the end of follow-up, to be
an event if the subject was diagnosed with AD before the end of
follow-up. Note that all low-risk subjects are right-censored. In
this analysis, we focused on 1299 subjects for whom MRI imaging
data were available at baseline. Individuals diagnosed with AD at
the beginning of the study were excluded. Out of the 1299 sub-
jects, 297 were diagnosed with AD before the end of the follow-up
period, which is about 23% of the patients under study. The age
distribution of the subjects is illustrated in the histogram shown
in Figure S3, with an average age of 73.53 years. The average
follow-up time is 36.65 months.

The MRI scans from the ADNI study need to undergo a series
of preprocessing steps to ensure that the images are all recon-
structed into the same stereotaxic space for consistency. We reg-
ister all the scans affinely using the same template based on pro-
cessing pipelines on FreeSurfer version 5.3.0, the details of which
can be found in Ma et al. [27]. Such a pipeline helps to achieve
uniform isotropic resolution, that is, the slices extracted from
each scan correspond to the same anatomical brain regions and
can be interpreted consistently. We select the middle slide among
all the slices because it contains several important brain regions
that are known to be associated with Alzheimer’s disease progres-
sion, for example, the ventricle, hippocampus, and neocortex,
and so forth. Such a strategic anatomical positioning allows us
to associate any magnitude in values in the coefficient functions
with the key brain regions for further qualitative analysis.

We aimed to use the baseline brain imaging data as functional
data to predict the time to disease progression to AD. In addi-
tion to the functional data, the patient’s sex and age at enrollment
were included in the model. The probability of not being cured

was modeled by the following logistic regression model:

𝜋𝑖 =
exp

[
𝛼0 + 𝛼1age𝑖 + 𝛼2sex𝑖 + ∫

𝒔∈Ω 𝑐(𝒔){𝑍𝑖(𝒔) − 𝜇(𝒔)}d𝒔
]

1 + 𝑒𝑥𝑝
[
𝛼0 + 𝛼1age𝑖 + 𝛼2sex𝑖 + ∫

𝒔∈Ω 𝑐(𝒔){𝑍𝑖(𝒔) − 𝜇(𝒔)}d𝒔
]

≈
exp

(
𝛼0 + 𝛼1age𝑖 + 𝛼2sex𝑖 + 𝜼T𝝃̂𝑖

)
1 + exp

(
𝛼0 + 𝛼1age𝑖 + 𝛼2sex𝑖 + 𝜼T𝝃̂𝑖

)
where the coefficient function 𝑐(𝒔) represents the effect of brain
imaging data 𝑍𝑖(𝒔) on the uncured probability. Given that 𝑍𝑖(𝒔) =
𝜇(𝒔) +

∑𝐾∗

𝑘=1𝜉𝑖,𝑘𝜙𝑘(𝒔), 𝒔 ∈ Ω with 𝜙𝑘(𝒔) being the basis function
over the triangulation, we can write the coefficient function in
the form of 𝑐(𝒔) =

∑𝐾∗

𝑘=1𝜂𝑘𝜙𝑘(𝒔), where 𝜼 = (𝜂1, . . . , 𝜂𝐾∗ )T is the
vector of coefficients corresponding to the first 𝐾∗ supervised
scores. Similarly, the proportional hazards model for the uncured
group is

ℎ𝑖(𝑡) = ℎ0(𝑡) exp
(
𝛽1age𝑖 + 𝛽2sex𝑖 + 𝜻T𝝃̂𝑖

)
where 𝜻 = (𝜁1, . . . , 𝜁𝐾∗ )T is a vector of coefficients for the first 𝐾∗

supervised scores.

We employed two different triangulations for partitioning the
irregular region of the brain image, resulting in configurations
of 33 and 53 triangles, respectively, as shown in Figure 4. Each
triangle utilizes a degree 3 polynomial Bernstein basis function.

The brain imaging data and coefficient functions were esti-
mated as a linear combination of the bivariate spline basis func-
tions over triangulation. To avoid over-optimism, a 5-fold nested
cross-validation was conducted. Within each of the primary folds,
a secondary level of 5-fold cross-validation was performed specif-
ically for selecting the tuning parameter 𝜃 with fine increments
on the grid (0, 1]. To determine the optimal number of sFPCs,
denoted as 𝐾∗, we repeatedly fitted the model with incrementally
increasing values of 𝐾∗ until no significant improvement in AUC

FIGURE 4 | Illustrations of the triangulation grid used for the ADNI dataset with irregular boundary. [Colour figure can be viewed at
wileyonlinelibrary.com]
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FIGURE 5 | The estimated AUC under supervised FPCA with different numbers of sFPCs in the ADNI study.

TABLE 1 | Estimated AUC with the standard error in parentheses,
under the 5-fold cross-validation with the benchmark model, and the
inclusion of conventional and supervised FPC scores in the ADNI study.

Triangulation Benchmark sFPCA FPCA

33 0.542 (0.023) 0.645 (0.031) 0.640 (0.033)
53 0.542 (0.023) 0.645 (0.029) 0.639 (0.031)

was observed. Figure 5 presents the estimated AUC values under
the proposed method with the number of sFPCs ranging from 1
to 15. Based on this result, we opted for 𝐾∗ = 2.

For comparison, we have also included the results under conven-
tional FPCA and the results computed with only the demographic
variables, specifically baseline age and sex. Note that the latter
can be viewed as the benchmark, which serves as a reference to
evaluate the benefits of integrating function data into the model.
The results are summarized in Table 1. The performance remains
consistent across both triangulations. Both the sFPCA and con-
ventional FPCA achieved higher AUC values compared with that
of the benchmark study. The sFPCA method retained the best
predictive performance in terms of AUC. This suggests that the
addition of functional scores can provide complementary infor-
mation to the established risk factors for AD.

The coefficient function in the proportional hazards model can be
formulated as

∑𝐾∗

𝑘=1𝜁𝑘𝜙𝑘(𝒔), which can be interpreted as the effect
of the brain MRI image at a specific location 𝒔 ∈ Ω on the hazard
function. Similarly, in the logistic regression model, the coeffi-
cient function

∑𝐾∗

𝑘=1𝜂𝑘𝜙𝑘(𝒔) characterizes the image effects on the
probability of a subject being uncured. Figures 6 and 7 display the
estimated coefficient functions of the ADNI dataset under sFPCA
and FPCA with 33 and 53 triangles, respectively. The top row,
showcasing results from sFPCA, and the bottom row, displaying
results from FPCA, each contain two panels. The left panels rep-
resent the estimated coefficient functions in the proportional haz-
ards model, highlighting the regions of the brain that significantly

impact survival outcomes. The right panels show the estimated
coefficient functions in the logistic regression model, identify-
ing areas of the brain associated with the logistic components
of the model. The coefficient functions exhibit negative values
in the red regions and positive values in the blue regions. Note
that the coefficient functions estimated under sFPCA demon-
strate more complex boundary delineations between red and blue
regions compared to those estimated under FPCA. While there
are areas of overlap in the effects represented by both methods,
the magnitudes of these effects vary. As shown in Figures 6 and 7,
the estimated coefficient function 𝜂(s) in the logistic regression
model (right panel) from sFPCA has a darker contrast in the
central region (as compared with FPCA), which roughly coin-
cides with the ventricle region. The increase in the size of the
ventricle is known to be strongly linked with cognitive decline
and dementia as a result of brain atrophy. An enlargement of
the ventricle region has been proven to be a key indicator for
AD risks [28, 29].

5 | Discussion

In this paper, we propose an sFPCA method to extract important
features from high-dimensional imaging data within the context
of a mixture cure rate model. This study primarily focuses on cap-
turing the variability in brain images among different patients.
By extracting image-based features and incorporating them into
survival analysis, we aim to improve the accuracy of risk pre-
diction. To address the challenges posed by the irregular shapes
commonly encountered in imaging data, we employ piecewise
polynomial bivariate splines over triangulation. Additionally, we
implement the IPCW technique to refine the objection functions,
thereby accounting for the missing information contained in the
censored outcomes.

One limitation of the ADNI study is the short follow-up period: on
average, the median follow-up time is 24 months for AD patients
and 48 months for CN/MCI patients. This will prevent a plateau
from being observable in the data. Under such cases, we may
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FIGURE 6 | The estimated coefficient functions under sFPCA (first row) and FPCA (second row) for a randomly chosen fold within cross-validation
with 33 triangles. Left panel: the estimated coefficient function 𝜁 (𝒔) in the proportional hazards model. Right panel: the estimated coefficient function
𝜂(𝒔) in the logistic regression model. [Colour figure can be viewed at wileyonlinelibrary.com]

still apply a cure rate model under the assumption that some
individuals have inherently significantly lower risk of develop-
ing AD. Various avenues of research suggest the existence of a
low-risk subgroup among the MCI/CN population, and a cure
rate model can serve as a valuable tool for identifying and under-
standing such a subgroup.

Our work can be extended in several directions. Firstly, one
may be interested in extending our method to high-dimensional
longitudinal imaging data. For instance, in datasets like the
ADNI, patients undergo multiple MRI scans over the follow-up
period. Fully leveraging these longitudinal imaging data can
enhance the discrimination power of our model, particularly
in identifying individuals at higher risk of disease progression.
For such data, an approach building upon multivariate FPCA,

as discussed in Li and Luo [30], may be useful. Secondly, our
method can be extended to accommodate a population consist-
ing of multiple sub-groups. For diseases like AD, subjects may
present different trajectories, including progression to AD, sta-
bility in their condition, or the development of other types of
neurodegenerative diseases. In such situations, we may consider
a latent-class model [31] to capture the heterogeneous nature
of AD. Such models assume that the population consists of sev-
eral subgroups, each described by a distinct regression model.
For instance, Wu et al. [32] and You et al. [33] considered a
logistic-Cox mixture model for analyzing lung cancer and ovar-
ian cancer datasets, respectively. This modeling approach allows
for a more nuanced understanding of the different progression
patterns within AD, highlighting the complex nature of its devel-
opment and progression.
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FIGURE 7 | The estimated coefficient functions under sFPCA (first row) and FPCA (second row) for a randomly chosen fold within cross-validation
with 53 triangles. Left panel: the estimated coefficient function 𝜁 (𝒔) in the proportional hazards model. Right panel: the estimated coefficient function
𝜂(𝒔) in the logistic regression model. [Colour figure can be viewed at wileyonlinelibrary.com]
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