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Theorem 1. For any given value of M

{ψ̂1, . . . , ψ̂M} = arg min
1

n

n∑
i=1

(∫
[xi(t)−

M∑
m=1

αmiψm(t)]2dt

)
, (1)

subject to 〈ψi, ψj〉 = δij. Then ψ̂1, . . . , ψ̂M are the first M eigenfunctions of K̂(s, t) =

1
n

∑
i=1[xi(s)xi(t)] and αki = 〈xi, ψk〉.

Proof. We start with M = 1, then the problem above becomes

ψ̂1 = arg min
1

n

n∑
i=1

(∫
[xi(t)− α1iψ1(t)]2dt

)
,

subject to ||ψ1||2 = 1. For every xi(t), we can express it as xi(t) = 〈xi, ψ1〉ψ1(t) + ηi(t), in

which ηi ⊥ ψ1.

1

n

n∑
i=1

(∫
[xi(t)− α1iψ1(t)]2dt

)
=

1

n

(∫
[〈xi, ψ1〉ψ1(t) + ηi(t)− α1iψ1(t)]2dt

)
=

1

n

n∑
i=1

(∫
[(〈xi, ψ1〉 − α1i)ψ1(t) + ηi(t)]

2dt

)
=

1

n

n∑
i=1

∫ [
(〈xi, ψ1〉 − α1i)ψ1(t)

]2

dt+
1

n

n∑
i=1

∫
η2
i (t)dt
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The first term is minimized when α1i = 〈xi, ψ1〉 and the second term is minimized only

when ψ1(t) is the first eigenfunction of K̂(s, t). This is because

1

n

n∑
i=1

(∫
[xi(t)− 〈xi, ψ1〉ψ1(t)]2dt

)
=

1

n

n∑
i=1

(∫
xi(t)

2dt− 2

∫
〈xi, ψ1〉xi(t)ψ1(t)dt+ 〈xi, ψ1〉2

∫
ψ2

1(t)dt

)
=

1

n

n∑
i=1

∫
x2
i (t)dt−

1

n

n∑
i=1

〈xi, ψ1〉2

=
1

n

n∑
i=1

∫
x2
i (t)dt−

1

n

n∑
i=1

∫
xi(t)ψ1(t)dt

∫
xi(s)ψ1(s)ds

=
1

n

n∑
i=1

∫
x2
i (t)dt−

1

n

n∑
i=1

∫ ∫
xi(t)ψ1(t)xi(s)ψ1(s)dsdt

=
1

n

n∑
i=1

∫
x2
i (t)dt−

∫ ∫
ψ1(t)K̂(s, t)ψ1(s)dsdt.

We can easily see that the second term is maximized when ψ1(t) is the first eigenfunction

of K̂(s, t) .

WhenM > 1, we can write each xi(t) =
∑M

m=1〈xi, ψm〉ψm(t)+ηi(t) and ηi ⊥ span{ψ1, . . . , ψM}.

Following the same strategy, we can first show that αmi = 〈xi, ψm〉. Then the problem be-

comes minimizing

1

n

n∑
i=1

(∫ [
xi(t)−

M∑
m=1

〈xi, ψm〉ψm(t)

]2

dt

)
=

1

n

n∑
i=1

∫
x2
i (t)dt−

M∑
m=1

∫ ∫
ψm(t)K̂(s, t)ψm(s)dsdt,

which is equivalent to maximizing the second term. It is only when ψ̂1, . . . , ψ̂K are the first

K leading eigenfunctions of the sample covariance function K̂(s, t) that the second term is

maximized.

Let the Mercer expansion with kernel K(s, t) = EX(s)X(t) of the stochastic process

X(t) be {λk, ψ0
k : k = 1, 2, · · · }. That is, there are r.v. ak’s and square integrable functions

ψ0
k’s on [0, 1] such that X(t) =

∑
akψ

0
k(t). We observe that Eakal = λkδkl with the λi’s

positive and strictly decreasing.

Assumption A0:
∑

k Ea
4
k <∞, ψ0

k(t) < M for all t ∈ [0, 1] and each k = 1, 2, · · · .

Assumption A1: The parameter set Θ = {((αi), (βk)) ∈ C00 ⊕ B`2} is manageable (?),

where C00 = {(ci) : |ci| < M for finite many i′s and other c′is are 0 for some constant M}

and B`2 = {(bi) :
∑
|bi|2 ≤ 1}.
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Lemma 1. Let A = [aij] be an n× p matrix, r ≤ min(n, p), and define Ã =
∑r

i=1 αi⊗βi,

where αi and βi are the r left and r right singular eigenvectors of A, i.e., the eigenvectors

of AA> and A>A, respectively. Then the Frobenius norm of A − B, where B is an n × p

matrix of rank r, is minimized when B = Ã.

Proof. By singular value decomposition of A, we can write A =
∑min(n,p)

k=1 dkuk ⊗vk, where

(uk)nk=1 and (vk)pk=1 are orthogonal basis in Rn and Rp. Hence A −
∑r

i=1 αi ⊗ βi has

minimum squared Frobenius norm
∑min(n,p)

i=r+1 d2
i with minimizing αi = diui and βi = vi.

Given sparse observations of functional data yij = xi(tij) + εij, where the observation

times tij, j = 1, . . . , ni, for subject i are uniformly drawn from [0, 1], recall the objective

function

Ln(α, ψ) =
1

n

n∑
i=1

1

ni

ni∑
j=1

[yij − αiψ(tij)]
2

where α = (αi) ∈ Rn and ψ(t) is a function on [0, 1] with constraint
∫ 1

0
ψ2(t)d t = 1.

Theorem 3. Under assumptions A0-A1, if (ψ̂(t), [α̂i, i = 1, . . . , n]) jointly minimize Ln,

then as n → ∞, ‖|ψ̂ − ψ0
1‖| → 0 in probablity, and n−1

∑n
i=1 α̂i →< ψ0

1, E(X) >. Every

theorem must be numbered by hand.

Proof. Since Ψ0 := {ψ0
k : k = 1, 2, · · · } is a complete orthonormal system in L2[0, 1],

we represent ψ(t) as ψ(t) = βTΨ0 for coefficient vector β = (βi). We also represent

xi(t) =
∑∞

k=1 aikψ
0
k(t) for i = 1, · · · , n, then the objection function in Equation (3) of the

main manuscript becomes

Ln(α,β) =
1

n

n∑
i=1

1

ni

ni∑
j=1

[yij − αiψ(tij)]
2

=
1

n

n∑
i=1

∞∑
k=1

(aik − αiβk)2mikk +
∑
k 6=l

(aik − αiβk)(ail − αiβl)mikl

+
−2

n

n∑
i=1

∞∑
k=1

(aik − αiβk)
1

ni

ni∑
j=1

εijψ
0
k(tij)

+
1

n

n∑
i=1

1

ni

ni∑
j=1

ε2ij
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where mikl = 1
ni

∑ni

j=1 ψ
0
k(tij)ψ

0
l (tij). Note that, since tij are uniformly drawn from [0, 1],

Emikl =
1

ni

ni∑
j=1

∫ 1

0

[ψ0
k(tij)ψ

0
l (tij)] dtij = δkl.

We will show that

Ln(α,β) =
1

n

n∑
i=1

∞∑
k=1

(aik − αiβk)2 + oP (1; Θ) + σ2,

By LLN,
1

n

n∑
i=1

1

ni

ni∑
j=1

ε2ij = σ2 + oP (1; Θ).

where oP (1; Θ) is some random quantity uniformly small over the parameter set Θ in

probability. In order to show

1

n

n∑
i=1

∞∑
k=1

(aik − αiβk)2mikk −
1

n

n∑
i=1

∞∑
k=1

(aik − αiβk)2 = oP (1; Θ),

1

n

n∑
i=1

∑
k 6=l

(aik − αiβk)(ail − αiβl)mikl = oP (1,Θ),

and
−2

n

n∑
i=1

∞∑
k=1

(aik − αiβk)
1

ni

ni∑
j=1

εijψ
0
k(tij) = oP (1; Θ);

we check Pollard’s ULLN conditions∑
i

E{sup
Θ

∞∑
k=1

(aik − αiβk)2mikk}2/i2 <∞

∑
i

E{sup
Θ

∑
k 6=l

(aik − αiβk)(ail − αiβl)mikl}/i2 <∞

∑
i

E{sup
Θ

∞∑
k=1

(aik − αiβk)
1

ni

ni∑
j=1

εijψ
0
k(tij)}2/i2 <∞.

By the boundedness of the eigenfunction ψ0
k and Cauchy-Schwartz inequality, it suffices

to check

E{sup
Θ

∞∑
k=1

(aik − αiβk)2}2 <∞.

which follows from assumptions A0-A1. If we denote

α̃n, β̃n = arg minMn ≡ arg min
1

n

n∑
i=1

∞∑
k=1

(aik − αiβk)2
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then

α̂n = α̃n + oP (1; Θ); β̂n = β̃n + oP (1; Θ)

By the law of large numbers,

1

n

n∑
i=1

aikail → Eaikail = λkδkl.

With A = ( 1√
n
aik)k=1,··· ,∞

i=1,...,n , and (ATA)ij → λkδkl,

‖ATA− diag[λ1, · · · , λp]‖F → 0.

Hence the eigenvectors (uk) of ATA converges to those of diag[λ1, · · · , λp]; and the

eigen-vectors {vk} of AAT are vk = ATuk, which will converges to the columns of A in

the space c00 of finitely support sequencer equipped with the `2 norm. Hence the estimate

(α̃i), the first eigen-vector of AAT , will converge to the first column of A in `2 norm:

( 1√
n
α̃i)− ( 1√

n
ai1) converge to 0 in `2. Also, β̃ converges to e1, the first unit vector. Hence

ψ̂(t) := β̂
(R)

n Ψ0(t) converges to ψ0
1(t) in L2[0, 1], and 1

n

∑n
i=1 α̂i → Eai1.

Theorem 2. The estimators {ψ̂k : k = 2, 3, · · · } as obtained in Section 3.2 of {ψ0
k : k =

2, 3, · · · } are consistent in L2(0, 1).

Proof. Since the estimates (α̂i) and (β̂k) are such that

1

n

n∑
i=1

1

ni

ni∑
j=1

[(ai1ψ
0
1(tij)− α̂iψ̂1(tij)]

2 = oP (1)

hence we can rewrite the model as

yij − α̂iψ̂1(tij) =
∞∑
k=2

aikψ
0
k(tij) + oP (1),

by the same argument as in the proof of Theorem 1, the proof is complete.
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