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Abstract Elimination of nuisance parameters is a central
but difficult problem in statistical inference. We propose the
parameter cascading method to estimate statistical models
that involve nuisance parameters, structural parameters, and
complexity parameters. The parameter cascading method
has several unique aspects. First, we consider functional
relationships between parameters, quantitatively described
using analytical derivatives. These functional relationships
can be explicit or implicit, and in the latter case the Im-
plicit Function Theorem is applied to obtain the required
derivatives. Second, we can express the gradients and Hes-
sian matrices analytically, which is essential for fast and sta-
ble computation. Third, we develop the unconditional vari-
ance estimates for parameters, which include the uncertainty
coming from other parameter estimates. The parameter cas-
cading method is demonstrated by estimating generalized
semiparametric additive models (GSAMs), where the re-
sponse variable is allowed to be from any distribution. The
practical necessity and empirical performance of the param-
eter cascading method are illustrated through a simulation
study, and two applied example, one on finding the effect of
air pollution on public health, and the other on the manage-
ment of a retirement fund. The results demonstrate that the
parameter cascading method is a good alternative to tradi-
tional methods.
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1 Introduction

Many statistical models have some parameters not of direct
interest, which are called nuisance parameters. The number
of nuisance parameters is often not fixed, sometimes even
increasing linearly with the sample size. Consequently, it
seems inappropriate to use classical estimation theory which
relies on the sample size becoming arbitrarily larger than the
number of parameters. How to estimate statistical models
with nuisance parameters is a central but difficult problem
in statistical inference.

There are two popular likelihood approaches to address
the nuisance parameter problem. Bayesian integrated like-
lihood methods obtain the marginal posterior distribution
of the structural parameters by integrating the joint poste-
rior distribution over the nuisance parameters (Berger et al.
1999). Profiling the likelihood is another standard approach
to eliminate nuisance parameters. But since the profile like-
lihood is not a true likelihood, the parameter estimates can
be biased in many examples (Neyman and Scott 1948; Crud-
das et al. 1989). Among many methods to correct the pro-
file likelihood, the modified profile likelihood (Barndorff-
Nielsen 1983) and the conditional profile likelihood (Cox
and Reid 1987) provide approximations to the likelihood
functions for the parameters of interest.

We develop the parameter cascading method to estimate
statistical models with nuisance parameters. Our approach
proceeds using nested levels of optimization to fit the model.
Parameters at each level of these optimizations depend on
parameters estimates from other levels of optimization. Our
method explicitly accounts for the interdependence of these
parameters, which leads to reduced bias and more accu-
rate variance estimates. We develop the unconditional vari-
ance estimates for parameters, which include the uncertainty
coming from the estimates of other parameters.
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We apply the parameter cascading method to estimate the
generalized semiparametric additive model (GSAM). The
GSAM is an increasingly popular version of the general-
ized additive model in which one or more of the covariates
are modeled parametrically (Ruppert et al. 2003; Härdle et
al. 2004). Many methods have been proposed to fit GSAMs.
Perhaps the simplest is weighted least squares (Zeger and
Diggle 1994; Lin and Carroll 2001; Lin and Ying 2001;
Fan and Li 2004), which is appropriate when the errors fol-
low a Gaussian distribution. Severini and Staniswalis (1994)
estimated GSAMs using a quasi-likelihood function and de-
veloped asymptotic distributions for their estimators. Lin
and Carroll (2006) considered a wide class of semipara-
metric problems and proposed profile and back-fitting es-
timation methods based on kernel smoothing and showed
that profiling and back-fitting had identical limit distribu-
tions. The GSAM has also been described under a vari-
ety of alternative names, including semiparametric model
(Zeger and Diggle 1994; He et al. 2002), partially linear
model (Speckman 1988; Wolfgang et al. 2000) and partially
splined model (Rice 1986). The primary reason for the pop-
ularity of GSAMs is that they allow an analyst to flexibly
control for unknown confounding effects while still provid-
ing easily interpretable linear effects for the covariates of
interest.

The main contributions of this paper are as follows.
First, we consider the interdependence of the nuisance pa-
rameters, structural parameters and complexity parameters.
When the dependence cannot be expressed explicitly, the
Implicit Function Theorem is applied. Second, Lin and Car-
roll (2006) suggested computing the gradients by numerical
differentiation, but pointed out that this would be difficult to
implement numerically. We solve this problem by express-
ing the gradients as well as Hessian matrices analytically,
which is crucial for fast and stable computation. Third, we
develop the unconditional variance estimates for parame-
ters, which include the uncertainty coming from other pa-
rameters. Fourth, our method allows the response variable
from any distribution. Finally, a general package to estimate
GSAMs with our method has been developed in the Matlab
programming language, making use of functional data anal-
ysis software intended to compliment Ramsay and Silver-
man (2005). This package can be run automatically, without
worrying about the basis system selection or the smooth-
ing parameter choice. This package is also easy to extend to
estimate other statistical models involving three groups of
parameters by choosing appropriate optimization criteria.

Assuming observations yj , j = 1, . . . , n, have means
μj = E(yj ), we can write the GSAM as follows:

ηj = g(μj ) =
P∑

i=1

fi(Zij ) +
Q∑

k=1

βkXkj , (1)

Fig. 1 The top panel displays the daily count of non-accidental deaths
from 1987 to 1996 in Toronto, and the bottom panel shows the asso-
ciate daily one-hour-maximum ozone

where g(·) is the link function. For instance, g(·) can be a
log function for Poisson distributed observations or a logis-
tic function for the binomial distributed data. Typically, Xk ,
k = 1, . . . ,Q, represents the variable or variables of interest,
while Zi , i = 1, . . . ,P , represents one or more confounding
variables that the analyst would like to account for without
making any restrictive parametric assumptions concerning
the nature of their effects. Xkj and Zij are the j -th observa-
tion for Xk and Zi . The functional parameters fi(Zi) are fit
using a nonparametric smoother. We consider the P func-
tional parameters to be nuisance parameters and consider
the linear coefficient vector β = (β1, . . . , βQ) to be the pa-
rameter of interest. If there is no linear part, then this model
reduces to the familiar generalized additive model (Hastie
and Tibshirani 1990; Wood 2006).

One important application of GSAMs involves time-
series analysis of the acute effect of ambient air pollution
on public health (Ramsay 2005); we will use this as our mo-
tivating and illustration. Figure 1 displays the daily counts
of non-accidental deaths from 1987 to 1996 in Toronto, as
well as the daily one-hour-maximum level of ozone. In our
simple example, the objective is to determine whether the
amount of daily ozone has any effect on mortality, after
taking account of a seasonal trend, by fitting the following
model:

ηj = log(E(yj )) = f (Dj ) + βPj . (2)

The integer variable Dj indexes the day and Pj represents
the ozone level on the j -th day. The daily death count, rep-
resented by yj , is assumed to be Poisson distributed. The
functional parameter f (Dj ) represents a background time
trend and is treated as a nuisance parameter. Only the struc-
tural parameter β , representing the effect of ozone on log-
mortality, is of interest, and this effect is expected to be
rather small in comparison with the background time trend.
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This model has been heavily used in environmental epidemi-
ology, usually with the addition of other confounding covari-
ates such as temperature and day-of-the-week.

In 2002, the U.S. Environmental Protection Agency
(EPA) was forced to delay publication of a review document
on the health effects of airborne particulate matter when it
was discovered that Model (2), on which much of the review
document was based, had been giving biased estimates. An
important source of bias is concurvity, or the fact that the
background seasonal trend is confounded with the seasonal
trend of the air pollutant. As a result of this confounding,
the fitted pollution effect can depend on the selection of
smoothing parameter used to fit the background time trend.
Choosing the wrong smoothing parameter yields a biased
estimate of the pollution effect. The parameter cascading
method may be useful in this case in that it chooses the
smoothing parameters automatically by minimizing the gen-
eralized cross validation. Dominici et al. (2002) showed that
the default settings in the gam function of the S-Plus soft-
ware package (version 3.4), which implemented the back-
fitting method, did not assure the convergence, and could
overestimate effects of air pollution. We find the parameter
cascading method converges much faster, since each level of
optimization has the gradients and Hessian matrices given
analytically. Moreover, Ramsay et al. (2003) showed that
the gam function also underestimated variances of air pol-
lution effects. We address this problem by developing the
unconditional variance estimates for parameters.

The remainder of this article is organized as follows. Sec-
tion 2 introduces how to estimate GSAMs using the param-
eter cascading method. Section 3 compares the parameter
cascading method with the back-fitting method with one
simulation study. Section 4 demonstrates this method with
one application on finding the effect of air pollution on pub-
lic health and the other application on the management of
a retirement fund. Conclusions and discussion are given in
Sect. 5.

2 Parameter cascading method

Let us first write Model (1) in matrix form. The functional
parameters fi(Zi), i = 1, . . . ,P , are estimated by linear
combinations of Ki B-spline basis functions:

fi(Zi) =
Ki∑

k=1

cikφik(Zi) = c′
iφi (Zi),

where ci = (ci1, . . . , ciKi
)′ and φi (Zi) = (φi1(Zi), . . . ,

φiKi
(Zi))

′. Since it is not easy to choose the appropriate
locations and number of knots when defining B-spline basis
functions, our parameter cascading method defines a rough-
ness penalty term to control the smoothness of fi(Zi). Then

we can choose a saturated number of basis functions. A rule
of thumb is to use cubic B-spline basis functions with one
knot at each location with observations.

Let �i be a n × Ki matrix with the j -th row φi (Zij )
′,

then Model (1) can be written as follows:

η = g(μ) = �c + Xβ, (3)

where η = (η1, . . . , ηn), μ = (μ1, . . . ,μn), c =
(c′

1, . . . , c′
P )′, � = (�1, . . . ,�P ) and X is an n × Q ma-

trix with jk-th entry Xkj .
Here c is a vector of nuisance parameters, and β is a vec-

tor of structural parameters. We will introduce smoothing
parameters to control the roughness of the functional param-
eters fi(Zi), which is denoted as θ as a vector. The param-
eter cascading method estimates c, β , and θ in three nested
levels of optimization. In the first level, c is estimated by
optimizing a criterion J (c|β, θ ,y), conditional on β and θ .
As a result, the conditional estimate ĉ can be treated as a
function of β and θ , which is denoted as ĉ(β, θ). In the sec-
ond level, a criterion H(β|θ ,y) is optimized to obtain the
estimate β̂ , conditional on θ . Therefore, the conditional es-
timate β̂ may be viewed as a function of θ . Parameter c is
removed from the parameter space in the second level by
plugging in ĉ(β, θ). In the third level, the estimate θ̂ is ac-
quired by optimizing another criterion F(θ |y). The param-
eters c and β are removed from the parameter space in the
third level by plugging in ĉ(β, θ) and β̂(θ), respectively.

After obtaining the estimate θ̂ , we then get the estimate β̂

by optimizing H(β |̂θ ,y), and the estimate ĉ by optimizing
J (c|β̂, θ̂ ,y). We outline each optimization level in the next
three subsections.

2.1 The first level: estimating nuisance parameters

The optimization criterion in the first level is written as:

J (c|β,λ,y) = −l(c,β|y) +
P∑

i=1

λi

∫
[Lifi(Zi)]2 dZi, (4)

where l(c,β|y) is the log likelihood function. The second
term in (4) penalizes the roughness of functional parame-
ters, so a positive sign is used in front of it such that the
optimal coefficient vector c can be estimated by minimizing
J (c|β,λ,y). Li is a linear differential operator of order m:

Lix(t) =
m−1∑

j=0

αj (t)
dj x(t)

dtj
+ dmx(t)

dtm
,

where the parameter αj (t) is assumed known in this arti-
cle. The penalty term

∫ [Lifi(Zi)]2 dZi can be written as a
quadratic function of the coefficient vector ci :
∫

[Lifi(Zi)]2 dZi = c′
iRici ,



860 Stat Comput (2012) 22:857–865

where Ri = ∫ [Liφi (Zi)][Lφi (Zi)]′ dZi , i = 1, . . . , p, is an
order Ki matrix. Then, the second term in (4) can be repre-
sented in the matrix form:

P∑

i=1

λi

∫
[Lifi(Zi)]2 dZi = c′Rc,

where c = (c′
1, . . . , c′

P )′ and R = diag(λ1R1, . . . , λP RP ). In
order to attain a positive estimate for the smoothing param-
eter vector, we express λ = (λ1, . . . , λP )′ = exp(θ), where
θ = (θ1, . . . , θP )′. All simulations and applications in this
paper use the second derivative to define the roughness
penalty term, that is, Lx(t) = d2x(t)/dt2. Ramsay and Sil-
verman (2005) show how to obtain better estimates by defin-
ing the penalty terms with differential operators.

The estimate ĉ is acquired by minimizing J (c|β, θ ,y) us-
ing the Newton-Raphson iteration method, conditional on β

and θ . The first and second partial derivatives of J (c|β, θ ,y)

with respect to c are given in the supplementary file.
The estimate ĉ can be viewed as a function of β and

θ . However, there is no explicit form of this function ex-
cept when observations are normally distributed. This is why
least squares estimators are often used in the literature in-
stead of likelihood functions. Fortunately, we can write out
any order partial derivatives of ĉ with respect to β and θ

analytically using the Implicit Function Theorem. For ex-
ample, in order to obtain the first partial derivative of c with
respect to β , we can take the β-derivative on both sides of
the identity ∂J/∂c|̂c = 0:

d

dβ

(
∂J

∂c

∣∣∣∣̂
c

)
= ∂2J

∂c∂β

∣∣∣∣̂
c

+ ∂2J

∂c2

∣∣∣∣̂
c

∂̂c
∂β

= 0.

Assuming that ∂2J/∂c2 |̂c is not singular, we get:

∂̂c
∂β

= −
[
∂2J

∂c2

∣∣∣∣̂
c

]−1[
∂2J

∂c∂β

∣∣∣∣̂
c

]
. (5)

Similarly, we can acquire other partial derivatives of ĉ with
respect to β and θ analytically, which are listed in the sup-
plementary file. These analytical derivatives quantitatively
describe the functional relationship between c, β , and θ , and
are utilized in the next three subsections.

2.2 The second level: estimating structural parameters

Here we choose the negative log likelihood as the optimiza-
tion criterion in the second level:

H(β|θ ,y) = −l(̂c(β, θ),β|y).

Notice that this criterion drops the penalty term, since the
function ĉ(β, θ) already implicates the penalty information,
and this information is passed to the log likelihood function

by treating ĉ as an implicit function of β and θ . By using this
functional relationship, the coefficient vector ĉ is eliminated
from the parameter space in the second level.

We obtain the estimate β̂ by optimizing H(β|θ ,y) using
the Newton-Raphson iteration method, conditional on any
fixed value of θ . The gradient is calculated similarly as in
the first level, except that we have used the chain rule to ac-
commodate ĉ being an implicit function of β and θ . For ex-
ample, the first partial derivatives of H(β|θ ,y) with respect
to β is:

∂H

∂β
= − ∂l

∂β
−

(
∂c
∂β

)′
∂l

∂c
.

Similarly, we can get the corresponding Hessian matrix, as
given in the supplementary file.

For any value of θ , we get one estimate β̂ . Therefore, the
estimate β̂ can also be treated as a function of θ . In most
cases, this function is implicit, but we can again obtain an-
alytical forms of any order partial derivatives of β̂ with re-
spect to θ by the Implicit Function Theorem, as outlined in
the supplementary file.

2.3 The third level: estimating complexity parameters

The smoothing parameter vector θ = ln(λ) is a complex-
ity parameter, and controls the effective degrees of free-
dom of GSAMs. Let D(y, μ̂) and V(μ̂) denote the de-
viance and variance of the model, respectively. For ex-
ample, for Poisson distributed observations, D(y, μ̂) =
2
∑n

j=1[yj ln(yj /μ̂j ) − (yj − μ̂j )], and V(μ̂) = μ̂. We ap-
ply the generalized cross validation (GCV) as the optimiza-
tion criterion in the third level:

F(θ |y) = nD(y, μ̂)

[n − αTr(A(θ))]2
, (6)

where A = �(�′W� + R)−1�′W, W = diag(wj ) with
wj = [V(μ̂j )[dg(μ̂j )/dμ̂j ]2]−1, and α ≥ 1 is a constant.
Gu and Ma (2005) suggested α in the range of 1.2–1.4 to
prevent severe undersmoothing typically suffered by cross-
validation methods, with little loss of general effectiveness.
The results shown in the following correspond to α = 1.2,
and change little with other values of α.

The mean estimate μ̂ is an explicit function of nuisance
parameter ĉ and structural parameter β̂ as shown in (3).
Since ĉ is an implicit function of β̂ and θ , and β̂ is an
implicit function of θ , we can treat μ̂, as well as D, as
an implicit function of θ . The estimate θ̂ can be acquired
by minimizing F(θ |y) using the Newton-Raphson iteration
method. The analytic gradient and Hessian matrix are given
in Appendix.
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2.4 Unconditional variance estimation

The three estimates ĉ, β̂ and θ̂ are all implicit functions of
the data vector y. We develop the unconditional variance es-
timates, which include the uncertainty of all other parameter
estimates. These variance estimates for θ̂ , β̂ , and ĉ are out-
lined in the following.

We approximate θ̂(y) with the first order Taylor expan-
sion:

θ̂(y) ≈ θ̂(μ) +
[
d θ̂

dy

]

y=μ
(y − μ). (7)

Taking variance on both sides of (7), we obtain the approxi-
mate variance of θ̂ :

Var[̂θ(y)] ≈
[

d θ̂

dy

]

y=μ
�

[
d θ̂

dy

]′

y=μ
(8)

where � is the variance–covariance matrix for y. The
derivative d θ̂/dy can be obtained with the Implicit Function
Theorem, as we do for (5). In practice, μ and � in (8) are
replaced with their estimates. Since the variance of g(y) can
be estimated by rT r/[n − TrA] (Wahba 1985), we estimate
� by the Delta method as follows:

�̂ = rT r
n − TrA

dg−1(y)

dy

(
dg−1(y)

dy

)′
,

where g(·) is the link function in Model (1) and the residual
vector r = g(y) − �̂c − Xβ̂ . Since the observations are as-
sumed to be independent, we set the off-diagonal entries in
�̂ as 0.

Similarly, the unconditional variance estimate for β̂ is

Var[β̂(y)] =
[

dβ̂

dy

]

y=μ
�

[
dβ̂

dy

]′

y=μ
, (9)

where the total derivative of β̂ with respect to y is obtained
with the chain rule:

dβ̂

dy
= ∂β̂

∂ θ̂

d θ̂

dy
+ ∂β̂

∂y
.

Partial derivatives ∂ β̂/∂ θ̂ and ∂ β̂/∂y are given in the sup-
plementary file. On the other hand, when we ignore the un-
certainty coming from the estimate of the smoothing param-
eter vector θ̂ , the partial derivative of θ̂ with respect to y is
zero. The conditional variance estimate for β̂ uses only the
partial derivative of β̂ with respect to y instead of the full
derivative used in (9):

Var[β̂(y)|λ̂] =
[
∂β̂

∂y

]

y=μ
�

[
∂β̂

∂y

]′

y=μ
.

The unconditional variance estimate for ĉ is similarly ob-
tained:

Var[̂c(y)] =
[

d ĉ
dy

]

y=μ
�

[
d ĉ
dy

]′

y=μ
, (10)

where the total derivative of ĉ with respect to y is:

d ĉ
dy

= ∂̂c
∂y

+ ∂̂c

∂β̂

dβ̂

dy
+ ∂̂c

∂ θ̂

d θ̂

dy
.

When we ignore the uncertainty coming from the estimates
β̂ and θ̂ , the partial derivatives of β̂ and θ̂ with respect to y
are both zero. Then the conditional variance estimate for ĉ
uses only the partial derivative of ĉ with respect to y instead
of the full derivative used in (10):

Var[̂c(y)|̂β, λ̂] =
[

∂̂c
∂y

]

y=μ
�

[
∂̂c
∂y

]′

y=μ
. (11)

Comparing the conditional and unconditional variance
estimates, we can see that the unconditional variance es-
timates for β̂ and ĉ consider the uncertainty coming from
other parameters, which addresses the underestimation
problem found by Ramsay et al. (2003).

3 Simulations

The backfitting method is a popular method to estimate the
generalized semiparametric additive model (Hastie and Tib-
shirani 1990). It is compared with the parameter cascading
method based on the model

yi = f (ti) + βxi + εi, (12)

where εi , i = 1, . . . , n, are independent Gaussian errors with
mean 0 and variance σ 2. The function f (t) is estimated as a
nonparametric function, and xi is the covariate value. Set the
true function f (t) = sin(2πt), and the covariate values, xi ,
are generated from Normal(0,1). Set σ = 0.1, which rep-
resents 15% of the signal variance, β = 0.1, and the points
ti are equally spaced in the interval [0,1],

We compare the two methods with 1000 simulations
when the number of observations n = 10,50, and 100. Ta-
ble 1 summarizes the simulation results for both the point
estimates β̂ and the standard error estimates ŜE(β̂). It shows
that the parameter cascading method has smaller biases and
variances of both point estimates β̂ and the standard error
estimates ŜE(β̂) than the backfitting method.

When the data set is small (n = 10), both methods have
some bias for the point estimates β̂ , which is 6% using the
parameter cascading method and 11% using the backfitting
method. The standard deviation of the point estimates β̂ with
the parameter cascading method is 49% of that with the
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Table 1 The simulation results for the semiparametric additive model
(12) when the number of observation n = 10,50,100

n = 10

Methods Backfitting method Parameter cascading

Estimates β̂ ŜE(β̂) β̂ ŜE(β̂)

Mean 0.0889 0.3443 0.0939 0.1850

STD 0.4323 0.1272 0.2135 0.1091

Bias (×10−3) −11.0535 −87.974 −6.1455 −28.484

n = 50

Methods Backfitting method Parameter cascading

Estimates β̂ ŜE(β̂) β̂ ŜE(β̂)

Mean 0.0996 0.1397 0.1000 0.0156

STD 0.1553 0.0208 0.0163 0.0035

Bias (×10−3) −0.4410 −15.545 −0.137 −0.7372

n = 100

Methods Backfitting method Parameter cascading

Estimates β̂ ŜE(β̂) β̂ ŜE(β̂)

Mean 0.0996 0.0996 0.1000 0.0104

STD 0.1023 0.0104 0.0105 0.0019

Bias (×10−3) −0.4405 −2.7422 −0.132 −0.1098

backfitting method. The backfitting method underestimates
the standard error of β̂ by 26%, while the parameter cascad-
ing method only underestimates the standard error of β̂ by
15%. The parameter cascading method also has more sta-
ble standard error estimates, reducing 14% of the standard
derivation of ŜE(β̂) from the backfitting method.

When the sample size is median (n = 50), both methods
have very small bias, but the parameter cascading method
reduces the bias by 69% from the backfitting method. The
parameter cascading method has only 10% of the standard
deviation of β̂’s from the backfitting method. The backfit-
ting method underestimates the standard error of β̂ by 11%,
while the parameter cascading method only 5%. The param-
eter cascading method also has more stable standard error
estimates, with 17% of the standard deviation of ŜE(β̂) es-
timated from the backfitting method.

When the sample size increases to n = 100, the bias of
point estimates with both methods has little change, but the
standard derivation decreases 35% for both methods, com-
pared with the results with n = 50. The backfitting method
underestimates the standard error of β̂ by 3%, while the pa-
rameter cascading method only underestimates it by 1%.
The parameter cascading method also reduces 82% of the
standard deviation of ŜE(β̂) estimated from the backfitting
method. The parameter cascading method and the backfit-
ting method take around 0.84 and 0.02 seconds for each
simulation on average, respectively, in my personal laptop
with the Intel Pentium Dual CPU T3400 2.16 GHz when the

sample size n = 100. We also vary the values for σ , β and
use different true function f (t), and the results are consis-
tent and therefore are not shown here to save space.

4 Applications

4.1 Effects of air pollution on public health

The parameter cascading method is used to fit Model (2)
to the data displayed in Fig. 1. Using 500 cubic spline
basis functions, GCV selects a smoothing parameter λ̂ =
exp(θ̂) = 1.1 × 10−4 with the Newton-Raphson method,
corresponding to 108 effective degrees of freedom, or
roughly 11 degrees of freedom per year.

The fitted linear coefficient is β̂ = 7.3 × 10−4, represent-
ing about a 0.07 percent increase in mortality associated
with a one part-per-billion increase in ozone. The estimated
standard error of β̂ is 2.2×10−4, yielding a 95% confidence
interval of [3.0,11.6] × 10−4, suggesting that the ozone ef-
fect is real. The estimated nonparametric function f̂ (t), dis-
played in Fig. 2 with a 95% confidence band, shows higher
mortality in the winter.

Parametric bootstrap (Efron and Tibshirani 1993) is used
to assess the performance of our method. We sample 1000
Poisson data sets {yj }nj=1 from the data-generating mecha-
nism defined by the above fitted model. Figure 3 displays
the estimated standard error for the nonparametric function
f̂ (t) in two years for one simulated data set. The uncon-
ditional estimate for the standard error of the nonparametric
function f̂ (t) includes the uncertainty coming from β̂ and λ̂,
which well matches the bootstrap estimate. On the contrary,
the conditional standard error estimate for f̂ (t) underesti-
mates the standard error by more than 10%, because it does
not include the uncertainty coming from the estimates β̂ and
θ̂ . The result for all ten years is similar, but hard to display
in one graph.

4.2 Management of a retirement fund

Bryant and Smith (1995) introduce a managerial problem
based on a real data set: Best Retirement Inc. (BRI) sells
retirement plans to smaller firms with 500 or fewer employ-
ees around the United States. For a particular type of re-
tirement plan called 401(k), the company collects the data
on several attributes of the firms from the previous year.
BRI would like to predict the year-end dollar amount con-
tributed to each plan in advance in order to make internal
revenue and cost projections. BRI has a sales representative
who has been specifically trained to deal with 401(k) retire-
ment plans. BRI want to know if her expertise can influence
the year-end contributions. Ruppert et al. (2003) use a semi-
parametric additive model to answer the above questions.
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Fig. 2 The unconditional
estimated expectation of daily
count of non-accidental deaths
from 1987 to 1996 in Toronto
(top panel). The bottom panel
shows the estimated functional
parameter f̂ (t) with the 95%
confidence band, which is
expanded by cubic B-splines
with the knots indicated by the
vertical dashed lines

Fig. 3 The unconditional standard error estimate for the nonparamet-
ric function f̂ (t) is estimated with the parameter cascading method
(written in (10), the solid line). The dashed line is the conditional
standard error estimate for the nonparametric function f̂ (t) (written
in (11)), which ignores the uncertainty coming from β̂ . The dotted line
is the standard error estimate for f̂ (t) by parametric bootstrap

The model is:

E[log(contribution)] = β1group + β2susan

+ β3eligible + f (salary) (13)

where log(contribution) is the logarithm of the contribution
to retirement plan at the end of the first year and is approx-
imately in the normal distribution. The covariate “group” is
1 if the client has group health insurance policy, and 0, oth-
erwise. The covariate “susan” is 1 if the plan was sold by
a sales representative who has been specifically trained to
deal exclusively with 401(k) plans, and 0, otherwise. The
covariate “eligible” is the number of employees eligible to
participate in 401(k) plans. The covariate “salary” is the av-
erage annual employee salary in dollars. The function f (·)
is unknown and is estimated nonparametrically.

We estimate the semiparametric additive model (13) with
the parameter cascading method. The function f (·) is ap-
proximated by a linear combination of basis functions. We

Table 2 Estimation results for the semiparametric additive model (13)
from the real data

Parameter β1 β2 β3

Estimates −0.25 0.33 5.5 × 10−3

Standard errors 0.15 0.23 7 × 10−4

t-ratio −1.7 1.5 7.4

p-value 0.045 0.072 4 × 10−11

choose the basis functions to be cubic B-splines with one
knot at each data point. The estimated smoothing parameter
λ̂ = 0.01. The results are shown in Table 2. The covariates
“group” and “salary” have a significant effect on the con-
tribution to retirement plan. The sales representative has a
marginally significant effect on the retirement plan contri-
bution. These results are consistent with what is found by
Ruppert et al. (2003).

5 Conclusions

The generalized semiparametric additive model is one ex-
ample of a statistical model with nuisance, structural and
complexity parameters, but there are many others. For ex-
ample, in mixed effects models, the random effects are nui-
sance parameters, the fixed effects are structural parameters,
and the variance parameters are complexity parameters. We
develop the parameter cascading method to estimate these
three kinds of parameters. Using the conditional estimates in
three nested optimization levels, we obtain the functional re-
lationships between nuisance, structural and complexity pa-
rameters, which are quantitatively described with analytical
derivatives. These functional relationships may be explicit
or implicit, and in the latter case the Implicit Function The-
orem is exploited to obtain all the required derivatives. Al-
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though these derivatives are complicated to derive, we have
worked out all of them, outlined in the supplementary file. A
Matlab package has also been developed to calculate them,
so practitioners are not required to choose the basis func-
tions or smoothing parameters, allowing the method to run
automatically.

The gradients and Hessian matrices are derived analyti-
cally by considering these functional relationships between
parameters, which decreases the computational load dramat-
ically. We also develop the unconditional variance estimates
by taking into account the functional relationships between
parameters and observations, which include the uncertainty
coming from other parameter estimates.

The parameter cascading method uses the implicit func-
tion theorem to obtain the derivatives, and the implicit func-
tion theorem requires the derivatives are continuous. There-
fore, the parameter cascading method requires the likelihood
function to be continuously differentiable. When the ana-
lytic derivatives are hard to obtain, the numeric derivative
methods can be used instead.

The generalized semiparametric additive models are well
estimated by the parameter cascading method for arbitrar-
ily distributed observations, based on penalized likelihood
functions. Our method is an improvement over other tradi-
tional approaches. Its benefits include fast computation, sta-
ble convergence, and unconditional variance estimates. Our
results imply that the parameter cascading method is a good
alternative when estimating complex statistical models with
nuisance parameters.
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Appendix

In order to simplify notation, we define the matrix B =
�′W� + R and dfe= n − αTr(A).

• The partial derivative of F(θ |y) with respect to θ :

∂F (θ |y)

∂θl

= n

[
dfe

∂D
∂θl

− 2D
∂dfe

∂θl

]
dfe−3,

where

∂D
∂θl

=
n∑

j=1

(
∂D
∂μj

∂μj

∂ηj

∂ηj

∂θl
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∂θl

= −αTr
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∂θl

= �

[
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∂θl
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+ X
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∂θl
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= �
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∂θl

∂B−1

∂θl
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= diag
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∂μj

∂ηj

∂ηj

∂θl

)

∂R

∂θl

= diag(0, . . . ,0, λlRl ,0, . . . ,0).

• The second partial derivative of F(θ |y) with respect to θ :

∂2F(λ|y)
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= n
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− 2nD

dfe3

∂2dfe

∂θl∂θk

+ 6nD

dfe4

∂dfe

∂θl

∂dfe

∂θk

− 2n

dfe3

[
∂dfe

∂θl

∂D
∂θk

+ ∂dfe

∂θk

∂D
∂θl

]
,

where

∂2D
∂θl∂θk

=
n∑

j=1

[(
∂2D

∂μ2
j

(
∂μj

∂ηj

)2

+ ∂D
∂μj

∂2μj

∂η2
j

)
∂ηj

∂θl

∂ηj

∂θk

+ ∂D
∂μj

∂μj

∂ηj

∂2ηj

∂θl∂θk

]

∂2ηj

∂θl∂θk

= �(j)

[
∂ 2̂c

∂θl∂θk

+ ∂ 2̂c
∂θl∂βi

∂β̂i

∂θk

+ ∂ 2̂c
∂β∂βi

∂β̂i

∂θk

∂β̂

∂θl

+ ∂ 2̂c
∂β∂θk

∂β̂

∂θl

+ ∂̂c
∂β

∂2β̂

∂θl∂θk

]
+ X

∂2β̂

∂θl∂θk

∂2dfe

∂θl∂θk

= −αTr

(
∂2A

∂θl∂θk

)

∂2A
∂θl∂θk

= �
∂2B−1

∂θl∂θk

�′W + �
∂B−1

∂θl

�′ ∂W
∂θk

+ �
∂B−1

∂θk

�′ ∂W
∂θl

+ �B−1�′ ∂2W
∂θl∂θk

∂2B−1

∂θl∂θk

= B−1 ∂B
∂θk

B−1 ∂B
∂θl

B−1 − B−1 ∂2B
∂θl∂θk

B−1

+ B−1 ∂B
∂θl

B−1 ∂B
∂θk

B−1

∂2B
∂θl∂θk

= �′ ∂2W
∂θl∂θk

� + ∂2R

∂θl∂θk

∂2W
∂θl∂θk

= diag

((
∂2wj

∂μ2
j

(
∂μj

∂ηj

)2

+ ∂wj

∂μj

∂2μj

∂η2
j

)
∂ηj

∂θl

∂ηj

∂θk



Stat Comput (2012) 22:857–865 865

+ ∂wj

∂μj

∂μj

∂ηj

∂2ηj

∂θl∂θk

)

∂2R

∂θl∂θk

=
{

diag(0, . . . ,0, λlRl ,0, . . . ,0), when l = j,

0, when l �= j .
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