Supplementary File for the Manuscript
Titled “Semiparametric Mixture of Binomial

Regression ”
by J. Cao and W. Yao

Proofs

Let g(t) be the density function for ¢. The following technical conditions are imposed
in this section. They are not the weakest possible conditions, but they are imposed to
facilitate the proofs.

Technical Conditions:

A 71(t) and p(t) has continuous second derivative at top and 0 < m1(tp) < 1 and 0 <
p(to) < 1. (For the constant proportion semiparametric mixture model (3), we use
the same assumption for p(¢) and assume 0 < 7m; < 1.)

B g¢(t) has continuous second derivative at the point to and g(to) > 0.
C K(-) is a symmetric (about 0) kernel density with compact support [—1, 1].

D The bandwidth h tends to zero such that nh — oco.

Let a, = (nh)™Y2 4+ h2,00 = {m1(to),p(t0)},

fa,0) = mit(o = 0) 4 ma ) )1 - )V

l(x,0) =log f(x,0), where @ = (m1,p). Then the objective function (4) can be written

as
n

1 1 —
(o) = - ;Kh(ti —tg)log f(x,0) = - ;Kh(ti —to)l(z,0).
Define

2

d
L(z,0) = =1(z,0) and Iy(z,0) = ~o5a”

50 I(x,0),



G(t) = E{l1(X,00) | t} and Z(t) = —E{l2(X,00) | t}. The moments of K and K? are
denoted respectively by

wi = / tKt)dt and v = / t K2 (t)dt.

By some simple calculations, we can get the following results.

Lemma 1. Assume that the regularity conditions A—C hold. We have the following
results

1. The G(t) has continuous second derivative at to and E{l;(X,8¢)? | t} is continuous
at to.

2. The 9%0(60)/(00,00;00},) is a bounded function for all 8 in a neighborhood of 6,
and all z.

3. Z(t) is continuous at ¢y and positive definite at ¢y and

I(to) = B{l(X,00)1(X,60)" | to}.
Proof of Theorem 2.1.
Note that

1 n
== > Knu(ti — to)log f(x,6).
i=1

Hence,
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Based on the Jensen’s inequality, we have
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Based on the property of M-step of (5), we have

20y — (0% > 0.

Proof of Theorem 3.1. Denote o, = (nh)~*/2 4+ h%. Tt is sufficient to show that for any
given 1 > 0, there exists a large constant ¢ such that

P{sup £(0g + anu) < £(0p)} >1—mn, (13)

[ul|=c

where £(0) is defined in (4).
By using Taylor expansion, it follows that

00y + anu) — £(0y) = fZKh o) {l(zi, 00 + cu) — I(z;,00)}

= Z Ky (t; —to) {ll(xi, 00) T uor, + ully(z;, 0o)uc + o2 q(x;, é)}

i=1
=h+ 1L+,
where |6 — 6y]| < ca,, and

2

2. 0%1(x;,0
a(2:.0)=3.> .2 56,08, 06; 06, ao Hatlythes

i=1 j=1 k=1

where u = (u1, us).
By directly calculating the mean and variance and note that G(tg) = 0, we obtain

E(L1) = a,,E {Kp(t — to)G(t) u} = O(ca,h?);
var(I;) = n~ a2 var[Ky(t; — to)lh (00, ) u] = O(c2a? (nh)™1).

Hence
I = O(canh?) + a,cO,((nhy)~Y%) = Op(ca?).
Similarly,
1 f _

Is ==Y Kj(t; —to)aq(zi,0) = 0,(a3).

= Kl — o)l B) = Oyla)
and "

1
= ZKh(ti —to)ully(ws, 00)ua? = —aZg(to)u” I(to)u(l + 0,(1)).
i=1

Noticing that Z(to) is a positive matrix, ||u|| = ¢, we can choose ¢ large enough such

that I dominates both I; and I3 with probability at least 1 — 7. Thus (13) holds.
Hence with probability approaching 1 (wpal), there exists a local maximizer 0 such that

10 —8¢|| < anc, where a,, = (nh)~*/24h2. Based on the definition of 8, we can also get,
wpal, |7 (to) — m(to)| = Op ((nh) Y2 + h?) and [p(to) — p(to)| = Op ((nh) =Y/ + h?).



Proof of Theorem 3.2.
Note that the estimate @ satisfies the equation

. 1 — . X
0= EI(B) = E ZKh(ti — to) {ll(.%'i,ao) + 12(3?2,00)(0 - 00) + Op(||0 — 00”2)} . (14)
i=1
The order of the third term could be derived from the (2) of Lemma 1. Let
W, = 1 Zn:K (t: — to)l1 (i, 0
n= n(ti —to)li(zs,60)

i=1

1 n
An — _ﬁ ZKh(tZ —_ tO)ZQ(x’hHO)'

Note that
E(W,) = B{Ku(t — t0)G(0)} = 5(Gg)"(to)nah*(1 + (1)),
cov(W,,) = n"tcov{Ky(t; — to)li(zi,00)}
= TL71 {EK%(ZLZ — to)ll(l'i, 00)11(:% eo)T — E(Wn)2}
= (nh) " g(to)Z(to)vo(1 + o(1)), (15)

where (Gg)”(t) is the second derivative of G(t)g(t), and

E(An) = E{Kn(t —t0)Z(t)} = Z(t0)g(to) + o(1),

var(A, (i, j)) <n'E lKﬁ(ti ~to) {W} ]

= O0{(nh)™"} = o(1).

Therefore, we have
Ay =TI(to)g(to) + 0p(1).

Note that ||@ — 8¢||> = 0,(W,,). Then from (14), we have
Vnh(8 — 60) = g(to) " Z(to) " VnhW,(1 + 0,(1)). (16)

In order to prove the asymptotic normality of (16), we only need to establish the asymp-
totic normality of vVnhW,. Next we show, for any unit vector d € R?, we prove

{dT cov(W)d}y = {dTW* — dT E(W)} & N(0,1),
where W = vnhW,,. Let

& = mKh(ti — to)dTll (907 xi)'



Then d"W;; = >""" | &. We check the Lyapunov’s condition. Based on (15), we can get

cov(W}) = g(to)Z(to)vo(140(1)) and var(dX W;id) = d¥ cov(W;)d = g(to)vod Z(to)d(1+
o(1)). So we only need to prove nE|&; |2 — 0. Noticing that 11 (8o, z) is bounded for any

z, and K(-) has compact support,

nEB|& P < O(nn™32h32)E | K} (t: — to)|
= O(n V2R3 0(h™%) = O((nh)~?) — 0.

So the asymptotic normality for W holds such that
1
vnh {Wn - i(Gg)"(to),ugh2 + o(hz)} KN {0,9(t0)Z(to)vo} -

Based on (16) and the Slutsky theorem, we can get the asymptotic result of 0
Vnh {@) — 0y — b(to)h? + o(hQ)} Ly N 0,97 (to) T (to) o }
where

G'(to)g'(to)

b(tO) :Iil(tO) { g(tO)

Proof of Theorem 8.3.
Let

1
+ 2G"(to)}uz.

Flai,m,p(t)) = log [m“ '—0”“@

i

Jote 1= pe¥ .
Based on a Taylor expansion of (4), similar to the proof of Theorem 3.2, we have that

\/ﬁ(frl - ’/Tl) = B;lAn + Op(].).

where
1 &= Of (i m, ()
An - %Z—

It can be shown that

B, — _E{azf(l“nm,p(ti))} +o,(1)

or?
=T +o0p(1).
It can be shown that
_ 1 af ‘Tlﬂﬂ—h 8 fl'“’f('l, )) NI )
An - \FZ T Z 87‘(’16}7 {p(tz) p(tz)}+0p(d1n)
1 af xlaﬂ—lﬂ ( ))
= —+Sn + Op(din).
IZ . 1+ Oy (dra)
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where dq,, = n=2||7; — m||% = 0,(1). Based on the proof of Theorem 3.2, we have

é(tl) — 0(157,) = % i ll xﬁa(ti)) + Op(dn2)7

Based on Carroll et al. (1997) and Li and Liang (2008), we have that n'/2d,, =

0p(1) uniformly in t;, if nh?/log(1/h) — oco. Let 1(tj,x;) be the second entry
Z(t;)" 'y (x;,0(t;)). Since p(t;) — p(t;) = O(t; — t;) and K(-) is symmetric about
we have
0 f (@i, m1, p(t:) -
o1 = iy 305 IO 4t )1 - 1)+ 0,20

j=11i=1

=S+ Op(nl/QhZ).

It can be shown, by calculating the second moment, that
Sn2 - SnB = Op(1)7

where Spz = —n 1231 £(t;, x;), with

0% f(x,m,p(t;
§(tj, ;) = —E{f(z;zla;f( D |y tj}w(tjv%)

= Ly p(t) (), 7).

By condition nh* — 0, we know

- 0 iy 1, i
A, =n"1/? Zl {f(x 87:1 p(t:)) - f(tz,xz)} + 0p(1).

We can show that E(A,) = 0. Define

S = var(A,) = var {W —&(t, x)} .

Based on the central limit theorem, we can have

V(i —m) — N(0,Z.%%).

Yy Ty

Proof of Theorem 3.4.
Based on a Taylor expansion of (7), similar to the proof of Theorem 3.2, we have

Vh{p(to) — plto)} = g(to) "' Zy(to) ' Wi (L + 0,(1)),

where )
Ip(t) _ _E{a f(x’87;127p<t0)) ’t}



and
\/>Z a.f 332,7'('1, (tO))Kh(t _tO)

It can be calculated that
h & Of (xi,71,p(t0))
\/;ZH o Kn(ti — to) + Cp + 0p(1),

where

0% f(xy, m1, .
cn—\fz fwapa;l 0) (5, — ) Kt — to).

Since /n(71 — m1) = Op(1), it can be shown that

Cp = 0p(1).
Hence
Vnh{p(to) — p(to)} = glto) "Ly (to) " Wi (1 + 0,(1)),
where
Wn — \/ZZ 6f($z’g;7p(t0))Kh(tz _ tO)
Let

r(t) = E{af(l‘,g;p(to)) ‘t}

Note that I'(tg) = 0. We can show that
var(Wy) = Z,(to)g(to)vo(1 + 0p(1))

and

BV) = Y20 (0 t0)g(t0) + 20 (b0l (1)} (1 + 0, (1),

Similar to the proof of Theorem 3.2, we can prove the asymptotic normality of W,,.
Hence, we have

Virh{p(to) — plto) — bto)h®} 2> N(0, g(to) "Ly (to) "'v0),

where

b(to) = {T"(to)g(to) + 2" (to)g' (to) } pa-

1
29(to)Zy(to)



