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Abstract

We consider determining the optimal stopping time
for the glue curing of wood panels in an automatic
process environment. Using the near-infrared spec-
troscopy technology to monitor the manufacturing pro-
cess ensures substantial savings in energy and time. We
collect a time-series of curves from a near-infrared spec-
trum probe consisting of 72 spectra and aim to detect an
optimal stopping time. We propose an estimation pro-
cedure to determine the optimal stopping time of wood
panel compression and the estimation uncertainty asso-
ciated with the estimated stopping time. Our method
first divides the entire data set into a training sample and
a testing sample, then iteratively computes integrated
squared forecast errors based on the testing sample. We
then apply a structural break detection method with
one breakpoint to determine an estimated optimal stop-
ping time from a univariate time-series of the integrated
squared forecast errors. We also investigate the finite
sample performance of the proposed method via a series
of simulation studies.
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1 | INTRODUCTION

Functional time-series consist of random functions observed over time. Each function, denoted
by {X:(u),t € Z}, is a realisation of a stochastic process X'(u) where u € I C R represents a con-
tinuum bounded within a finite interval 7 that is a subset of the real line R. There has been a
surge of interest in studying functional time-series that take values in an infinite-dimensional
space in recent years. Examples of functional time-series include intraday stock price curves
with each functional observation defined as a pricing function of time points within a day
(e.g. Horvath et al., 2014), and age-specific fertility rate curves with each functional observa-
tion defined as a function of different ages for a particular calendar year (e.g. Li et al., 2020).
In our wood panel compression data, the continuum ranges near-infrared (NIR) spectrum
wavelengths.

The analysis of NIR curves has been attracting extensive attention in chemometrics and less
so in statistics. However, in statistics, Goutis (1998) considered a scalar-on-function regression
with a roughness penalty imposed on the second-order derivative of a functional variable and
applied the scalar-on-function regression to predict protein content from a set of wheat spectra.
In a scalar-on-function regression, Brown et al. (2001) considered a wavelet transformation of the
discretised curves and applied a Bayesian variable selection method to the multivariate regression
of predictands on wavelet coefficients. Furthermore, they applied the scalar-on-function regres-
sion to predict fat, sugar and water content from the NIR spectrum of biscuit doughs. Ferraty and
Vieu (2002) and Ferraty (2014) considered a nonparametric framework to capture the relationship
between a scalar-valued response and a function-valued predictor. They applied the nonparamet-
ric regression to predict the fat content of a meat sample based on its NIR absorbance spectrum.
Furthermore, Ferraty and Vieu (2003) extended the nonparametric framework from regression to
curve discrimination and classified those spectra that have the fat content larger than 20% from
a set of NIR spectrum of meat samples. In a scalar-on-function regression, Hooker and Shang
(2022) found that the second derivative of the NIR curves is the optimal covariate for analysing
the fat content.

In the existing literature, the NIR spectra curves were independent and identically distributed
(i.i.d.) and were often considered an explanatory variable in a regression that involves at least a
functional variable. There is yet work on analysing a functional time-series of NIR curves to the
best of our knowledge, with an application to wood panel compression in the lumber industry.
We aim to fill the gap by contributing a novel methodology for determining the optimal stopping
time of wood panel compression. Our developed method is of practical importance to the lumber
industry worldwide, potentially saving manufacturing and labour costs. In particular, we address
an important problem from FPInnovations (https://web.fpinnovations.ca), a not-for-profit R&D
private organisation that focuses on creating solutions to boost the growth of the Canadian forest
section. As advocated by FPInnovations, using the NIR spectroscopy technology to monitor the
manufacturing process ensures substantial savings in energy and time. It increases productivity,
thus enhancing the overall competitiveness of the Canadian wood processing industry. Finally,
the proposed methodology can be applied to other densely observed functional time-series where
spectral signals can be extracted to reflect the dynamic process of interest.

Subtle changes in experimental conditions, such as temperature and pressure in a laboratory,
and moisture content in wood, are expected to impact the spectroscopy curves. Ideally, we would
like to observe multiple functional time-series of NIR spectra and find an optimal stopping time
for each of the functional time-series. Due to the data availability, we focus on a single functional
time-series. With a time-series of 72 spectra acquired from a near-infrared spectrum probe, we
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apply a functional time-series forecasting method to estimate the optimal stopping time of wood
panel compression, along with the estimation uncertainty of the stopping time.

Our method first uses functional principal component analysis for the functional time-series
to reduce dimensionality. Second, we model each set of principal component scores using an
autoregressive integrated moving average to obtain the forecast scores. By multiplying the fore-
cast scores with the estimated functional principal components, we obtain forecast curves. We
iteratively compute integrated squared forecast errors (ISFEs) of holdout functional time-series.
Based on a univariate time-series of the forecasting errors, we then apply a simple structure break
procedure to determine a breakpoint.

Our work is aligned with many papers in functional change-point analysis literature. There
have been many attempts to detect one or more change points and the corresponding different
regimes. When there is an abrupt change, it is commonly referred to as the ‘change point’ for the
point in time where the change takes place. The change occurs when a stochastic process exhibits
a shift in mean, variance or distribution. Berkes et al. (2009) and Aue et al. (2009) developed sta-
tistical methods to test the null hypothesis of no structural break against the alternative of a single
break in the mean function, assuming that the errors are i.i.d. curves. By reducing the infinite
dimension of the functional time-series to a finite dimension via the classic functional principal
component analysis, change-point detection methods developed for multivariate time-series can
be applied to identify breaks (see e.g. Aston & Kirch, 2012; Aue et al., 2009; Berkes et al., 2009;
Torgovitski, 2015). Zhang et al. (2011) studied a structural break detection method for serially cor-
related functional time-series, and the method is based on a self-normalisation approach of Shao
and Zhang (2010). In a time domain, Aue et al. (2018) considered a fully functional approach
for detecting structural breaks in functional time-series data without dimension reduction. The
fully functional approach avoids possible information loss caused by the dimension reduction,
thus may have more reliable numerical performance. In a frequency domain, Aue and van Delft
(2020) considered smooth deviations from stationarity of functional time-series. When there is a
smoothly changing situation, it is commonly referred to as a ‘regime switch’ for a different regime
after the change point. The detection of regime switch can be thought of as change-point detection
with one change point. This is the focus of our paper. Unlike those existing papers, our proposed
method considers a functional change-point problem from a forecasting perspective. A standard
change-point method can be applied to a univariate time-series of forecasting errors.

The remainder of this paper is structured as follows. In Section 2, we describe the motivating
data set consisting of the NIR spectrum of wood panels. In Section 3, we introduce a functional
principal component analysis for reducing the dimensionality of a functional time-series. In
Section 4, we introduce a functional time-series forecasting method and implement a forecasting
scheme to determine forecasting errors, such as ISFEs, for some holdout samples. In Section 5, we
present a bootstrap method to obtain bootstrapped functional time-series forecasts, from which
we obtain a distribution of optimal stopping time to quantify uncertainty. In Section 6, we present
asimulation study. In Section 7, we present the results for the motivating data set. From the ISFEs,
we apply a structural break detection method to identify the optimal stopping time. Conclusions
are drawn in Section 8, along with some ideas on how the methodology can be further extended.

2 | WOOD PANEL NIR SPECTRA

This data set consists of 72 sets of spectra acquired from a NIR probe inserted into the wood panel
matrix before panel pressing. Spectra were automatically collected during the panel processing.
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FIGURE 1 A perspective plot of 72 near-infrared spectra curves with the wavelength from 350 to 2300 nm.
[Colour figure can be viewed at wileyonlinelibrary.com]

All spectra were acquired using an Analytical Spectral Devices field portable spectrometer. The
acquisition range was from 350 to 2300 nm, with a 1 nm spectral resolution (i.e. 1951 points
per spectrum). The actual time of acquisition for each spectrum is embedded. Therefore, the
time interval between spectra can be computed as the difference between consecutive spectra
times.

In Figure 1, we present a perspective plot of NIR spectra curves. NIR spectra can be viewed
as a set of dense functional data. While the perspective plot does not reveal the optimal stopping
time, it shows a temporal change in the NIR spectra curves at different wavelengths. The optimal
stopping time is one among 72 time points where the wood panel compression completes. We
aim to determine the earlier termination time.

3 | AFUNCTIONAL TIME-SERIES FORECASTING METHOD

We do not restrict our considerations to a particular functional time-series forecasting method.
Many of the functional predictors applied in the statistical literature fit our stopping time
detection algorithm in Section 4. We elaborate on some examples: (1) functional autore-
gressive of order one (Bosq, 2000), where a functional predictor can be lagged observations
of a functional response; (2) nonparametric functional regression (Antoniadis et al., 2006);
(3) functional principal component regression where scores are modelled and forecast via a
multivariate time-series forecasting method (Aue et al., 2015); and (4) functional principal
component regression where scores are modelled and forecast via a univariate time-series
forecasting method (Hyndman & Shang, 2009). We consider a functional principal compo-
nent regression where scores are modelled and forecast via a univariate time-series forecasting
method. The univariate time-series forecasting method can model a possible non-stationary series
of scores.
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3.1 | Functional principal component analysis
From the sample X (u) = {X;(u), ... , X,(u)}, we compute the sample mean function and sample

covariance functions, which are defined by
- 1w
X) = = Xw),
3
A 1« - -
C(u,v) = ;Z{W(“) - XWX (v) — X(W)]}.
=1

Via Mercer’s lemma, the empirical covariance function can be decomposed as
Cu,v) = Y I pi(v),
k=1

where )Aq > 12 > ... > 0 are the sample eigenvalues, and [$1(t), $2(t), ... ] are the corresponding
orthogonal sample eigenfunctions. The realisations of the stochastic process X can be written as

X =Xw) + Y fudew). =12, .. .n, 1)
k=1

where E,k is the k' estimated principal component score for the ¢ time period.
In practice, we truncate (1) into the first K < n terms and a model residual term ¢;(u). This
leads to

K
X,(u) = X(w) + ) Prachi(w) + Gw), @)

k=1

where expansion (2) facilitates dimension reduction as the first K terms often provide a good
approximation to the infinite sums, and thus the information contained in &'(ut) can be properly

summarised by the long vector (ﬁI ,ﬁ;)T, where B, = (Bir. ... . Pux)" and T denotes matrix
transpose.

When a functional data set is i.i.d., the functional principal component analysis is an adequate
dimension-reduction technique. However, in the presence of temporal dependence, long-run
covariance plays an essential role in modelling functional time-series (Rice & Shang, 2017). The
long-run covariance can be defined as

Cwv) = Y re(wv),

{=—0

where y,(u,v) denotes a symmetric and nonnegative definite autocovariance for any #. In prac-
tice, the long-run covariance function can be estimated from a functional time-series. Given its
definition as a bi-infinite sum, a natural estimator of C is

Contir) = 3 W (£ 7rtwm.

f=—00
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where @ is known as the bandwidth parameter, and

n—-¢
=¥ [ - XW] [Xur0) - XW)], €20

Ye(u,v) =4 =
: X [xw) - X@] [ 0) - X0). £ <0,
t=1-

is an estimator of y;(x, u), and W, is a symmetric weight function with bounded support of order «.
The estimation accuracy of this estimator crucially depends on the bandwidth parameter, which
can be selected by a plug-in algorithm of Rice and Shang (2017). With the estimated long-run
covariance, a set of dynamic functional principal components and their associated scores may be
obtained.

3.2 | Selection of the number of components

Although it can be a research topic on its own, there are several approaches for selecting the
number of retained terms K: (1) scree plots or the fraction of variance explained by the first few
functional principal components (Chiou, 2012); (2) pseudo-versions of Akaike information crite-
rion and Bayesian information criterion (Yao et al., 2005); (3) predictive cross-validation leaving
out one or more curves (Yao et al., 2005); (4) bootstrap methods (Hall & Vial, 2006); and (5) eigen-
value ratio test (Ahn & Horenstein, 2013; Lam & Yao, 2012). In this article, we determine K by
a modified eigenvalue ratio criterion introduced in Li et al. (2020). The estimated value of K is
determined as the integer minimising ratios of two adjacent empirical eigenvalues given by

I?:argmin Aﬁ“x]l @26 +1 @<9 ,
1<k<k .y /lk /11 ),1

where kmax is a pre-specified positive integer, § is a pre-specified small positive number
and 1(-) is the binary indicator function. When without prior information about a possible
maximum of K, it is unproblematic to choose a relatively large kmax, for example, kyax =

# {k|;1\k > ZZ=1;1\k /n k> 1} (Ahn & Horenstein, 2013). Given that the small empirical eigen-

values Ek for some K < k < kpax are close to zero, we adopt the threshold constant 6 =
1/ In[max(4;, n)] to ensure consistency of K.

3.3 | Univariate time-series forecasting methods

The forecasts of these principal component scores can be obtained via either a multivariate or
univariate time-series forecasting method. Among the multivariate time-series forecasting meth-
ods, the vector autoregressive moving average model is commonly used (see, e.g. Aue et al., 2015).
However, these models often require stationarity and do not have an automatic order selection
algorithm. In contrast, a univariate time-series forecasting method, such as the autoregressive
integrated moving average (ARIMA) model, can handle the non-stationarity of the principal
component scores. Also, we use the automatic algorithm of Hyndman and Khandakar (2008) to
choose the optimal orders of autoregressive p, moving average q and difference order d.
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For each set of principal component scores, an ARIMA(p, d, q) model is built, which has
autoregressive components of order p, moving average components of order g, and degree of a
difference d needed to achieve stationarity. The model can be expressed as

p q
Al =c+ Z"IlAdﬁt—l + 7+ Zu/vm_v, t=max(p,q)+1, ... ,n,
=1 v=1

where A%p; represents the stationary time-series after applying the difference operator of order
d, c is the drift term; {m, ... ,#p} represents the coefficients of the autoregressive components;
{w1, ... ,yq} represents the coefficients of the moving average components; and z; is a sequence
of i.i.d. random variables with mean zero and a finite variance.

In the automatic ARIMA model, d is selected based on successive Kwiatkowski-
Phillips-Schmidt-Shin (KPSS) unit root tests (Kwiatkowski et al., 1992). KPSS tests are used for
testing the null hypothesis that an observable time-series is stationary around a deterministic
trend. We test the original data (i.e. the first set of principal component scores) for a unit root;
if the test result is significant, we test the differenced data for a unit root. The procedure contin-
ues until we obtain our first insignificant result. After determining the value of d, the orders of p
and q are selected based on the optimal Akaike information criterion with a correction for finite
sample sizes (Akaike, 1974). Having identified the optimal ARIMA(p, d, q) model, the maximum
likelihood method can estimate the parameters.

3.4 | Forecasting functional time-series

From the estimated long-run covariance function, we can extract estimated dynamic functional
principal components B = {$1(u), ,$K(u)}. Conditioning on the past functions &'(u) and the
estimated functional principal components B, the h-step-ahead point forecast of X, (1) can be
expressed as

K
Zranin(w) = E [Xnn(W)|X(w), B = XW) + D Brsninicbi(),
k=1

where ﬁn+h|n,k denotes univariate time-series forecasts of the kth principal component scores and
h denotes a forecast horizon.

Let us consider our motivating example, consisting of 72 NIR spectra observed over time. Sup-
pose we observe the first 71 NIR spectra, and we aim to produce a one-step-ahead curve forecast.
Through a dynamic functional principal component analysis, we obtain estimated mean function
in Figure 2a, estimated functional principal component in Figure 2b and its associated scores in
Figure 2c, and one-step-ahead forecast curve in Figure 2d.

4 | STOPPING TIME DETECTION
41 | Rolling window scheme

We consider a rolling window scheme of a functional time-series forecasting method commonly
used to assess model and parameter stabilities over time. It assesses the constancy of a model’s
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FIGURE 2 By applying a dynamic functional principal component analysis to the observed near-infrared
spectra from time points 1 to 71, we obtain the estimated mean function, the first estimated functional principal
component and its associated scores. Using the eigenvalue ratio criterion, the number of retained components is
one. By forecasting the scores with the ARIMA(0, 2, 0) model, we obtain the one-step-ahead forecast curve
conditional on the estimated functional principal component and mean function. [Colour figure can be viewed at
wileyonlinelibrary.com]

parameter by computing parameter estimates and their corresponding forecasts over a rolling
window of a fixed size through the entire sample.

In the forecasting scheme, we produce one-step-ahead point forecasts using the first three
functional observations initially. We re-estimate the parameters in a functional time-series model
using the second to fourth functional observations. Forecasts from the estimated models are then
produced for one-step-ahead. We iterate this process by increasing the sample size by one obser-
vation until the end of the sample period. This process produces 69 one-step-ahead forecasts. We
compare these forecasts with the holdout samples (i.e. 4th to 72th curves) to determine the point
forecast accuracy.

To evaluate the point forecast accuracy, we use the integrated squared forecast error (ISFE)
(see also Hyndman & Ullah, 2007), which measures how close the forecasts are compared to the
actual values of the variable being forecast. It can be written as

85UB017 SUOWIWOD 3AIERID 3|qedl|dde 8y} Aq peusenob ae saoie O ‘8N J0 s3I 1o} Areiq1TaUljuO A8|IA UO (SUOPUOD-PUR-SLUBY WD A8 | I AeIq 1 [BulUo//Sd1L) SUORIPUOD PUe W | 38U} 88S *[2202/TT/02] uo Ariqiiauluo Aejim ‘Aisealun auenbae |\ Aq z/G2T"9sSI/TTTT OT/I0p/wW00 A3 | im Areiq1jeul|uo'ssl//sdiy wouy papeojumod 'S ‘220 ‘9.86.97T


http://wileyonlinelibrary.com

SHANG ET AL. 1213

~ 2
€1 = / [xm(u)—xmw(u)] du, y=3, .. .(n—1),
ya

where X, ,;(u) represents the (y + 1)™ holdout sample in the forecasting scheme, while fyﬂw(u)
represents the one-step-ahead point forecasts for the holdout sample.

4.2 | Regression-based approach

Since our goal is to determine the optimal stopping time, the number of breakpoints is one. To
estimate the breakpoint, we follow the methodology as set out in Bai and Perron (2003) (refer
to Zeileis & Kleiber, 2005; Zeileis et al., 2003, for a detailed description of an implementation).
Suppose we observe a univariate time-series of ISFEs, denoted by ¢,.1 fory =3, ..., (n —1). We
estimate a random walk with a piecewise constant drift for the time-dependent variables:

SGitemn r+1y”
A€y+1= ! N
g2+€y+1 }’+1>Y

where ¢; and ¢, denote the respective mean terms before and after a breakpoint, and €,., is the
error term. We estimate this model using ordinary least squares by minimising the sum of squared
residuals (SSR):

r*-1 n—1
SR = D (Mg —a1) + ) (A — o).
y=3 r=r*

This model specification identifies one breakpoint, which divides the univariate time-series
of the forecast errors up into two regimes with different shifts. The optimal stopping time is
determined as the one that minimises the SSR.

5 | BOOTSTRAPPING FUNCTIONAL TIME-SERIES
FORECASTS

Bootstrapping has been receiving increasing attention in the functional time-series literature as
a way of quantifying uncertainty. Politis and Romano (1994) obtained weak convergence results
for approximate sums of weakly dependent, Hilbert space-valued random variables. Dehling et al.
(2015) also obtained weak convergence results for Hilbert space-valued random variables, which
are assumed to be weakly dependent in the sense of near-epoch dependence and showed consis-
tency of a non-overlapping block bootstrap procedure. Nyarige (2016) and Franke and Nyarige
(2019) proposed a residual-based bootstrap for functional autoregressions. They showed that the
empirical distribution of the centred sample innovations converges to the distribution of the inno-
vations with respect to the Mallows metric. Pilavakis et al. (2019) established theoretical results
for the moving block and the tapered block bootstrap. Shang (2019) applied a maximum entropy
bootstrap procedure. Paparoditis (2018) considered the functional autoregressions and derived
bootstrap consistency as the sample size and order of functional autoregression both tend to infin-
ity. From a nonparametric viewpoint, Ferraty and Vieu (2011) applied a residual-based bootstrap
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procedure to construct confidence intervals for the regression function. Zhu and Politis (2017)
proposed a kernel estimation of the first-order nonparametric functional autoregression model
and its bootstrap approximation.

Bootstrapping helps with statistical inference and forecast uncertainty quantification. Papar-
oditis and Shang (2021) proposed a sieve bootstrap for constructing prediction bands. Since the
sieve bootstrap method can handle model misspecification, it improves the calibration of interval
forecasts. However, the sieve bootstrap relies on stationarity in a functional time-series, where
our NIR data set does not hold. Instead, we consider a nonparametric bootstrap method of
Hyndman and Shang (2009). In the principal component decomposition, at least three sources
of uncertainty need to be considered. These are truncation errors in the principal component
decomposition (concerning the estimated number of retained principal components), estimated
mean function and functional principal components, and forecast errors in the forecast principal
component scores. Since principal component scores are regarded as surrogates of the origi-
nal functional time-series, these principal component scores capture the temporal dependence
structure inherited in the original functional time-series (Paparoditis, 2018; Shang, 2018). By
adequately bootstrapping the forecast principal component scores, we can generate a set of boot-
strapped curve forecasts conditional on the estimated mean function and estimated functional
principal components from the observed functional time-series.

Using a univariate time-series forecasting method, we can obtain one-step-ahead forecasts

for each set of the estimated principal component scores, { ﬁl,k, ,ﬁn,k} for k=1, ..., K.
Let the one-step-ahead forecast errors be given by &1k = fix — fyi—1x for t =2, ..., y and
y =3, ..., (n — 1). These can then be sampled with replacement to give a bootstrap sample of
ﬂy+1,k:

2(b) _ Q) _

ﬂy+1|y,k - ﬁ}/+1|y,k + '9*’](’ b= 1’ ’B’

where B = 1000 symbolises the number of bootstrap replications and ﬁiblz are sampled with

replacement from {:9\1,;(, e 1/9\7_1,;{ }.

Assuming the first K principal components approximate the original functional time-series
relatively well, the model residual should contribute nothing but random noise. Consequently, we
can bootstrap the model residuals in Equation (2) by sampling with replacement from the model

residual term {El(u), ,Ey_l(u)}.
Adding two components of variability, we obtain B variants for &,.1(u),

y+1ly r+1ly,

K
X0 w=Y5% b+ w.
k=1

r+1ly r+1ly
Section 3, where the retained number of principal components is estimated from eigenvalue ratio

criterion and is allowed to be different in bootstrap samples. We obtain a one-step-ahead fore-
cast by conditioning the estimated mean function and functional principal components in each
bootstrap sample. Then, we compute the one-step-ahead bootstrap forecast errors between the
bootstrapped forecasts and actual holdout samples,

With the bootstrapped {z\?(l) (u), ... ,2?(3) (u)}, we fit a functional time-series model in

. 2
e = / |10 - B, o] du.
1

r+lly
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With each bootstrapped errors {eib), . ,eﬁ,b) }, we apply the structure break detection algorithm

in Section 4.2 to find the estimates of the optimal stopping time.

6 | SIMULATION STUDIES

We consider two data generating processes. In Section 6.1, we consider a stationary functional
time-series process, where there is a presence of abrupt change at a pre-fixed location. In
Sections 6.2 and 6.3, we consider a non-stationary functional time-series process, where there is
a presence of abrupt and gradual change at a randomly assigned location respectively.

6.1 | An abruptchange in the mean of a stationary functional
time-series

We utilise Monte Carlo simulation to evaluate the performance of our method. The data generat-
ing process is a pointwise FAR(1), given by

X1(u)=10Xux (1 —u)+ w X Bi1(u)
Xi(u) = (p+ o)X—1(u) + w X By(w), t=2,...,n
| X1 (w) — X, (w)|

Yl = o

where {B;(u),t=1, ... ,n,u €[0,1]} denote i.i.d. standard Brownian motions. In practice,
we discretise continuum u on 101 equally spaced grid points. We consider three values of
@ = 0.1, 0.5, 0.9 to reflect three levels of noise to signal. The coefficients satisfy |p| < 1 and |p +
c| < 1in order to ensure the stationarity. Let p = 0.2 and ¢ = 0 for curves from two to = = [n/2];
while ¢ = 0.7 for curves from [n/2] + 1 to n. An example of simulated curves with a sample size
n =400 is presented in Figure 3, where the actual stopping time is 200.

o
N
o
w -
hel
o
Q
=
S Q]
£ -
n
[le)
24
o
2
T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0
Grid point

FIGURE 3 One replication of n = 400 simulated curves {Y; (&), ... , Yaoo(u)}. [Colour figure can be viewed
at wileyonlinelibrary.com]
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FIGURE 4 With 1000 replications, we compute the empirical cumulative distribution functions of the
stopping time using the regression-based approach with a sample size of n = 400 for a noise-to-signal ratio
»=0.1,0.5,0.9.

TABLE 1 For three sample sizes, we determine the mean and median of the estimated change points and
the number of times out of 1000 replications when the estimated stopping time is greater than or equal to the
actual stopping time. From a conservative aspect, it is essential not to miss the actual stopping time. Out of 1000
replications, each number in the table reflects a probability where the actual stopping time is within the
estimated stopping time

n T ® Mean of 7 Median of 7 #7 >= 1)
101 51 0.1 51.965 52 572
0.5 51.497 53 567
0.9 50.822 52 546
201 101 0.1 100.079 102 528
0.5 98.009 101 523
0.9 97.742 101 515
401 201 0.1 195.091 201 514
0.5 195.464 201 526
0.9 193.313 200.5 500

In each replication, we apply our regression-based approach to estimating the optimal stop-
ping time. With the estimated stopping time points from 1000 replications, we present cumulative
distribution functions (CDFs) for the regression-based approach with three different noise to
signal levels w = 0.1, 0.5, 0.9 in Figures 4a, 4b and 4c, respectively.

In Table 1, we tabulate the number of times among 1000 replications when the estimated
stopping time is greater than or equal to the actual stopping time. As sample size n increases,
the chance of covering the holdout stopping time generally decreases, but the median of the esti-
mated stopping time becomes more accurate. For the three w values, the possibility of covering
the holdout stopping time generally decreases from @ = 0.1 to @ = 0.9. The smaller the w value
is, the larger the signal-to-noise ratio is. From Table 1, the mean and median of the estimated
stopping time are not distant from the actual stopping time.
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6.2 | An abrupt change in the mean of a non-stationary functional
time-series

We consider another data generating process for simulating functional time-series. We begin with

simulating a time-series of error functions [e;(u), e;(u), ... , €,(u)] given below:
K
W) = ) Pori(u) + Gi(w), ©)
k=1
where [¢1 (1), p2(w), ... , px(u)] are randomly sampled with replacement from K = 21 Fourier

basis functions, and {;(#) denotes innovation term that can be independent over t. We consider
101 equally spaced grid between 0 and 1.

Let B, = (Bi1, Pr2» --- » Prx)" be a K-dimensional vector. We generate B, from a vector autore-
gression of order 1 (VAR(1)) model,

B =AB,_ 1+ &, t=2,...,n,

where A = (a;)gxx is the VAR(1) coefficient matrix, and &, denotes the error term of the VAR(1)
model at time t. Following Li et al. (2020), we consider two possible structures for A : (1) a diagonal
matrix with diagonal elements drawn from a U(—0.5, 0.5) and ¢, is generated by a K-dimensional
normal distribution with mean zero and power-decay covariance structure

cor(&l, &) = plt,

where p denotes a correlation parameter, such as p = 0.5. (2) Alternatively, A is a banded autore-
gressive matrix with a;; independently drawn from a U(-0.3, 0.3) when |i—j| <3 and a; = 0 when
li—j| > 3, and &, is independently generated by a K-dimensional normal distribution with mean
zero and identity covariance matrix.

To specify a change-point location for the population, we draw a value from a
U(0.25 x n, 0.75 x n). The lower and upper bounds of the uniform distribution are purposely
chosen so that the location of a change point does not lie on the boundary of a sample. We could
divide the change-point location = by sample size n to compute a probability p € (0.25,0.75).

Following Aue et al. (2018), a class of break functions was given by

k
5u) = LZ%(u), k=1,2, ... K,
kw:l
8(w) = 6(w) x Ve,

where the normalisation is required to ensure 6 (u) has unit norm. For a population, &, (u) is the
case of a break only in the leading eigendirection, while 6x(u) is the case of a break that affects
all eigendirections (see, e.g. Aue et al., 2018). The value of ¢ controls the magnitude of the break,
and it links to the signal-to-noise ratio

pd—p)

SNR = ¢ X —~
tr(Ce)

“4)
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TABLE 2 For three sample sizes, we determine the mean and median of the actual and estimated change
points and the number of times out of 1000 replications when the estimated stopping time is greater than or
equal to the actual stopping time

True change point r  Estimated change point 7

SNR = 0.1 SNR = 0.01

A n Mean Median Mean Median #(7 >=17) Mean Median #(7 >=1)
Band 100 50.07 50 50.23 50 29 51.60 52 393

200 99.99 99 102.08 102.5 67 107.72 108 218

400 200.83  203.5 203.67 210.5 150 186.79 177 407
Diag 100 49.46 49 50.99 50.5 47 51.37 51 356

200 99.60 100 101.64 102.5 84 102.94 106.5 313

400 200.39 199.5 202.72 205 168 198.45 200 395

where tr(@) denote the trace of the estimated long-run covariance of the error term in
Equation (3). We can compute the value of ¢ for a given SNR value.

With a chosen eigendirection k, such as k = 1, we simulate n samples of a non-stationary
functional time-series as follows:

X(w) = ) X L{t > 7} + e,(w),
Vi) = X(W) + X, (w),

where X(u) = %Z:’zlé‘(,(u).

In Table 2, we present some summary statistics of our estimated change points for three sam-
ple sizes and two SNRs. As SNR increases from 0.01 to 0.1, the mean and median of the estimated
change points are generally closer to those of the actual change points for the same sample size.
The probability that the actual stopping time is within the estimated stopping time also increases.

6.3 | A gradual change in the mean of a non-stationary functional
time-series

While Sections 6.1 and 6.2 present stationary and non-stationary functional time-series pro-
cesses with an abrupt change in mean, in this section, we modify the data generating process of
Section 6.2 from an abrupt change to a gradual change in mean. With a chosen eigendirection k,
such as k = 1, we simulate n samples of a non-stationary functional time-series as follows:

Xw) = Vix = x5y x 1{t > 7} + &),
NG

Vi(w) = X(w) + X, (w),

where ¢ is a time index representing a gradual change. Also, @ € (0, % %is a constant, and together
with ¢ control the magnitude of the change point. As « or c increases, the magnitude of the change
point increases; thus, it is easier to be detected.
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TABLE 3 We determine the mean and median of the estimated and actual change points from 1000
replications for three sample sizes and two SNRs

True change point  Estimated change point 7

a = 0.05 a=0.25 a =045
A SNR n Mean Median Mean Median Mean Median Mean Median
Band 0.1 100 50.07 50 51.62 52 51.55 51 51.54 51
200 99.99 99 102.87 103 101.56 102 101.51 101
400 200.83 203.5 205.07 211 202.31 205 202.28 203.5
0.01 100 52.20 54 51.72 52 51.55 52
200 110.14 113 103.55 104 101.58 102
400 191.58 187.5 204.61 211 202.30 205
Diag 0.1 100 49.46 49 51.12 51 51.00 51 50.99 51
200 99.6 100 102.28 103 101.13 101 101.09 101
400 200.39 199.5 203.82 206 201.91 202 201.89 201
0.01 100 52.61 54 51.33 52 51.00 51
200 105.33 111 102.60 103 101.13 101.5
400 204.27 215.5 203.80 206 201.90 201.5

In Table 3, we present some summary statistics of our estimated change points for three sam-
ple sizes and two SNRs. As a increases for the same SNR and sample size, the mean and median
of the estimated change points are closer to those of the actual change points. As SNR increases
from 0.01 to 0.1, the mean and median of the estimated change points are closer to those of the
actual change points for the same sample size and same « value.

7 | APPLICATION TO THE WOOD PANEL DATA SET

According to Bekhta et al. (2014), the glue curing process is affected by the moisture content in
a wood panel and process factors such as applied pressure and temperature. For better determi-
nation of phenolic glue curing of wood panels, FPInnovations exploited the near-infrared (NIR)
spectroscopy to extract spectral signals that can reflect chemical changes due to the curing of the
resin. In this study, these 72 spectra were obtained from a piece of Spectralon reference materials
coated with a layer of urea-formaldehyde resin. This sample was placed in an oven to simulate the
online process curing temperature and withdrawn at a periodic time for spectral measurements.
Since the traditional glue manufacturing process can hardly be monitored, considerable ener-
gies must be consumed to guarantee the resin’s curing completion. As a result, this new process
monitoring tool ensures substantial savings in energy and time.

Using the eigenvalue ratio criterion, the number of retained components is determined to be
one. With the functional time-series forecasting method, we compute the ISFEs in Figure 5. From
a univariate time-series of these ISFEs, we then implement a structural change detection method
described in Section 4.2 to identify one breakpoint. This breakpoint is also our estimated optimal
stopping time. The breakpoint occurs at time point 27 using the rolling window scheme. As a
result, time point 27 may be the optimal stopping time using the regression-based approach.
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FIGURE 5 Based on the ISFEs, we determine the estimated stopping time using the regression-based
approach.

The point estimate of the optimal stopping time is limited without an adequate assessment
of probabilistic uncertainty associated with the point estimate. In computing the forecast errors,
forecast uncertainty stems from systematic deviations (e.g. due to parameter and model uncer-
tainties) and random fluctuations (e.g. due to the model error term). Thus, it is essential to provide
an interval forecast as well as a point forecast of the optimal stopping time to (1) assess the future
uncertainty level; enable different strategies to be planned for a range of possible outcomes indi-
cated by the interval forecast; compare forecasts from different methods more thoroughly; and
explore different scenarios based on various assumptions.

The uncertainty associated with our estimated stopping time may vary largely due to the fore-
cast errors in the forecasting schemes. We apply a functional time-series forecasting method that
utilises the principal components and their associated scores to compute these forecast errors. By
bootstrapping the scores and model residuals, we obtain a set of bootstrap functional time-series
conditional on the estimated mean function, estimated functional principal components, and
observed functional time-series. We compute the ISFEs and determine the optimal stopping time
for each bootstrap replication using the bootstrap series. In turn, bootstrapping provides us with a
distribution of the estimated optimal stopping time, from which we can determine the mode (fre-
quently occurring value). The mode is time point 29 using the regression-based approach. Out of
1000 bootstrap replications, there are only seven times where the stopping time is time point 30.

The detected time points 29 and 30 obtained from the 1000 bootstrap samples differ from
the time point 27 identified by the same approach applied to the original functional time-series.
An explanation is that the original functional time-series are some realisations of an unknown
stochastic process. The bootstrap samples generally mimic the temporal dependence exhibited
in the original functional time-series, but the bootstrap samples contain a random noise with a
practically unknown signal-to-noise ratio. In turn, the detected time points may differ from the
one from the original data.

The economic benefit of this empirical application is substantial. Among 72 time-series of
NIR spectra, our estimated optimal time point indicates that we do not need to observe the entire

85UB017 SUOWIWOD 3AIERID 3|qedl|dde 8y} Aq peusenob ae saoie O ‘8N J0 s3I 1o} Areiq1TaUljuO A8|IA UO (SUOPUOD-PUR-SLUBY WD A8 | I AeIq 1 [BulUo//Sd1L) SUORIPUOD PUe W | 38U} 88S *[2202/TT/02] uo Ariqiiauluo Aejim ‘Aisealun auenbae |\ Aq z/G2T"9sSI/TTTT OT/I0p/wW00 A3 | im Areiq1jeul|uo'ssl//sdiy wouy papeojumod 'S ‘220 ‘9.86.97T



SHANG ET AL. | 1221

sample to uncover when the glue curing process may be completed. In turn, this finding could
save energy, time and labour costs.

For comparison, we also implemented a structural break method of Aue et al. (2018) and
detected the change point at time point 22 using both fully function and functional principal
component analysis-based approaches. The optimal stopping time is recommended at time point
30 for this data set. It is better to overestimate than underestimate the stopping time from an
applied perspective since the process may not be completed if stopped too early.

8 | CONCLUSION

We provide a solution for determining the optimal stopping time for phenolic glue curing of wood
panels in an automated process environment from a time-series of NIR spectra. This solution,
based on the NIR spectroscopy technology, provides a novel alternative to monitoring the pro-
cess. With a more accurate evaluation of the curing process’s stopping time, the proposed solution
leads to substantial savings in energy, time and labour costs, thus enhancing the overall competi-
tiveness of the Canadian wood industry. Furthermore, the proposed methodology can be applied
to other applications such as qualitative analysis and quality control, where spectral signals can
be employed to analyse a dynamical process of interest.

The essence of our methodology is to identify breakpoints by applying a structural change
method to iterative one-step-ahead forecast errors. These forecast errors are obtained by comput-
ing the ISFEs between the holdout functional time-series and their one-step-ahead forecasts. Our
approach is general enough to apply other structural break methods and functional time-series
forecasting methods.

There are at least three ways in which the present paper can be extended: (1) We implement
a regression-based approach to detect a single change point due to the nature of our problem.
However, one could apply other change-point methods, including those that can detect multiple
change points (see, e.g. Qian et al., 2019; Wu & Zhou, 2020; Xiong & Cribben, 2021). Then, the
stopping time is estimated by the point that has the longest homogenous segment to the end of
the time points. (2) A challenging and important research direction is the change-point detec-
tion for high-dimensional functional time-series. In this study, we observe only one time-series
of near-infrared spectroscopy curves. As the experimental conditions can change from one to
another, the stopping time can vary among different wood products. If we observe multiple
(high-dimensional) functional time-series for various wood products, it would be helpful to pro-
pose a hypothesis test to check if there is a change point in any of the functional time-series.
If so, we may develop a change-point detection method to identify those functional time-series
that have a change point. (3) By bridging a gap between academia and industry partners, our
change-point detection method can be applied by employees in the wood panel industry to verify
the effectiveness of the stopping-time estimation for a range of wood products. We aim to enrich

the collaboration with a developed computer code in “R.
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