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Abstract

In the age of big data, the efficient analysis of vast datasets is paramount, yet hindered by computational limitations such as
memory constraints and processing duration. To tackle these obstacles, conventional approaches often resort to parallel and
distributed computing methodologies. In this study, we present an innovative statistical approach that exploits an optimized
subsampling technique tailored for generalized additive models (GAM). Our approach harnesses the versatile modeling
capabilities of GAM while alleviating computational burdens and enhancing the precision of parameter estimation. Through
simulations and a practical application, we illustrate the efficacy of our method. Furthermore, we provide theoretical support
by establishing convergence assurances and elucidating the asymptotic properties of our estimators. Our findings indicate
that our approach surpasses uniform sampling in accuracy, while significantly reducing computational time in comparison to

utilizing complete large-scale datasets.

Keywords Efficient computation - Big data analysis

1 Introduction

The rapid technological advancements in recent years have
made it possible to access an unprecedented amount of data.
However, the abundance of data also introduces significant
analytical challenges, particularly in terms of computational
constraints such as memory and processing time limita-
tions, which often render traditional computational methods
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impractical. Consequently, subsampling methods for effi-
cient model estimation have become a crucial area of
research, particularly in big data scenarios where analyzing
the entire dataset is computationally infeasible.

Subsampling techniques have seen significant progress
across various models. For instance, Drineas et al. (2006),
Mahoney and Drineas (2009), and Drineas et al. (2011)
introduce random sampling approaches for linear regression
that successfully extract key information from large datasets.
Wang etal. (2021) propose an orthogonal subsampling (OSS)
method for estimating linear regression models in big data
contexts. Further contributions include the entropy-based
subsampling method by Sui and Ghosh (2024), which effi-
ciently samples data while measuring information loss, and
the algorithmic leveraging methods introduced by Ma et al.
(2014) and Zhu et al. (2015), which utilize empirical leverage
scores to inform non-uniform sampling. Wang et al. (2019)
propose the information-based optimal subsample selection
(IBOSS) technique for linear regression, later extended to
distributed data by Zhang and Wang (2021).

In the realm of logistic regression, Wang et al. (2018)
present a subsampling technique that optimizes the A- and
L-optimality criterion. Generalizing this method for the Gen-
eralized Linear Model (GLM), Ai et al. (2021) introduce the
Optimal Subsampling Method under the A-optimality Cri-
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terion (OSMAC). Furthermore, Zuo et al. (2021) extended
OSMAC to a distributed data scenario.

In the domain of softmax regression, also known as multi-
nomial logistic regression, Yao et al. (2023a) reveal that
optimal subsampling strategies can be influenced by model
constraints; they propose a subsampling approach invariant
to such constraints, minimizing the asymptotic expectation
of the mean squared prediction error. Furthermore, Yao et al.
(2023b) introduce an optimal Poisson sampling method for
softmax regression. For Poisson regression settings, Yu et al.
(2022) propose a Poisson subsampling method incorporating
A- and L-optimality criteria for maximum quasi-likelihood
estimation for distributed data. In a broader context, Yu
et al. (2023) unified the problem, introducing a subsampling
approach for non-linear models such as accelerated failure
time models, and general nonlinear regression models, opti-
mizing design criteria including A-, D-, E-, and T-optimality.

Moreover, subsampling techniques are developed for
more complex models. Lee et al. (2022) propose a non-
uniform subsampling method tailored to finite mixtures
of Gaussian regression models, focusing on minimizing
squared errors and reducing computational burden. For a
comprehensive overview of optimal subsampling methods
in the context of big data scenarios, readers are encouraged
to refer to Yao and Wang (2021) and Yu et al. (2024) for a
detailed review.

While numerous subsampling methods have been devel-
oped for parametric and non-parametric models, there
remains a notable gap in research concerning optimal sub-
sampling for semi-parametric models, particularly in big data
contexts. GAM stands out as a potent semi-parametric model,
as it surpasses linear models in its ability to capture complex
nonlinear relationships through non-parametric covariates
while maintaining fixed-form parametric variables, making
it highly effective for modeling intricate data patterns as
explained by Hastie (2017).

Although GAMs provide efficient parameter estimation
and favorable convergence rates, traditional estimation meth-
ods become computationally impractical for very large
datasets. The iterative reweighting process used for esti-
mation leads to complexity and memory usage that scale
quadratically with the dataset size. This article addresses
this challenge by developing and evaluating optimal sub-
sampling techniques tailored specifically for GAMs. Our
proposed method reduces the computational complexity
from quadratic to linear in relation to dataset size, while keep-
ing memory usage independent of the full dataset size.

Unlike GLMs, GAMs comprises both parametric and
non-parametric covariates, the latter represented by reduced
rank smoothing splines under sum-to-zero identifiability
constraints. This unique structure renders the derivation of
optimal subsampling probability (SSP) for GAMs a chal-
lenging task, distinct from that for GLMs. Our approach
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begins with obtaining initial parameter estimates through
uniform random sampling. We then derive the optimal SSP
based on A-optimality introduced by Kiefer (1959) and L-
optimality criteria introduced by Atkinson et al. (2007).
Additionally, we propose a novel estimation technique that
combines optimal and random subsamples, offering a refined
method for parameter estimation. To support our methodol-
ogy, we present rigorous mathematical proofs to demonstrate
the convergence and asymptotic normality of our estimators.

The subsequent sections of this paper unfold as fol-
lows: Sect.?2 introduces the proposed optimal subsampling
algorithm for GAMs and its asymptotic properties. Sec-
tion 3 presents the simulation studies designed to showcase
the finite sample performance of the proposed subsampling
methods for GAMs, especially in comparison to uniform ran-
dom sampling. Section4 demonstrates the proposed method
with a real-world application. Section 5 concludes the paper
with some discussion.

2 Optimal subsampling method for GAM
2.1 Generalized additive models

Consider a dataset comprising n subjects, where each sub-
ject i is characterized by its observed values (x(l) (2) ¥i)

X
D=, l(;l)]T € R represents the vec-
)

tor of parametric covariates of dimension d; and x(2 =
[xl(f), - l(jz]T € R®% is the vector of non-parametric
covarlates of dimension d; fori = 1, ..., n. The scalar-valued
response variable of subject i is denoted by y;. Thus, GAM

can be expressed as

where x;

i ~ EF(u;, ¢),
g(ui) =xVTsM 4 Z fi ( (2)) :

where EF represents a distribution from exponential family
with u; = E(y;) and fixed scale parameter ¢. Furthermore,
g(+) denotes the link function. The coefficient vector of the
parametric covariates is 8 e RY. Denote fj () to be the

smoothing function that relaxes the functional form of xi(jz)
for j = 1,...,d> and be constrained under sum-to-zero
identifiability condition, i.e., ", f; (x(z)) = 0.Each f; (x(z))
can be expressed as a linear expansion using a chosen set
of basis functions evaluated at their corresponding values
denoted as b;; = [b1 (x(z)) (x[ ; )] where K ; rep-
resents the chosen number of bas1s functions for the j-th
covariate. Thus,

f] ( (2)) bTa(z)

. dn
ij0; , forVj € R%,
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where 65.2) is the associated coefficient vector for j-th non-
parametric covariate.

The objective function of GAM can be formulated as a
penalized log-likelihood function as

n dy
=SS [ P

i=1 j=l1

[ i = ) _
_Z{ «() +C(y”¢)}

i=1

da
—Zx// {FaPax? $))
j=1

where /; is the log-likelihood of i-th data point. 8; = g(u;)
represents the unknown canonical parameter. «(-), ¥ () are
functions of 6 and ¢ respectively. Denote c(-) to be a function
of response y; and fixed scale parameter ¢. Additionally,

f{f](x(z)) 2 /{b 5P
_ [ 5975 5T5@g, @
_fsj bjb; 8 dx/;

_ T [ 55T dx@s@
=34 /bjbjdxij 8

_ s@T ¢ (2
=3877s;87,

where f i (+) denotes the second order derivative of the func-
tion fj(-). The vector b; = [by, (x(2)) bk (x(z))]T
regresents the second order derlvatlve of basrs functlons of

. Let A; be the smoothing parameter which is treated as
the tuning parameter in the model for j = 1, ..., d». Matrix
S is the integration of the covariance matrix of the vector
of basis functions for j-th covariate, which does not depend
after the integration.

For notation simplicity, we employ an n- by—p matrix
X = [X1,....X,]", where X; = [x{"".b}..... b5, 17
fori = 1,...,n, to represent the desrgn matrix. The cor-
responding coefficient vector in the model is denoted as
B = [T, 8(12)T, .. (Z)T]—r Consequently, (1) can be
further expressed as

OIl)C
ij

CEIVILE 28788

j 0 1
= Z{y w( L4 e ¢>)} —587S:8, @

where S is a zero-padded block-wise matrix with non-zero
diagonal blocks given by A;S; for j = 1,...,d>.

Denote the score and Fisher information of /(8) to be s (8)
and I(B).

ol
s(B) = ('3) —Zw,amyl ui)Xi — ;8. 3)
i=1
821(/3)} : T
1 =E{ — = XX — 8y, 4
B { 28387 ’Z:;w { =S )
where w; = [var(y;)( d‘)g ) I Vand a¢; = . Given the

values of A; for j = 1,...,d>, the parameter Vector B can
be estimated by using the penahzed iteratively re-weighted
log-likelihood method on the objective function (2) as

—“ —“ SURN BN
ﬂ(tH) _ ﬂ(t) iy (ﬂ(t)> s (ﬂ(l)), 5)
where ¢ is the iteration index.

2.2 A general subsampling method for GAM

In situations where the size of the dataset n is exception-
ally large, computing the penalized log-likelihood estimate
from the full dataset, ﬁ, becomes challenging. To address this
issue, subsampling approaches emerge as viable solutions. In
this section, we delve into a general subsampling method for
GAM which is showcased in Algorithm 1. The algorithm
generates a general subsampling estimate, E, computed on
a subsample of size r (< n) to approximate E Without loss
of generality, we choose the uniform subsampling method as
the general subsampling method used in this paper.

Algorithm 1: General subsampling algorithm for GAM

General Subsampling:

Denote the SSP of each subject in the full dataset to be 7z; for
i=1,...,n.

Draw a subsample of size r based on SSP 7; from uniform
random sampling.
Estimation under General Subsampling:

Denote the size, log-likelihood, re-calculated SSP of each
subject and S in the subsample to be as r, [, 7" and S} for
i =1,...,r. Itis worth noting that, under uniform random
sampling, subsampling probabilities 7; = 7" = % are assumed
for each unique subject i.

Given the predefined maximum number of iteration 7, if the
iteration index ¢ < T, iteratively estimate 8 by minimizing the
penalized re-weighted log-likelihood defined on the subsample

l*
I"(B) = Z ;—‘B) - *ﬂTS)Lﬂ (6)

i=1 i

using Equation (5).

We establish the consistency and asymptotic normality for
this general subsampling estimator, 8, leading to an enhanced

@ Springer



15 Page4of17

Statistics and Computing (2025) 35:15

sampling procedure for obtaining optimal subsample. To
derive these results, we make the following assumptions:

Assumption1 D, = %( Z?:l u;iX,-XiT — S,\) is a positive-
definite matrix.

: Ly I1X)
Assumption2 - > 7 | Tl
[| - ]| is the Euclidean norm.

n IIX\
2+r Zz 1

7T

= Op(1) for k = 2, 4 where

Assumption 3 = Op(1) when t > 0.

) 2
Assumption 4 n217 X wiX:X[) = 0p(1).

The aforementioned assumptions establish general
moment conditions on covariates distributions, essential for
deriving the estimator’s properties. These conditions can be
easily satisfied when covariates follow a sub-Gaussian dis-
tribution, as noted in Buldygin and Kozachenko (1980) and
Wang et al. (2018). Given Assumptions 1 and 2, we present
the following lemma to aid in deriving the properties of E

Lemma 1 IfAssumptions 1 and 2 hold, conditional on o -field

Fn,

D.-D.=0pz, (7). ™
10l (B)
n 0B

= Opr, (rl/z) , ®)

where

rrj

1 321*(B)
LR ]
1/1
Z(?
1321(/3)
[naﬂaﬂT]

Zw,X x| - sx) ©)

i=1

*,X X*T S)L)’

N
m

where X and w} represent the covariate vector and weight
parameter of the subsample respectively.

Lemma 1 provides insights into the first and second-
order condition of the penalized re-weighted log-likelihood
function evaluated at ﬁ This lemma sets the stage for the fol-
lowing Theorem 1 which establishes the consistency of the
general estimator, E with respect to the full-data estimator,
ﬁ. All proofs are deferred to the Appendix section at the end
of this paper.

Theorem 1 IfAssumptions 1 and2 hold, asn — oo, B—f8 =
Opi7, (r~'12).

@ Springer

Theorem 1 asserts that, under the conditions of Assump-
tions 1 and 2, the general subsample estimator E is consistent
with ﬁ in probability conditional on o -field F,,. As subsample
size r increases, the difference between B and ﬁ diminishes
at the rate of »~1/2. Furthermore, we present the asymptotic
distribution of this difference in Theorem 2.

Theorem 2 [f Assumption 3 hold, as n — 0o and r — 00,
conditional on o -field F,,,

V2B -B) S N, D,

where

V=D'V.D ' = 0p(r™Y), (10
1., ~
V¢ = Vary=I"(B)
n
I wii — i) X X[ _
= Y T = O0p 07D D)
i=1 !

Theorem 2 asserts that, under Assumption 3, as n — oo
and r — o0, conditional on o-field F,,, the asymptotic dis-
tribution of E - ﬁ is a multivariate normal distribution with
mean 0 and variance V,i.e., N(0, V).

2.3 An optimal subsampling method for GAM

In this subsection, we introduce an optimal subsampling
method designed to improve the general subsampling method,
which relies on uniform random sampling. The optimal sub-
sampling method aims to decrease the variance of the error
,E — :B\ while minimizing the asymptotic mean squared error
between E and ﬁ, under the condition that E is consistent
with B.

In this context, V, the Varlance of error ﬂ ﬂ is a matrix.
To diminish the variance of }3 ,B we draw inspiration from
the concept of A-optimality from experimental design and
define the trace of V, tr(V), as the measure of the vari-
ance matrix of /3 ﬂ Notably, when minimizing tr(V'), one
is exactly_ mmlmlzmg the asymptotic mean squared error
between ﬂ and ,8 Consequently, we present the following
theorem, outlining the derivation of the optimal SSP.

Theorem 3 [f SSP satisfy

mmse ___|willyi — wil I DY X | 12
’ S lwilly; = il IDT X
for i=1, ..., n, tr(V) achieves minimum.
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The significance of Theorem 3 lies in its revelation that the
optimal SSP, denoted as 77", is contingent upon || D;l Xill
and |y; — ;| This dependency manifests through the inter-
play of covariates and the absolute error between y; and ;.
Specifically, with regard to the effect of the response, the the-
orem implies that a higher prediction error corresponds to a
greater SSP. In essence, Theorem 3 suggests that, to achieve
the minimum asymptotic mean squared error, one should
prioritize selecting data points associated with a substantial
loss.

To calculate 7r;"™°, it is necessary to evaluate || D;IX ill
fori = 1,...,n which takes O(np?) operations. Note that
7™M minimizes the trace of V = D;'V.D;! through
V.. Recognizing that computing 7r;"™ involves significant
computational complexity, we shift our focus to the variance
matrix V. and propose an alternative optimal SSP, denoted
as nl.mVC. As outlined in Theorem 4, nl.mVC minimizes tr(V)

while demanding less computation for its calculation.
Theorem 4 If the SSP is chosen such that

mve |willy: — wi [l X |

TT. = s
l it lwilly; — i lIX

tr(V o) achieves minimum.

By leveraging Theorem 2, we can deduce that

D.B-B L NO. V.

This indicates that tr(V.) represents the asymptotic mean
squared error of Dxﬁ, denoted as tr(V,) = AMSE(Dxﬁ).
Therefore, the SSP provided by Theorem 4 effectively min-
imizes AMSE(DXﬁ). Calculating nl.m Ve requires O (np)
operations to compute || X;||, significantly reducing the
computational burden compared to O (np?) operations for
evaluating ||D;1X i || in the case of 7", especially when
dealing with high-dimensional design matrices. Moreover,
nimVC exhibits similar behavior to 77;"™ in subsampling, as
it also prioritizes the selection of units associated with large
absolute estimation errors, |y; — u;|. Notably, the criterion
to minimize tr(V ) aligns with the concept of L-optimality
in experimental design, which seeks to minimize the trace of
a linear transformation of the asymptotic covariance matrix.

However, computing either 7;"™° or Jrimv“ necessitates
the estimation of coefficient vector, ﬁ, on the entire dataset
which is impractical to compute in the context of large data
scenarios. Consequently, directly applying these optimal SSP
with Algorithm 1 to estimate model coefficients is not fea-
sible. To address this, we introduce a two-stage algorithm,
outlined in Algorithm 2. Throughout the remainder of the
article, we refer to the optimal coefficient estimator obtained

from this two-stage algorithm as [9

Algorithm 2: Two-stage optimal subsampling algorithm
for estimating (5) in GAM

Stage 1:

Draw a subsample of size (¢ using uniform random sampling
with SSP 7; = 1/n.

Given the pre-defined maximum number of iteration 7',
obtain the estimated model coefficients B, as an approximation
of the value of 8.

Replace ﬁ by EO, and compute optimal SSP ;"¢ and nimvc.
Stage 2:

Draw a second subsample of size r with replacement using
optimal subsampling with the optimal SSPs, /"™ and rr,.mVC.
Given T, obtain the estimate B using the combined

subsamples of size ro + r.

Algorithm 2 outlines a two-stage optimal subsampling
procedure for estimating the optimal coefficients f! . In the
first stage, the algorithm approximates the value of E and
computes an estimate of the optimal SSP. The approximation
estimator, ﬁo, obtained in this stage is consistent, as demon-
strated in Theorem 1. Additionally, its asymptotic variance
is bounded by r,” Vin probability. While Eo can provide a rel-
atively accurate approximation of ﬁ as ro approaches closer
to n, using a large ro in large data scenarios is impractical
and can make the algorithm inefficient. The second stage is
designed for a more thorough estimation, and hence, rq is
typically chosen to be small. For efficiency considerations,
Wang et al. (2018) suggests choosing r( to be as small as
o(r~1/2). This ensures computational efficiency while main-
taining the algorithm’s effectiveness.

The computational complexity of estimating the model
using the proposed optimal subsampling method is analyzed.
Let T be the maximum iterations for the GAM to converge in
Stage 1, and d = d; + d be the total number of coefficients
in the model. Then the estimation for the coefficient, EO, in
Stage 1 requires O(T(réd +rod?)) computation. In Stage 2,
calculating the optimal subsampling probabilities, rrimmse and
7rimV°, has complexities of O (nd?) and O (nd) respectively,
for very large n. The final estimation of the refined B requires
O (T{d(ro+r)*+(ro+r)d?}). Thus, when n is large, the over-
all complexity under the A-optimality condition is O (nd?),
while under the L-optimality criterion, it reduces to O (nd).
In contrast, uniform random subsampling that selects a subset
of size ro 4 r requires O (T {(ro + 2d + (ro + r)dz}) com-
putation. When using the full dataset, model estimation has
a quadratic complexity in n, requiring O (T (n*d)) computa-
tion. Therefore, the proposed method substantially reduces
computational costs compared to using the entire dataset,
although the uniform subsampling method requires the least
computation.

Regarding memory requirements, in Stage 1, the proposed
optimal subsampling method requires O(rg + rod + d?
memory. In Stage 2, computing the optimal subsampling

@ Springer



15 Page6of17

probabilities, /"™ and nimVC, requires O(d?) and O(d)
memory respectively. The final estimation of B demands
O((ro+r)*+(ro+r)d+d?) memory. Overall, the proposed
method requires O (d* + (ror)d + (ro + r)) memory. In con-
trast, the uniform subsampling method needs O ((ro + r)2 +
(ro +r)d +d?) memory. Without subsampling, fitting GAM
on the full dataset demands O (n?) memory. The subsam-
pling methods significantly reduce the memory requirement
for model estimation.

We further provide the readers with theoretical guarantees
on the proposed estimator B obtained through Algorithm 2
under the previously introduced assumptions. To facilitate
the derivation of the theorems, we first present Lemma 2.

Lemma 2 If Assumptions 1 and 2 hold, then conditional on
o-field F,,

pb D, =opr (r—1/2) , (13)
3l~ (/3)

1 ~1/2

- aﬂ = opz, (r'12). (14)

where

21% (R
o125
n apop’

_ l{l )P
nlr & 7B

wiXiXT — sk}. (15)

Lemma 2 characterizes the behavior of the first and
second-order condition of the penalized log-likelihood func-
tion which are re-weighted by the SSP computed based on Eo-
Lemma 2 prepares the theoretical support for the subsequent
theorems which establish the consistency and asymptotic
distribution of the optimal coefficient estimators estimated
based on the SSP computed from EO.

Theorem 5 IfAssumptzonsZand3 hold, when ror=1/2 — 0,
n — oo and rg — 00, ﬂ ﬂ OpF, (r- 172y,

Theorem 5 establishes the consistency of the proposed
two-stage optimal estimator, B, to the full-data estimator,
B. Their difference is bounded by ~!/2 in probability and
diminishes as r increases. Further insights into the asymp-
totic distribution of the proposed estimator are provided in
Theorem 6 below.

Theorem 6 Ifror—'/? — 0and Assumption 3 holds, asn —
00, given o-field F, and B,

(VB2 (B B) S N, D),
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where
vho = p-ivPopt,
V?O = Var{lii (fs)}
n Bo
1 & w(yi — )X x| -

Theorem 6 establishes that the proposed two-stage 0pt1mal
estimator, ﬂ is asymptotically normal and consistent with ﬂ
with variance VB o. Compared to the general subsampling
estimator, although both are consistent, the proposed estima-
tor is associated with lower asymptotic variance, benefiting
from the two-stage subsampling with an optimized variance
criterion. In other words, under the condition where both esti-
mators have the same value of variance, the proposed method
significantly reduces the number of data points required for
computation, fulfilling the purpose of this proposed sampling
method for big data analysis.

3 Simulation studies

In this section, we conduct simulation studies to evaluate the
finite-sample performance of the proposed optimal subsam-
pling method. Our primary interest lies in assessing how well
the proposed estimator, B , approximates the full-data estima-
tor, ﬁ, in large-scale data scenarios. Additionally, we explore
the computational time differences when compared to using
uniform random sampling.

Each data point i is associated with two parametric covari-

ate, x,(zl), x(31), and three nonparametric covariates, x(l), g)

and x”) . For notation convenience, we represent the intercept

of the model to be lel
)

= 1 such that the parametric part of

the model input x; [xl(ll),xi(zl), (])]T (1, x,(zl)v 1(31)]T‘

We simulate six scenarios to generate various covariate dis-
tributions, and in each scenario, the full data size is simulated
to be n = 50000:

Scenario 1 (Uniform): Covariates follow uniform distribu-
tion Unif(—1,1), ie., xl.(zl), xl.(3l), xi(lz), xl.(?, xl‘(32) ~
Unif(—1, 1).

Scenario 2 (Normal): Covariates follow normal distribu-
tion N(0, 1), i.e., x5, x3, xP x2 x@ ~ N0, 1).

Scenario 3 (Exponential): Covariates follow exponen-
tial distribution N(0, 1), i.e., x\, x5, x 7, x5, x5
Exp(0.5).

Scenario 4 (Gamma): Covariates follow gamma dis-
tribution Gamma(5s, 0.5), i.e., xl(zl), xl.(3l), xl.(lz), xl.(g), xl.(32) ~
Gamma(5, 0.5).

Scenario 5 (Poisson): Covariates follow Poisson distribu-

tion Pois(10), i.e., x,(zl),xg),xl(lz),x,(g), ) ~ Pois(10).
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Scenario 6 (Weibull): Covariates follow Weibull dis-
tribution Weibull3, 1), ie., x3, x%, xP, x5
Weibull(3, 1).

Define the inverse of the link function p; = g~!(-) using
the following equation for all i:

(1)+x(1)+f( )+f((2))
+ /3 (xg)) + €
2
=1 —i—x(l) + x(l) —l—x(z) + (x.(2))

+x3 + (x f?) + x5+ (x ,(32)) +ei,

1()_x(1)

where xl(2), xg), xl.(lz), g) and x ) are standardized, respec-

tively, before input into the hnk function for numerical
stability considerations in computation. The smooth func-
tions are defined as f(-) = xl-(f)+(xi(j2))2 forj =1,2,3.The
true parameter 8 = [1,1,1,1,1,1,1,1, I]T. Some mea-
surement error €; ~ N(0,0.001) is added for all i. The
response variable y; follows a Bernoulli distribution, i.e.,
y; ~ Bernoulli(uj) where w; is modeled by the inverse of
the logit function, i.e., u; = g~ 1(X;B) = exp (X;B)/{1 +
exp (X;B)}.

The subsample sizes for the first and second stages are ini-
tially fixed at ro = 250 and r = 250, respectively, to emulate
ascenario where a maximum of (ro +r)/n x 100% = 1% of
data is feasible for computation. Let ﬁum represent the sub-

sampling estimator from uniform random sampling (uni), and
¥ mmse vmV, . . .
B and B represent optimal subsampling estimators

under A-optimality (mmse) and L-optimality criteria (mV,),
respectively. To account for randomness and uncertainty, the
simulation process is repeated for K = 1000 runs in each sce-
nario. The computing hardware used in this study is equipped
with Intel i7-8750H CPU and 16 GB RAM. We utilize the
average 2-norm error to measure the estimation accuracy in
each of the six scenarios and present them in Table 1. The
average 2-norm error is defined as:

K
1 uni
EZH% Bll2.
k=1
1 K
mmse
L) — Bl2.
k=1

1 K
=2 1830 — Blla,
k:

where B is the coefficient estimator from the k-th simula-
tion run.
. ¥ mmse . .
Table 1 illustrates that from optimal subsampling
under A-optimality criterion exhibits overall smaller aver-

Table 1 Average 2-norm errors of subsampling estimators from uni-
form random sampling (uni), optimal subsampling under A-optimality
(mmse) and optimal subsampling under L-optimality (mV.) computed
at subsample size (ro + ) = 500 in six different distribution scenarios
across 1000 runs, with standard error presented in parentheses

uni mmse mV,
Uniform 0.91 (0.33) 0.64 (0.22) 0.84 (0.38)
Normal 0.88 (0.35) 0.66 (0.25) 0.78 (0.33)
Exponential 0.99 (0.39) 0.87 (0.35) 1.00 (0.48)
Gamma 0.87 (0.31) 0.68 (0.24) 0.81(0.34)
Poisson 0.84(0.32) 0.66 (0.23) 0.76 (0.32)
Weibull 0.88(0.33) 0.65 (0.25) 0.79 (0.35)

age errors in all six scenarios. Although shghtly larger, ﬂ
shows similar average errors to those of ﬂ R contrast,
ﬁ from uniform random sampling reveals larger errors
and variance in all six scenarios. It’s worth noting that for
covariate distributions that are skewed, such as exponential,
gamma, Poisson, and Weibull distributions, the errors and
variance of all three estimators become larger than those of
Uniform or Normal distributions. Moreover, Bmm% exhibits
significantly smaller variance compared to all the other esti-
mators.

To investigate the impact of subsample size on the per-
formance of the proposed method, we evaluate the average
2-norm error of optimal subsample estimators while vary-
ing the subsample size in stage two, ranging from r =
250, 300, 350, 400, 450, 500, 550, across 1000 simulation
runs. Additionally, we compute the corresponding error of
the uniform subsampling estimator ﬁum from a subsample
of size ro + r. The results are presented in Fig. 1.

Figure1 depicts a consistent decrease in the average
2-norm errors of all estimators as the subsample size r
increases. B e consistently outperforms the other two esti-
mators across all scenarios, exhibiting the lowest errors. In
contrast, Eum from uniform random subsampling demon-
strates higher errors in almost all six scenarios. Notably,
in the exponentlal distribution scenario, as the subsample

size increases, 8 g ¢ exhibits slightly larger errors than ,B

This phenomenon may be attributed to the highly skewed
covariate distribution in the exponential scenario, resulting
in numerous outliers. The covariate effect in the subsam-
pling probability computation poses challenges in obtaining

a robust optimal SSP for B mVC. In comparison, B " Jever-
ages additional information from the penalized likelihood
objective function, specifically the second-order derivative
Dy ! resulting in a more effective optimal subsampling
probability and, consequently, a more accurate coefficient
estimate. However, when r is small, and the total subsample
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size is limited, both proposed estimators, A" ¢ and ™™ out the need to re-compute the subsampling probability for

exhibit smaller average 2-norm errors.

The computation time of the proposed methods is another
study of interest. Figure2 presents the average CPU com-
puting time (in seconds) for the three subsampling methods
at various r values in each of the six scenarios across 1000
runs. As r increases, the CPU computing time for all three
subsampling estimators also increases. Bmm ¢ requires the
most time for computing which is expected as demonstrated
by its computational complexity. The uniform random sam-
pling method generally requires the least computing time
since it only estimates parameters on the subsample with-
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the second step, as the proposed methods do. However, in
the Exponential distribution scenario, the computing time
for ,’B\um is similar to and even slightly longer than that of the
proposed estimators on average when r increases. Outliers in
the exponential distribution of covariates may influence the
convergence of the estimator, leading to more iterations in
parameter estimation and, consequently, longer computing
time for ﬁum. Moreover, the average CPU computing time
for parameter estimation on the full dataset in Scenarios 1
to 6 is 228.79, 229.12, 228.78, 228.60, 171.47, and 227.44s,
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respectively. Our proposed methods are much faster in com-
putation benefitting from subsampling.

Overall, the proposed optimal subsampling estimators
outperform the uniform random sampling estimator in esti-
mating the full-data estimator with higher accuracy. Fur-
thermore, the computing time of the proposed estimators is
significantly reduced compared to estimation using the full
dataset.

4 Real data application

This study is particularly motivated by the need to ana-
lyze electricity consumption data to predict household active
power at specific times. Accurate predictions of electric
consumption are vital for optimizing energy production,
enhancing distribution efficiency, and promoting energy con-
servation. Given the continuous and voluminous nature of
such data, combining subsampling with semi-parametric
models, which allow for fixed functional forms for some
variables while relaxing linear or parametric assumptions for
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others (like time), emerges as a suitable strategy for this anal-
ysis. In this section, we employ uniform random sampling, as
well as optimal subsampling under the A- and L-optimality
criterion, with GAM to analyze a dataset containing indi-
vidual household electric power consumption introduced by
Hebrail and Berard (20006).

The dataset comprises the variable “global active power”,
representing the electric power consumption in a household
located in Sceaux, France, over a period spanning December
2006 to November 2010. The dataset covers 47 months with
a one-minute sampling rate, resulting in a dataset of size
n =2, 049, 280 after removing records with missing values.
Itincludes a date variable capturing the date of the year and a
time variable providing time information on the minute level.
Our analysis aims to understand how the household’s global
minute-averaged active power (in kilowatts) varies with the
month of the year and the time (in minutes) of the day.

To facilitate this analysis, we first engineered month indi-
cator variables from the “date” variable, denoted as “month ;
for j = 2,...,12 such that month; = 1 if the observed
electric consumption occurs in the j-th month of the year.
Next, we standardized the original time information, denoted
as variable time. Denote “global active power” by Y as the
response variable which is modeled by regressing it on month
indicators and a smooth function of the standardized variable
“time”, as depicted in the following model:

Y =po + Bimonthy + Brymonths + Bzmonthy
+ Bgmonths + Bsmonthg + Bemonthy
+ B7ymonthg + Bgmonthg + Bomonthg
+ Biomonthy; + Biymonthjy + f(time) + €.

Variable “time” represents the standardized time in min-
utes of the day when the observed electric consumption is
recorded. Smooth function f, under the sum-to-zero con-
straint, is modeled by a linear combination of basis functions.
Eventually, degree three polynomial basis functions are cho-
sen in this study for simplicity.

Similar to the simulation study, we set the first-stage sam-
ple size fixed to be ro = 300 and vary the second-stage sam-
ple size, r, across the values for » = 300, 600, 900, 1200,
1500, 1800. The 2-norm error of the parameters estimated
using the full dataset versus subsamples sampled by uniform
random sampling and our two proposed methods is com-
puted. To ensure robust estimates, we repeat the sampling
process for 1000 runs. Figure 3 presents the average 2-norm
error of the parameters estimated using the three sampling
methods mentioned above and their associated CPU comput-
ing time at the fixed r¢ and different r.

The 2-norm errors from all three methods show decreas-
ing trends, dropping from about 0.7-0.4 as r increases from
300 to 1800. However, it is evident that the proposed subsam-
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pling estimators are associated with smaller errors than those
of uniform random sampling. Moreover, as r increases, the
CPU computing time of all three methods increases almost
. v mmse . . . vmV,¢
linearly. 8 requires the most computing time, and 8
requires less computing time. ﬂum requires the least comput-

ing time. All results are consistent with the theorems derived
above.

5 Conclusions

In this paper, we introduced two optimal subsampling estima-
tors for Generalized Additive Models, grounded in the prin-
ciples of A-optimality and L-optimality. Our methodology
involves a two-stage process. Initially, naive sampling is first
conducted to estimate optimal subsampling probabilities,
effectively guiding data selection. Subsequently, comprehen-
sive subsampling is performed to maximize information gain
and achieve a consistent estimator with minimized estima-
tion variance. We support our approach with theorems and
proofs, affirming the convergence and asymptotic variance
of these estimators.

Our assessment, through both simulation and real data
studies, validates the superiority of our proposed estimators
compared with the uniform random subsampling estimator.
While the computational cost of our method is marginally
higher compared to uniform random subsampling, it remains
significantly more efficient than processing the entire dataset.
Thus, our proposed estimators present a promising approach
for handling large-scale datasets in situations where tradi-
tional full-data analysis is computationally impractical.
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Thus,

19 (B)

~1/2
n 0B )-

= Op7,(r

O

Proof of Theorem 1 Denote the first order derivative of [ *(E)
to be [*(B). For V0O < u,v < 1, the Tayler expansion of

f*(ﬁ) at ﬁj is

P | (D J.
F)~rpB)+—— ﬁT (ﬁ] Bj)+R;=0,
R =B;—B)"
L9208 + uv B
/ / 3, (ﬂTj B
aﬂjaﬂj
x (B — (A2)
A . PPy
ccording to Chapter 4 of Ferguson (1996), || 2BapT I=0
is true for VB. Thus,
192 (B .+ uv(B; — B
B+ w0 B; =By,
Bﬂjaﬂj
Ul 1928 +uv(B. — B
5/ / Byt (ﬁT’ P s uav = 0.
0 Jo aB;0B;
By Lemma 1, we have
= = ~_1i*(ﬁ> _
B—-B= = Op|F, (r ]/2)» (A3)
n
O
Proof of Theorem 2 Note that
FB) G wif —udXE 1
S Wt At S St B
n r ; nm} n B
r *
(yl Mz)X 1, -
= il Bed B et M
Z{ Lsp
= ; Z"l
i=1
Furthermore, by Lemma 1,
1., ~
E{—l*(ﬂ)} = (A4)
n
1., ~
Var{;l*(ﬂ)} =V.=0px,0"). (AS5)

@ Springer

Conditional on o -field F;,, with p; i.i.d., we can know from
Equation (A4) that E(y;|F,) =0,i = 1,2, ..., r. Thus, one
can further derive that Var(y;|F,) = rV. = Op £, (1) for

= 1,2, ...,r. Moreover, denote identity function as I(-).
For Ve > 0, there exists T > 0 such that

,
ZE{ [ M b ((Ea e M a)m}
i=1

Il
'M‘

E{Ilr‘”zmllzl(llm | > r”ze>|fn}
~1/2. 12 lIn;]] ’ 172
By P12 g ) LAl = r'2e)l 7
13

1 - 241
—1+;STE<§“’“”
1 N R CHE ) S DN et
- | |

" L ——SB
rtzet Ui n
1185 B2+ }

ni.
n2+t (ni*)2+r n2+t

i=1

-

1

IA

L

IA

T

rl-‘rjg‘f -
i=1

1 Xn: lwi (i — w) X127
z - n2+r(m)1+r

rzet
1=

1 Z { lwi (v} — ) XF1*°

1 Z 11558112+

+ n2tt

3ot 4
i=1

il HT

Z lwi PFEX 12Ty —

n2tt niH‘T

1 IIS)\II”T B>
n2tt

rzet

There exists Mz, M4, Ms, Mg > 0, such that |w;|>T7 < M3,
lyi — i 2T < My, S22 < Ms, || B> < Me. Thus,

r

ZE{||r—1/2n,~||21<||r—“2n,~|| > »s)m}

i=1

n
o Mo 5~ 11+
- n2+rnil+f

MsMsg

rigtn2tt’

="z
r2et
1=

From Assumption 3, when n — oo and r — oo,

r

ZE{nr1/2ni||21(||r1/2n,-|| > s)m} = opz, (D).

i=1

Thus, by the Lindeberg-Feller central limit theorem,

1/2

i*(B)



Statistics and Computing (2025) 35:15

Page130f17 15

= 1 2Var (g | F) V2 Z n; a4 N0, I). (A6)

i=1

From Lemma 1 and Theorem 1,

—1 — 1,7 =-1 —
D, —-D;'=-D (D, - D,)D, 172y,

= OpF,(r

From Equation (A5), ¥V, = O, (1). We can further derive
that

V=D'Vv.D ' = 0p£,G7").

Thus, by Theorem 1, we have

V2B - B) = 0p£, (D).
From Equation (A3),
V2B - B)
V_l/zﬁfll‘*(ﬁ)
Y oon
_ _ o B
\% 1/2{Dx1+(Dx Dxl)} nﬁ
@
V—l/zD;l (ﬂ)+
n
l*
{ V—1/2(D I—D;l)} B)
n
i B _
V=D ‘—nﬂ + 0pi7, 71
ypl*
_y-12piyl Ry (ﬂ) Opir, (1),
Furthermore,

Var(V~12p vl
:V—I/ZD—IV (V—l/ZD;lviﬂ)T
1/24,1/2 n— _
=v 2D v [Py Pty 2 =

Thus,
Var(V-12(B - B)) = I

By Slutsky Theorem and Eq. (A6),

vI2B-B) % N, I).

Proof of Theorem 3 From Theorem 2,
= tr(D_lVCD_l)

" w2
=1r { 2 Z (yl D;l}

1 w; (i — wi)” _
mZtr{”ﬂ—_’DxlX,XlTDxl

l

LI )
nzz{ (yl IM ID IX I }

o [ lwilly =il oy
_rn2 z@/—m) ;{—ﬁ ID; Xln}

|w||y 14 2
— ID X,

zm22< ?

By Cauchy—Schwarz inequality, the equality holds if and only
if /7 o %nn;lxi Il Thus, when SSP ™™ =
m o lwillyi—w 1D X
TS S lwillyj =i DX
mum. O

tr(V)
Mz)zX x;

tr(V) achieves mini-

Proof of Theorem 4 From Theorem 2,
tr(Ve)
noo2
= tr{ 1oy i

200 _ 102
tr{ w; i — mi) XleT}
T

)’ X ||2}

— 2(yt
_mg{ b

1

- 2y [ il =il 1
= HQZQ/—)IZ]{ N ||Xl||}

lllX II}

nzz{ e

According to Cauchy—Schwarz inequality, the equality holds

—w)* X X/
T

ifand only if . /77; o« W.Thus,when subsampling
1
\ Tj [willyi —pi [l X |l
robability 71" ¢ = —7— = i tr(V
P y ST = Sy TV
achieves minimum. g

Proof of Lemma 2 For any integers ji, jo € [1, p], let
W 11w 1

N2 wrx x* J1j2

DX - ;{; Z *(ﬂO) lxl]lxln S)n }

@ Springer



15 Page 14 0of 17 Statistics and Computing (2025) 35:15
be the component of bx. = 0.
Var(bf 2\ Fs Eo) Moreover,
r
-V l 1 1 kok ok Sjllz ]:
= var Z ¥ Wi XijiXij, | 131* (ﬂ)
mr (ﬂ ) Var | F,
1 r 1 n 8ﬂ "
= ar{—z—~w?‘x;‘x;‘ (1< 1
nr 4 ﬂ*(ﬂ ) J1771)2 —V e . X*
ar n }’Z *(ﬂ)w (y, i) i

I A

—Z ’(ﬂO){nm Gy Ui
2
_n_rzwix,’jlxijz}
2
w; (x,jlx,n) 1(1 " >
rnZZ ”t(ﬁo) r nr; A2

=1
w X4 1

- )2
< — | — Wi Xii Xii .
= IAijirifo
rn Z i (Bo) ( Z,.Zl

i=1

Since wi2 < M,
Var(D]'”| 7., Bo)
My X 11 S 2
< —; u - —(— Zw;xijlxij2>
rns wi(Bg) T \nr =
= Op|].‘n (7‘_1/2) .

Under Assumptions 1, 2 and 3, by Markov’s Inequality,

P{(bfo —D,) za}

~ 2 ~
E(T)f‘) - Dx> Var<bf°|f,,)
< =
- a a

= Op7, (,—1/2> 7

Because

la%o(ﬂ)
n opf

—l{li i - JX*—SB}
Tl n?k(ﬁo)iyi i) A AP,

1005 (B) 191*(B)
SO Rk o]

_ o [Lad
-, %55 ]

_ Lo
n 0B

@ Springer

—st}|@]
—Var{ii;w*( *—M-)X*|.7-'}
nr 4 n.*(ﬁo) i i e
= wi(yi — w)? X X[
rnzzm(ﬂo) O

n 2
DL
2
rn iz

— il 1X; 12
mi (Bo)

Note that wi2 < M and |y; — ui|*> < M>. Thus,

(/3)| n}SMle X )12

Var{ =
n 9B rn? = 7i(Bo)

Given Assumption 2 holds, from Markov’s Inequality,

AL (B A2
PHl b ﬂ)_lal(ﬁ)} >a]
n o n o -

Var{%alﬁao;ﬂ )}

<————0pr0cH.
a

Equation (14) is proved. Thus, Lemma 2 is proved.

Proof of Theorem 5 ForV0 < u, v < 1,the Tayler expansion

of l%o(ﬁj) at B is:

ix 0 * al;()(ﬂ) P,
lﬁo(ﬁ, l (ﬂ)+ 98, (ﬂj_ﬂj)+RE0:Os
where

Rg, =(B; —B.)T

o /

x (B; -

s By +uv(B;—B))

= vdudv
aﬂjaﬂj

= OpF,(r~

1).

O



Page150f17 15

Statistics and Computing (2025) 35:15
2 * ﬂ)

According to Chapter 4 of Ferguson (1996), 3 ﬂ P BT =
is true for VB. Thus,

! azl'go{,@j +uv(B; — B))

= vdudv
B Bﬂj
1o 025 (B +uv(B; — B )}
=< / / Boj " = ! ! vdudv
0o Jo IB;oB;

=0.

Using the result from Lemma 2, we can get

.. (=3 ®
B-F= —(Df? ) "0 L = 0pyr, ).

Proof of Theorem 6 Note that

n
.
= %; mw?(ﬁ —u)X; — %Su@
:% r {nrr*(ﬂ ) wi Of — )X - %SAB}
=1 r ﬂ?o,

r

Furthermore, by Lemma 2,

1., -
E{;%(ﬂ)} =0

1.. =«
Var{—% (ﬁ)} = = Opi5,(r D).
n Po

Conditional on F;, and ﬂo, Bo

cally distributed and E(nf’wfn, ﬂo> —0.i=12 ..r

are independent and identi-

Thus, one can further derive that Var(nf] Olfn,ﬁ()) =

rVE = Opis, (), i = 1,2, ..,
there exists T > 0 such that

r. Moreover, for Ve > 0,

ZE{IIr‘l/znﬂ"ll 1= 2P0 > e)|fn,ﬁo}

= ZE{||r1/2nf’°||21(||n{’°|| > r'2)| 7. Eo}
i=1

S LA
< DBV ) 1
i=1

> r12¢)| Fy, EO}
.

1
— 012+t 50
= H%gj {nn, e

r i=1

> r”ze>|fn,ﬁo}

r ~
< E( > lnfo ||2+f)
i=1
1 d 1
=———E ——w; (] — u) X}
ritzer {; nwt(By) e
1 R 241
— =S8 }
n
1 [ wr ) — ud) X
- Z{ i Vi 7RO
gt P n2+r{7ri*(/30)}2+r
1S B>+
+ n2+'[
o1 anﬂwz‘()’i—N«i)X}kHzth
riet = n>{m(Bo)}+
L] IS B11+°
rggf n2tt
- wi Py — PGP
- r%ef — n> e (B}
L] ISL I F 11 BIIFTT
riet ntr

Given Assumption 3, by Lindeberg-Feller central limit the-
orem,

U Boc1i
—(ve) ™2y (B

IR
= ri{Var<nf°|fn, ﬁ())} YL ovon. @

i=1

By Theorem 5, we have

(VEBY12(B — By = Op, (1),
By Lemma 2 and Theorem 5,
(vBoy-12 — p)

: (B)

(Vﬁo) 1/2(Dﬂ0) lﬂO
n

@ Springer



15 Page160f 17

Statistics and Computing (2025) 35:15

— —(VBO) 1/2D—1 ﬂo(ﬂ)
n
~ ~ ix (B
" [_ (Vso)l/z{(f)fo)l _p! ” ﬂo(ﬂ)
n
: (B)
— (Vﬂo) 1/2D 1 ﬂO +0P|_7:n(r71/2)
£ (B)

= —(V’N’O)*I/ZD (Vﬂo)l/z(vﬁo)fl/z ﬂo
n

+ 07, ().

Furthermore,

Var{(Vﬁo)_l/zD;l(Vfo)l/z}
_ (Vﬁo)fl/zl);l (Vcﬂo)l/Z{(V;éo)lﬂDxl
~ T
(VfO)”z}
— (Vﬂo)—l/2D;l VCD;I (Vﬂo)—l/z
+ (vE)~ 2Dt v — v )DL (V12

— (VEO)_l/z(VEO)(VEO)_I/z
+ (VB 12p-tyPo _y Dl (Vo112

=1+ Py 2D v — VoD (V)2

Note that

1Ve— v =

s Z w (i — 1)’ Xi X[

2 mV,
i=1 T

s Z wi O — ) ?Xi X[ '
2= 7i(Bo)

1 n
o) Z w?(yi — 1i)* X X[
i=1

(—1 )]
2™WVe 1B

rn

n

1 1
— Hyi — il X, - —
n? 21: nl.mv° i (Bo)
Since wi2 < Mj and |y; — /,Li|2 < M,
3 MMy - 1X)12 Ve
(Ve — vy < ML s~ IR, T
rns o gt i (Bo)
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where
mVe 12
TT; 1 ~ mVe 2
- —= = ~— i (By) —m; “l
H Bl ImBr :
R mvc 2
- ||7Tz(130)k2 ol —op(l).

Thus, according to Assumption 3,

Ve = VEU <opzG7Y).

Thus,
Var (VﬂO)—‘/2D;‘(Vf°)1/2} =1 +opr ().

Th

=

s, by Eq. (7),

Va

=

(VB2 B - B)} - I

By Slutsky Theorem and Eq. (7),

VB 12— By S NG, D).
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