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Abstract

Ordinary differential equations (ODEs) are widely used in biomedical research and other scientific
areas to model complex dynamic systems. It is an important statistical problem to estimate pa-
rameters in ODEs from noisy observations. In this article we propose a method for estimating the
time-varying coeflicients in an ODE. Our method is a variation of the nonlinear least squares where
penalized splines are used to model the functional parameters and the ODE solutions are approxi-
mated also using splines. We resort to the implicit function theorem to deal with the nonlinear least
squares objective function that is only defined implicitly. The proposed penalized nonlinear least
squares method is applied to estimate a HIV dynamic model from a real data set. Monte Carlo
simulations show that the new method can provide much more accurate estimates of functional
parameters than the existing two-step local polynomial method which relies on estimation of the

derivatives of the state function. Supplemental materials for the article are available online.
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1. Introduction

Ordinary differential equations (ODEs) describe the dynamics of continuously changing processes
by relating a process and its rate of change. They are widely used in many areas of science and
technology. In particular, ODEs have been used in HIV/AIDS research to model the viral dynamic
system for better understanding of the pathogenesis of HIV infection and to evaluate the antiviral
response of antiretroviral regimens (see Wu, 2005, and reference therein). For example, Ho et al.
(1995) considered a simple dynamic model dX (t)/dt = P(t) — ¢X(t), where X (¢) is HIV-1 RNA
concentrations (viral load) in plasma, P(t) is the virus production rate, and ¢ is the clearance rate
of free virions. In order to explain the virus production rate P(t) using the patient’s immune status,

Chen and Wu (2008) recently studied the following ODE with time-varying coefficients

‘U;t(t) = a1(t) + as(t)CDA(t) — cX(2), (1)

where CD4(t) is the CD4+ T-cell counts. The two functional parameters ai(t) and aq(t) are time-
varying coefficients that represent the linear relationship between the CD44 T-cell counts and
the virus production rate. In clinical studies, both the viral load X (¢) and the CD4 counts are
measured at some discrete non-equally spaced points and it is of interest to estimate the time-
varying parameters based on these discretely observed measurements.

Motivated by the above HIV dynamic model, we consider a general deterministic dynamic

model specified by the ODE

d
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where X () is called a state variable, Z;(t), £ =1,--- ,d, are the covariates, ay(t), { =1,--- ,d, are
the time-varying coefficients, and g{ X (¢)} is some known function of X (¢). We assume that the state

variable is measured at some discrete time points with certain measurement errors. Specifically,



the noisy measurements satisfy

Y(t;) = X(t;) + e(ty), 1=1,....,n,

where t;, i = 1,--- ,n, are the observation times and €(t;) are corresponding measurement errors.
It is assumed that the measurement error €(t;) is a random variable with mean 0 and variance

o2. Our objective is to estimate the functional parameters ay(t), £ = 1,---,d, using the noisy

¢
measurements Y (t;), i = 1,--- ,n.

Chen and Wu (2008) proposed a two-step local polynomial method for estimating the time-
varying parameters in (2). In the first step, the state function X (¢) and its first-order derivative
dX (t)/dt are estimated from the noisy measurements using local polynomial regression techniques.
After plugging estimates of the state function and its derivative into the ODE (2), one obtains
a varying-coefficient regression model, which in turn is fitted using existing methods. Since the
two-step local polynomial method does not require solving the ODEs, it is a computationally fast
method for ODE parameter estimation. However, because the derivative dX (¢)/dt usually cannot
be accurately estimated from noisy data, the two-step method is not statistically efficient.

In this paper we propose a new method that does not estimate the derivative directly and show
using an extensive simulation study that the new method is statistically much more efficient that the
two-step method. Our approach blends the method of nonlinear least squares with penalized splines
function estimation and solving ODEs with finite elements/splines. The functional parameters are
estimated using penalized splines where roughness penalties are used to regularize the functional
estimates. Differently from the standard nonlinear least squares problems, our objective function
is defined implicitly and does not have a closed-form expression. We apply the implicit function
theorem to obtain the numerical gradients required by the Gauss-Newton algorithm. The use of
splines also makes the new method computationally fast. Our simulation study shows that the

new method provides substantial improvement over the two-step method: The average root mean
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square error of function estimation by the new method is always smaller than that by the two-step
method, and the reduction is greater than 75% in most cases and greater than 90% in more than
half of the cases we considered (Section 4).

While this paper focuses on the much less researched area of estimation of functional parameters
in ODEs, we would like to point out that there has been an extensive literature on estimation of
Euclidean parameters in ODEs; see Section 1.3 of Ramsay et al. (2007) for a review, and Huang
et al. (2006), Ramsay et al. (2007), Liang and Wu (2008) for recent development. Our method can
be viewed as an extension of Ramsay et al. (2007) to a setting with functional parameters.

The rest of the paper is organized as follows. Section 2 presents the details of the proposed
method. Comparison of the new method with the two-step method of Chen and Wu (2008) using
real data and simulated data are given in Sections 3 and 4 respectively. The appendix collects some

mathematical derivations.

2. Method

2.1 Penalized nonlinear least squares

Denote the solution of the ODE (2) with the initial condition X (0) = x¢ by X*(t; a1, ..., a4, zo),
which is a nonlinear function of the unknown varying coefficients and the initial condition. It is

natural to estimate the unknowns by minimizing the nonlinear least squares criterion

n
Z{}/i7X*(ti;a17"'7ad’x0)}2‘ (3)
i=1

The time-varying coefficients ay(t), ¢ = 1,---,d, are functional parameters and are estimated

using penalized splines (Eilers and Marx, 1996; Ruppert et al., 2003). Write each ay(t) as a linear

combination of B-spline basis functions
K,
ag(t) = toe(t)box = e(t) by, (4)
k=1

5



where 9(t) = (Yu(t), - , Yk, (t))" is a vector of B-splines, and by = (b1, -+ ,bek,)" is a vector
of basis coefficients. We then replace the functional parameters in (3) by the spline expansion
(4) and introduce a roughness penalty to regularize the spline estimates. We adopt the following
roughness penalty [{dZa,(t)/dt*}*dt = b} Qubs, where y is a penalty matrix with the (k, j)th

entry [ Ur(t)1;(t) dt. The penalized nonlinear least squares criterion is

n d

D (Y = X (tisba, .. baymo) Y + > exp(0,)bj Qube, (5)
i=1 /=1

where 6y are penalty parameters whose choice will be discussed later.

One of the challenges of using the nonlinear least squares method is that the ODE solution
X*(t;;a1,...,aq, o) usually does not have a closed form. We propose to represent the ODE solution
using a spline whose coefficients in a basis expansion are determined by solving another optimization
problem. To motivate our method of constructing the ODE solution X*(¢;b1,...,bq, x¢) appearing
in (5), consider solving (2) with the side conditions X (t;) = z;, ¢ = 1,...,n, for a given set of

values x;. Represent a trial solution X (t) by a basis expansion

J
t) = a;jo;(t) = o(t)a, (6)
j=1

where ¢(t) = (¢1(t),...,0s(t))T is a vector of B-splines, and o« = (ay,...,a )" is a vector of

coefficients. The method of least squares minimizes

d

Z{xz 8P+ [ - D a0 + (X0} ar

=

(Eason, 1976). The factor A; is the relative weight of the side-condition residuals with respect to
the differential-equation (DE) residuals. In our case, we do not have exact side conditions but the
noisy observations Y; can play a similar role. Thus we propose to obtain the ODE solution by

minimizing with respect to « the criterion

2

d
J= Z{Y Xy + [ [C”;f“—zaz<t>zg<t>+g{x<t>} it, (7)
/=1
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where X (t) depends on « as specified in (6), and a(t)’s depends on by as in (4). Since the DE
residuals can be made arbitrarily small by increasing the number of basis functions while the
magnitude of the side-condition residuals stays no lower than the noise level, we put more emphasis
on the DE residuals by using a very large value of A,. Our experience shows that the solution
of (7) is not sensitive to the value of A\, as long as it is large enough; setting A, in the range of
105 ~ 108 works well in all of our numerical examples. On the other hand, since the ODE solution
is approximated by a finite dimensional space of splines, an extremely large value of A\, will make
the error due to spline approximation dominate and will cause the method to collapse. Such a
situation can be easily spotted and avoided by checking the sensitivity of the solution to A,.

The integration in (7) usually does not have a closed form expression and needs to be evaluated
using numerical quadrature. We use the composite Simpson’s rule, which provides a good approxi-
mation to the exact integral (Burden and Douglas, 2000). Let @ be an even integer. For a function

f(t), the composite Simpson’s rule is

to h Q/2-1 Q/2

e G fo0) +2 3 Sloa) +43 o)+ 1G50) .
t1 q=1 q=1

with the quadrature points s, = 1 + ¢h, ¢ = 0,---,Q, and h = (tg — t1)/Q. To make the

approximation accurate, () needs to be reasonably large, i.e., Q = 10J, where J is the number of

basis functions used in (6) for representing the ODE solution.

The minimizer o* of (7) is plugged into (6) to obtain an ODE solution
X*(t;bl,...,bd):¢(t)Ta*(b1,...,bd). (8)

Note that the dependence of this solution on xg is dropped since X*(0) = ¢(0)"a* is determined by
«*, which in turn is determined by the data and b1, ..., b4. Given this ODE solution, the penalized

nonlinear least squares criterion (5) can be rewritten as

d

H=) {Y;—¢(t:) " (br,...,ba)}> + Y _ exp(6)bf Quby. (9)
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The main difference between minimization of (9) and the usual nonlinear least squares problem is
that a quantity in the objective function, a*(by,...,bg), is not defined explicitly but only implicitly
as a solution to another optimization problem. In the following subsection we discuss how to
overcome the difficulty associated with an implicitly defined objective function and develop an
algorithm for solving the minimization problem. Denote the minimizer of (9) as b= (bT,..., by)",

then the estimates of the functional parameters are given by a,(t) = @Zzg(t)Tl;g, L=1,...,d.

2.2 The modified Guass-Newton algorithm

Except in the special case that g{X ()} is a linear function of X (¢) where a closed-form solution
exists as shown at the end of this subsection, we propose to use the iterative Gauss—Newton
algorithm to minimize (9).

The application of the Gauss-Newton algorithm is non-standard here because the vector-valued

function a*(by, ..., by) does not have an analytical expression and its evaluation relies on numerical
methods. Given by, ..., by, let ap be an initial guess value of o, the Newton—Raphson algorithm for
computing a*(by,...,by) iterates
027 —trag
— . - 10
oo =0 (g5 ) (5] (10)

until convergence. The analytical expressions of the derivatives involved in the Newton-Raphson
iteration (10) are given in the Appendix.

To obtain the gradients needed for the Gauss-Newton algorithm to minimize (9), we resort to
the implicit function theorem. Denote b = (b],...,b])". Taking the b-derivative on both sides of
the identity 0.J/0a|q+ = 0, we obtain

d (o] 9% >??J
db™ \dcr|,.)  0adb™

N da*(b)
dada™

obT

=0,

a* a*



which yields

dar(b) _( 97

o 627‘] (11)
obT dada™ | . 0adb™ | . )’

provided that 9%2J/(0ada™)|q+ is non-singular. The analytical expressions of the derivatives ap-

pearing on the right side of (11) are given in the Appendix. Given the gradients, we can linearize

a*(b) at a trial value b° and then replace the criterion (9) by

bO} _ 806*(1))
b=b0 ob*

> [{- storaron + 200

2 d
b] + Zexp(ﬁg)bgﬁgbg. (12)
i=1 b=b°

(=1

The Gauss—Newton algorithm minimizes iteratively this ridge-regression or penalized least squares
criterion until convergence is reached.
The computation is much simplified in the special case that g{X(¢)} is a linear function, i.e.

g{X(t)} = cX(t), where the minimizer of (7) has a closed-from expression
o*(b1,...,bg) = (T + N\, A) " HDTY + \u),

where @ is an n x J matrix whose i-th row is ¢(t;)", A = [{Lo¢(t)}{Lo¢(t)}" dt is an J x J matrix

with Lop(t) = do(t)/dt + cop(t), Y = (Y1,...,Y,)", and

d d
u=3" / () Zo() HLob (1) Yt = S bF / (0e(t) Ze(t)}{ Lod (1) .
/=1 /=1

Since a*(b1, ..., bq) depends on b = (b],...,b})" linearly, minimization of (9) is a ridge regression

type of problem and has a closed-from solution.

2.3 Variance of the parameter estimates

It follows from (4) that the variances of estimates of the functional parameters are given by

var{ae(t)} = to(t) var(be)ibe(t), (13)



which depends on the variance matrix of b, which in turn is obtained using the Gauss—Newton al-
gorithm. The Gauss—Newton algorithm is essentially an iterative penalized least squares algorithm.

At each step the optimizing criterion (12) can be rewritten as
|YTO — U%]|2 4 b™Q, (14)

where the working response vector Y0 has components

da*(b)

, olta’ () + “p” |

bO

the working “design matrix” UY = {0a*(b)/0bT }|p—y0, and the penalty matrix
QF = diag{exp(0,)Q, ..., exp(0)Q}.
The minimizer of (14) has a closed form
bt = (UOTU0 4 by~ lpoTy o,

When 5° = b! = b is taken to be the value at convergence of the algorithm, its variance has the

typical sandwich form
var(b) = (UU° + QN0 var (Y IO U0 (U0 + Qf) L. (15)

To obtain an estimated variance matrix of I;, we simply replace Var(YTO) by 621, where 62 is the

sample variance of YiTO, i=1,...,n.

2.4 Choosing the penalty parameters

The penalty parameters can be chosen using generalized cross validation (GCV) as is commonly
used in the spline smoothing literature (Wood, 2006, Section 4.5). For the penalized nonlinear least

squares criterion (9), the GCV score is defined as

nZ?:l{Y(ti) — o(t:)"a*(by,. .., by)}?
(n — df)? ’

GCV(by,...,00) =
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where df is the effective degrees of freedom obtained using the usual linearization argument. In

light of (14), the smoothing matrix after linearization of the problem is given by
S = UO(UOTUO + QT)*IUOT

and df = trace(S). We minimize the GCV score with respect to § = (61,...,64)" to obtain suitable
penalty parameters. When there are only one or two penalty parameters, the grid search method
works well for finding good penalty parameters. When there are more than two penalty parameters,
to speed up the search, we can resort to a multidimensional optimization algorithm such as the
downbhill simplex method (Nelder and Mead, 1965) or a Newton type method (Wood, 2006, Section

4.6).

2.5 Parameter cascading

Our estimation procedure consists of three nested levels of optimisation and thus the computational
algorithm has three nested loops. In the inner loop, it minimizes the LS criterion (7) with respect to
« for fixed b and 6; in the middle loop, it minimizes the PNLS criterion (5) with respect to b for fixed
0; in the outer loop, it minimizes the GCV criterion (16) with respect to §. The three optimization
criteria are interconnected in the way that the parameters in the lower level optimization problems
are used to define the criteria in the upper level optimization problems. Such a nested structure
leads to the notation of parameter cascading (Cao and Ramsay, 2007; Ramsay et al., 2007). The
important feature of our parameter cascade is that there are no closed-from expressions to describe
the interdependence among the parameters in the three levels of optimization, and the implicit

function theorem provides the necessary analytical derivatives for efficient and stable computation.
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3. Application

The proposed penalized nonlinear least squares (PNLS) method is applied to a real data set from an
AIDS clinical study reported by Chen and Wu (2008). In this study, highly actively antiretroviral
therapy (HAART) and immune-based therapy were used to treat HIV-1-infected patients. For
each patient, both viral load and CD4+ T-cell counts were measured at baseline and around the
scheduled times at weeks 2, 4, 8, 12, 16, 20, 24, 28, 32, 36, 40, 44, 48, 56, 64, 72, 80, 88, and 96
after initiating the treatment. The actual measurement times vary because the patients did not
strictly follow the schedule. Separately for each of the five patients, Chen and Wu (2008) estimated
the two time-varying coefficients a;(¢) and ag(t) in model (1) using their two-step local polynomial
regression. The constant viral dynamic parameter ¢ appearing in (1) is estimated separately using
a different short-term HIV dynamic model (Perelson et al., 1996; Han and Chaloner, 2004) from
more frequent viral load data within the first three days. The second column of Table 1 gives the
estimate of ¢ for each of five patients.

When applying our method, the trial solution of the ODE was represented using a cubic spline
with 72 equally spaced knots (i.e., four times the number of observations), the time-varying coef-
ficients of the ODE were represented using cubic splines with 10 equally spaced knots. Ten knots
should be enough for modeling the time-varying coefficients since they are assumed to be smoother
than the CD4 profiles for their identifiability. B-splines are used as the basis functions. The weight-
ing parameter )\, in (7) is set to be 10® and the penalty parameters #; and 63 in (14) are chosen
by minimizing the GCV score as defined in (16). The third and fourth columns of Table 1 display
the chosen penalty parameters for each patient.

Figure 1 displays our estimated time-varying parameters a1 (t), as(t) for five patients, along with
the 95% confidence intervals. The estimates by the two-step local polynomial regression method are

also displayed. Our PNLS method yields smoother functional estimates. To compare the estimates
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Figure 1: The analysis results for the HIV data with five patients. Each row displays the result
for one patient. The solid lines in the left and middle panels show respectively the estimates of
a1(t) and az(t) using the PNLS method with their 95% pointwise confidence intervals given in
dotted lines. The dashed lines in the left and middle panels are the estimates of a1(t) and ax(t)
using the two-step local polynomial method. T]i‘;)’e right panels depict the numerical solutions of
the ODE using the estimated a;(¢) and az(t) from the PNLS method (solid lines) and the two-step
local polynomial method (dashed lines). The circles represent the actual measurements of the viral

load.



from the two methods, we numerically solved the ODE (1) with the estimated parameters and
checked the fit of the ODE solutions to observations. Figure 1 shows that the ODE solutions
with our PNLS estimated parameters are closer to the observations than those with the two-step
local polynomial regression estimates. The last two columns of Table 1 present the mean squared
distances (MSD) between the ODE solutions and the observations. Compared with the two-step
local polynomial regression estimates, our PNLS method reduces MSDs by 81.8%, 54.2%, 20.0%,
49.1%, and 64.3% for the five patients in the study, respectively.

The PNLS method is currently programmed in Matlab 7.8.0, and the two-step local polynomial
regression method is programmed in C, so it is not completely fair to compare their computing
time. However, it would still be helpful to report the computing time of these two methods.
The PNLS method used 62 seconds to obtain the estimates for Patient 1 in a personal laptop in
Windows XP with an Intel Pentium Dual 2.16GHz CPU and a 3.46 GB of RAM, while the two-
step local polynomial regression method used 2 seconds to obtain the estimates for Patient 1 on
the same laptop. The PNLS method would take less time to run if programmed in the low level C
programming language. In general, we expect that the PNLS method would be slower to run than
the two-step method even when programmed in the same language, but not too slow to affect its

practical application.

4. Simulation

4.1 A simple ODE

Consider a simple ODE

—= = —cX(t) + a(t), (17)

which has an analytic solution

X(t) = e_Ct{X(to) + /t ecsa(s)ds}. (18)



Table 1: Summary of the analysis results for the HIV data with five patients. &, represents
estimated error standard deviation using the PNLS residuals. MSD,,;s represents MSD for

the PNLS method; MSDg g represents MSD for the two-step local polynomial method.

Patient ¢ 01 0 e MSDpus  MSDo giep
1 2.09 —-12.17 -10.85 0.29 0.08 0.44
2 237 —11.53 —-9.26 0.33 0.11 0.24
3 240 —-16.72 —-10.21 0.22 0.04 0.05
4 1.69 —15.34 —-9.86 0.68 0.27 0.53
5 234 —10.59 =851 0.22 0.05 0.14
Set ¢ = 0.1 as a known constant, the initial value X(fy) = 1, and the functional parameter

a(t) = cos(2nt) is to be estimated. The simulated data are obtained by evaluating the ODE
solution (18) at 101 equally spaced “time” points in [0,1] and then adding independent zero-mean
Gaussian noise with standard deviation 0.02.

When applying our PNLS method, the state variable X () is represented using cubic B-splines
with knots positioned at the observation times, the functional parameter a(t) is estimated as cubic
B-splines with one interior knot at 0.5. Since the ODE (17) has an analytic solution, one can directly
minimize the PNLS criterion (5) to obtain an estimate of the functional parameter. Although this
direct PNLS method is not applicable in general because of typical lack of analytical ODE solutions,
it does provide a good benchmark in this simple example to evaluate the approximation property
of our proposed PNLS method and examine the effects of varying the control factor A, in our
approximated ODE solving criterion (7).

Figure 2 displays the mean squared differences (over a grid of 101 points) of the functional
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Figure 2: The mean squared differences of estimates of the functional parameter by the
proposed PNLS method with different control factors and by the direct PNLS method, for

the simple ODE dX (t)/dt = —cX(t) + a(t).

parameter estimates obtained by our PNLS method with various values of A\, and the estimate by
the direct PNLS method. The differences become smaller as A\, gets larger and can be negligible
when A\, > 1. When ), is large enough, the estimates by our method is almost identical to that by
the direct PNLS method.

We also compared our PNLS method with the two-step local polynomial estimate. Figure 3
shows that the PNLS method produces estimates with smaller biases, standard deviations and root

mean squared errors than the two-step method.

4.2 Simulation models generated from the real data

We have conducted an extensive simulation study which clearly shows that our PNLS method con-
sistently provides more accurate parameter estimates than the two-step local polynomial method.
We present first the results from two setups where the simulated data were generated from a model
obtained by fitting the real data from patient 1 of the HIV study using respectively the PNLS and

the two-step local polynomial method. The time-varying coefficient functions are depicted in the
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Figure 3: Simulation results for the simple ODE dX(t)/dt = —cX(t) + a(t). The biases,
standard deviations (SD), and the root mean squared errors (RMSE) for estimates of the
functional parameter, from 100 simulations, are shown. The solid and dashed lines corre-

spond respectively to the PNLS and the two-step local polynomial methods.

first row of Figure 1. For each setup, the ODE with given coefficient functions was solved and then
zero-mean normal errors with the standard deviation 0.29 were added to the ODE solution. The
observation times were set to be the same as the real data. For each simulated data set, both the
PNLS method and the two-step local polynomial method were applied to estimate the time-varying
coefficients. When applying the PNLS method, the basis functions were specified as in the real
data analysis and the GCV criterion (16) was used for choosing the penalty parameters.

To compare different methods, define the integrated squared error (ISE) and the integrated

absolute error (IAE) when using f to estimate the function f over the interval [a,b] as

b b
ISE:/ {f(t) — f(t)}*dt and IAE:/ |F(t) — f(2)] dt.

In our simulation study, the boundary of the interval is taken to be the data range and the integral
is evaluated as a Riemann sum with 1001 equally spaced points.

Figure 4 displays the biases, standard deviations, and root mean squared errors for the estimates

17
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Figure 4: Simulation results when the simulation data are generated from the model ob-
tained by fitting the patient 1 data using the PNLS method. The biases, standard deviations
(SD), and the root mean squared errors (RMSE) for the estimates a,(t) and as(t) from 100

simulations are shown. The solid and dashed lines correspond respectively to the PNLS and

the two-step local polynomial methods.
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of a;(t) and as(t) from 100 simulations where the true coefficient functions are obtained by fitting
the real data using the PNLS method. Note that the standard deviation and root mean squared
errors are plotted in the log scale with base 10, thus one unit smaller means 90% reduction. It
is clear from Figure 4 that the PNLS method produces much more accurate functional parameter
estimates than the two-step local polynomial method. Indeed, comparing with the two-step local
polynomial method, the PNLS method reduces the average squared biases, the average standard
deviations, and the average root mean squared errors by 99%, 98%, 99% for a;(t) and 99%, 81%,
96% for as(t), respectively.

Figure 5 shows the same simulation as in Figure 4 but with the coefficient functions in the
simulation model obtained by fitting the real data using the two-step local polynomial method.
Again we observe that the PNLS method outperforms the two-step method by having substantially
smaller biases, standard deviations, and root mean squared errors.

In addition to the two setups presented above, we also considered eight other simulation setups
where the data from patients 2-5 were used to generate the simulation models. The summary
statistics of the ISE and IAE for the two methods, based on 100 simulation runs for each setup, for
all ten setups are given in Tables 2 and Tables 3. The PNLS method consistently yields smaller
mean ISEs and TAEs than the two-step method; the reduction is substantial and is more than 75%

in many cases.

Appendix
The Analytical expressions of the derivatives in (10) and (11)

g% — _9 Z[{YZ — X(t;)}o(ti)]
i=1

o [ |50

dt

&~
||M&
I,

a(t)Zt) + g{X(t)}] [d "
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Figure 5: Simulation results when the simulation data are generated from the model ob-
tained by fitting the patient 1 data using the two-step local polynomial method. The biases,
standard deviations (SD), and the root mean squared errors (RMSE) for the estimates a; (t)
and ao(t) from 100 simulations are shown. The solid and dashed lines correspond respectively

to the PNLS and the two-step local polynomial methods.
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Table 2: The means (SEs) of the ISEs and IAEs for estimating the functional parameters
when the data are generated from a model by fitting the real data from each of the five
patients using the PNLS method. PNLS represents the penalized nonlinear least squares

method; 2-Step represents the 2-step local polynomial method.

Model Method ISE{a;(t)} TAE{a:(t)} ISE{as(t)} TAE{ax(t)}
(x10%) (x10%) (x10%) (x10°)

PNLS 7(2) 26(6) 27(5) 20(4)

2-Step  806(92)  665(46) 697(38)  207(7)

PNLS  21(2) 32(2) 19(1) 34(1)
: 2-Step  671(41)  185(44) 537(25)  170(4)
PNLS 7(2) 19(6) 36(4) 34(3)
’ 2-Step  209(10)  377(12) 157(4) 102(2)
PNLS  73(2) 144(12) 85(3) 69(2)
' 2-Step  552(33)  585(22) 264(8) 122(3)
PNLS  57(4) 169(6) 108(4) 79(1)
’ 2-Step  210(36)  286(25) 551(8) 187(3)
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Table 3: The means (SEs) of the ISEs and IAEs for estimating the functional parameters
when the data are generated from a model by fitting the real data from each of the five pa-
tients using the two-step local polynomial method. PNLS represents the penalized nonlinear

least squares method; 2-Step represents the 2-step local polynomial method.

Model Method ISE{a;(t)} TAE{a;(t)} ISE{ax(t)} ITAE{ax(t)}

(x10%) (x10%) (x107) (x10%)

PNLS  14(0) 28(0) 16(1) 94(3)

1 2-Step  117(7) 90(4) 56(3) 190(7)
PNLS  22(0) 31(2) 14(1) 75(3)
: 2-Step  43(0) 53(3) 21(1) 101(4)
PNLS  18(0) 34(0) 9(0) 71(1)
’ 2-Step  33(2) 46(1) 11(1) 84(2)
PNLS 0(0) 33(2) 28(1) 115(2)
' 2-Step  45(3) 54(2) 39(1) 145(2)
PNLS  287(8) 142(1) 462(4) 596(3)
’ 2-Step  428(14)  169(4) 520(8) 667(6)
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SUPPLEMENTAL MATERIALS

Matlab Code: The supplemental files for this article include Matlab programs which can be used
to replicate the real data analysis in Section 3 of the article. Please read the file README

contained in the zip file for more details. (CaoHuangWu.zip, zip archive)
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