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ABSTRACT
We study a scalar-on-function truncated linear regression model which assumes that the functional predic-
tor does not influence the response when the time passes a certain cutoff point. We approach this problem
from the perspective of locally sparse modeling, where a function is locally sparse if it is zero on a substantial
portion of its defining domain. In the truncated linear model, the slope function is exactly a locally sparse
function that is zero beyond the cutoff time. A locally sparse estimate then gives rise to an estimate of
the cutoff time. We propose a nested group bridge penalty that is able to specifically shrink the tail of a
function. Combined with the B-spline basis expansion and penalized least squares, the nested group bridge
approach can identify the cutoff time and produce a smooth estimate of the slope function simultaneously.
The proposed nested group bridge estimator is shown to be consistent, while its numerical performance
is illustrated by simulation studies. The proposed nested group bridge method is demonstrated with an
application of determining the effect of the past engine acceleration on the current particulate matter
emission. Supplementary materials for this article are available online.
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1. Introduction

In this article, we consider a scalar-on-function truncated linear
regression model where the functional predictor Xi(t), i =
1, . . . , n, is defined on a time interval [0, T] but influences the
scalar response Yi only on [0, δ] for some unknown cutoff time
δ ≤ T. Specifically, the model is written as

Yi = μ +
∫ δ

0
Xi(t)β(t) d t + εi, (1)

where, without loss of generality, Xi(·) is assumed to be centered,
that is, EXi(t) ≡ 0, μ is then the mean of Yi, β(t) is the slope
function (or coefficient function), and εi represents the noise
that is independent of Xi(·).

An example of the scalar-on-function truncated linear
regression is to determine the effects of the past engine
acceleration on the current particulate matter emission. The
response variable is the current particulate matter emission and
the explanatory function is the smoothed engine acceleration
curve for the past 60 sec. Figure 1(a) displays 108 smoothed
engine acceleration curves against the backward time, in which
0 means the current time, while Figure 1(b) shows the slope
function estimated by the penalized B-splines method (Cardot,
Ferraty, and Sarda 2003). The penalized B-splines method is
detailed in the supplementary document. We observe from
Figure 1(b) that the acceleration over the past 20–60 sec does not
have apparent contribution to predicting the current particulate
matter emission. Intuitively, the particulate matter emissions
shall depend on the recent acceleration, but not the ancient one.

CONTACT Jiguo Cao jiguo_cao@sfu.ca Department of Statistics and Actuarial Science, Simon Fraser University, 8888 University Drive, Burnaby, BC, Canada,
V5A 1S6.
Color versions of one or more of the figures in the article can be found online at www.tandfonline.com/r/JCGS.

Supplementary materials for this article are available online. Please go to www.tandfonline.com/r/JCGS.

Therefore, if a linear relation between the particulate matter
emission and the acceleration curve is assumed, one might
naturally use the truncated linear model (1) to analyze such
data, where the task includes identifying the cutoff time beyond
which the engine acceleration has no influence on the current
particulate matter emission.

The degenerate case δ = T in model (1) corresponds to the
classic functional linear regression that has been studied in vast
literature. Hastie and Mallows (1993) pioneered the smooth esti-
mation of β(t) via penalized least squares and/or smooth basis
expansion. Cardot, Ferraty, and Sarda (2003) adopted B-spline
basis expansion, while Li and Hsing (2007) used Fourier basis,
both with a roughness penalty to control the smoothness of
estimated slope functions. Data-driven bases such as eigenfunc-
tions of the covariance function of the predictor process Xi(t)
were considered in Cardot, Ferraty, and Sarda (2003), Cai and
Hall (2006), and Hall and Horowitz (2007). Yuan and Cai (2010)
took a reproducing kernel Hilbert space approach to estimate
the slope function. The case of sparsely observed functional data
was studied by Yao, Müller, and Wang (2005). These estimation
procedures for classic functional linear regression do not apply
to the truncated linear model where δ ≤ T is often assumed. The
functional linear models have many interesting applications.
For instance, Ainsworth, Routledge, and Cao (2011) applied
a functional linear model to study the impact of river flow
to the salmon abundance. Luo et al. (2013) investigated the
effect of the time-varying admission intensity on emergency
department access block. Liu, Wang, and Cao (2017) proposed
a functional linear mixed model when repeated measurements
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Figure 1. (a) 108 smoothed engine acceleration curves. (b) Estimated slope function using the penalized B-splines approach (Cardot, Ferraty, and Sarda 2003). The arrows
indicate the direction of time.

are available on multiple subjects. For models beyond linear
regression and a comprehensive introduction to functional data
analysis, readers are referred to the monographs by Ramsay and
Silverman (2005), Ferraty and Vieu (2006), Hsing and Eubank
(2015), and Kokoszka and Reimherr (2017), as well as the review
articles by Morris (2015) and Wang, Chiou, and Müller (2016)
and references therein.

Model (1) has been investigated by Hall and Hooker (2016)
who proposed to estimate β(t) and δ by penalized least squares
with a penalty on δ2. The resulting estimates for β(t) are dis-
continuous at t = δ̂ where δ̂ stands for the estimator of δ. This
feature might not be desirable when β(t) is a priori assumed to
be continuous. For example, it is more reasonable to assume the
acceleration function influences the particulate matter emission
in a continuous and smooth manner. Alternatively, we observe
that model (1) is equivalent to a classic functional linear model
with β(t) = 0 for all t ∈ [δ, T]. Such a slope function β(t) is a
special case of locally sparse functions which by definition are
functions being zero in a substantial portion of their defining
domains. Locally sparse slope functions have been studied in
Lin et al. (2017), as well as pioneering works of James, Wang, and
Zhu (2009) and Zhou, Wang, and Wang (2013). For example, in
Lin et al. (2017), a general functional shrinkage regularization
technique, called fSCAD, was proposed and demonstrated to be
able to encourage the local sparseness. Although these endeav-
ors are able to produce a smooth and locally sparse estimate,
they do not specifically focus on the tail region [δ, T]. Therefore,
the estimated slope functions produced by such methods might
not be zero in the region that is very close to the endpoint T, in
particular when the boundary effect is not negligible.

In this article, we propose a new nested group bridge
approach to estimate the slope function β(t) and the cutoff
time δ. Compared to the existing methods, the proposed nested
group bridge approach has two features. First, it is based
on the B-spline basis expansion and penalized least squares
with a roughness penalty. Therefore, the resulting estimator
of β(t) is continuous and smooth over the entire domain
[0, T], contrasting the discontinuous estimator of Hall and
Hooker (2016). Second, it employs a new nested group bridge
shrinkage method proposed in Section 2 to specifically shrink
the estimated function on the tail region [δ, T]. Group bridge

was proposed in Huang et al. (2009) for variable selection, and
used by Wang and Kai (2015) for locally sparse estimation in
the setting of nonparametric regression. In our approach, we
creatively organize the coefficients of B-spline basis functions
into a sequence of nested groups and apply the group bridge
penalty to the groups. With the aid from B-spline basis
expansion, such nested structure enables us to shrink the tail
of the estimated slope function. This fixes the problem of the
aforementioned generic locally sparse estimation procedures.
An R package ngr has been developed for implementing the
proposed method.

We structure the rest of the article as follows. In Section 2, we
present the proposed nested group bridge estimation method
for the slope function and the cutoff time, and also provide
computational details. In Section 3, we investigate the asymp-
totic properties of the derived estimators. Simulation studies
are discussed in Section 4, and an application to the particulate
matter emissions data is given in Section 5. Conclusion and dis-
cussion are given in Section 6. In the supplementary document,
we provide proofs and additional discussion.

2. Methodology

2.1. Nested Group Bridge Approach

Our estimation method uses B-spline basis functions that are
detailed in de Boor (2001). Let B(t) = (B1(t), . . . , BM+d(t))T be
a vector that contains M + d B-spline basis functions defined
on [0, T] with degree d and M + 1 equally spaced knots 0 =
t0 < t1 < · · · < tM = T. For m ≥ 0, let B(m)(t) =
(B(m)

1 (t), . . . , B(m)

M+d(t))T denote the vector of the mth derivatives
of the B-spline basis functions. Each of these basis functions is a
piecewise polynomial of degree d. B-spline basis functions are
well known for their compact support property, that is, each
basis function is positive over at most d+1 adjacent subintervals.
Due to this compact support property, if we approximate β(t)
by a linear combination of B-spline basis functions, then such
approximation is locally sparse if the coefficients are sparse in
groups.

We shall further introduce some notations. Let Ij =
(tj−1, tM), and Aj = {j, j + 1, . . . , M + d} for j = 1, . . . , M.
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Intuitively, each group Aj represents the indices of B-spline
basis functions that are nonzero on Ij. For a vector b =
(b1, . . . , bM+d)

T of scalars, we denote by bAj = {bk : k ∈ Aj}
the subvector of elements whose indices are in the jth group Aj.
We shall use ‖a‖1 = |a1| + · · · + |aq| to denote the L1 norm
of a generic q-dimensional vector a, and use ‖x‖2 to denote
the L2 norm of a generic function x(t). As our focus is on the
estimation of β(t) and δ, without loss of generality, we assume
that μ = 0 in model (1) in the sequel.

For a fixed 0 < γ < 1, the historically sparse (zero on the
tail region) and smooth estimators for β and δ are defined as

β̂n(t) = b̂
T
nB(t), δ̂n = tJ0−1, (2)

where J0 = min{M + 1, min{l : b̂nk = 0, for all k ≥ l}} and
b̂n = (b̂n1, . . . , b̂nM+d)

T minimizes the penalized least squares

1
n

n∑
i=1

(
Yi −

M+d∑
k=1

bk

∫ T

0
Xi(t)Bk(t) d t

)2

+ κ

∥∥∥bTB(m)
∥∥∥2

2
+ λ

M∑
j=1

cj

∥∥∥bAj

∥∥∥γ

1
, (3)

with known weights cj and nonnegative tuning parameters κ

and λ. In the above criterion, the first term is the ordinary least
squares error that encourages the fidelity of model fitting, while
the second term is a roughness penalty that aims to enforce
smoothness of the estimate β̂n(t). In practice, m = 2 is a com-
mon choice, which corresponds to measuring the roughness of
a function by its integrated curvature.

The last term in the objective function (3) is designed to
shrink the estimated slope function toward zero specifically on
the tail region. It originates from the group bridge penalty that
was introduced by Huang et al. (2009) for simultaneous selec-
tion of variables at both the group and within-group individual
levels. In (3), the groups have a special structure: A1 ⊃ · · · ⊃
AM . In other words, the groups are nested as a sequence and
hence we call the last term in (3) nested group bridge. Due to
such nested nature, if k > j, then one can observe in (3) that
(i) the coefficient bk appears in all groups where the coefficient
bj also appears, and (ii) bk appears in more groups than bj.
As a consequence, bk is always penalized more heavily than bj.
These two features suggest that the nested group bridge penalty
spends more effort on shrinking those coefficients of B-spline
basis functions whose support is in a closer proximity to T.
As B-spline basis functions enjoy the aforementioned compact
support property and our estimate is represented by a linear
combination of such basis functions as in (2), the progressive
shrinkage of nested group bridge encourages the estimate of
β(t) to be locally sparse specifically on the tail part of the time
domain. Such estimate is exactly what we are after in the scalar-
on-function truncated linear model (1). The weights cj are intro-
duced to adjust the number of elements in the set Aj. A simple
choice for cj is cj ∝ |Aj|1−γ , where |Aj| denotes the cardinality of
Aj (Huang et al. 2009). Borrowing the idea of the adaptive lasso
(Zou 2006), we practically choose cj = |Aj|1−γ /‖b(0)

Aj
‖γ

2 , where
b(0) can be obtained by the penalized B-splines method (Cardot,
Ferraty, and Sarda 2003). As Huang et al. (2009) pointed out,

when γ = 1, the group bridge penalty is the lasso penalty and
can only do individual variable selection. When 0 < γ < 1, the
group bridge penalty can be used for variable selection at the
group and with-in group individual levels simultaneously. We
also conduct a simulation study to compare the lasso and the
nested group bridge penalty; see the supplementary document
for details.

2.2. Computational Method

The objective function (3) is not convex and thus difficult to
optimize. Huang et al. (2009) suggested the following formu-
lation that was easier to work with. Based on Proposition 1 of
Huang et al. (2009), for 0 < γ < 1, if λ = τ 1−γ γ −γ (1−γ )γ−1,
then b̂n minimizes (3) if and only if (b̂n, θ̂) minimizes

1
n

n∑
i=1

(
Yi −

M+d∑
k=1

bk

∫ T

0
Xi(t)Bk(t) d t

)2

+ κ

∥∥∥bTB(m)
∥∥∥2

2

+
M∑

j=1
θ

1−1/γ
j c1/γ

j ‖bAj‖1 + τ

M∑
j=1

θj, (4)

subject to θj ≥ 0 (j = 1, . . . , M), where θ = (θ1, . . . , θM)T and
θ̂ = (θ̂1, . . . , θ̂M)T. Below we develop an algorithm following
this idea.

Let U denote the n × (M + d) matrix with elements uij =∫ T
0 Xi(t)Bj(t) d t, and let V denote the (M + d) × (M + d)

matrix with elements vij = ∫ T
0 B(m)

i (t)B(m)
j (t) d t. Let Y =

(Y1, . . . , Yn)T, then the first term of (4) can be expressed as
1/n (Y − Ub)T (Y − Ub) and the second term of (4) yields
κbTVb. Since V is a positive semidefinite matrix, we write V =
WW, where W is symmetric. Define

U∗ =
(

U√
nκW

)
and Ỹ =

(
Y
0

)
,

where 0 is the zero vector of length M + d. If we write gk =∑min{k,M}
j=1 θ

1−1/γ
j c1/γ

j for k = 1, . . . , M + d, then (4) can be
written in the form

1
n

(
Ỹ − U∗b

)T (
Ỹ − U∗b

)
+

M+d∑
k=1

gk|bk| + τ

M∑
j=1

θj. (5)

Let G be the (M + d) × (M + d) diagonal matrix with the
ith diagonal element (ngi)−1. With notation Ũ = U∗G and
b̃ = G−1b, (5) can be expressed in a form of lasso problem
(Tibshirani 1996),

1
n

{(
Ỹ − Ũb̃

)T (
Ỹ − Ũb̃

)
+

M+d∑
k=1

|b̃k|
}

+ τ

M∑
j=1

θj,

where b̃k denote the kth element of vector b̃. Now, we take the
following iterative approach to compute b̂n.
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Step 1. Obtain an initial estimate b(0).

Step 2. At iteration s, s = 1, 2, . . ., compute

θ
(s)
j =cj

(
1 − γ

τγ

)γ

‖b(s−1)
Aj

‖γ
1 , j = 1, . . . , M,

g(s)
k =

min{k,M}∑
j=1

(θ
(s)
j )1−1/γ c1/γ

j , k = 1, . . . , M + d,

G(s) = n−1diag
(

1/g(s)
1 , . . . , 1/g(s)

M+d

)
, Ũ(s) = U∗G(s).

Step 3. At iteration s, compute

b(s) = G(s)arg min
b̃

(
Ỹ − Ũ(s)b̃

)T (
Ỹ − Ũ(s)b̃

)

+
M+d∑
k=1

|b̃k|. (6)

Step 4. Repeat Step 2 and Step 3 until convergence is reached.

A choice for the initial estimate is b(0) = (UTU + nκV)−1UTY ,
which is obtained by the penalized B-splines method (Cardot,
Ferraty, and Sarda 2003). Once b̂n is produced, the estimates for
β and δ are given in (2). As the nested group bridge penalty is
not convex, the above algorithm converges to a local minimizer.
It is worth emphasizing that (6) is a lasso problem, which can be
efficiently solved by the least angle regression algorithm (Efron
et al. 2004).

In our fitting procedure, there are a few tuning parameters
including the smoothing parameter κ , the shrinkage parame-
ter λ, and the parameters for constructing the B-spline basis
functions such as the degree d of the B-spline basis and the
number of knots M + 1. Following the schemes of Marx and
Eilers (1999), Cardot, Ferraty, and Sarda (2003), and Lin et al.
(2017), we choose M to be relatively large to capture the local
features of β(t). In addition, δ is estimated by the knot tJ0−1,
therefore, a small M may lead to a large bias of the estimator δ̂n.
The effect of potential overfitting caused by a large number of
knots can be offset by the roughness penalty. Compared to M,
the degree d is of less importance, and therefore, we fix it to a
reasonable value, that is, d = 3.

Once the number of B-spline basis functions is fixed, we
can proceed to select the shrinkage parameter λ, as well as the
smoothing parameter κ . In Hall and Hooker (2016) where the
idea of penalized least squares is also employed, the shrinkage
parameter is selected to minimize the mean-squared error of
a parametric surrogate estimator of β(t). In our case, for a
given finite sample, the estimator in (2), which is represented
by a finite number of B-spline basis functions, serves as such a
surrogate. Therefore, we can adopt the same strategy to select
λ. Instead of the mean-squared error, we employ the Bayesian
information criterion (BIC) to encourage model sparsity, as
follows.

Let b̂n = b̂n(κ , λ) be the estimate based on a chosen pair
of κ and λ. Let Uκ ,λ denote the submatrix of U with columns
corresponding to the nonzero b̂n(κ , λ), and Vκ ,λ denote the
submatrix of V with rows and columns corresponding to the

nonzero b̂n(κ , λ). The approximated degree of freedom for κ

and λ is

df(κ , λ) = trace
(
Uκ ,λ(UT

κ ,λUκ ,λ + nκVκ ,λ)
−1UT

κ ,λ
)

.

Then, BIC can be approximated by

BIC(κ , λ) = nlog
(‖Y − Ub̂n(κ , λ)‖2

2/n
) + log(n)df(κ , λ).

The optimal κ and λ are selected to minimize BIC(κ , λ).

3. Asymptotic Properties

Let δ0 and β0(t) be the true values of the cutoff time δ and the
slope function β(t), respectively. We assume that realizations
X1, . . . , Xn are fully observed, while notice that the analysis can
be extended to sufficiently densely observed data. Without loss
of generality, we assume T = 1. If δ0 = 0, set J1 = 0, and
if δ0 = 1, let J1 = M. Otherwise, let J1 be an integer such
that δ0 ∈ [tJ1−1, tJ1). According to Theorem XII(6) of de Boor
(2001), there exists some βs(t) = ∑M+d

j=1 bsjBj(t) = BTbs with
bs = (bs1, . . . , bsM+d)

T with inf j |bsj| ≥ C′
0M−p0 , such that

‖βs − β0‖∞ ≤ C0M−p0 for some positive constants C′
0, C0

and p0. More specifically, if β0(t) satisfies condition C.2, then
p0 = k + ν. Define b0j = bsjI(j≤J1), j = 1, . . . , M + d. Define �

as the covariance operator of the random process X, and �n as
the empirical version of �, which is defined by

(�nx)(v) = 1
n

n∑
i=1

∫ 1

0
Xi(v)Xi(u)x(u) d u.

For tow functions g and f defined on [0, 1], we define the inner
product in the Hilbert space L2 as 〈g, f 〉 = ∫ 1

0 g(t)f (t) d t. Let
H be the (M + d) × (M + d) matrix with elements hi,j =
〈�nBi, Bj〉. To establish our asymptotic properties, we assume
that the following conditions are satisfied.

C.1 E‖X‖2
2 < ∞.

C.2 The kth derivative β(k)(t) exists and satisfies the Hölder
condition with exponent ν, that is |β(k)(t′

) − β(k)(t)| ≤
c|t′ − t|ν , for some constant c > 0, ν ∈ (0, 1]. Define
p = k + ν. Assume 3/2 < p ≤ d.

C.3 M = o(n1/2), M = ω(n
1

2p ) and κ = o(n−1/2M1/2−2m).

C.4 There are constants Cmax > Cmin > 0 such that

CminM−1 ≤ ρmin(H) ≤ ρmax(H) ≤ CmaxM−1

with probability tending to one as n goes to infinity, where
ρmin and ρmax denote the smallest and largest eigenvalues
of a matrix, respectively.

C.5 λ = O(n−1/2M−1/2η−1), where

η = ( J1∑
j=1

c2
j ‖b0Aj‖2γ−2

1 |Aj|
)1/2 with cj ∝ |Aj|1−γ .

C.6
λ

M1−γ nγ /2−1 → ∞.
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The condition C.1 assures the existence of the covariance
function of X. The second condition concerns the smoothness
of the slope function β , which has been used by Cardot, Ferraty,
and Sarda (2003) and Lin et al. (2017). In condition C.3, we
set the growth rate for the smoothing tuning parameter κ . Our
analysis applies to m = 0, which is equivalent to Tikhonov
regularization in Hall and Horowitz (2007) and simplifies our
analysis. A similar result can be derived for m > 0. The last two
conditions together pose certain constraints on the decay rate
of λ. Similar conditions appear in Wang and Kai (2015). Here,
η is a sequence of constants varying with M and determined by
β0 and γ . It can be shown that, when β0(t) �= 0 for some t,
C1M1/2 ≤ η ≤ C2M(2−γ )+(1−γ )p for constants C1, C2 > 0, and
otherwise η ≡ 0. These conditions can be realized, for example,
by λ � n−1/2Mγ−(1−γ )p−5/2 and M � n(1−γ )/(8−4γ+2p−2pγ ).

Below we state the main results, and relegate their proofs
to the supplementary document. Our first result provides the
convergence rate of the estimator β̂n defined in (2).

Theorem 1 (Convergence rate). Suppose that Conditions C.1–
C.6 hold. Then, ‖β̂n − β0‖2 = Op(Mn−1/2 + M−p).

The convergence rate consists of two competing components,
the variance term Mn−1/2 and the bias term M−p. With an
increase of M, the approximation to β(t) by B-spline basis func-
tions is improved, however, at the cost of increased variance.

In addition, we observe that the smoothing parameter κ

has negligible impact on the rate of the proposed estimator
when its asymptotic rate is bounded by the threshold stated in
the condition C.3. This is aligned with the classic results for
penalized spline estimator (e.g., Claeskens, Krivobokova, and
Opsomer 2009, Theorem 1). Moreover, as the nested group
bridge penalty has the effect of shrinkage, it also penalizes the
roughness of the estimator. This partially explains why the κ

shall be chosen smaller than the one in Claeskens, Krivobokova,
and Opsomer (2009). On the other hand, in practice, as the sam-
ple size is often limited, κ plays an important role in regulating
the roughness/variability of the estimator, in particular when a
large number of B-spline basis functions are required to reduce
estimation bias. The next result shows that the null tail of β(t),
as well as the cutoff time δ, can be consistently estimated.

Theorem 2 (Consistency). Suppose that Conditions C.1–C.6
hold.

(i) For any ζ ∈ (0, 1 − δ0), β̂n(t) = 0 for all t ∈ [δ0 + ζ , 1]
with probability tending to 1.

(ii) δ̂n converges to δ0 in probability.

4. Simulation Studies

We conduct simulation studies to evaluate the numerical perfor-
mance of the proposed nested group bridge method, and com-
pare the results with the penalized B-splines approach (Cardot,
Ferraty, and Sarda 2003), the two truncation methods (Hall and
Hooker 2016), and two locally sparse modeling methods, the
FLiRTI method (James, Wang, and Zhu 2009) and the SLoS
method (Lin et al. 2017). The truncation methods first expand
the slope function with a sequence of principal component

functions and then penalize δ by adding a penalty on δ2 to the
least squares. Two estimation procedures were suggested by Hall
and Hooker (2016). The first one (called Method A) estimates δ

and β(t) simultaneously, while the second one (called Method
B) estimates them in an iterative fashion. The FLiRTI method
proposed by James, Wang, and Zhu (2009) achieves local sparse-
ness by applying variable selection to various derivatives at some
discrete grid points. The SLoS method is based on fSCAD, a
functional regularization technique.

In our studies, for the purpose of fair comparison, we con-
sider the same scenarios for β(t) in Hall and Hooker (2016),
namely,

Scenario I. β(t) = I(0≤t<0.5),
Scenario II. β(t) = sin(2π t)I(0≤t<0.5),
Scenario III. β(t) = (cos(2π t) + 1) I(0≤t<0.5),

where I(·) denotes the indicator function. For all cases the slope
function β(t) > 0 on (0, 0.5) and β(t) = 0 on [0.5, 1]. As
illustrated in Figure 2, the slope function is discontinuous for
scenario I, and the first and second derivatives of the slope func-
tions are discontinuous for scenarios II and III, respectively. The
predictor functions Xi(t) are generated by Xi(t) = ∑

aijBj(t),
where Bj(t) are cubic B-spline basis functions defined on 64
(the number 64 is randomly selected between 50 and 100)
equally spaced knots over [0, 1], and the coefficients aij are gen-
erated independently from the standard normal distribution.
The errors ε are normally distributed and sampled so that the
signal-to-noise ratio equals to 2. We consider sample sizes n =
100 and n = 500. For each of the three scenarios and for each
sample size, we replicate the simulation independently for 200
times. We also consider smooth functional covariates, which
are generated in the same set up, except that the signal-to-noise
ratio is 5 and Xi(t) are generated as a linear combinations of 25
Fourier basis functions 1, sin(2π t), cos(2π t), . . ., sin(212π t),
cos(212π t) defined on [0, 1], with the coefficients correspond-
ing to the jth Fourier basis function generated independently
from the normal distribution with mean 0 and variance 1/j1.2,
j = 1, . . . , 25. The results regarding the smooth functional
covariates are provided in the supplementary document.

For the proposed nested group bridge method, the penalized
B-splines approach and the SLoS method, we expand the slope
function with cubic B-splines with 101 equally spaced knots. For
the FLiRTI method, we use cubic B-splines with the number of
knots selected according to the model selection method intro-
duced in James, Wang, and Zhu (2009). For the proposed nested
group bridge method, we follow Huang et al. (2009) and set the
group bridge parameter γ = 0.5 in all numerical studies. We
discuss the effect of γ in the supplementary document. The tun-
ing parameters of the proposed nested group bridge method are
chosen by the procedure reported in Section 2.2. The smoothing
parameter of the penalized B-splines approach is chosen by
BIC. For the two truncation methods, the number of empirical
principal components is chosen from 2 to 15 by BIC. The FLiRTI
method is implemented by the Dantzig selector (Candes and
Tao 2007). The two truncation methods and the FLiRTI and
SLoS estimators are implemented and tuned according to Hall
and Hooker (2016), James, Wang, and Zhu (2009), and Lin et al.
(2017), respectively.

Table 1 summarizes the Monte Carlo mean and standard
deviation of δ̂. The results suggest that the proposed nested
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Figure 2. The slope functions in three scenarios. The dashed vertical lines indicate the true values of δ.

Table 1. The mean of estimators for δ based on 200 simulation replications with the corresponding Monte Carlo standard deviation included in parentheses.

NGR TR (Method A) TR (Method B) FLiRTI SLoS True value

Scenario I
n = 100 0.66 (0.06) 0.48 (0.04) 0.35 (0.07) 0.81 (0.18) 0.69 (0.18) 0.50
n = 500 0.65 (0.05) 0.50 (0.02) 0.48 (0.05) 0.83 (0.17) 0.60 (0.09) 0.50

Scenario II
n = 100 0.60 (0.07) 0.41 (0.04) 0.38 (0.06) 0.77 (0.21) 0.61 (0.18) 0.50
n = 500 0.59 (0.03) 0.45 (0.02) 0.45 (0.03) 0.71 (0.19) 0.55 (0.08) 0.50

Scenario III
n = 100 0.50 (0.09) 0.31 (0.04) 0.30 (0.03) 0.73 (0.25) 0.55 (0.21) 0.50
n = 500 0.51 (0.04) 0.34 (0.03) 0.33 (0.04) 0.72 (0.23) 0.49 (0.08) 0.50

NGR, the proposed nested group bridge method; TR (Method A), the truncation method that estimates δ and β(t) simultaneously proposed by Hall and Hooker (2016); TR
(Method B), the truncation method that estimates δ and β(t) iteratively (Hall and Hooker 2016); FLiRTI, the FLiRTI method proposed by James, Wang, and Zhu (2009);
SLoS, the SLoS method proposed by Lin et al. (2017).

Figure 3. Histograms of the estimated δ̂ in 200 simulation replications in the three scenarios. The results were obtained based on 200 Monte Carlo simulations with n = 500.
The vertical lines indicate the true values of δ.

group bridge estimator is more accurate than the other methods
in scenario III when the second derivative of the slope function
is discontinuous. In scenario II when the first derivative of
the slope function is discontinuous, the proposed nested group
bridge method is comparable to the truncation methods. In
scenario I when the slope function is discontinuous, truncation
method A is the most accurate. The FLiRTI and SLoS method
do not focus on the tail region and therefore exhibit larger vari-
ability. The results for the smooth functional covariates reported
in the supplementary document are similar. The histograms
shown in Figure 3 provide more details of the performance of
our method. They indicate that when β(t) is not smooth, the
proposed nested group bridge estimator is conservative, in the
sense that the estimate δ̂ > δ0.

To examine the quality of the estimation for β(t), we report
the mean integrated squared errors of the estimated β̂(t) in
Table 2. It is observed that in general, the proposed nested group
bridge estimator outperforms the other methods. The trunca-
tion methods do not regularize the roughness of the estimated
slope function, which leads to a less favorable performance
when the predictor function is relatively rough. The penalized
B-splines method, the FLiRTI method and the SLoS method
are comparable to the proposed nested group bridge method
in terms of the estimation accuracy of β(t), but the penalized
B-splines method is unable to provide an estimate for δ. The
results for the smooth functional covariates are reported in the
supplementary document, which shows that the FLiRTI method
does not perform as well as the other methods. To display
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Table 2. Mean integrated squared errors of estimators for β(t) based on 200 simulation replications with the corresponding Monte Carlo standard deviation included in
parentheses.

NGR PS TR (Method A) TR (Method B) FLiRTI SLoS

Scenario I (×10−2)

n = 100 2.54 (0.93) 4.57 (1.70) 14.08 (5.13) 28.48 (8.54) 4.97 (2.22) 3.04 (1.21)
n = 500 1.42 (0.38) 1.89 (0.50) 3.34 (1.11) 9.65 (5.17) 1.88 (0.53) 1.38 (0.35)

Scenario II (×10−2)

n = 100 0.64 (0.44) 1.44 (0.70) 5.69 (2.12) 10.33 (4.43) 1.40 (0.93) 0.95 (0.69)
n = 500 0.21 (0.11) 0.24 (0.15) 1.17 (0.41) 3.08 (1.33) 0.30 (0.16) 0.14 (0.10)

Scenario III (×10−2)

n = 100 1.36 (1.05) 2.46 (1.50) 14.55 (6.99) 29.68 (13.91) 4.48 (3.16) 1.97 (1.67)
n = 500 0.34 (0.25) 0.64 (0.44) 4.25 (1.44) 11.68 (5.07) 0.87 (0.52) 0.46 (0.33)

NGR, the proposed nested group bridge method; PS, the penalized B-splines method; TR (Method A), the truncation method that estimates δ and β(t) simultaneously
proposed by Hall and Hooker (2016); TR (Method B), the truncation method that estimates δ and β(t) iteratively (Hall and Hooker 2016); FLiRTI, the FLiRTI method
proposed by James, Wang, and Zhu (2009); SLoS, the SLoS method proposed by Lin et al. (2017).

Figure 4. (a) Ten randomly selected smoothed acceleration curves. (b) Estimated β̂(t) using the penalized B-splines method (dashed line) and the proposed nested group
bridge approach (solid line).

the results more intuitively, we provide in the supplementary
document the figures that compare the estimated coefficient
functions for various methods.

5. Application: Particulate Matter Emissions Data

In this section, we demonstrate the proposed nested group
bridge approach to analyze the particulate matter emissions
data which are taken from the Coordinating Research Councils
E55/E59 research project (Clark et al. 2007). In this project,
trucks were placed on the chassis dynamometer bed to mimic
inertia and particulate matter was measured by an emission ana-
lyzer on standard test cycles. The engine acceleration of diesel
trucks was also recorded. We are interested in determining the
effects of the past engine acceleration on the current particulate
matter emission, and in particular, identifying the cutoff time
in the past that has a predicting power on the current particu-
late matter emission. The problem was originally addressed by
Asencio, Hooker, and Gao (2014) in their case study. As noted
in Hall and Hooker (2016), we obtain observation every 10 sec
after the first 120 sec to remove dependences in the data. Let Yi
be the logarithm of the particulate matter emission measured at
the ith 10 sec after the first 120 sec, and Xi(t), t ∈ [0, 60], be
the corresponding engine acceleration at the past time t. Both

Yi and Xi(t) are centered such that EYi ≡ 0 and EXi(t) ≡ 0.
We estimate the functional linear model (1), where μ = 0, the
engine acceleration in the past 60 sec Xi(t) is the predictor curve,
and T = 60. In total, we have 108 such samples. Figure 4(a)
displays 10 randomly selected smoothed engine acceleration
curves recorded on every second for 60 sec.

Figure 4(b) provides estimates for β(t) obtained by the pro-
posed nested group bridge approach with the group bridge
parameter γ = 0.5 and the penalized B-splines method, respec-
tively, both of which use cubic B-spline basis functions with 121
knots. We choose the number of knots to be equal to the number
of time points of the observed acceleration, which is 121. With
a sample size 108 and number of knots 121, the roughness
penalty plays an important role of reducing the variability of the
estimates. The proposed nested group bridge estimate β̂(t) is
zero over [20, 60] and the estimate for δ is 20 sec. It suggests that
the engine acceleration influences particulate matter emission
for no longer than 20 sec. A similar trend can be observed for
the penalized B-splines method which, however, does not give
a clear cutoff time of the influence of acceleration on particulate
matter emission. Hall and Hooker (2016) suggested that the
point estimate for δ is 13 sec using Method A and 15 sec
using Method B, both of which are more aggressive than our
estimator.
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6. Conclusion and Discussion

In this article, we consider to study the relation between a
scalar response and a functional predictor in a truncated func-
tional linear model. We propose a nested group bridge approach
to achieve the historical sparseness, which reduces the vari-
ability and enhances the interpretability. Compared with the
truncation methods by Hall and Hooker (2016), the proposed
nested group bridge approach is able to provide a smooth and
continuous estimate for the coefficient function and performs
much better when the coefficient function tends to zero more
smoothly. The proposed nested group bridge estimator of the
cutoff time enjoys the estimation consistency. We demonstrate
in simulation studies and a real data application that the pro-
posed nested group bridge approach performs well for predictor
functions that are not very smooth. We also show that even
when the signal-to-noise ratio is low, the proposed nested group
bridge approach can still accommodate the situation very well.

The question then arises as to in practice whether to use
the proposed nested group bridge method or the truncation
methods. We believe it depends on how smoothly the coefficient
function tends to zero and how smooth the functional covariates
are. Based on our simulation studies, we know that when the
coefficient function is discontinuous at the cutoff time, the trun-
cation methods perform better than the proposed nested group
bridge method in terms of estimating the cutoff time. How-
ever, for relatively rough functional covariates, the truncation
methods estimate the coefficient function less accurately than
the proposed method. When the coefficient function goes to
zero more smoothly, the proposed nested group bridge method
outperforms the truncation methods in both estimating the
cutoff time and the coefficient function. In practice, we can first
obtain an estimate of β(t) using penalized B-splines method. If
the estimated β̂(t) does not have a steep slope at the tail region,
the proposed nested group bridge method is recommended.
When the estimated β̂(t) goes steeply to the tail region, for more
accurate estimate of the cutoff time, the truncation methods
should be applied. However, if the functional covariates are rela-
tively rough, the proposed nested group bridge method provides
more accurate estimate for the coefficient function.

Supplementary Materials

R code: We provide the R codes, which can be used to replicate the
simulation studies and real data analysis included in the article.
Please read file README contained in the zip file for more details.
(NGR.zip, zip archive)

R-package: An R package ngr has been developed for implementing
the proposed method. The R package and a demonstration are
provided. (ngr.tar.gz, GNU zipped tar file; example.R)

Supplementary document: A supplementary document is available,
which includes the introduction of the penalized B-splines method,
additional results in Section 4, and detailed proofs of the theoretical
results. (supplementarydoc.pdf)
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