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A: Penalized B-Splines Method

Let Sgar be the linear space spanned by the B-spline basis functions {B(t) : k= 1,..., M +
d} with degree d and M + 1 equally spaced knots defined on [0, T]. The penalized B-splines

estimator of 5(t) proposed by Cardot et al. (2003) is the one in Sgp; which is defined as

Brs(t) = 3 bBi(t) = b"B(t) (5.1)

k=1

where b minimizes the penalized least squares

M+-d

n T 2
%Z (Yi -y bk/ Xi(t)Bk(t)dt> +k|[BTB™2, (S.2)
i=1 k=1 0

with smoothing parameter x > 0. The tuning parameter s can be chosen by cross validation,

AIC or BIC.



B. Effect of the Group Bridge Parameter v

We conduct a simulation study to numerically investigate the effect of the group bridge
parameter v. The setting is the same as scenario I1I with the functional covariates generated
by a linear combination of B-spline basis functions, the signal-to-noise ratio 2 and the sample
size n = 100. We can observe that the results are similar when 0 < v < 1, and they are
better than the results based on v = 1.

Table S.1: Investigation of effect of the group bridge parameter v on 6 and mean integrated

squared errors (ISE) of estimators for (t). The results are obtained based on 200 simulation
replications with the corresponding Monte Carlo standard deviations included in parentheses.

y 5 True 6 ISE (x1072)

0.2 048 11 0.50 1.50 (1.32)
0.5 0.50 0.09)  0.50 1.36 (1.05)
0.8 0.51 (0.o06)  0.50 1.38 (1.03)

1  0.66 (015)  0.50 1.54 (1.21)

C. Additional Simulation Results

In Table S.2 and S.3, we display the simulation results for the smooth functional covariates
discussed in Section 4. We compare the estimated coefficient curves for various methods

with rough functional covariates in Figure S.1 and smooth functional covariates in Figure

S.2.



Table S.2: The mean of estimators for § based on 200 simulation replications with the
corresponding Monte Carlo standard deviation included in parentheses.

NGR TR (Method A) TR (Method B)  FLiRTI SLoS True Value

Scenario I

n = 100 0.64 (0.07) 0.46 (0.06) 0.50 (0.09) 0.59 (0.13)  0.59 (0.16) 0.50

n = 500 0.63 (0.04) 0.49 (0.03) 0.52 (0.05) 0.69 (0.19) 0.61 (0.08) 0.50
Scenario 11

n =100 0.56 (0.06) 0.41 (0.05) 0.42 (0.06) 0.56 (0.16) 0.53 (0.16) 0.50

n = 500 0.55 (0.03) 0.43 (0.02) 0.45 (0.04) 0.56 (0.14) 0.55 (0.06) 0.50
Scenario II1

n =100 0.49 (0.07) 0.31 (0.03) 0.35 (0.09) 0.55 (0.20) 0.48 (0.11) 0.50

n = 500 0.49 (0.03) 0.30 (0.01) 0.39 (0.07) 0.58 (0.18)  0.50 (0.08) 0.50

NGR, our proposed nested group bridge method; TR (Method A), the truncation method that estimates &

and S(t) simultaneously proposed by Hall and Hooker (2016); TR (Method B), the truncation method that

estimates § and ((t) iteratively (Hall and Hooker, 2016); FLiRTI, the FLiRTT method proposed by James

et al. (2009); SLoS, the SLoS method proposed by Lin et al. (2017).



Table S.3: Mean integrated squared errors of estimators for 5(t) based on 200 simulation
replications with the corresponding Monte Carlo standard deviation included in parenthe-

ses.
NGR PS TR (Method A) TR (Method B)  FLiRTT SLoS

Scenario I
n = 100 0.06 (0.06) 0.08 (0.03) 0.08 (0.15) 0.07 (0.05) 0.50 (0.30) 0.20 (0.27)
n = 500 0.03 (0.01) 0.04 (0.01) 0.02 (0.02) 0.04 (0.01) 0.20 (0.19)  0.03 (0.02)
Scenario II
n = 100 0.02 (0.049) 0.05 (0.02) 0.04 (0.03) 0.03 (0.02) 0.13 (0.11)  0.07 (0.10)
n = 500 0.01 0.00) 0.02 (0.02) 0.03 (0.00) 0.01 (0.01) 0.02 (0.04) 0.00 (0.00)
Scenario 111
n = 100 0.03 (0.05) 0.04 (0.02) 0.10 (0.02) 0.08 (0.05) 0.50 (0.50) 0.03 (0.05)
n = 500 0.01 0.0o1) 0.01 (0.01) 0.09 (0.01) 0.04 (0.01) 0.15 (0.18)  0.01 (0.01)

NGR, our proposed nested group bridge method; PS, the penalized B-splines method; TR (Method A),

the truncation method that estimates § and §(t) simultaneously proposed by Hall and Hooker (2016);

TR (Method B), the truncation method that estimates 0 and 3(t) iteratively (Hall and Hooker, 2016);

FLiRTI, the FLiRTT method proposed by James et al. (2009); SLoS, the SLoS method proposed by Lin

et al. (2017).
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Figure S.1: Estimated coefficient functions with rough functional covariates and n = 500 in
one randomly selected simulation replicate for various methods ( , the proposed nested
group bridge method; - - - - - , the penalized B-splines method,; , the truncation method
A; ---- the truncation method B; ———, the FLiRTI method; —- —-, the SLoS method;
, the true SB(t)).
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Figure S.2: Estimated coefficient functions with smooth functional covariates and n = 500 in
one randomly selected simulation replicate for various methods ( , the proposed nested
group bridge method; - - - - - , the penalized B-splines method,; , the truncation method
A; - - -~ the truncation method B; ———, the FLiRTI method; —- —-, the SLoS method;
, the true S3(t)).

D. Proofs

Without of loss of generality, we assume that 7' = 1. We will first collect some remarks on
notations that are used in the sequel. Boldface symbol is used to denote matrix or vector.
If 0 < ¢ < oo, L7 is defined as the space of functions f(¢) over the interval [0, 1] such that
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fol |f(t)]7dt < co. Two functions ¢(t) and f(t) are identified as the same if g(t) = f(¢) almost
everywhere over [0, 1] with respect to the usual Lebesgue measure. With this convention,
L9 is treated as a Banach space with the norm || f||, = fo |f(t)|7d )9, When ¢ = 2, we
get the Hilbert space L? with the inner product (g, f) = fo t)dt and the L? norm
| - |l2. Since R™ for a positive integer m is also a Hilbert space, we use the same notation

1/2 to denote the inner product and the norm of vector u and

(u,v) = u'v and |lul, = (v u)
v. Here, u' is used to denote the transpose of u. To reduce notational burden and make our
presentation concise, we use (f, B) to denote the vector ((f, B1), (f, B2),...,{f, Bu)). The
supremum norm of a function f(¢) is conventionally denoted by || f|| and defined as || || =
sup{|f(t)] : t € [0,1]}. Similarly, the supremum norm of a vector u = (u1,ug, ..., uy) € R™
is also denoted by ||u||« and defined as ||u||oc = max{|u;| : i = 1,2,...,m}. The operator
norm of a linear operator A on a Hilbert space H, is traditionally denoted by ||A]| and defined
as ||[A|| = sup{||Afll2: f € H,|f|l2 = 1}. Here, H could be L? or R™.

As our estimator is based on B-spline basis, before we dive into proofs of the theorems,
we briefly discuss some basic properties of B-spline basis that are used in our proofs. A
detailed treatment of B-spline can be found in de Boor (2001). The B-spline basis has a

local support property, which means each B-spline basis function is nonzero over no more

than d+ 1 adjacent subintervals. Also, each B-spline basis function is non-negative and they

M+d
j=1 Bj

form a partition of unity, that is, ) (t) =1 for all ¢ € [0,1]. Assume fy(t) satisfies

condition C.2, according to Theorem XII(6) of de Boor (2001), there exists some [(t) =

M+d
> bsiBj(t) = B'b, with b, = (b,y, ... ,bS7M+d)/, such that ||Bs — Bollee < CoM P for some
i=1

M+d
pOSitiVG constant CO and D Define b()j = bsj](jgjl) and put BOs(t) = Z b()ij(lf) = Blbo,
j=1



where by = (bo, - - -, boarra) - It is easy to see that by; = 0 if the support of B;(t) is contained
in [0g, 1]. It is obvious that ||Bos — Bollee < C1M P for some positive constant Cj.

The following lemmas are established to prove the theorems in Section 3.

Lemma 1. If C.1 and C.3 hold, then for some positive constants C,, and C,,,

P(C,kn/M < puin(U' U +nkV) < prax(U U +nkV) < Cpyn/M) — 1, (S.3)

where pmin and pmax denote the smallest and largest eigenvalues of a matrix, respectively.
Proof. This is a consequence of Lemma 6.1 and 6.2 of Cardot et al. (2003). |
Lemma 2. sup;; |v;;| = O(M>"1).

Proof. Let Bj; denote the jth normalized B-spline defined on [0, 1] with degree d and M + 1
equispaced knots 0 = tg <t < ... <ty =1,j=1,..., M +d. The knots divide [0, 1] into
M subintervals with equal length A = 1/M. Now consider Byi14, Bat2.d, --- » and Bpg
that are positive on d + 1 such subintervals. Let B;-d and B;/d denote the first and second

derivatives of Bjq respectively. Then it follows from X(8) of de Boor (2001) that

Biu(t) = (B 1aa(t) = Ba(0)
:M(Bj—l,d—l(t) _Bj,d—l(t))> ] :d+1,...,M, (S 4)



Since 0 < Bj(t) <1, |B;d| < M. By taking derivative of (S.4), we have

1 1 / !
Bjd(t) = Z(ijl,dfl(t) - Bj,dfl(t))
1
= E(ijzdﬁ(t) —2Bj 14-2(t) + Bja2(t))

= M?(Bj_4-2(t) — 2Bj_1,4-2(t) + Bja-2(t)).

and hence |B]d| < 2M?. Then we can deduce that \B ) \ < Cpy M™, where C,, is some

constant depending on m. Since \B](dm)\ > 0 on at most d + 1 subintervals, HBJ(.ZL) <
2
20,,(d + 1)Y2AY2M™. This further implies that
sup |vi;| = sup [(B Zd), >| <supHB H HBm)H <4C? (d+ 1)M*™ (S.5)
i\j i.j
which yields the conclusion of the lemma. [

Let £(b) =n (Y —Ub) (Y —Ub) + kb Vb. We can write £(b) as

/(b) = % zn: (w, X,) — (B'b, Xi) + gi)Q + kb VD
- {

2

= (T8~ B'b), 5~ Bb)+ Zfzﬁ Bb,X)+ S nbVb,

=1

B—B'b,X)?+2:(8— B'b, X)) + a?) + kb Vb



where I',, is the empirical version of the covariance operator I of X, and is defined by

(T (v) = %Z /0 X,(0) X () () d

Let H be the (M + d) x (M + d) matrix with element h; ; = (I, B;, B;). Then the gradient

of ¢ with respect to b is

Vi(b) — 2Hb — 2(T', 3, B) % S c(X,, B) + 26V

i=1

and the Hessian is

V2((b) = 2H + 2xV.

At the point b = by, the gradient of ¢ can be written as

2 n
Vi(bo) = 2Hby — 2(T,3, B) — ~ Y ei(Xi, B) + 26V

=1
2 n
= 2(0wB, fos) — 2(Tf, B) — ~ ;gim, B) + 2kVby,
2 n
= 2(Lufios, B) = 2L, B) — — ;exxﬁ B) + 2:Vby

— T (Bos — B), B) — 2<%Zaixi,3> + 2%V by, (S.6)
=1

In other words, for each 7 =1,2,..., M +d,

90(by)
aboj

— 2T (Bos — B), B;) — 2<% S e Xo, By) + 26Vibo, (8.7)
=1



where V; represents the jth row of V.

Below we first provide bounds of 8&—(;0_) and V2((b) in Lemma 3 and 4, respectively.

Lemma 3. For any € > 0, there exists a constant Cy such that

9l(by)
6b0j

P (sup < C’QM_I/Qn_I/Z) >1—¢ (S.8)
J

holds for all sufficiently large M and n.

Proof. Below we will develop bounds for each term in (S.7). In the first term, I',, converges
to I almost surely according to Proposition 1 in Dauxois et al. (1982). Thus, ||T',|| converges
to ||T']| almost surely, since the operator norm is continuous. Recall that, the function [y, is

chosen to satisfy ||fos — Blloc < C1M P, where C is a positive constant. This implies that

160s = Blls = \/ i} (Boult) — BB)2dt < /[ (CMP)2dt = C,M~. We know that cach
B-spline basis function is nonzero over no more than d + 1 adjacent subintervals. Also, each
B-spline basis function is non-negative and the basis functions form a partition of unity. The

two properties together imply that

18,2 = /01 B2(t)dt < (d+ )M (8.9)

Applying Cauchy-Schwarz inequality and (S.9) yields

sup [(Ca(Bos — B), Bj)| < sup ||Ta] | Bos — Bll2 [|Byllz < Cr(d +1)2M 2721, ||. - (S.10)
J

J

Since ||I',|| converges to ||I'|| almost surely and hence in probability, we conclude that,

10



for any given € > 0, there is a constant p;(¢) depending on €, such that for all sufficiently

large n and M,

P (sup (Ln(Bos — B), Bj)| < pl(e)M_p_1/2> >1—e (S.11)

J

For the second term, by Condition C.1 and CLT (Aldous, 1976), /n (37" | &;X;) con-
verges to a Gaussian random element in L%([0, 1]) in distribution, whose mean is 0. This
implies that, for any given € > 0, there is a constant ps(e) which only depends on €, such

that for sufficiently large n,

n

% Z 572Xi

=1

(v

< p2(6)> >1—e (S.12)

FEach X; is a mapping from sample space 2 to the space L*([0,1]). Specifically, we let
Xy e L*([0,1]) be the image of the sample w €  under the mapping X;. We then denote
Q. C Q the set of w that makes H% Yoy 5,~X§"H2 < pa(e)n™Y/% hold. Thus, P(Q) > 1 —«.

Then by Cauchy-Schwarz inequality, on €., it holds

Sup 1B)ll2 < pa(e)(d + 1) 2 2M 120 (S.13)

1 n
(— Z@X;”, B;)| <sup
i | D J

I~ oo

2

For the third term, according to lemma 2, we first have sup;; [v;;| < 4C7, (d+1)M>*™~" and
the number of non-zero elements in each row of V' is at most 2d+ 1. For by, we have ||by]|s <
(5 for some positive constant C'3 that does not depend on M. This conclusion can be derived
from the fact that Bo,(t) = B'(t)by, continuity of 4(¢) and the discussion on page 145-149

of de Boor (2001). Given these bounds, we have sup; |Vbo| < 4C5C7, (d + 1)(2d + 1) M>"~,

11



Combining this result with (S.11) and (S.13), and using Condition C.3, we deduce (S.8). B

We write u = Op(v) if u/v is bounded away from 0 and oo with probability tending to

one. The next result concerns the order of V2((b).

Lemma 4. V?{(b) is positive-definite and ||V*((b)|| = ©p(M~"). Furthermore, sup,; |g§f§l£)\ —

Op(M™1).

Proof. By Condition C.4, puin(H) = Op(M ') and ppa(H) = Op(M ™). Since prax(kV) =

O(kM~1) and k = o(1) according to the condition C.3, we then have ||V2{(b)|| = ©p(M~1).
By Cauchy-Schwarz inequality and (S.9), we have sup,; |hi| = sup;; |[(['B;, By)| <

IT. N Bill2|| Bjll2 = Op(M~'). Combining this result with (S.5), and using the Condition

C.3, we conclude that sup;; %(bﬁ = Op(M™"). |
Lemma 5. Suppose C.1 - C.5 hold. Then ||b, — bo||, = O,(Mn~1/?).

Proof. Let b, = by + 0,u with ||u|| = 1. Therefore, it is sufficient to show that 6, =
O,(Mn=1/2).

Denote D(u) = Q(bg + 5, u) — Q(by), where @ is the objective function (3). Then D(u)
is the sum of Dy = ((by + d,u) — £(w) and Dy = XS0, ¢;llbua, |7 — A 3001, ¢5llboa, || For
Dy, according to Lemma 3 and Lemma 4, also noting that it is a quadratic function of b, by

Taylor expansion, we can show that

/ 1 /

> 6,0p(M 2=y 4 6> M~ (S.14)

12



for some constant Cy > 0 with probability tending to one. Since b7 —a? < 2(b — a)b?~* for

0 <a <b, we have

M
=Dz <223 csllboa, I (b0, 1 = o, 1)

Jj=1

M
<223 cllboa, 177 (14510, — b, I3)

j=1

o 1/2
< 2)‘77 (Z ||bOAj - bnA]H%)

J=1

< 2Mn6, M2, (S.15)

Since Bn minimizes Q(b), we have D; + Dy < 0. According to condition C.5, \np =

O(n=Y2M~Y2). Then
6,0p(M~Y2n~Y2) 4 C48° M~ — O(5,n~ %) <0 (S.16)

with probability tending to one, which implies that 6, = O,(M n=t 2). Thus the conclusion

of the lemma follows. [ |
Lemma 6. Suppose conditions C.1 - C.6 hold. Then P (ZA)nAj =0 for j > J1> — 1.

Proof. Define Bn = (67117 e BH,M+d)’ by l;nk = Bnk[(k§J1)> k=1,..,M +d. We have éjl‘il/’y -

)wc;_l/ ||bpa, |77, The Karush-Kuhn-Tucker condition for (6) implies

J

min{k,M}

2Y — Ub,) Uy, — 2nsb, Ve = > 08, e} sgn(bur),  bur 0,

J
J=1

where U}, is the kth column of U and V} is the kth column of V. Observe that ||lA)nA].H1 —

13



- M+d . .
lbaa,lli = 5 [buil and (buk — bar)sgn(bur) = [bukl Izsi1)- Thus

k=max{j,J1+1}

M+d M+d
2(Y —Ub,)U(b, — b,) = 2nk Z ke — i) b, Vi + nmz > ¢llbaa ] bl
j=1  k=max{j,J1+1}
M+d

= 2nk Z ake — buie)b, Vk+nMZCJ||bnA 177 (1B, Nl = 1Bna, llh)-
7j=1
Since Y"1 (b—a) <V —a” for 0 < a < b, for j < J; , we have

S - . -
ona; 177 ona; l = [10na, 1) < 1bna 17 = [10na,[I7,

Observe that ||Z)nAj||1 =0 for j > J;. Thus

2(Y — Ub,)U(b, — b,) (S.17)
M+d J1 M R
< 2nk Z ke = Dar)by, Vi + 10 Y ([, 17 = [1Baa, 1) + 13y > cjllbaa, |17
Jj=1 j=J1+1

By the optimality of i)n, we have

M
1Y — Ub,[|3 + nxb, Vb, +nA > ¢;llbua,ll]

Jj=1

M
<Y = Ub, |3+ nkb, Vb, +nX >  ¢jllbua, 7. (S.18)

j=1

14



It follows from (S.17) and (S.18) that

~ ’ ~

M
AY ~Ub)U(b, — b))+ (1- A Y ¢llbus ]

j=Ji+1
M Mo Mid
§n)\chanAjH¥ — n)\chanAjm + 2nk Z b, Vibux
j=1 j=1 k=J1+1
) o A Mid o
<Y = Ub,|j3 = |Y = Uby,|3 + nib, Vb, — nxb, Vb, + 20k Y _ (br — bur)b,, Vi
k=1
Consequently,
M ~ A~ ~ A~ ~
L=7nX > cilibua, ] < (by = b,) (U'U +nkV)(b, — by). (S.19)
j=J1+1
By (S.3) and condition C.3,
M A A ~
(L=2)nA Y ¢llbaa, I < Op(nM )by — by 3. (5.20)

j=J1+1

Given |A;|=M +d—j+1 and b®) which can be obtained by the penalized B-splines
method (Cardot et al., 2003), the constants ¢; = \Aj\l—V/HbfjH; can be scaled so that

minj<; ¢; > 1 and

M M R v R ~ R 3
> cillbaa I} = ( > IIbnA,-Hl) > by — bull] > [bn — byl (S.21)

j=Ji+1 j=J1+1

If ||lA)nAJ1+1H2 > 0 which is equivalent to ||b, — by|l2 > 0, combination of (S.20) and (S.21)

15



yields
(1 =)0 < Op(nM )by — bl

Together with Lemma 5 and the fact that ||b, — by|2 < ||b, — boll2, this implies that

(1 —v)nA < O,(M'=7n7/2). Now, by condition C.6,

. A
P(||bnAJ1+1||2 >0)<P (W < Op(l)) — 0.

Then the conclusion of the lemma follows. [ |

Proof of Theorem 1. By Lemma 5, || 5, — Bos||2 < ||bn—bo||2 ij\/:{d fol Bi(t)dt = O,(M?n1).

Since |8 — Bosllos = O(M ), ||Bos — Boll2 < O(M~P). Thus ||5n — Boll2 < |6n — Bos + Bos —

Bollz < 118a = Bosllz + 11Bos — Boll2 = Op(Mn=Y2 + M~P). H

Proof of Theorem 2. (i) We know that dy € [t;,—1,ts,). By the compact support property

. M+d M+d
of B-spline basis functions, for all ¢t € [t;,1], Bu(t) = > byjB;i(t) = > b,;B;(t). 1If
j=1 j=Ji+1

~

bna, ., = 0, then B,(t) = 0 on [ty,1]. Thus by Lemma 6, P (Bn(t) =0 on [tJ1,1]> >
P (]|l;nAJ1+1H2 = O) — 1. Therefore, given 0 < (; < 1 — 4y, for M sufficiently large, dg + (1 >
t),. Then P <Bn(t) — 0 on [0 + (1, 1]) > p (Bn(t) — 0 on [ty 1]) > p (HBMMHQ - o) =
1.

(ii) We first argue that P(ZSnAJlfd = 0) — 0. To see that, for some fixed (5 > 0, fo(t) # 0
for some t € (6g — (a,0p). Since ||Bs — Bolloe = O(M~P), for sufficiently large M, there is

some K such that tx > dg — (5. We also have ]E)nK] # 0 with probability tending to one,

which further implies that P(dy — (o <t < Sn) — 1. On the other hand, from Lemma 6 we

16



deduce that P (Sn < 09+ (a) — 1. Therefore, together we obtain the claim that on converges

to dp in probability, by noting that (, > 0 is arbitrary. [
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