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Abstract In this paper, we present techniques for off-

setting spherical curves represented in vector or raster

form. Such techniques allow us to efficiently determine

and visualize the region within a given distance of a

spherical curve. Our methods additionally support mul-

tiresolution representations of the underlying data, al-

lowing initial coarse offsets to be provided quickly, which

may then be iteratively refined to the correct result.

An example application of offsetting is also specifically

explored in the form of improving the performance of

inside/outside tests in the vector case.

Keywords Offset · Multiresolution · Spherical curves

1 Introduction

Our home — the Earth — is vast and ever-changing.

Petabytes worth of geospatial data already fill servers

across the Earth, and more continues to be generated

every day and at increasingly high resolution. In order

to manage and integrate all these data, a form of GIS

called the Digital Earth framework has emerged, first

proposed by former Vice President Al Gore [7]. Digital

Earths use a 3D globe as a common reference model for

geospatial data, and are often constructed atop a mul-

tilevel rasterization of the Earth known as a Discrete

Global Grid System (DGGS) [12].

One of the core forms of data in a Digital Earth is

geospatial vector data — sequences of connected points

that define paths (e.g. rivers and roads) and boundaries

(e.g. nation, lake, and ocean boundaries). Often these

data are rasterized into a DGGS or map image (raster

form), but can also be represented in terms of their orig-

inal point sequences (vector form) to retain accuracy.

These data, in combination with robust geospatial

queries, can be used to obtain important visual and

numerical information about the Earth. For example,

we can perform environmental assessments, such as in

determining if a prospective oil well or waste site lies

within a given distance of a body of water, or in deter-

mining the number of homes within a given distance of

a wildfire. This type of assessment requires two types of

queries: offsetting, also known as buffering, which de-

termines the region that lies within a given distance of

some geospatial vector; and inside/outside tests, which

determine if a point lies within the region represented

by a vector.

In the context of offsetting, the problem of big data

reduces the utility of approaches that are based on pre-

computing and caching results. The space of all regions

from which one may wish to offset is prohibitively large

and not always known a priori, and the regions them-

selves can change over time. Combined with the ar-

bitrariness of the distance used to define an offset, it

becomes all but impossible to store a cached result for

each one. This issue is compounded if we wish to pre-

compute offsets at multiple levels of resolution.

Hence, we wish to develop algorithms to determine

offset curves on demand and without the use of cached

offset results, for the purposes of visualization or geospa-

tial querying. The primary obstacles to this approach

include managing the incredible size of many geospa-

tial vectors (potentially consisting of millions of points)

and in managing the spherical/non-Euclidean nature of

geospatial data (which can distort the results of map-

based and other Euclidean-based approaches). Ideally,

such algorithms should return a result rapidly despite

the vectors’ size and minimize cartographic distortions.

One technique that can be used to manage vector

size is to use a multiresolution data representation, such

as a mip-map, wavelet transform, or DGGS. Such a rep-

resentation allows a vector to be visualized or queried at

a coarse resolution (for quick initial results) or at a high

resolution on demand. In fact, a number of multireso-

lution representations, such as the wavelet transform

for geospatial vectors from [1], can be calculated and

stored without increasing the memory footprint of the

original data.

In this paper, we present two algorithms for off-

setting from geospatial curves on the sphere — one

for curves represented in vector form, and another for

curves represented in raster form. Each algorithm al-

lows an approximation of the final result to be produced

quickly, then refined as needed, by supporting multires-

olution representations of the underlying data. An ex-

ample application of spherical multiresolution and off-
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setting is explored in the form of an efficient algorithm

for inside/outside tests in the vector case.

The rest of the paper is organized as follows. We

review works related to Digital Earth and curve offset-

ting in Section 2, and present the terminologies used

throughout this paper in Section 3. Then, we provide

an overview of our algorithms for performing spherical

curve offsetting in the vector case (Section 4) and the

raster case (Section 5). This is followed by results in

Section 6 and a conclusion to the paper in Section 7.

2 Related Work

Curves on the surface of the Earth (aka geospatial vec-

tors) play a prominent role in GIS applications, includ-

ing Digital Earth frameworks. These frameworks, which

use a three-dimensional model of the Earth as a com-

mon reference for geospatial data, are underpinned by a

data structure known as the Discrete Global Grid Sys-

tem [6] (see [12] for a survey). A Discrete Global Grid

System (or DGGS) discretizes the Earth into a hierar-

chical set of cells, in which each cell represents a region

of the Earth at a particular resolution.

DGGSs are in part characterized by the shape of

their cells. These cells are typically formed by refin-

ing the faces of an initial polyhedron, which are then

projected to the surface of a sphere or ellipsoid (e.g. the

WGS84 ellipsoid [15]) using one of the many projections

studied in cartography (e.g. Snyder’s projection [22]).

Conversions between different cell types, as described

in [13], allow for interoperability between different DG-

GSs.

There are three primary means of representing and

rendering a vector in a DGGS [24]: via rasterization

into the cells of the DGGS, as in [9]; via representation

in vector form, as in [18]; or via shadow volumes, as

in [19]. For vectors remaining in vector form, spherical

multiresolution representations may be used to reduce

and losslessly restore the resolution of the vectors on de-

mand in order to handle their large size. In [8], Grohs

and Wallner present a framework for multiresolution

that interpolates the original vector points, based on

the use of the exponential map [4]. A non-interpolatory

scheme based on simple geometric operations was pre-

sented in [1].

Curves on the surface of an object also play an im-

portant role in computer-aided design, where offsetting

is a well-studied and important operation. As surveyed

in [17] and [11], offsetting for CAD applications can

be categorized into five main topics: calculating offsets

for Bezier and B-Spline curves, approximating complex

offsets, resolving self-intersections in the offsets, deter-

mining offsets for curves on surfaces (geodesic offsets),

and calculating general offsets.

Examples of works that calculate geodesic offsets in-

clude the works of [16], which finds offsets for curves on

a NURBS surface, and [23], which produces offsets for

curves on a triangle mesh. In contrast, our work calcu-

lates offsets on a sphere that is represented implicitly

rather than explicitly, and for which geodesics can be

computed exactly with a simple closed form equation.

Our method for offsets in the vector case is closely

related to the works of [10] and [5], as these works cal-

culate offsets for polyline curves. In [10], Liu et al. cal-

culate offsets for each line segment of the polyline, then

resolve self-intersections in the result. Choi and Park [5]

avoid artifacts in the final offset by eliminating prob-

lematic sections of the original curve before offsetting

using a robust local interference test. The raw offset

for the resulting (discontinuous) curve has no local self-

intersections, and a similar process is executed on the

raw offset to eliminate global self-intersections. Unlike

these methods, our polylines are embedded on the sur-

face of a sphere at multiple resolutions rather than in

Euclidean space at a single resolution.

Algorithms that draw lines of a given thickness, such

as Murphy’s modification [14] of Bresenham’s algorithm

[3], bear some relation to offsetting on a raster grid.

However, in general such algorithms do not translate

well to arbitrary cell tilings/grids on a spherical mani-

fold, particularly as these grids necessarily contain some

irregularities. Furthermore, they are typically defined

for a single resolution, and are therefore not designed to

handle the complex hierarchies that can exist between

non-square raster cells of different resolutions.

3 Terminology

Consider a sphere S = (c, r) of radius r centered at

point c. A great circle is given by the intersection of S

with a plane passing through c. A small circle is given

by the intersection of S with a plane whose distance

to c is greater than zero but less than r. The distance

between two points p0 and p1 on S is defined as the arc

length between them — dist(p0, p1) = rθ, where θ is the

angle between p0 and p1. Spherical linear interpolation

(or SLERP) can be used to traverse the great circle arc

between two points p0 and p1 [21], and is defined as

SLERP(p0, p1, u) =
sin[(1− u)θ]

sin(θ)
p0 +

sin(uθ)

sin(θ)
p1.

A Discrete Global Grid System (DGGS) defined on

S is a hierarchical set of grids {G0, G1, · · · , Gmax} of

increasingly fine resolution (i.e. |Gi| < |Gi+1|) up to an
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artbitrary maximum resolution, max. Each grid Gi is

composed of a set of cells g
[i]
j that discretize the Earth,

and to which parent-child relationships are assigned.

A spherical curve (or geospatial vector) C(u) on

S is given by connecting a set of n ≥ 2 points P =

{p0,p1, · · · ,pn−1} located on S with great circle arcs.

For each value of 0 ≤ u ≤ 1, C(u) returns a point on

the spherical curve. A spherical offset curve O(v) that

offsets from C(u) by a distance of d is given by a set of

points R located on S and connected with small circle

arcs. For each value of u (resp. v), there exists a value

of v (resp. u) such that dist(C(u), O(v)) = d.

For simplicity, throughout this paper we will assume

that the sphere S is centered at the origin (c = 0). The

algorithms in this paper can be used with other spheres

S = (c, r) by translating the sphere (by −c) to lie at

the origin, applying our algorithms, and then restoring

the sphere to its original location (i.e. translating by c).

4 Offsetting in the Vector Case

In this section, we present our method for determin-

ing and representing offset curves for geospatial data in

vector form (see Section 4.1). In order to handle the po-

tentially large size of the data, we can apply multires-

olution techniques to the spherical offset curves (see

Section 4.2) to be used for efficient visualization or in-

side/outside tests (see Section 4.3). In Section 4.4, we

describe how to fix self-intersections in the results of

our method.

4.1 Single Resolution (Vector Case)

Whereas a spherical curve C(u) is defined by a set of

points P connected by great circle arcs, a spherical

offset curve O(v) is defined by a set of points R con-

nected by small circle arcs (see Figure 1). We refer to

the points in R as “junction points”, as they mark the

point at which two small circle arcs meet. Determining

the spherical offset curve O(v) largely depends on de-

termining the set of junction points R and the centers

of the small circles, which we will call Q.

Two types of small circle arcs exist in a spherical off-

set curve: small circle arcs that correspond to offsetting

from a single point pi ∈ P , and small circle arcs that

correspond to offsetting from a great circle arc between

consecutive points pi and pi+1 ∈ P . Given R and Q, all

points in O(v) can be found by spherically interpolat-

ing between the junction points. That is, given ri and

ri+1 ∈ R and the center qi ∈ Q of the small circle arc

that connects them, we can determine the points on the

small circle arc as

SLERP (ri − qi, ri+1 − qi, t) + qi (1)

by varying 0 ≤ t ≤ 1.

Surprisingly, and despite the non-linear nature of

the spherical offset curve O(v), the junction points R

and the small circle centers Q can be found using Eu-

clidean vector operations.

Consider, firstly, the small circles that offset from

a single point pi ∈ P (Figure 1c). The points on this

type of small circle are equidistant to the circle’s center

q2i, but are also equidistant to pi. Consequently, for a

sphere centered at the origin (c = 0), the small circle

center q2i is a scaled version of pi (refer to Figure 2a).

In fact,

q2i = r · cos
(
d
r

)
· pi

||pi||
= cos

(
d
r

)
· pi.

(2)

Now consider the small circles that offset from a

great circle arc between pi and pi+1 ∈ P (Figure 1d).

The points on this type of small circle are, similarly,

equidistant to both the circle’s center q2i+1 and to all

points on the great circle. As a result, when c = 0, the

small circle center q2i+1 can be found by scaling the

normal of the great circle’s plane, say ni = pi+1×pi

||pi+1×pi||
(refer to Figure 2b). That is,

q2i+1 = r · sin
(
d

r

)
· ni. (3)

Finally, and most interestingly, consider the junc-

tion points ri. Each junction point lies at the intersec-

tion of two small circles, say those centered at qi and

qi+1. Since qi and qi+1 are orthogonal to each other

and have lengths of sin(d
r ) and cos(d

r ), it so happens

that when c = 0 the junction point can be found by

adding qi and qi+1 together (see Figure 2c), i.e.

ri = qi + qi+1. (4)

In summary, we can determine a spherical offset

curve at a distance of d from C(u) using the follow-

ing process:

1. Scale all the points in P by cos(d
r ) to obtain the q2i

(Equation 2).

2. Find the plane normals for each of the great circle

arcs in C(u) and scale them by r · sin(d
r ) to obtain

the q2i+1 (Equation 3).

3. Sum each consecutive pair of points in Q to obtain

the ri (Equation 4).

4. Apply SLERP to the ri in order to determine all

points on the offset curve (Equation 1).
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(a) (b) (c) (d)

Fig. 1: (a) A spherical curve consists of a set of points connected by great circle arcs. (b) A spherical offset curve

consists of a set of junction points (shown as red dots) connected by small circle arcs. (c) Some small circle arcs

(shown in green) correspond to offsetting from a point. (d) Some small circle arcs (shown in purple) correspond

to offsetting from great circle arcs.

pi d
q2i

θ = d
r

(a)

pi d

q2i+1

pi+1

(b)

pi d

q2i+1

q2i

(c)

Fig. 2: (a) The center q2i of the small circle that offsets from a point pi is a scaled version of pi. (b) The center

q2i+1 of the small circle that offsets from the great circle arc between pi and pi+1 is a scaled version of the great

circle’s plane normal. (c) The junction points can be found by adding the small circle centers together.

Much as a spherical curve C(u) can be sufficiently

described using the set of points P , a consequence of

Equation 4 is that the spherical offset curve O(v) can be

efficiently described using only the small circle centers

Q. Furthermore, a given offset curveO(v) can be altered

to lie at any distance d ≥ 0 simply be re-scaling the

small circle centers in Q.1

4.2 Multiresolution (Vector Case)

Our method for finding spherical offset curves is lin-

ear in terms of the number of points used to define the

spherical curve (i.e. |P |), however it can become slow

if that number is exceedingly large. In order to combat

this, we can use spherical multiresolution techniques in

order to reduce and restore the resolution of the spher-

ical curves on demand.

A spherical multiresolution technique — such as

that of [8] or [1] — allows the set of points P that de-

fine C(u) to be decomposed into a hierarchy of progres-

sively smaller point sets P = P [0], P [1], · · · , P [k] and

associated details D[1], · · · , D[k]. The number of points

1 At d = 0, O(v) is equivalent to C(u). In such a case, the set
of small circle centers Q becomes the point set P interspersed
with the zero vector 0 (representing the centers of the great
circle arcs).

in P [i+1] is typically half that of P [i], and the storage

requirements for P [i] and its details D[i] are typically

exactly the same as the storage requirements for the

original set P (i.e. |P [i]| + |D[i]| = |P |). Given a set of

points P [i] and its details D[i], any other level of the

hierarchy can be reproduced, including the original set

P = P [0].

In this section, we define a spherical multiresolu-

tion framework for offset curves O(v) as well, such that

the resolution of the offset curves can be reduced and

restored on demand. Such a framework allows us to

approximate the offset curve to obtain a quick initial

result, which may then be refined for greater accuracy.

Knowledge of the point sets P [i] is not required in order

to use the framework, except to create the initial offset.

Suppose we are given a decomposed point set P [k]

and details D[k] (see Figure 3b). Using these coarse

points, we can apply the process in Section 4 to deter-

mine a coarse offset curve with small circle centers Q[k]

(Figure 3c), which partially consists of scaled versions

of the points in P [k]. As the scaling factor is constant

for a given distance d, those scaled points (the q2i) lie

on a common sphere of radius r · cos(d
r ).

Hence, we can apply the spherical multiresolution

technique to the q2i (using appropriately scaled ver-

sions of the details D[k]) in order to obtain scaled ver-
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(a) (b) (c) (d)

Fig. 3: (a) High resolution spherical curve. (b) The curve in (a) after reducing the resolution. (c) Coarse offset

calculated using the coarse curve in (b). (d) The offset can be refined to produce the accurate high resolution

offset, without restoring the resolution of the coarse curve.

sions of the points in P [k−1]. By recalculating the q2i+1,

we then obtain the small circle centers Q[k−1] for a

higher resolution version of the offset curve. This method

can be repeated as needed to obtain any desired reso-

lution for the offset curve (shown in Figure 3d).

In summary, spherical multiresolution may be ap-

plied to an offset curve (given Q[k] and the set of details

D[1], · · · , D[k]) through the following process:

1. Extract the q2i (every second point in Q[k]) into a

set of points Q′.

2. Scale the details in D[k] by cos(d
r ).

3. Apply spherical multiresolution to Q′ using D[k] to

obtain a new set of q2i.

4. Repeat steps 2 and 3 using D[k−1], · · · , D[1] until

the desired resolution is reached.

5. Recalculate the q2i+1 using Equation 3.

6. Using Equations 4 and 1, determine the points on

the offset curve.

In addition to helping manage the incredible size of

geospatial vectors, multiresolution can also be used to

speed up inside/outside tests.

4.3 Inside/Outside Tests

Inside/outside tests examine whether a given point p

lies inside or outside of a particular shape, and are

essential to the environmental assessment tasks men-

tioned in Section 1. In the case of a Euclidean polygon,

the traditional test is to cast a ray from the point and

count the number of times the ray intersects the poly-

gon. If the number of intersections is even, then p is

outside; otherwise, it is inside (see [20]).

Generalizing this algorithm to spherical curves C(u)

and offset curves O(v) presents some challenges, how-

ever. Firstly, a ray on the sphere forms a great circle,

which will intersect C(u) andO(v) an infinite number of

times. Secondly, calculating intersections with the small

circle arcs of O(v) is expected to be costly. This is ex-

acerbated by the third issue, which is the significant

number of intersection tests that must be performed

given a high resolution spherical curve.

The first problem can be solved by selecting an

appropriate stopping point for the ray, converting it

into a finite great circle arc. In [2], this stopping point

is selected as an arbitrary point x known to be inside

C(u) (resp. outside C(u)) that is not antipodal to p. If

the great circle arc between p and x intersects C(u) an

odd number of times, then p is outside (resp. inside);

otherwise it is inside (resp. outside).

The second problem can be addressed using an

alternative approach that entirely avoids the computa-

tion of small circle intersections. Consider that p will be

inside O(v) if and only if it is inside C(u) or within the

offset distance d of C(u). Given the small circle centers

qi of the offset curve O(v), a simple set of tests can be

employed to determine whether p is within distance d

of C(u).

Consider a small circle formed by offsetting from

pi ∈ C(u), centered at q2i. As p is located on the
sphere, it is within distance d of pi if it lies above the

plane of the small circle (see Figure 4a). Hence, p is in

the “offset region” of q2i if

(p− q2i) · q2i ≥ 0 (5)

or, equivalently

p · pi ≥ r2 · cos

(
d

r

)
. (6)

For small circles produced by offsetting from the great

circle arc between pi and pi+1 (centered at q2i+1), we

can test if p is within the wedge shape formed by pi,

pi+1, the plane of the small circle, and its reflection (see

Figure 4b). That is, p is in the offset region of q2i+1 if

|p · q2i+1| ≤ q2i+1 · q2i+1 AND

p · (pi × q2i+1) ≥ 0 AND p · (q2i+1 × pi+1) ≥ 0
(7)

or, equivalently

|p · ni| ≤ r · sin
(
d
r

)
AND

p · (pi × ni) ≥ 0 AND p · (ni × pi+1) ≥ 0.
(8)
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(a) (b)

Fig. 4: (a) A point is within the offset region of another point if it lies above the associated small circle. (b) A

point is within the offset region of an arc if it lies in the wedge shape formed by the arc’s endpoints and two small

circle planes.

The third and final problem can be solved using

multiresolution. The core idea is to find a simplified

version of C(u) that can be queried as above yet still

provide a correct answer. To do this, we keep track of

the error between each simplified arc and the original

arcs it approximates. For a given point p and stopping

point x, we reconstruct those arcs whose distance to p

or x is less than its error.2

For the sake of simplicity, we illustrate this method

using the linear/Faber multiresolution scheme from [1].

Refer to Figure 5. The reverse subdivision step consists

of a subsampling (i.e. p
[k]
i = p

[k−1]
2i , for any k > 0). The

difference between each discarded point, p
[k−1]
2i+1 , and the

midpoint of its neighbours, SLERP(p
[k−1]
2i ,p

[k−1]
2i+2 ,

1
2 ), is

encoded into a detail d
[k]
i . Hence, the resolution of the

arc between p
[k]
i and p

[k]
i+1 can be increased by recon-

structing p
[k−1]
2i+1 (using d

[k]
i ) and inserting it between

p
[k]
i and p

[k]
i+1.

Let e
[k]
i denote the error that the simplified arc be-

tween p
[k]
i and p

[k]
i+1 makes with the arcs it approxi-

mates. In this case, that is

e
[k]
i = max(e

[k−1]
2i , e

[k−1]
2i+1 )

+ dist
(
p
[k−1]
2i+1 , SLERP(p

[k−1]
2i ,p

[k−1]
2i+2 ,

1
2 )
)
,

where e
[0]
i = 0 for all i. We can determine if p is within

a distance e
[k]
i of the arc between p

[k]
i and p

[k]
i+1 (with

normal n
[k]
i ) using a combination of Equations 6 and 8

p · p[k]
i ≥ r2 · cos

(
e
[k]
i

r

)
if p · (p[k]

i × n
[k]
i ) ≤ 0

p · p[k]
i+1 ≥ r2 · cos

(
e
[k]
i

r

)
if p · (n[k]

i × p
[k]
i+1) ≤ 0

p · n[k]
i ≤ r · sin

(
e
[k]
i

r

)
otherwise.

2 Reconstructing arcs close to x can be skipped in most
practical scenarios through an appropriate choice of x. For
instance, if C(u) is limited to a single hemisphere, then x can
be chosen as the antipode of the centroid of C(u), which is
known to lie outside of C(u) and its simplifications.

(9)

Note that e
[k]
i should be clamped to the range [0, π] to

avoid erroneous results due to the periodicity of sine

and cosine.

We can additionally augment the algorithm in order

to work on offset curves at the same time. If the distance

between p and the simplified arc between p
[k]
i and p

[k]
i+1

is less than d− e[k]i (clamped to [0, π]), then p is in the

offset curve O(v). The simplified arc is reconstructed if

the distance is less than d+ e
[k]
i (clamped to [0, π]).

4.4 Resolving Self-Intersections

In order to resolve self-intersections in the offset curves,

we use a simple quadratic time (i.e. O(n2)) algorithm

that checks each small circle arc for intersections with

any other small circle arc.

While generalizations of more efficient algorithms

from Euclidean space could be used (such as that of [5]),

even with double-precision computations, numerical in-

stability can cause noticeable errors in the result. Fur-

thermore, the impact to performance of the quadratic

time algorithm can be mitigated by using multireso-

lution to display a quickly computed and cleaned-up

coarse offset whilst a higher resolution version is deter-

mined in the background.

The process of fixing self-intersections in an offset

curve works as follows. For each small circle arc of the

offset (centered at qi for some i), we attempt to inter-

sect the arc with every other arc in the offset, except-

ing direct neighbours (i.e. those centered at qj , for all

j 6= i − 1, i, i + 1). Among these, we identify the value

of j that is furthest from i, i.e. j satisfying

max
j

(j − i) mod
|Q|
2
,

and the corresponding intersection point, r̂, made by

the arcs centered at qi and qj . Then, all arcs and junc-

tion points between i and j are removed, and r̂ is set
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p2i

p2i+1

p2i+2

(a)

p
[1]
i

p
[1]
i+1

d
[1]
i

(b)

p

(c) (d)

Fig. 5: (a) A spherical curve consisting of 6 points. (b) The curve after one application of reverse subdivision

(subsampling). Details are found as the difference between a discarded point and its neighbours’ midpoint. (c)

Given point p, we determine if p lies within the error region of each simplified arc. (d) Arcs with p in their error

region are reconstructed.

as an endpoint for the arcs centered at qi and qj . Refer

to Algorithm 1 for pseudocode.

Algorithm 1 Algorithm for removing self-intersections

from an offset curve.
Input: Small circle centers Q = {q0,q1 · · ·q2n−1}, junction
points R = {r0, r1 · · · r2n−1}

for i = 0 to |Q| − 3 do

m = |Q|
2

, j = null, r̂ = null
for k = i+ 2 to |Q| − 1 do

ˆtemp = intersection of the arcs centered at qi and qk

if ˆtemp exists and either r̂ is null or (k − i) mod m >

(j − i) mod m then

j = k, r̂ = ˆtemp
end if

end for

if j is not null then
if (j − i) < m then

Remove qi+1, · · · ,qj−1 from Q

Remove ri+2, · · · , rj−1 from R
Replace ri+1 with r̂ in R

else

Remove q0, · · · ,qi−1 and qj+1, · · · ,q2m−1 from Q
Remove r0, · · · , ri−1 and rj+2, · · · , r2m−1 from R

Replace rj+1 with r̂ in R

Reset i to 0
end if

end if
end for

return Q, R

To calculate if an intersection exists between two

small circle arcs and determine their intersection point,

r̂, one can intersect the planes of the two small circles to

find a line, and then intersect the line with the sphere

S. Any intersection point(s) between the line and the

sphere must be verified to lie on both small circle arcs

by, e.g., comparing the angles between the intersection

point(s) and the endpoints of the arc. In the event that

two intersection points lie on both arcs, the one that has

the smallest arc distance to the first endpoint should be

selected as r̂.

Note that this method assumes that no more than
|Q|
2 arcs must be removed between any given pair of

qi and qj , which is the case for most spherical curves,

including the examples in this paper. Additionally, we

do not produce new curves to represent holes in the

offset region. The implementation of a general method

that handles all scenarios is left for future work.

5 Offsetting in the Raster Case

In order to facilitate rendering and some efficient queries

(e.g. inside/outside tests), geospatial vectors are often

rasterized onto an image or onto the cells of a DGGS

(see Figure 6). When an offset curve is requested, rather

than re-request and re-rasterize the original vector data,

it would be useful to apply the offset directly on the ras-

terized vector.

In this section, we present an algorithm that pro-

duces offsets for spherical curves rasterized into the

cells of a raster grid or DGGS, without reference to the

original vector data. We first present an algorithm that

applies this offset in a single grid (Section 5.1), which

we then use to quickly and efficiently produce offsets

throughout the multiresolution hierarchy of a mip-map

or DGGS (Section 5.2).

5.1 Single Resolution (Raster Case)

An algorithm that offsets from a rasterized spherical

curve must calculate the distance between raster cells

and the rasterized curve: if the distance is less than

the offsetting distance d, then the cell is included in

the offset, else it is outside. In order to produce an

accurate and efficient offsetting method, two questions

must be addressed. The first concerns how the distance
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(a) (b)

Fig. 6: (a) Like Euclidean curves, a spherical curve may be rasterized into an image or into the cells of a DGGS.

(b) Cells contained in the vector may be marked as inside for efficient inside/outside queries.

between the curve and a raster cell can be accurately

calculated if we do not possess the original vector data.

The second concerns which raster cells must be checked

for inclusion, as we wish to determine all the cells in the

offset without checking every cell on the entire Earth.

In order to handle both of these questions, our method

uses region-growing (which restricts the checked cells to

only those cells in the offset and their immediate neigh-

bours) and two distance checks — a minimum distance

and a maximum distance — to determine which cells

are definitely included in the offset and which cells are

only possibly included (see Figure 7).

Consider the ordered sequence of cells {g0, g1, · · · , gk}
that are intersected by the spherical curve C(u). Let dg
denote the length of the longest diagonal in any cell (or

the smallest diameter such that any cell is contained in

a circle of diameter dg).

We begin by calculating an initial offset region around

the first intersected cell g0 by region-growing (see Fig-

ure 8). A cell gi is contained in the offset region of g0,

and called a “contained cell”, if the distance between

their centroids is less than dmin = d − dg

2 . A cell gi is

possibly in the offset region of g0, and called a “frontier

cell”, if the distance between their centroids is greater

than dmin and less than dmax = d+dg. The neighbours

of frontier cells and contained cells are the only cells

that need to be checked for inclusion in the offset of g0.

We then move to the next intersected cell g1 and

calculate its offset region by evaluating frontier cells

and their neighbours for inclusion using dmin and dmax

(see Figure 9). If a frontier cell does not lie in the off-

set region of g1 (i.e. its distance is greater than dmax),

then the cell is marked as an “inactive” frontier cell,

and it and its neighbours are no longer evaluated for

inclusion in offset regions. We continue moving to the

next intersected cell and evaluating active frontier cells

for inclusion until the final cell gk has been reached and

the complete offset has been calculated.

Note that self-intersections in the offset will be re-

solved automatically, but the algorithm will break down

should the set of active frontier cells become empty

(which may occur if, e.g., the spherical curve C(u) has

self-intersections).

5.2 Multiresolution (Raster Case)

The method described in Section 5.1 will calculate the

offset for C(u) on a single grid G, however DGGSs are

composed of several grids Gi arranged in a hierarchy.

In each grid Gi, the curve C(u) intersects a different

sequence of cells {g[i]0 , g
[i]
1 , · · · , g

[i]
ki
}. We require that if

a cell g
[i]
j is considered to be intersected by C(u), then

its parent g
[i−1]
l must also be considered to be inter-

sected by C(u). Additionally, each grid Gi has it own

individual cell size d
[i]
g .

Rather calculate the offset from scratch on each grid

Gi, we can use the hierarchy between cells to achieve

an efficient algorithm that operates hierarchically. To

do so, we first redefine d
[i]
g to be the smallest diameter

such that any cell in Gi, and all of its descendants, can

be contained in a circle of diameter d
[i]
g . While d

[i]
g re-

mains trivially unchanged for cells that are congruent

throughout the hierarchy (i.e. their descendants cover

the exact same area), d
[i]
g will be different for incongru-

ent cell shapes, such as hexagons.

Given d
[i]
g defined thusly, notice that if a cell is marked

as contained by the offset, then all of its descendants

are contained by the offset as well. Similarly, if a cell is

known to be completely outside of the offset, then all

of its descendants are as well. Hence, the only cells in

grid Gi (i > 0) that need to be evaluated for inclusion

in the offset are those descended from the frontier cells

(active and inactive) found in grid Gi−1.

Therefore, we can efficiently determine offsets hier-

archically in the raster case using the following process.

First, we determine the offset in the coarsest grid G0 us-

ing the method in Section 5.1. This provides an initial

offset result that can be used for visualization/query

purposes until finer offsets are found. Then, we itera-

tively determine the offset in the next grid Gi by using

the descendants of the active frontier cells from Gi−1,
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(a) (b)

Fig. 7: (a) Without the original vector (shown in blue), discrepancies can result from using the centroids of the

intersected cells to evaluate distances. (b) Two distance checks — a minimum and a maximum distance — can be

used to evaluate which cells are definitely in the offset and which are possibly in the offset.

(a) (b)

Fig. 8: (a) An initial offset region is calculated for a single cell. (b) Cells are marked as contained by the offset

(shown in black) or as possibly contained by the offset (shown in red), based on two distance checks. Red cells are

also known as frontier cells.

(a) (b)

Fig. 9: (a), (b) The offset region for the next intersected cell is calculated. Frontier cells that are not in the offset

region of the new cell become inactive (shown in light red).

rather than g
[i]
0 , as an initial seed for the offset region,

and by limiting our search space to the descendants of

the active and inactive frontier cells from Gi−1.

6 Results

In this section, we present several results produced by

applying our offset and inside/outside algorithms to

spherical vectors.

Figures 10 through 12 illustrate the results of our

algorithm in the vector case. In Figure 10, offsets are

shown for spherical curves at a single resolution. Self-

intersection artifacts in concave areas can be resolved

using the methods from Section 4.4 (see Figure 10d).

Figures 11 and 12 display instances of offsetting from

real geospatial data — here, vectors representing the

mainland borders of Brazil and China at different res-

olutions.

Figure 13 shows some results from the raster case.

Offsets for a spherical curve rasterized into a hierarchi-

cal latitude/longitude grid system are shown at mul-

tiple resolutions. Using our methods, one can find a

coarse offset at the coarsest resolution and then rapidly

determine the offset at finer resolutions by limiting the

search space to the frontier cells.

In Table 1, we present runtime performance results

from our multiresolution approach to inside/outside tests.

All tests were executed in the Unity game development
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(a) (b)

(c) (d)

Fig. 10: (a), (c) Spherical curves each defined as a set

of points connected with great circle arcs. (b) Offsets

for the curve in (a), at different distances. (d) Offsets

for the curve in (c), with and without self-intersections.

environment on a 64-bit Windows 10 machine with an

Intel Core i7-6700K CPU and 16 GB of RAM. In each

test run, a set of 10000 points were distributed uni-

formly (in the latitude/longitude grid) in and around

the border of Mexico. A spherical curve representing

this border (consisting of nearly 3400 vertices) and a

corresponding offset curve (at a distance d = 0.02)

were decomposed using multiresolution techniques to

various levels of simplification. The runtime of the in-

side/outside tests on these curves, averaged over the

10000 points, appears to be nearly halved with each

level of decomposition applied to the curve. Tests re-

mained accurate to within half a percentage point (in-

accuracies likely due to floating point errors).

Table 1: Average runtime performance of inside/outside

tests.

Number of Spherical Curve Offset Curve
Decompositions Time Time

0 1.84 ms (100 %) 1.42 ms (100 %)
1 1.10 ms (60.0 %) 0.91 ms (64.1 %)
2 0.56 ms (30.4 %) 0.46 ms (32.4 %)
3 0.28 ms (15.2 %) 0.23 ms (16.2 %)
4 0.14 ms (7.8 %) 0.12 ms (8.5 %)
5 0.07 ms (3.8 %) 0.07 ms (4.9 %)

7 Conclusion and Future Work

We have presented two algorithms that calculate off-

set curves from geospatial curves represented in two

different data formats. These algorithms support mul-

tiresolution in the underlying data and can determine

offsets for a desired resolution. An efficient algorithm

for inside/outside tests in the vector case was addition-

ally introduced, which makes use of both spherical mul-

tiresolution and offsetting to achieve significant speed

gains.

For future work, one could focus on generalizing ex-

isting, robust offset methods from Euclidean space in

such a way as to resolve self-intersections with minimal

numerical instability. Another interesting direction for

future work could be to examine methods by which to

determine and represent offset curves on an ellipsoid.
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(a) (b)

Fig. 11: Spherical curve representing the mainland border of Brazil with two offsets, one at d = 0.02 (shown in

red) and one at d = 0.04 (shown in green). (a) Brazil and offsets at a low resolution. (b) Brazil and offsets at a

high resolution.

(a) (b)

Fig. 12: Spherical curve representing the mainland border of China with two offsets, one at d = 0.02 (shown in

red) and one at d = 0.04 (shown in green). (a) China and offsets at a low resolution. (b) China and offsets at a

high resolution.

(a) (b) (c) (d)

Fig. 13: (a) Spherical curve rasterized into a high resolution latitude/longitude grid. (b) The curve from (a) in a

coarser grid. (c) Offset of the curve in the coarse grid. Contained cells are shown in black, frontier cells in red. (d)

Offset of the curve in the high resolution grid. Cells descended from the cells in (c) that were marked as contained

or outside are also marked as contained or outside.
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