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Lecture 14 - Photons

What’s important:

* energy and mometum of a single photon

* number density and energy density of a photon gas
Text. Carroll and Ostlie, Secs., 3.5, 5.2

Single photons

Individual photons have vanishing mass, but non-zero energy and momentum:
* from Einstein's analysis of the photoelectric effect

E=hv=hclA where h=6.63 x 10% J-s
* from Einstein's energy-momentum relation

E? =,0202+ m2c*

—- E=pc ifm=0.

Photon number density

Photons can exchange energy with each other through collisions only very weakly; in
the presence of ions, the exchange may be much more rapid.

As with the particles described in Lec. 13, the photons in a gas have a distribution of
energies (and hence, of wavelengths), with few photons having little energy and few
photons having a lot of energy. Unlike classically conserved particles, photons are
bosons and can be created or destroyed through collisions - the number of photons in a
box at finite temperature fluctuates with time. Thus, it makes more sense to talk about a
number of photons per unit volume N, but not an absolute number of photons.

Defining n (E) to be the number of photons per unit energy per unit volume, then the

number of photons (per unit volume) having energy between E and E + dE is
n(E) dE.

n(E)

E

For a gas of photons in equilibrium, this number density is given by

8x E*dE
n(E) dE = WE
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where n(E) includes 2 photon polarization states (k; = 1.38 x 102 J/K). The E?dE here
and VAdv in the Maxwell-Boltzmann expression have the same root in &®p of the phase
space element.

To find the total density of photons N,, one must integrate this expression over energy

8t E?dE
Ny =fn(E)dE =IWW

_ 8u(kgT)® .z%dz

(rc)’ fez -1
or, using [ z% dz/ (e*1) = 2.404
(keT \"
N, =60.42, —
! \ hc )

Substituting numerical values for the constants gives
N,=2.02x 10" T° (m?),

where the temperature T is quoted in K, and N, has units of m®. This equation shows
that the photon density increases like the third power of the temperature.

Photon energy density

The energy density of a photon gas follows from its number density. We define u(E) as
the energy per unit volume of the photons with an energy between E and E + dE:

8t E3dE
u(E)dE=En(E)dE = WE

The total energy density U, of these photons can be found by integrating this expression

8nx E*dE
Uy =fU(E)dE=fWE

_ 8n(kgT)* .Zz%dz
- () J e

The integral has the value [ z*® dz/ (e*-1) = */15, giving us

8m°ky

U = T
Y 15hn%c®

(neutrinos obey a similar, but not identical, expression). Substituting, one finds
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U,=7.565x10" T* (J/m°).
where T must be quoted in K, and the resulting U, has units of J/m?.
Dividing U, by N, the average energy per photon is then

[average energy per photon] = 2.7 kg T.

This result is similar, but not identical to what we saw in the previous lecture for ordinary
particles, where the average kinetic energy per particle in three dimensions is 1.5 kg T

Other representations of the energy density

In some situations, it is more useful to express the energy spectrum u(E) as a function
of frequency or wavelength. We'll use the wavelength distribution later in our discussion
of stars, so let's show how the spectrum is calculated. We need to find the energy per
unit volume for photons in the wavelength range of Ato A + dA, which we call

u(A)dA.

In our expression for u(E), we need to replace
E— hc/i
and
dE — (hc ! A?)dA
(an irrelevant minus sign is discarded in taking the derivative)

Thus
8n (he\’h di
AYdA = — —
u(A) (/‘IC)S\?»} 22 e 1
or
8thc di
LM}L)CM:TE

The spectrum of photon wavelengths is similar to the spectrum of photon energies,
small populations at very short or very long wavelengths, although the position of the
most likely photon has shifted. Equating to zero the derivative of u(A) with respect to A
gives the equation

1 1 1 1 d(al/A) o
0= (-5)—* —— +—=(-1 . e
where
o= helk,T.
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After just a few lines of algebra, we are left to solve

aldA=5(1-¢e"M.
As a function of a/A, the LHS has an initial slope of 1, while the RHS has a slope of 5.
But at large /A, the RHS approaches 5.

5

a/A

The numerical solution to this equation gives a/A,, = 4.9651, or the more frequently
quoted
Apeak = 0.2014052 he ks T.

Substituting for the various constants in this equation, we have
Aea = 2.90 x 10° m / T(in K)

Example The wavelength distribution of sunlight is peaked at around 500 nm. What
is the surface temperature of the sun given A, = 500 nm?

From 4., =2.90 x 10° m/ T(in K),
T=2.90Xx10%/ Ap =290 x 10°/5 x 107 = 5800 K.
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