Non-Parametric Statistics

Introduction

Parametric statistics such as ANOVA and regression carry the underlying assumption that the
data are normally distributed. When the data are not normally distributed, it opens up a whole
new set of statistical tests that are called non-parametric statistics. One of the most commonly
used non-parametric statistic is the percentile. Unlike the z-score, no assumption is made about
the distribution of the data. Percentiles work equally well describing normal or non-normal
distributions. The purpose of this chapter is not to review all non-parametric tests, but to provide
insight into three commonly used tests that are examples of the 3 main types of hypothesis

testing for which inferential statistics are used, as discussed in chapter 2-4.
Is There a Difference?

Chi-square: Analogous to ANOVA, it tests differences in the frequencies of
observations of categorical data. A 2x2 table is equivalent to z test between two

proportions.
Wilcoxson signed rank test: Analogous to paired t-test.
Wilcoxson rank sum test: Analogous to independent t-test.
Is there a Relationship?

Rank Order Correlation: Analogous to the correlation coefficient tests for relationships
between ordinal variables. Both the Spearman’s Rank Order Correlation (rs) &

Kendall’s Tau (1) will be discussed
Can we predict?

Logistic Regression: Analogous to linear regression, it assess the ability of variables

to predict a dichotomous (0/1) variable.

Previously in chapter 2-8, on testing differences between means, the t test was discussed as a
way to test for differences in means of two continuous variables. When categorical variables are

involved, a Chi-square (Xz) analysis can be carried out. A categorical variable is a qualitative
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variable in which cases are classified or categorized into one (and only one) of the possible
multiple levels of the variable. For example we often use sex of the subject as a variable that is
classified into one of two possible levels, men or women. The chi-square is a test of a
difference in the proportion of observed frequencies in categories versus the expected
proportions. Figure 2-9.1 shows the results of an analysis on the handedness data in the Grip
Strength data set (see Appendix A). Subjects reported they were either right or left hand
dominant (fortunately, nobody in this sample reported they were ambidextrous). By default,
when a chi-square test is run, the null hypothesis is that there is no difference in the numbers in

the categories, or in other words, that there are an equal number of right and left handers.

x2=(01f)2

In our example there were 44 subjects, 6 of whom reported that they were left handers. The
observed frequencies are therefore 6 and 38 for left and right handers, respectively. If we are
testing whether there are equal numbers of right and left handers then the expected frequencies
to be tested against would be 22 and 22. The value of Chi-square would therefore be calculated

as

X' = (6-22 | (8-22f =23.273
22 22

As with any other test statistic we have discussed, there is a specific probability associated with
any given value of that test statistic. As you can see in Figure 2-9.1, a X2 is associated with a

probability of 0.000 when reported to 3 significant figures. In the table (Asymp. Sig.). the number
is a little larger than 0, so what it means is that you are more than 99.9% confident that there is
a difference in proportion of right and left handers in the population from which this sample was
drawn. From the literature however, we know that sample usually contain 10% to 15% of left
handers. We can test this by asking for different expected frequencies to be assumed in the
test. If for instance we want to test if there are 15% left handers in the sample, then the
expected frequencies out of a sample of 44 for left handers would be 6.6 and for right handers

37.4 (do not worry that you can not have 0.6 of a person in reality). The analysis in the right
hand column of Figure 2-9.1 shows the results of this analysis. The value of Chi-square (Xz)

would therefore be calculated as

,_(6-66) . (38-37.4) _ 0.064
6.6 37.4

This value of X2 is associated with a probability of 0.8; therefore we are only 20% confident

that the observed and expected frequencies are different, in other words we do not reach our
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95% confidence criterion and therefore accept the null hypothesis that there is no difference in
proportions. So our sample does conform to the expectation that there are 15% left handers in

the population.

NPar Tests
Descriptive Statistics
Percentiles
N Mean Std. Deviation | Minimum | Maximum 25th 50th (Median) 75th
Handedness 44 1.1364 3471 1.00 200 1.0000 1.0000 1.0000

HYOPOTHESIS: EQUAL NUMBERS OF RIGHT
AND LEFT HANDERS (22 out of 44)

HYPOTHESIS: 15% LEFT HANDERS (6.6 out of 44)

Chi-Square Test

Chi-Square Test ]
Frequencies

Frequencies

Handedness Handedness
Observed N | Expected N | Residual Observed N | Expected N | Residual
Right Handed 38 220 16.0 Right Handed 38 374 6
Left Handed 6 220 16.0 Left Handed 6 6.6 -6
Total 44 Total 44
Test Statistics Test Statistics
Handedness
Handedness -
Chi-Square= 23273 Chi-Square? 064
df 1 df 1
Asymp. Sig. 000 Asymp. Sig. _800

a. 0 cells (.0%) have expected frequencies less than

a. D cells (.0%) have expected frequencies less than 5. The minimum expected call frequency is 6.6.

5. The minimum expected cell frequency is 22.0.

Figure 2-9.1: Chi-square analysis of handedness in the Grip Strength Data set.

Two-way Chi-square

A Chi-square analysis can also be Male Female Total
applied when two categorical variables

. . . Ex-Smoker | Observed 14 14 28
are considered simultaneously. In this
case, the Chi-square test is a test of Expected 12.6 15.4
independence between the two Current

. . . . Observed 12 18 30
categorical variables. Chi-square is used Smoker
to determine if there is a significant Expected 13.4 16.6
difference in the frequency of

. ) . Total 26 32 58
observations in the categories of the two
variables. The null hypothesis set up is Table 2-9.2: Frequency of subjects by smoking and sex

categories in Smoking data set.

that there is no difference in the

frequency of observations found in each cell of one variable with respect to the other. If the
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observed and expected frequencies are similar within each variable, the chi-square test will not
be significant. If the observed frequencies deviate considerably from the expected frequencies
in one or more categories, the chi-square test will be significant. A significant chi-square test
suggests that there is likely to be a real difference across the categories in the population from
which the sample was drawn. By example, Table 2-9.2 shows the frequency of observation of

smoking category by sex in the Smoking data set (see Appendix A).

There were actually three categories of smokers; Non-Smokers, Ex-Smokers and Current
Smokers, although only the latter two groups are considered in this analysis. There were 14
male and 14 female Ex-Smokers and 12 male and 18 female Current Smokers for a total
sample size of 58. The expected values are calculated based upon the hypothesis that there is
no difference in the proportion of males and females within each smoking category. The
expected value for Male Ex-Smokers would therefore be the proportion of males in the total

sample (26/58) multiplied by the total number of Ex-Smokers (28).

Expected Number of Male Ex-Smokers =26/58x28=12.6
Using the same logic:

Expected Number of Female Ex-Smokers =32/58x28=154
Expected Number of Male Current Smokers =26/58x30=134
Expected Number of Female Current Smokers =32/58 x 30 =16.6

Now Chi-square is calculated using the squared differences between observed and expected
divided by expected, summed over all four combinations of sex and smoker category. For
instance, for male Ex-Smokers the calculation is (14—12.6)2/ 12.6. The result when this is
summed for all four combinations as shown in figure 2-9.2, is a chi-square value of 0.587 with
an associated probability of 0.444. Thus, the conclusion is made that there is no significant

difference in the distribution of males and females with respect to smoking status.

The second analysis in figure 2-9.3, shows a similar chi-square analysis for smoking status by
report of the answer to the question “Do you regularly have itchy eyes? Yes or no?”. Here there
appears to be a greater proportion of Ex-Smokers reporting itchy eyes in comparison to Current
Smokers. When the results of the Chi-square test are reviewed it shows a calculated Chi-
square of 3.807 with an associated probability of 0.051. The numerical value of the probability is
interesting. To accept the hypothesis that there is a difference we often use 95% confidence or
p = 0.05 as our cut off, thus p should be less than 0.05. Here p = 0.051, so we can not actually
say it is less than 0.05, but it is heartbreakingly close. We are 94.9% confident there is a
difference in proportions by smoking group and therefore, that Ex-Smokers report itchy eyes,
more often than Current Smokers, which incidentally is not an unexpected result, based upon

literature in this area.
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Case Processing Summary
Cases
Valid Missing Total
N Percent N Percent N Percent
Smoking Category
i 58 100.0% 0 0% 58 100.0%
* Sex of Subject
Smoking Category
* Do you regularly 57 98.3% 1 1.7% H8 100.0%
have itchy eyes?
Smoking Category * Sex of Subject Smoking Category * Do you regularly have itchy eyes?
Crosstab Crosstab
Sex of Subject Doyc!u legllall);have
_ Male Female | Total Tj"""’—”’“T Totm
g':;:i ExSmaker Em o Count I " 28 Smaking  Examoker Tount Z i T
%q:;tin Smoking 129 14 =0 Category Expected Count 158 14 270
Category 500% | S00% | 100.0% % veithin Smoking 4a4% | mEe% | 1000%
% within Sex of Subject | 53.8% 428% 43.3% %mnn you regularly
% of Total 24.1% 24.1% 48.3% have fchy eyes? A% B2E% | 4T4%
Current Smoker  Count 12 B 0 % of Total 201% | 263% | 474nm
Expected Count 134 16.6 300 Current Smoker  Count 7l E] 30
% within Smeking Expected Count 174 126 00
Category 40.0% B0.0% | 100.0% % within Smoking o o | 0o
% within Sex of Subject | 46.2% 56.3% 51.7% Category ! ! !
% of Total 20.7T% 0% 51.7% % within Do you regularly 83.8% 275% 526%
Total Count 26 ) 8 have fchy eyes?
Expected Count 280 120 580 % of Total 8.8% 15.8% E2LE%
o _ Tatal Tount =) E] 57
E‘ﬂ;&.@smmu 44.8% 55.2% | 100.0% Expected Count 330 240 s7.0
% within Sex of Subject |  100.0% | 100.0% | 100.0% & vithin Smoking s7o% | 421% | 1000%
% of Total 44.8% £52% | 100.0% ,; mte.gu. ’D ot
e i‘gw:;:s‘i_,'eg“ ¥ | twoow | tooow | 1o00%
% of Total 57.0% | 421% | 100.0%
Chi-Square Tests
‘Chi-Square Tests - -
Asymp. Sig. | Exact Sig. | Exact Sig.
Asymp. Sig. | Exact Sig. | Exact Sig. Value df (2-sided) | (2-sided) | (1-sided)
Value df (2-sided) | (2-sided) | (1-sided) Fearson Chi-Gquare EETg 1 051
Pearson Chi-Square _5e6F 1 444 Confinuity Comection® 2831 1 a2
Continity Correctior® 251 1 616 Likelihood Ratio 3844 1 050
Likelihood Ratio 586 1 A44 Fisher's Exact Test 064 048
Fisher's Exact Test 508 .308 Linear-by-Linear
Linearby-Linear s 1 e Aceociation 3740 1 053
Association b - N of Valid Cases 57
N of Valid Cases 58 a. Computed only for a 2x2 table
2 Computed only for a 2«2 table b. 0 cells (.0%) have expected count less than 5. The minimum expected count is
b. 0 cells (09%) have expected count less than 5. The minimum expected count is .37
12.55.
Figure 2-9.3: SPSS Cutput for CROSSTABS of Smoking Status and Sex in the Smoking data set.

Chi-square using SPSS

One Way Chi-square is found as an option under the Nonparametric Tests option of the
Analyze menu as shown in Figure 2-9.4. When the option is selected a chi-square dialog box
comes up (also in Figure 2-9.5), where the variable or variables chosen to be analyzed can be
selected.

Note also that there is an “Expected Values” option on this dialog box. By default the “All
categories equal® selection will be checked. But, if you want to specify exact values for expected
values these can also be entered. Remember in the earlier example of there being 15% left
handers (6.6 out of 44) in the grip strength data set, this is the dialog box that was used to



2 -9 . 6 Non-parametric Statistics

produce that analysis. Note that under “Expected Values” the “Values” button is checked and

the values 37.4 and 6.6 have been entered. To enter a value type it in the box to the right of

“Values” then click on Add. The value &1 Grip Strength Data - SPSS Data Editor
” b dd d . t th | t b | | File Edit View Data Transform RCUENFEN Graphs LUtiities ‘Window Help
will be added into the list below. In = 2 Reports
J__l_|'3 =S ﬂ J = Ee:(vi;tivestatistics : |5 %@ |
this example 37.4 and 6.6 represent s | Comparotiears >
. hir | hil Comrelate R | fagr | fagl safagr
85% and 15% of the sample size of ! }gg }; Regression , ;gg ;;g ;gg
- 1 Loglinear » . R .
44, which are the expected values to e PP 1
. 5 17.3 17| Scale > 2h.M 258 235
use for right handers and left B 176 17‘ 242
7 18.4 1g| 2urivel nomia... 251
handers, respectively. This sets up for 1 e e e B u6
9 201 202 7a g 2 Independent Samples... 268
Chi-square to test the hypothesis that T ol
. . e 12 207 200 5.0 £ KRelated Samples... 266
the predicted counts are significantly 13 19.4 198 50 5 v : %5
14 1986 19.1 65 55 276 267 2586
different than 15% left handers in the 5 208l 207 B0 BOl  324[ 324] 305
population. This was indeed found B Chi Square Test
not to be the case as the null % Sen of Sublect [ser A Test Vaiable List
. . @ Max Grip Strength | @ Handedness [handed] —
hypothesis was accepted (Figure 2- ® Max Grp Strength | B |
@ Hand Length Right Reset
@ Hand Length Left [
9.3). You can put any values you ©Fosan SR =
want in, as Iong as they make sense Expected Range Expected Values _lHelp
. . % Get from data " All categories equal
for your hypothesis. In this case, T - & Vaes |
. . ‘ 374
there was previous literature that T —I 66
stated that the proportion of left REmovEl T

handers in a population tends to be
0, 0, 1

10% to 15%. Many times, however, Figure 2-9.4: SPSS dialog boxes for One-way Chi-square

you want simply to test the hypothesis

that the counts are different, so go with the default “All categories are equal” option.

Two-way Chi-square is found by using the “Crosstabs” option under the “Descriptives” option
of the “Analyze” menu (Figure 2-9.5). Crosstabs is short for crosstabulation, which simply
means that data is put into tables with rows and columns representing categories of the
categorical variables. The entries in the cell are summaries in the form of counts or
percentages. Multiple comparisons can be specified in the dialog box. In Figure 2-9.5, the
Smoking data is used and the analysis is specified as smoking category as the rows and the
sex of the subject and the response to the “do you regularly have itchy eyes” question as the
columns. This will set up two Chi-square analyses Smoking Category * Sex of Subject and
Smoking Category * “Do you regularly have itchy eyes?” The results of these analyses were
reported in Figure 2-9.3 earlier. Note that we had a Select Cases in place so that only Ex-
Smokers and Current Smokers were included in the analysis. You can see that this appears as
a Smokegrp < 1 (FILTER) listed at the bottom of the variable list on the CROSSTABS dialog

box.
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Before clicking the “OK” button, you will need to click the “Statistics” button to bring up the

Crosstabs: statistics dialog box. On that dialog box check the Chi square option, in order to

have chi-
square calculated for both comparisons. Click M Crosstabs
“‘OK” and return to the Crosstabs dialog box @ Subiect ID [id] H@“Ef;okingmgw[sm.

@ Day of Measurement [+ m Paste
@ Month of Measuremen

@ Year of Measurement [ Columnis):
@ Day of Bitth [bday] W Cancel

Figure 2-9.5 the Cells dialog box allows a ﬁg:;t::éiﬁmlml ST,
Previous | Laper 1 of 1 ezt

choice of information to be displayed in each B Have you sver smokec
]

and click on the “Cells” button. As shown in

Reset

HiHE

@ Do you smoke now [ci
. . @ Do you regularly have
Ce” The Observed COUI’lt IS a default Se|eCtI0n @ Do you regularly have
@ smokearp > 1 (FILTER

but if you wish to display the expected values

I Display clustered bar charts

that are being used for hypothesis testing I Suppress fables

select Expected. A useful feature is to be able Statisics. .| _ Cels.. | Fomat. |

to include various total, row and column
Crosstabs: Statistics

percentages since in reporting results we often

™ Comelations

il

talk about the percentage of one category or Norinal Orcinal Tz
) ) . [~ Contingency coefficient [~ Gamma
another. Figure 2-9.3 discussed earlier shows I b and Cramés's v I Somers'd s
. . [~ Lambda ™ Kendall's taub
what the OUtpUt looks like with all percentages I Uncertainty coefficient I Kendall's tau-c
selected. Nominal by Interval | I~ Kappa
[ Eta I Risk
| I MecNemar

Wi I coxson ,s S i g ne d Ra n k Test ™ Cochran's and Ma‘nt’elb-HaenszeI statistics
Test common odds ratio equal 1

The Wilcoxson’s Signed Rank test is the

nonparametric equivalent of the paired t test Crosstabs: Cell Display
where the hypothesis tested is whether the ~ Counts
median of the differences between pairs is V' Observed B! I
zero in the population sampled from. WV Expected Help I
Table 2-9.1 shows the results of this test on ~Percentages—— - Residuals
data used previously to illustrate the paired t- V' Bow I Unstandardized

. . v Column I” Standardized
test (chapter 2-7). The data is the right and left v - I Adi standardized

grip strength for the males in the Grip Strength

data set (Appendix A).
Figure 2-9.5: Crosstabs (two-way Chi-square)
dialog boxes
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The steps in calculating Right max Left max
Wilcoxson’s Signed Rank test Grip Strength Grip Strength Difference  Rank
45 53 -8 16
are as follows: 55.5 61 55 15
lculat th diff 415 46.5 -5 13
calculate e ifference 44 48 4 11
between right and left grip 65 68 -3 9
strengths for each subject. 60 61.5 1.5 7
51 52 -1 3
e rank the differences from 42.1 43 -0.9 1
. . . 40 40 0
lowest to highest irrespective of
g P 66 66 0
sign and ignoring the =zero 60 59 1 2
differences. 54 53 1 4
54 52.9 1.1 5
e sum the ranks of the negative 43 41.9 1.1 6
differences (T-) and the positive 59 57 2 8
) 58.1 54.2 3.9 10
differences (T+). 48 44 4 12
. 54 49 5 14
T is then the smaller value of T- 59 44 8 17
or T+. 54 45 9 18
«  Count the number of non-zero Sum of ranks of negative differences T- 75
. Sum of ranks of positive differences T+ 96
differences (n).
T = smaller of T-and T+ T 75
* Look up the critical value of T at 1, = ,ymber of non-zero differences n 18
p=0.05 (Crit Tos). In order to  critical value of T at p = 0.05 Crit To.os 40
save space, the table of critical T is not less than Crit T, s therefore no significant difference

val f T have not n

aues o ave not bee Table 2-9.1: Wilcoxson’s Rank Sum Test results for difference
reproduced in this text. inleftand right grip strength (N = 20)

However, this is not a problem since SPSS and other statistical software will give the exact

probability of T for your hypothesis testing.

The test is then whether T is greater or smaller than Crit Tggs. In chapter 2-4 when discussing
inferential statistics is was mentioned that almost always the calculated statistic needs to be bigger
than the critical value of the test statistic for there to be a significant difference or relationship. This
however, is one of the few cases where that is not true, because T needs to be smaller than Crit
To.05 in this Wilcoxson’s signed rank test. Therefore, in the example in Table 2-9.1, having T = 75
and Crit Tg g5 = 40, there is no significant difference (p<0.05) between right and left grip strengths.

Wilcoxson’s Rank Sum Test

This is the non-parametric equivalent of the independent t-test; the hypothesis being tested is

whether the difference between medians of the two samples is zero. Table 2-9.2 shows the
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results of this test on data used previously to illustrate the independent t-test (chapter 2-7). The
data is the right grip strength for the males and females in the Grip Strength data set (Appendix
A). In order to reduce sample size a random sample of 22 of the subjects was taken, resulting in
9 males and 13 females.

The steps in calculating Grip
. , Sex Strength Rank Sex Grip Strength Rank
the Wilcoxson’s Rank £ o4 1 M 40 9.5
Sum Test are as F 28 2 M 415 12
follows: F 29 3 M 43 13.5
F 30 4 M 44 16
* Rank the scores from F 30.5 5 M 48 18
the two groups F 34.5 6 M 54 19
F 37 7 M 54 20
combined from lowest to F 40 95 M 55.5 21
highest. Any ties receive F 40 9.5 M 65 22
the average ranking, F 40 95 th ~th 4 ~th 4 4th
F 43 13.5 tied 879710 11
e.g. ranking 8" through F 435 15 ftied 13 14
11" all were 40 Ibs, F 46 17
therefore, the average Sum of ranks for sample with smallest sample size (T) 151
ranking of 9.5 was  sample sizes of two groups 9 13
assigned to 40 Ibs. "
Critical range for sum of ranks
for sample sizes 9 & 13 at p = 0.05 73-134

* Add up the ranks of the

group with the smallest Table 2-9.2: Wilcoxson’s Rank Sum Test results for difference in grip

. strength between males (N = 9) and females (N=13)
sample size (T).

* Look up the critical range of T at p=0.05 (Crit T 05) for sample sizes of 9 and 13. In order to
save space, the table of critical ranges of T have not been reproduced in this text. However, this
is not a problem since SPSS and other statistical software will give the exact probability of T for

your hypothesis testing.

The test is then whether T is above or below the critical range of T for p = 0.05. In chapter 2-4
when discussing inferential statistics is was mentioned that almost always the calculated
statistic needs to be bigger than the critical value of the test statistic for there to be a significant
difference or relationship. This however, is one of the few cases where that is not true; in fact
the T needs to be smaller or bigger than a critical range of T for the Wilcoxson'’s rank sum test.
In the example in Table 2-9.2, T = 151 and the Critical range for sum of ranks for sample sizes
9 & 13 at p = 0.05 is 73 — 134, therefore there is a significant difference (p<0.05) between male

and female grip strengths.
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Grip Strength Data - SPSS Data Editor; m Two-Related-Samples Tests
File Edit View Data Transform RCUEIFCM Graphs Utilities Window Help
= - | w Reports » E = ‘ Gex of Subiect [ser & Test Paiifs) List: m
EIEIQ‘ !, il i, % Descriptive Statistics  » = ,I\ 3‘-@’ \@ . ! [ aripr - gripl -
20:sex 1 Compare Means > @ Max Grip Strenath |
N Paste
o | e General Linear Model » o I hir Wi @ Max Grip Strength |
Correlate 4 @ Hand Length Right Reset
7 1 Dv Regression N 49,0_ 18.4 18.2 =
8 10 Loglinear 4 520 177 177 \@ Hand Lengk_h Left[ = Cancel
g 1.0 Classify » 57.0 2011 202 @ Foream Skinfold R
10 1.0 Data Reduction > B1.0 200 19.5 @ Forearm Skinfold L« Help
] 10 Scale » 529 181 18.3 @ Frrearm Gitth Rinhl ¥
12 10| Chi-square... 200 :
= ot Survival »  Binomial... o8 i~ Current Selections ~Test Type
o o Multiple Resporse~ »| Runs... 191 Variable 1: vV Wicoxon | Sign | McNemar
Cmm—————— | Sample K-S... : i
15 1.0] R | 800 Independent Samples. .. 207 Variable 2:
16 1 Dv R | 43.0 K Independent Samples... 18.8
17 1.0 L E) 2 Related Samples... 17.5 Options...
18 1.0 R 48.0)  KRelated Samples... 18.4

Figure 2-9.6: SPSS Dialog boxes for ANALYZE — 2 RELATED SAMPLES menu (left) and 2 RELATED
SAMPLES TESTS (right)

Spearman’s Rank Order Correlation (rs) & Kendall’s Tau (1)

Often you wish to know if there is a relationship between variables but neither of the variables is
normally distributed. The calculation of the Pearson correlation coefficient (r) for probability
estimation is not appropriate in this situation. Sometimes you can normalize the variables with
some transformation as discussed in chapter 2-3. If one of the variables is normally distributed
you can still use r, but if both are not normally distributed, then you can use Spearman’s Rank
Order Correlation Coefficient (rs) or Kendall’s tau (7). These tests rely on the two variables being
rankings. A good example would be judges’ rankings on two different tests. These tests would
test for a relationship between these rankings. Continuous non-normally distributed variables

could also be turned into rankings by simply ordering them from highest to lowest.
Spearman’s Rank Order Correlation (rs)

Spearman’s rank correlation is actually calculated using the Pearson product moment
correlation coefficient equation, but on the rankings of the scores, rather than the scores

themselves. There is also a simplified form of the equation that gives the same answer.

62d> |

Fraser Valley

r, = 1 - l Llama and
Alpaca Club

’ n(n* -1)

As an example of the use of r;, table 2-9.3

shows the rankings of 6 llamas by two judges in

a recent llama show. You probably have never

heard of llama shows, but just like pedigree

dogs you can take your Canadian Livestock "‘ e nnt /]

Records Corporation registered llama to shows

where judges will place them based upon

conformation, presence and movement. Figure  Figure 2-9.7: L)'s Serenade, a Grand
Champion female llama.



Measurement & Inquiry in Kinesiology

2-9.11

2-9.7 shows LJ's Serenade, a 5 year-old female llama who has twice been made Grand

Champion female at shows. An interesting feature of the Western Fall Classic show is that there

are two judges that judge the animals independently and each gives out placings and rosettes.

Ideally, the judges place the animals the same way, but the task is very subjective although

based upon stated expected characteristics of the breed which each judge is working to. Table

2-9.3 shows the placings by each judge of six llamas competing in one age category. Each

judge placed llama #1 first and agreed that llamas #4 and #6 were the worst although in

opposite order.

However, their ratings of the 2™ 3™

Judge Judge

Llama # d d?
and 4" place llamas were more 1 2
mixed. Spearmans rank correlation ! ! ! 0 0

2 3 4 -1 1
will quantify how well these ratings 3 4 2 2 4
agree. This is a paired analysis, and 4 5 6 -1 1
as such the difference in ratings (d) 5 2 3 -1 1
is calculated. This is then squared 6 6 3 1 1
and these squared values are then Zd =d’
summed. The simple Spearman’s 0 8
equation is then applied and the 7’ =1_ﬂ = _& r =0.771
result is 1, = 0.77. As with the _____ 107 =D 6(6°-) "
Pearson Product Moment  Figure 2-9.3: Calculation of Spearman’s r,, between two
judges’ show placings of 6 llamas

Correlation coefficient (r), rs can be
compared to a critical value of rs for the required probability level.
For samples of more than 10 pairs the Probability
probability distribution is similar to that of r, so Sample Size 0.05 0.01
the table shown previously in chapter 2-5 can <4 none none
be used. For samples of less than 10 pairs 5 1.000 none
the significance levels of rs are given in table 6 0.886 1.000
2-9.4. In our llama judging example, the r; 7 0.750 0.893
was found to be 0.77. The sample size was 8 0714 0857
less than 11 so we can use Table 2-9.4. to 9 0683 0833
find that with a sample size of 6 and p=0.05 10 0.648 0.794
the critical value of r; is 0.886, so > 11 Use Table 2-5.2

unfortunately for the judges, we can not say
that their placings were significantly related,

at the 95% confidence level.

Table 2-9.4: Significance levels of r; in small

samples
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Kendall’s Tau (7))

Kendall's T is used to assess the degree of association of rankings. The steps in calculation for

T are as follows:
* Rank the cases by one of the ratings in ascending order.

e Taking each of the second ratings in turncount how many of the ranks below it are smaller
than it.

* Sum these counts to get 0.

. lculat i th # number of ranks lower in
Caloulate 7 using © Liama # Judge 1 Judge 2 ranking with smaller values
following equation:

1 1 1
40 5 2 3 1
-1 2 3 4 1
3 4 2 0

Figure 2-9.8 shows the 4 5 6 1

calculation of T for the llama 6 6 5

judging data. The data is Q=3

sorted by judge 1 and then

the rankings of judge 2 are . __ 40 T=1- 4x3 2060

assessed one by one. For n(n-1) 6(6-1)

llama #1 none have smaller Figure 2-9.8: Calculation of Kendall’s T between two judges show
rankings. For llama #5 only  placings of 6 llamas

llama #3 has a smaller ranking so its count is 1. Moving down, llamas #2 and #4 each have one
llama below that has a smaller rank, therefore they each get a count of 1. The counts add up to
3 which is the value used for Q. T is then calculated, using the formula given above, to be 0.60.

If all the pairs were the same, termed complete concordance, then T would be equal to +1, with
complete disagreement being -1. Spearman’s rank correlation is more popular and easier to

compute but Kendall’s tau is preferred by statistician’s because of its statistical properties.
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&2 llama judging - SPSS Data Editor Ml Bivariate Correlations ll
File Edt View Data Transform | Analyze Graphs Utiities Window Help
= Reports PN — Wariables:
= ariables:
28|18 7| o[« 5 Descriptive Statistics ||| |9 ‘ B llama =
26 - judge2 [ Tables
Compare Means Paste

General Linear Model

BReset

Cancel

Loglinear
Classify
Data Reduction
Scale

il

Help

ic Tests

i~ Correlation Coefficients

»
»
»
»
»
»
»
»
»
»
»
»
»
»
»
»

- Time Series
Survival .

10 Multiple Response [V Pearson [V Kendallstaub [V Spearman

" Missing Yalue Analysis. .. —

) e inevet i~ Test of Significance

13 ' Two-ailed " Dne-tailed

14

Options...

i

[V Elag significant correlations

Figulre 2-9.9: SPSS dialog boxes for rank correlation coefficients.
a

Nonparametric tests of association are found under the “Bivariate” option of the “Correlate”

option in the “Analyze” menu (Figure 2-

9.9). Selecting the “Bivariate” option | Correlations

brings up the dialog box shown in the Correlations
right hand panel of Figure 2-9.9. JUDGET  Pearson Comalation JUDGE‘ JUD(_ETET:';
Sig. (2-tailed) . arz
. . N 5] 5]
This allows a selection of one or more of st — — :
the three measures of association; oo (Ested) '”7§ .

Pearson Correlation Coefficient (r) for

Nonparametric Correlations
normally distributed variables, or the P

Spearman'’s (r) or Kendall's (T ) for non- Cometations
JUDGE1 JUDGEZ
normal data. Figure 2-9.10 shows the Fendallsisu b JUDGED Comsiton Cosfident | 1000 | 800
Sig. (2-tailed) . 091
H H N [i] i}
output for the SPSS correlation analysis it e =0 550
for the llama judging data produced from o (Gled) o .
. : - Speaman'srho  JUDGE1 Comelation Coefficient 1.000 am
the dialog box shown in figure 2-9.9. The i (2.led) _ o
first part is the result of the selection of Ve gmm.m o — .?Tf 1_mg
“Pearson” in the dialog box. This is the o (sied) o :

parametric correlation and therefore

inappropriate for this analysis. The next Figure 2-9.10: SPSS dialog boxes for rank correlation
coefficients.

part is the result of the two nonparametric

tests. The results are the same as calculated earlier in the chapter rs=0.771 and T = 0.60. You
do not need to look these values up in a table for significance testing since SPSS provides the

exact probability associated with each coefficient.

For Kendall's T the two-tailed probability is 0.091, meaning we are 90.9% confident there is a
relationship in the population that this sample was drawn from. When accepting at the 95%

level, this is not good enough, so we accept the null hypothesis that there is no relationship
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(p<0.05). With a Spearman’s coefficient having a probability of 0.072 we come to the same
conclusion, as we are only 92.8% confident there is a relationship in the population that this

sample was drawn from.

Logistic Regression

Logistic regression is analogous to linear regression analysis in that an equation to predict a
dependent variable from independent variables is produced. The big difference is that the
dependent variable (outcome) is categorical for logistic regression versus continuous for linear
regression. Although dependent variables with multiple categories can be used, it is most
common to use binary (dichotomous) dependent variables, and the discussion in this text will be
restricted to such. Binary variables have only two possible values such as a Yes or No answer
to a question on a questionnaire, or sex of a subject being man or woman. It is usual to code
them as 0 or 1, such that men might be coded as 1 and women coded as 0. If a sample is
coded with 1s and Os, the mean of a binary variable represents the proportion of 1s. For
instance, if you have a sample size of 100 with a binary variable Sex coded as men = 1 and
women = 0 and there were 80 men and 20 women, then the mean of the variable Sex would be
.80 which is also the proportion of men in the sample. The proportion of women would then be 1
— 0.8 = 0.2. The mean of the binary variable, and therefore the proportion of 1s, is labeled P,
with the proportion of Os being labeled Q with Q = P — 1. In parametric statistics, the mean of a

sample has an associated variance and standard deviation, so too does a binary variable. The
variance is PQ, with the standard deviation being+/PQ . P not only tells you the proportion of 1s

but it also gives you the probability of selecting a 1 from the population. In our example you
would have an 80% chance of selecting a man and a 20% chance of selecting a woman if you

randomly selected from the population.
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Figure 2-9.11: Logistic curve fitting through rolling means of binary variable sex (1=men, 0=women)
versus height category in cm.

On average adult men are taller than adult women, but can you predict whether someone is a

man or a woman based upon their height alone. Figure 2-9.11

PQ
shows a plot of the mean value (P) of the binary variable Sex P Q Vari
ariance
(men = 1, women = 0) by 1 cm increments in height for the 0 1 0
adults (age = 18 years) from the Canada Fitness Survey data 1 9 09
(see Appendix A). This mean is also the proportion of men in P 8 16
each height group. The data produce a sigmoidal curve. The 3 7 24
vertical dashed lines show those heights where 80%, 50% and 4 6 24
20% respectively of the sample are men. 5 5 25
There are several reasons why logistic regression should be 6 4 24
used rather than ordinary linear regression in the prediction of 7! 3 21
binary variables: 8 2 16
9 A .09
* Predicted values of a binary variable can not theoretically 1 0 0
be greater than 1 or less than 0. This could happen Table 2-9.4; Variance for
however, when you predict the dependent variable using a | different values of P and Q

linear regression equation. If you make the dependent variable large or small enough this
would happen.

* Itis assumed in linear regression that the variance of Y is constant across all values of X.

This is referred to as homoscedasticity. Remember that the variance of a binary variable is



2-9.16

Non-parametric Statistics

PQ. Therefore, the variance is dependent upon the proportion at any given value of the
independent variable. Table 2-9.4 shows the variance for different values of P and Q. Note
that the variance is greatest when 50% are 1s and 50% are 0Os. Variance reduces to 0 as P
reaches 1 or 0. This variability of variance is referred to as heteroscedasticity.

* Linear regression assumes that the residuals are normally distributed, but this is clearly not

the case when the dependent variable can only have values of 1 or 0.

The Logistic Curve

The logistic curve relates the independent variable, X, to the rolling mean of the dependent

variable, P ( ¥ )- The formula to do so may be written as either

|
P = 1+ (@b
or as
ea+bX
P = 1 +ea+bX

where P is the probability of a 1 (the proportion of 1s, the mean of Y), e is the base of the
natural logarithm (about 2.718) and a and b are the parameters of the model. The value of a
yields P when X is zero, and b adjusts how quickly the probability changes with changing X a
single unit. Because the relation between X and P is nonlinear, b does not have a

straightforward interpretation in this model as it does in ordinary linear regression.

Maximum Likelihood

When we were dealing with linear regression the best fitting line was based on the least
squares approach. The least sum of squares is referred to as a loss function. The loss function
quantifies the goodness of fit of the equation to the data. Unfortunately, the logistic curve we are
required to fit in logistic regression is nonlinear. What this means is that we can not use least
sum of squares as our loss function, nor indeed is there any mathematically defined loss
function that can be used. For logistic curve fitting and other nonlinear curves the method used
is called maximum likelihood. For the logistic curve to fit we need to find the appropriate
values of a and b. In the procedure, values for a and b are picked randomly and then the
likelihood of the data given those values of the parameters is calculated. The values are
changed and the likelihood compared to see if it has increased. If it has, another series of
changes are made to further increase the likelihood of the data. If not, changes are made in the

opposite direction to increase the likelihood. Each one of these changes is called an iteration.
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The process continues, iteration after iteration, until the largest possible value or Maximum
Likelihood has been found. Normally, criteria are set as to the number of iterations allowed or a

limit to the increase in likelihood from iteration to iteration.

Odds & log Odds

Suppose we only know a person's height and we want to predict whether that person is a man
or a woman. We can talk about the probability of being a man or a woman, or we can talk about
the odds of being a man or a woman. Let's say that the probability of being a man at a given

height is .90. Then the odds of being a man would be

That means that the odds of being a woman would be .11 (.10/.90). This asymmetry is
unappealing, because the odds of being a man should be the opposite of the odds of being a
woman. We can take care of this asymmetry though the natural logarithm, In. The natural log of
9 is 2.217 [In(.9/.1)=2.217]. The natural log of 1/9 is -2.217 [In(.1/.9)=-2.217], so the log odds of

being a man is exactly opposite to the log odds of being a woman.

In logistic regression, the dependent variable is a logit or log odds, which is defined as the

natural log of the odds:

log(odds) = logit(P) = ln(1 PP)

In logistic regression, we find logit(P)=a+bX . The log odds (logit) is assumed to be

linearly related to X, the independent variable. In order to get to probabilities take the log out of
both sides of the equation and convert odds to a simple probability:
P ebX ea+bX

(-2 ) asnx ——=e P=—-0
1-P 1-P 1+e“

The simple probability is this ugly equation that you saw earlier. If log odds are linearly related
to X, then the relation between X and P is nonlinear, and has the form of the S-shaped curve

you saw in the graph and the function form (equation) shown immediately above.
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The Odds Ratio

It was stated earlier that the odds for one group is :

Odds = L

Table 2-9.5 shows the results of the odds ratio calculation for the occurrence of heart attack in

two samples of patients, one undergoing drug treatment, the other not.

Heart Attack No Heart Attack Probability Odds
Treatment 3 6 3/(3+6)=0.33 | 0.33/(1-0.33) = 0.50
No 7 4 7/(7+4)=0.64 | 0.64/(1-0.64) = 1.75
Treatment ) ) ) )
Odds Ratio 1.75/0.50 = 3.50
Table 2-9.5; Odds ratio calculation for occurrence of heart attack in patients with and without drug
treatment

The odds of having a heart attack for the treatment group are 3/6 = 0.5. The probability of a
heart attack is 3/(3+6) = 3/9 = .33. The odds from this probability are .33/(1-.33) = .33/.66 = 0.5
The odds for the no treatment group are 7/4 or 1.75. The odds ratio therefore would be 1.75/0.5
= 3.50. This would indicate that the individuals in the no treatment group were 3.5 times more
likely to have a heart attack than the treatment group.
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Logistic regression is found as the oD

BINARY LOGISTIC d h File Edit View Data Transform | Analyze Graphs Utilities Window Help
option under the ~ i Reports »
p EIEI@I ilil E’ Descriptive Statistics » @lﬁl 3'9”
ANALYZE menu as shown in Figure 2- | i o ‘
" Compare Means »
id# | sex dogal P —— 5 mumalrgy dadalrgy
9.12. This will bring up the binary 69] 69.0| .0 Mixed Modls » 0
70[ 70.0] 1.0 Correlate > a
logistic regression dialog box shown in 7 71.0] 1.0 Reoressil = _—
72| 7200 O Loglinear »  Curve Estimation...
i - 731 73.0 0 €y . > Binary L .
Figure 2-9.13. You select your =510 5 ot den (R —
. . 75| 750 0 inal. ..
dependent variable from the list of — BTN T e ]
. 77| 77.00 1.0 Gl > Nonlinear... L
Varlables Of the left The dependent 78[78.0| 10 Multiple Response 4 \Aferi'glrr‘::rstimation‘..
) . . 79| 79.0| 1.0 Missing Yalue Analysis. .. 2-Stage Least Squares...
variable must be a binary variable. The 80| 800[ © T LU
B1]810[ 10 0 g cee e
covariates are those variables that you g2 820 o 10 10] 9]

wish to use as predictors and find odds Figure 2-9.12: SPSS dialog box for he BINARY LOGISTIC
option under the ANALYZE menu

ratios for.
x
. . o~ D: 3
In this example we are looking at data @ mumaay i | e
@ dadaligy [@ dogahay E—
i i @ sbing Block 1 of 1 =
from a questionnaire where respondents @ shaly ook 1 - et |
. @ linelen _I* _I—
were asked about allergies to cats and @ sviahay Covariates: Cancel |
. L . . \9 agealigy mumalrgy
dogs, in addition to information on @ doghome2 ] [ _teb |
. . . @ cathome2 >éxb2| doghome2
allergies in family members and @ doghme10
@ cathme10 Method:
1 AN antlarnn Ll = 5 IEnler vl
previous exposure to cats and dogs.
. . . Select >> | Categorical.“l Save... I Options... I
This was a questionnaire put together

by students as a class assignment to Figure 2-9.13: SPSS dialog box for he BINARY LOGISTIC
option under the ANALYZE menu

learn about questionnaire design and
analysis. They wanted to know if having a dog or cat in the house as a child or having parents
with allergy were contributory factors to the respondent having an allergy. This was a small

sample survey (n = 169)

Figure 2-9.14 shows the results of one of the analyses on this data. The three variables shown

in this analysis in Figure 2-0.14 were:

catalrgy: Do you have an allergy to cats (No =0, Yes = 1)
mumalrgy: Does your mother have an allergy to cats (No =0, Yes = 1)
dadalrgy: Does your father have an allergy to cats (No =0, Yes = 1)

The analysis shows the odds ratios (exp(B)) for the binary logistic regression where the
presence of a cat allergy was predicted by whether the mother or father had a cat allergy. The
results showed that respondents with mothers who had a cat allergy were 4.457 times more
likely to have a cat allergy than those respondents who had mothers who did not have a cat
allergy (odds ratio = 4.457, p = 0.033, therefore p < 0.05 significant). Whereas respondents

with fathers who had a cat allergy were not more likely to have a cat allergy than those
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respondents who had fathers who did not have a cat allergy (odds ratio = 7.393, p = 0.068,
therefore p > 0.05 not significant)

Variables in the Equation

_ B S.E. Wald df Sig. Exp(B)
Slep  MUMALRGY 1.494 702 4.534 1 033 4457
1 DADALRGY 2.000 1.096 3.329 1 068 7.393
Constant -.056 297 035 1 852 946

d. Variable(s) entered on step 1: MUMALRGY, DADALRGY .

Figure 2-9.14: Binary Logistic Regression of CATALRGY predicted from MUMALERGY and DADALRGY in
student allergy questionnaire data



