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Trust Region Based Mode
Pursuing Sampling Method for
Global Optimization of High
Dimensional Design Problems
Mode pursuing sampling (MPS) was developed as a global optimization algorithm for
design optimization problems involving expensive black box functions. MPS has been
found to be effective and efficient for design problems of low dimensionality, i.e., the num-
ber of design variables is less than 10. This work integrates the concept of trust regions
into the MPS framework to create a new algorithm, trust region based mode pursuing
sampling (TRMPS2), with the aim of dramatically improving performance and efficiency
for high dimensional problems. TRMPS2 is benchmarked against genetic algorithm (GA),
dividing rectangles (DIRECT), efficient global optimization (EGO), and MPS using a suite
of standard test problems and an engineering design problem. The results show that
TRMPS2 performs better on average than GA, DIRECT, EGO, and MPS for high dimen-
sional, expensive, and black box (HEB) problems. [DOI: 10.1115/1.4029219]

1 Introduction

In engineering, computational tools such as finite element anal-
ysis (FEA) and computational fluid dynamics (CFD) are widely
used as part of the product design process. However, FEA and
CFD models are complex and often computationally expensive.
Design engineers also desire to identify the global optimum since
practical engineering problems often involve multiple local min-
ima. Those FEA and CFD models are commonly viewed as black
box functions, and are not directly solvable by classical gradient-
based optimization methods. Gradient information can be
obtained via finite differencing, but such information can be costly
to compute, requiring linearly increasing numbers of model evalu-
ations as the dimensionality of the problem increases as well as
frequent gradient recomputation. Also, Ref. [1] states that the gra-
dients computed from these models can be unreliable or noisy and
thus may not allow for accurate optimization, although this is
model-dependent and only occurs in certain cases. In addition,
despite the ever increasing computing power, the computational
challenges of design optimization on expensive simulations
remain, if not intensified. This is mainly due to the fact that more
sophisticated and complex analysis and simulation models evolve
to take advantage of the increased computing power.

Taking the vehicle crash simulation and optimization for an
example, in 2001 Gu stated that “it takes about 36 h for single
simulation in SGi Origin 2000” [2]. Although computational
power has increased tremendously since Gu’s publication, the
complexity of computational models has also increased commen-
surably and as a result the simulation time has not been signifi-
cantly reduced. Duddeck in a rather recent publication [3] stated
that a typical automotive crash simulation on 8 central processing
units (CPUs) takes 20 h. In short, with increasing computing

power comes the opportunity to build more accurate, complex,
and expensive models which require algorithms that can effi-
ciently handle black box, computationally expensive problems
with a global optimum. The area of global optimization has been
a hotbed of activity in the recent past. Some popular gradient-free
global optimization algorithms are the GA [4], simulated anneal-
ing (SA) [5], particle swarm optimization (PSO) [6], EGO [7],
and dividing rectangles search method (DIRECT) [8]. GA and
PSO are population-based evolutionary algorithms that use a com-
bination of random sampling and various point elimination and
selection strategies to iteratively improve the fitness of the popula-
tion. GA is inspired by genetic evolution, and employs the genetic
concepts of reproduction, mutation, crossover, and fitness selec-
tion as part of its evolutionary strategy. PSO, on the other hand, is
inspired by the behavior of bird swarms and social groups. Instead
of the genetic analogue employed by GA, PSO uses the analogy
of agent movement and behavior; and all individuals determine
their actions partially or wholly based on the status and behavior
of other individuals. Evolutionary algorithms such as GA and
PSO have proven to be very versatile and popular. In contrast, SA
uses a simple strategy to help avoid the search becoming stuck in
a local minimum [5]. The strategy is to allow the acceptance of
worse solutions according to a gradually decreasing probability
over the course of the search, which makes SA probabilistic and
allows SA to effectively solve global optimization problems.
DIRECT, in direct contrast to evolutionary algorithms, is a deter-
ministic global optimization algorithm that relies primarily on
effective structured sampling to advance the search. EGO, in con-
trast to the other algorithms mentioned, is a metamodel-based
optimization method that relies on the use of a Kriging metamo-
del. The Kriging method is used to construct an approximation
model of the search space using points evaluated with the black
box. The approximation model is then used to identify candidate
points in areas of large modeling error and areas of promise of
finding a better solution.

Despite an abundance of global optimization algorithms, there
is still a dearth of algorithms that are capable of optimizing HEB
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problems. High dimensionality is referred when the number of
variables is larger than ten in the context of design involving
expensive functions [9]. The adjective “expensive” is a qualitative
classification of simulations that have high computational cost.
The word “black box” implies that the objective function is
strictly an input–output function whose internal composition is
not accessible or implicit. For the HEB class of problems, the
number of function evaluations cannot be too high due to the high
computational cost of the problems. The high dimensionality of
the problems increases the size and complexity of the search space
which makes modeling and searching of the space a challenge.
Also, the black box nature of the problems means that gradient
information is not readily available. Although all of the previously
mentioned algorithms are capable of global optimization, few are
capable of addressing HEB problems. Population-based algo-
rithms such as PSO tend to require a large number of function
evaluations [10]. SA and DIRECT suffer from slower conver-
gence in high dimensional problems, and EGO has high algorith-
mic computational cost for high-dimensional problems
(demonstrated in this work).

In dealing with optimization with expensive simulations, our
group developed the MPS method for solving global optimization
problems with expensive black-box functions [11,12]. MPS is a
metamodel-based global optimization algorithm, in the same class
of algorithms as EGO. In general, MPS outperforms other popular
global optimization methods such as GA in expensive black-box
problems with low dimensionalities [13]. MPS, however, has
drawbacks that need to be overcome in order to be fully applied in
real-world industrial problems. One of the biggest problems fac-
ing MPS is its low performance on high-dimensional problems
with expensive functions due to the high numbers of function
evaluations required and the high likelihood of exceeding avail-
able memory [13]. In addition, the efficiency of MPS should be
improved in general to make it more attractive for industrial appli-
cations. In light of these issues, the authors developed a trust
region based MPS (TRMPS) algorithm to tackle high dimensional
problems. Roughly speaking, a trust region has the following
basic features: (1) a trust region is a subregion of a space, (2) the
size of the trust region is dynamically adjusted, and (3) a trust
region is normally defined around a center point. The trust region
method has been well studied before [14]. In particular, Refs.
[15–17] have applied the trust region methodology for global opti-
mization. Previous work on the application of trust regions to
global optimization have been focused either on the direct usage
of trust regions for identifying promising solutions [15], or the use
of trust regions to limit the scope of construction of the metamo-
dels [16,17]. The work presented in this paper is a novel applica-
tion of the trust region methodology that differs from these
previous works. First, in TRMPS the trust regions are not used to
directly identify candidate solutions. Instead, the trust regions are
used to restrict the scope of the metamodels. Second, two trust
regions are used instead of one and the behavior of the regions dif-
fers significantly from past work, such as Refs. [16,17]. Whereas
in Refs. [16,17] the trust region is adjusted to increase the accu-
racy of the approximation model, this work uses trust regions to
guide metamodeling toward regions with more promising solu-
tions. This work will define two trust regions that have all of the
above features and their sizes are dynamically adjusted in tandem
for global optimization.

A preliminary version of the TRMPS algorithm was presented
in Ref. [18], which outlined the new algorithm and compared the
performance of TRMPS against MPS in a few preliminary tests.
Because of poor performance of the MPS algorithm on high
dimensional problems, MPS was modified to enable optimization
on problems of high dimensionality, and thus enable performance
comparisons with TRMPS. While the results presented in Ref.
[18] are promising and demonstrate the superiority of TRMPS
over MPS, TRMPS was not evaluated with respect to other popu-
lar global optimization algorithms. Our experiments indicated at
the time that TRMPS performed poorly compared to GA. We

have subsequently made major improvements and modifications
to the preliminary TRMPS algorithm. This paper presents an
improved version of the algorithm called TRMPS2, and bench-
marks its performance relative to MPS, GA, DIRECT, and EGO.

For the sake of brevity, some concepts are expressed using con-
cise terminology in this paper. A metamodel is a mathematically
known “white-box” function that is used to approximate a black-
box function. Points evaluated by a metamodel are referred to as
cheap points; points evaluated by the original black-box function
are referred to as expensive points.

2 Review of MPS

Before introducing TRMPS2, we first briefly review the basic
MPS algorithm. For further details on the material in this section,
please refer to Refs. [10] and [11].

2.1 MPS Algorithm. MPS relies primarily on stochastic sam-
pling and metamodeling to perform optimization. At the begin-
ning of the MPS algorithm a small set of sample points are
randomly generated. The algorithm checks to see if all of the con-
straints are satisfied and points are generated until nkk

nkk ¼
nv þ 1ð Þ nv þ 2ð Þ

2
þ 1� np (1)

number of feasible points are accumulated, where nv is the num-
ber of variables, and np is set as nv in this work. Then the cost
function is evaluated at these feasible points to produce the set of
expensive points yf g. A metamodel is generated by fitting yf g
onto a radial basis function (RBF), which takes the form of the
following equation:

f̂ xð Þ ¼
Xm

i¼1

ai jx� xi jjj (2)

where m is the number of points in yf g, ai is the weight of the func-
tion or the objective function value of point xi, and the set of points
xi are the expensive points used to build the model. N feasible
points are then randomly generated in the search space after verify-
ing constraints, and are then evaluated using the generated metamo-
del to create the set of cheap points xf g. xf g is then sorted based
on function values and then subdivided into contours, with each
contour representing a slice of xf g within a certain function value
range. nk is the number of points per contour. Expensive samples
are then drawn from the contours, with the process controlled by a
speed control factor r. R2 values from the regression and the param-
eter Diff, which defines the maximum relative difference between
the actual and approximated function values, are used to judge the
quality of the local approximation. Diff is calculated as

Diff ¼max f ðiÞm � f ðiÞ
�� ��; i¼ 1;…; j� nvþ 1ð Þ nvþ 2ð Þ

2
þ 1þ nv

2

� �
(3)

where fm are the function values of the points fitted onto the quad-
ratic model and f are the function values of the expensive sam-
ples. With a small value of ed; Diff < ed functions as a quality
criterion. A quadratic approximation model is built for the region
around the current optimum point (referred to as the current func-
tion mode) and is expressed as

q ¼ b0 þ
Xn

i¼1

bixi þ
Xn

i¼1

biix
2
i þ

X
i<j

Xn

j¼1

bijxixj (4)

where b are model coefficients. The entire process iterates until
certain stopping criteria are met. For a more detailed treatment
please refer to Refs. [11,13].
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2.2 Performance Issues of MPS for High Dimensional
Problems. The effectiveness of MPS on optimizing problems of
lower dimensions has been demonstrated in Ref. [13]. However,
the performance of MPS decreases dramatically with nonlinear
high dimensional problems. Because MPS generates a RBF meta-
model in each iteration using all of the expensive points available
and because the number of expensive points increases with each
iteration of MPS, the computational cost of MPS rises with each
iteration. Not only does MPS require more CPU time with every
passing iteration but it also requires more memory to store the
large matrices. In addressing the memory overflow issue in this
work, during each iteration of MPS the set of all expensive points
is sorted randomly and a smaller subset of expensive points with
ten times the number of variables (i.e., 10*nv) is selected for meta-
modeling. This allows MPS to run simulations on high dimen-
sional problems without memory overflow.

3 Trust Region Based MPS

To improve the performance of TRMPS for solving high
dimensional problems, this work develops an improved version,
called TRMPS2.

3.1 Definition of Trust Region: Dual Hyper Cubes. We
define two hyper cubes S and B. The region enclosed in hyper
cube S is referred to as trust region S (TRS), and the region
between the two hyper cubes S and B is referred to as TRB. Thus,
TRB occupies the area of B minus the area of S, i.e.,
TRB ¼ B� S. At the beginning of the optimization, MPS proc-
esses start from both trust regions. If the search improves through
the discovery of a better optimum point, then S expands to avoid
being trapped into a local minimum region and B contracts to
exploit the promising region. If the search does not improve in a
certain number of iterations, S contracts and B expands. The strat-
egy is to use this dynamic balance between exploitation and
exploration to more efficiently sample the search space. The
behavior of the two trust regions is similar to the double sphere
strategy described in Ref. [12].

3.2 Guided Sampling. At the beginning of MPS there is an
initial sampling procedure that uniformly samples the search
space. The number of points generated by this process is
expressed by Eq. (1). In TRMPS2 this exact procedure is per-
formed for both hyper cubes. From Eq. (1) it is clear that as nv

increases, the number of points required for initial sampling also
increases. For a problem of 20 variables the number of points
required for the initial sampling procedure is 212. Clearly this pro-
cess is costly for problems of high dimension, but is necessary in
MPS since Eq. (1) represents the minimum number of expensive
points required to build the local quadratic approximation model
expressed by Eq. (4). In TRMPS2 the initial sampling operation
has been replaced by a guided sampling procedure that dramati-
cally reduces the initial sampling requirements and takes advant-
age of the adaptive properties of the dual trust region method. A
small number of points nip ¼ 10 are uniformly and randomly
sampled in each hyper cube initially. Thereafter, sampling is
guided by the dual trust region strategy, which is to be described
in more detail in the TRMPS2 Algorithm section.

3.3 Low Function Value (LFV) Selection. The modification
applied to MPS to resolve the memory issue, described in the MPS
section above, is also applied to TRMPS2. Moreover, instead of
randomly selecting the 10*nv points for building the RBF metamo-
del, the points are chosen on the basis of LFV in TRMPS2. The
contour-based discriminative sampling strategy in Ref. [19] by Fu
and Wang is applied to balance the selection of modeling points
between regions of lower and higher function values. Fu and
Wang’s strategy involves the three steps of discretization, contou-
rization, and sampling. In this application, only the contourization

and sampling steps are applied. The discretization step involves
the generation of uniformly sampled points in a given space and as
we already have the points that we wish to select from, this step is
not needed. Thus, the LFV method for a given trust region TR.
Defined by bounds xlb; xub½ � begins with a set of nonuniformly dis-
tributed expensive samples S 2 xlb; xub½ �. The first step is contouri-
zation, which partitions S into k contours, where each contour
except for the kth contour has nk ¼ floor NS=kð Þ points, where NS

is the number of points in S. The partitioning occurs according to
the function values of the points in S. The first nk points with the
highest function values are allocated to the first contour E1, the
next nk points to E2, and the process continues until the last con-
tour Ek. In the second step, samples are drawn from the contours in
two stages. In the first stage, the numbers of samples to be drawn
from the contours m1;…;mkf g are determined via probabilities

P1 E1ð Þ;…;Pk Ekð Þf g, where
Pk

i¼1 mi ¼ 10�nv and probability Pi

is proportional to the average function value of the points in Ei

with i ¼ 1;…; k. Thus, Pi ¼ 1�
Pi

j¼1 favg Ej

� �
=
Pk

j¼1 favg Ej

� �h i
,

where favg Ej

� �
is the average function value of the points in Ej. In

the second stage, mi samples are randomly drawn from Ei, where
i ¼ 1;…; k.

3.4 Trust Region Based Local Optimization. MPS currently
relies on the fmincon(.) function from the Optimization Toolbox in
MATLAB

TM to perform local optimization. Although fmincon(.) per-
forms well, it does not take advantage of the properties of the quad-
ratic approximation model that is constructed during the local
optimization phase of MPS. The quadratic model allows the con-
struction of a Hessian matrix that, when positive definite, can enable
discovery of the local optimum in one step. For TRMPS2, a new
trust region based local optimizer is implemented that takes advant-
age of this property while also guarding against the case of the neg-
ative definite Hessian. We note that this trust region algorithm is
only used for this local optimization step, and is separate from the
trust region strategy employed for TRMPS2 global optimization.

3.4.1 Hessian Construction. Equation (4) is the equation of
the quadratic model used for local optimization. Taking the deriv-
ative of Eq. (4) results in the components of the gradient of the fit-
ting function

@f

@xi
¼ bi þ 2biixi þ

Xn

j¼1

bijxj (5)

Taking the derivative of Eq. (5) results in the components of the
Hessian of the quadratic model

@2f

@xi@xj
¼ bij (6)

@2f

@x2
i

¼ 2bii (7)

Assembling Eqs. (6) and (7) into a matrix results in the Hessian of
the quadratic model

H ¼
2b11 … b1j

..

. . .
. ..

.

bi1 … 2bii

2
64

3
75 (8)

Thus, the Hessian matrix can be directly assembled from the coef-
ficients of the quadratic model.

There are three cases that need to be addressed when perform-
ing local optimization on the fitting function.

3.4.2 Case 1: Positive Definite Hessian. When the Hessian
matrix is positive definite the quadratic model is convex. Thus, the
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Newton method can be used to obtain the local minimum with only
one iteration since the Hessian does not need to be updated. This is
very efficient, and case 1 is the preferred mode. The basic algo-
rithm used to find the local minimum for this case is as follows.

(1) Build Hessian and gradient vector from the coefficients of
the fitting function.

(2) Calculate search direction (dð0Þ ¼ �H�1cð0Þ).
(3) Calculate step size using a 1D search method.
(4) Update design (xð1Þ ¼ xð0Þ þ a0dð0Þ).

where c is the gradient vector, d is the search direction, and a is
the step size.

3.4.3 Case 2: Negative Definite Hessian. When the Hessian
matrix is negative definite the quadratic model is concave. In this
case, the quasi-Newton step of Sec. 3.4.2 cannot be used. Instead,
we implement a trust region based local optimizer similar to the
one presented in Ref. [14]. The algorithm steps are as follows:

Step 0: Initialization

x1 2 Rn; D1 > 0; � > 0; B1 2 Rnxn
symmetric

0 < s3 < s4 < 1

0 � s0 � s2 < 1; s2 > 0; k ¼ 1

(9)

where x1 is the initial starting point, D1 is the initial trust region
size, � is the convergence criterion magnitude, B1 is the initial
Hessian matrix, and s0–s4 are constants. s0 controls the accep-
tance or rejection of the new point for the next iteration, s1 con-
trols the maximum extent of trust region expansion in a given
iteration, s2 influences whether to shrink or expand the trust
region, and s3 and s4 control the minimum and maximum extent
of trust region shrinkage in a given iteration. The default choices
are s0 ¼ 0, s1 ¼ 2, s2 ¼ s3 ¼ 0:25, s4 ¼ 0:5, � ¼ 0:001, and
D1 ¼ 1. k is the iteration number.

Step 1: Initial step determination
Solve the trust region subproblem, defined as

min
sk2Rn

gT
k sk þ 0:5sT

k Bksk ¼ mk skð Þ

s:t:kskk2 � Dk

(10)

where sk is a solution to the subproblem in the kth iteration of the
trust region method, and gk ¼ rf xkð Þ. At this step, k¼ 1. This
subproblem can be solved using a number of methods, such as the
Steihaug Toint method [14]. Then, go to step 3.

Step 2: Convergence criterion
If Dk � �, stop.
Else, go to step 3.

Step 3: Solve trust-region subproblem (step determination)
Solve the trust region subproblem defined in Eq. (10), with

result sk. Go to step 4.

Step 4: Acceptance of the Trial Point
Calculate the approximation accuracy ratio rk

rk ¼
f xkð Þ � f xk þ skð Þ

mk xkð Þ � mk xk þ skð Þ (11)

where f is the objective function of the local optimization problem
and mk is the approximation model about the point xk defined as
the 2nd order Taylor series

mk xð Þ ¼ f xkð Þ þ rf xkð ÞT x� xkð Þ
þ 0:5 x� xkð ÞTD2f xkð Þ x� xkð Þ (12)

If rk � s0, then the approximate model is not accurate enough, so
define xkþ1 ¼ xk.

Else, define xkþ1 ¼ xk þ sk.
Go to step 5.

Step 5: Trust-region radius update
Choose Dkþ1 that satisfies

Dkþ1 2
s3kskk2; s4Dk½ � if rk < s2

Dk; s1Dk½ � otherwise

�
(13)

Go to step 2.

3.5 Process of TRMPS2

3.5.1 TRMPS2 Settings. Rmin ¼ 0:01 and Rmax ¼ 1 are the
minimum and maximum size, respectively, of both hyper cubes S
and B with respect to the size of the search space. Note that Rmin

and Rmax are not related to the statistical R2 measure. Stall iter-
ations¼ 5 is the maximum number of iterations of no improve-
ment in the search that TRMPS2 tolerates before resizing the
hyper cubes, and is also the number of iterations that TRMPS2
waits after the dual regions reach steady state before switching to
the MPS mode. kreduction ¼ 0:7 represents the reduction or expan-
sion in size of the hyper cubes upon resizing. RS;initial ¼ 0:25 and
RB;initial ¼ 1 are the initial sizes of hyper cubes S and B, respec-
tively, relative to the size of the search space.

3.5.2 TRMPS2 Algorithm. We define sets of points yf g, ySf g,
and yBf g, where ySf g; yBf g � yf g and ySf g\ yBf g ¼ Ø. By add-
ing elements to either ySf g or yBf g or any other sets of expensive
points, we imply automatic addition of the same elements to yf g
unless yf g already contains those elements. Furthermore, every
set of points has a corresponding set of function values where
actions on the set of points are mirrored on the set of function val-
ues. Thus, yf g, ySf g, and yBf g have corresponding sets of func-
tion values fy

� �
, fyS

� �
, and fyB

� �
.

Step 1: Initial sampling
Sample nip uniform random points yf g in the design space, and

evaluate yf g with the black box function to obtain function values
fy

� �
.

For each pt in yf g,
If pt is within TRS, place pt in ySf g,
Else if pt is within TRB, place pt in yBf g.
Step 2: Metamodel construction
Construct the RBF model according to Eq. (2) using expensive

points ySf g in TRS.

Step 3: Metamodel point fitting
Sample n0s ¼ 10; 000 uniform random points in TRS and evalu-

ate them with the RBF model, with resultant point set xSf g.
Step 4: Contour selection
Use the discriminative sampling procedure in MPS, as

described in Ref. [11], to select a subset xSif g of xSf g. Evaluate
xSif g with the black box to obtain corresponding set fxSi

f g. Place
xSif g in ySf g.
Step 5: Quadratic model construction
If the number of points in ySf g > nkk, where nkk is from

Eq. (1), build quadratic model with Eq. (4) using the nkk points in
ySf g closest to the current optimum. This set of points is referred

as ykkf g. Otherwise, skip step 6 and go to step 7.

Step 6: Local optimization
If R2 � 1, sample nv=2 expensive points in a region defined by

ykkf g and add to the set. Reconstruct quadratic model using ykkf g
and recalculate R2. Calculate Diff using Eq. (3).

If R2 � 1 and Diff < ed, perform local search using the trust
region based local optimizer with output xl. Evaluate xl with the
black box.

If xl is within the region defined by ykkf g, terminate.
Else, add xl to yf g.
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Step 7: B region
Perform steps 2–6 for TRB.

Step 8: Region updates
If search improved this iteration, RB ¼ RB 	 kreduction,

RS ¼ RS=kreduction.
Else if no improvement for stalliterations, RS ¼ RS 	 kreduction,

RB ¼ RB=kreduction.
ySf g, yBf g ¼ Ø

For each pt in yf g,
If pt is within TRS, place pt in ySf g,
Else if pt is within TRB, place pt in yBf g.
Go to step 2.

If the maximum number of function evaluations reached, then
exit algorithm.

4 MATLAB Simulations and Results

4.1 Test Methodology. Two separate sets of tests were per-
formed to benchmark the performance of TRMPS2. The first set of
tests benchmarks TRMPS2 against GA, MPS, and DIRECT with a
limit of 5000 function evaluations. For the first set, fifteen high
dimensional unconstrained simulation problems derived from
seven different mathematical functions and one high dimensional
engineering application problem are selected, and the problems
range from 10 variables to 30 variables. For TRMPS2, GA, and
MPS, 30 runs of each problem are carried out to reduce the effect
of random variation on the simulation results. For DIRECT, only
one run is performed for each problem as DIRECT is a determinis-
tic algorithm, and produces the same result given the same parame-
ters. The second set of tests benchmark TRMPS2 against EGO on
three problems. Ten runs of each problem are performed with a
maximum limit of 1000 function evaluations. In addition, all runs
of the second set of tests are performed on the same computer.

EGO is not included in the first set of tests because it is found
to be too computationally expensive for problems of high dimen-
sion and could not perform the simulations in a reasonable amount
of time. In order to demonstrate the high computational cost of
EGO and thereby justify its inclusion in a separate set of tests, the
run time of EGO and TRMPS2 are recorded on the same machine
for a smaller set of test problems.

It is to be noted that no commercial algorithms are bench-
marked in this paper. If available, commercial stochastic algo-
rithms such as the Pointer method in Isight [20] and the SHERPA
algorithm in HEEDS [21] are good candidates for comparison.

4.2 GA Benchmark Algorithm. The implementation of GA
used for the benchmarks is the version found in the Global Opti-
mization Toolbox of MATLAB

TM by Houck et al. [22]. Note that
there are a large number of different implementations and varia-
tions of GA of differing performance, thus this testing only seeks
to make comparisons with one particular implementation of GA
in order to illustrate the strengths and weaknesses of TRMPS2.
Also, GA is an exploration-only algorithm whereas all other algo-
rithms tested, including TRMPS2, are exploration– exploitation
methods.

The settings used for GA are partly obtained from Ref. [13],
with crossover fraction¼ 0.6, mutation fraction¼ 0.05, popula-
tion size¼ 100, and stall generation limit¼ 49. The settings have
been tuned for optimal performance of the GA algorithm and
deviation from these settings is likely to result in decreased per-
formance. The stall generation limit has been set to 49 in order
to limit the number of function evaluations (nfe) to a maximum
of 5000, in accordance with the limits placed on MPS and
TRMPS2.

4.3 EGO Benchmark Algorithm. The EGO [1] algorithm is
based on the idea of fitting a Kriging metamodel to data collected
by evaluating the objective function at a few points. Then, EGO

balances between finding the minimum of the metamodel and
improving the approximation by sampling at locations where the
prediction error may be high. The code for EGO is from the Surro-
gates Toolbox V3.0 by Felipe Viana [23], and the default settings
for EGO are used in this work.

4.4 Direct Benchmark Algorithm. The DIRECT [8,24]
algorithm is a sampling optimization algorithm introduced by
Jones in 1993 by modifying the Lipschitzian optimization to solve
difficult global optimization problems. The DIRECT code used is
the Version 4.0 MATLAB code obtained from Ref. [25]. The default
parameters for DIRECT are used in our tests, as the parameters
mostly affect convergence rather than the efficacy of the
algorithm.

4.5 High Dimensional Test Problems

4.5.1 16 Variable Function (F16)

fF16 xð Þ ¼
X16

i¼1

X16

j¼1

aij x2
i þ xi þ 1

� �
x2

j þ xj þ 1
	 


;

i; j ¼ 1; 2; 	 	 	 ; 16; x 2 ½�1; 1�
(14)

aij ¼

1 0 0 1 0 0 1 1 0 0 0 0 0 0 0 1

0 1 1 0 0 0 1 0 0 1 0 0 0 0 0 0

0 0 1 0 0 0 1 0 1 1 0 0 0 1 0 0

0 0 0 1 0 0 0 0 0 0 1 0 0 0 1 0

0 0 0 0 1 1 0 0 0 1 0 1 0 0 0 1

0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0

0 0 0 0 0 0 1 0 0 0 1 0 1 0 0 0

0 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0

0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 1

0 0 0 0 0 0 0 0 0 1 0 0 0 1 0 0

0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0

0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0

0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

2
666666666666666666666666664

3
777777777777777777777777775

(15)

Global optimum value [11]: 25.875

4.5.2 10D, 20D, and 30D Rosenbrock Functions (R10, R20,
and R30, respectively)

f xð Þ ¼
Xn�1

i¼1

100 xiþ1 � x2
i

� �2 þ xi � 1ð Þ2
	 


; x 2 ½�5; 5� (16)

Global optimum value [13]: 0

4.5.3 10D, 20D, and 30D SUR-T1-14

f ðxÞ ¼ ðx1 � 1Þ2 þ ðxn � 1Þ2 þ n
Xn�1

i¼1

ðn� iÞðx2
i � xiþ1Þ2;

�3 � xi � 2; i ¼ 1;…; n (17)

Global optimum value [26]: 0

4.5.4 10D, 20D, and 30D PUR-T1-13

f xð Þ ¼
Xn

i¼1

i3ðxi � 1Þ2
" #3

;�3 � xi � 3; i ¼ 1;…; n (18)

Global optimum value [26]: 0
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4.5.5 20D SUR-T1-16

f xð Þ ¼
X5

i¼1

xi þ 10xiþ5ð Þ2þ 5 xiþ10 � xiþ15ð Þ2þ xiþ5 � 2xiþ10ð Þ4
h

þ 10 xi � xiþ15ð Þ4
i
;�2 � xi � 5; i ¼ 1;…; 5

(19)

Global optimum value [26]: 0

4.5.6 10D, 20D, and 30D Griewank Function (HDGR10,
HDGR20, and HDGR30, Respectively)

f xð Þ ¼
Xn

i¼1

x2
i

4000
�
Yn

i¼1

cos
xiffiffi

i
p
� 


þ 1;�600 � xi � 600 (20)

Global optimum value: 0
Note that for testing with DIRECT, a second set of results are

obtained using skewed bounds ranging from �400 to 800 because
DIRECT always evaluates the center point, which could otherwise
bias the comparison.

4.5.7 10D, 20D, and 30D Zakharov Function (HDZF10,
HDZF20, and HDZF30, Respectively)

f xð Þ ¼
Xn

i¼1

x2
i þ

Xn

i¼1

0:5ixi

 !2

þ
Xn

i¼1

0:5ixi

 !4

;�5 � xi � 10

(21)

Global optimum value: 0

4.5.8 Engineering Application: 30D Cantilever Problem
(HDCP30). The chosen engineering application problem involves
minimizing the tip deflection of a stepped cantilever beam subject
to constraints, as shown in Fig. 1. This problem is a modified ver-
sion of the problem included in Refs. [27] and [28], which was
first proposed in Ref. [29]. As the problem is complex, there is no
known analytical optimum.

For testing the proposed algorithm, a cantilever beam with
d ¼ 10 steps is chosen with a P ¼ 50 kN force on the tip.
E ¼ 200 GPa and rallow ¼ 35
 107 Pa are selected as the prop-
erties for the used material. For each beam step, there exists
three variables for the optimization: width (bi), height (hi),
and length (li) of the beam step. Therefore, 30 input variables
exist in this minimization problem and are arrayed in the fol-
lowing order:

X ¼ b1; h1; l1; b2; h2; l2;…; b10; h10; l10½ � (22)

The objective is to minimize the tip deflection (d), expressed as
the summation of all the deflections [30]

d ¼
ðld

0

Px2
d

EId
dxd þ

ðld�1

0

P xd�1 þ ldð Þ2

EId�1

dxd�1 þ 	 	 	

þ
ðl1

0

P x1 þ l2 þ l3 þ 	 	 	 þ ldð Þ2

EI1

¼ Pl3d

3E
bdh3

d

12

� 
þ P

3E
bd�1h3

d�1

12

� 
 ld�1 þ ldð Þ3�l3d

h i
þ 	 	 	

þ P

3E
b1d3

1

12

� 
 l1 þ l2 þ 	 	 	 þ ldð Þ3� l2 þ l3 þ 	 	 	 þ ldð Þ3
h i

¼ P

3E

Xd

i¼1

12

bih
3
i

Xd

j¼i

lj

 !3

�
Xd

j¼iþ1

lj

 !3
0
@

1
A

2
4

3
5

(23)

where P is the concentrated load, E is the material elasticity mod-
ulus, and Ii is the moment of inertia about the neutral axis. There
are “2
 d þ 1” constraints in the problem, where d is the number
of steps. First, the bending stress in all d steps should be less than
the allowable bending stress (rallow). The constraints for each step
beam can be described as

6P
Pd

j¼i lj

bih2
i

� rallow i ¼ 1; 2;…; d (24)

In addition, the aspect ratios of all cross sections make another set
of d constraints that can be shown as

hi

bi
� AR i ¼ 1; 2;…; d (25)

where AR is the aspect ratio. The volume of the material used in
the beam should have a maximum which make another
constraint

Xd

i¼1

bihili � Vmax (26)

The last constraint is that the total length of the cantilever beam
should be more than a specified value

Xd

i¼1

li � Lmin (27)

Lmin is the minimum required length that is expected for the beam.
In brief, the minimization problem can be rewritten as

d ¼ f Xð Þ ¼ P

3E

X10

i¼1

12

x3i�2x2
3i�1

X10

j¼i

x3j

 !3

�
X10

j¼iþ1

x3j

 !3
0
@

1
A

2
4

3
5

(28)

Subject to

6P

x3i�2x2
3i�1

X10

j¼i

x3j � rallow

x3i�1

x3i�2

� AR i ¼ 1; 2;…; 10

X10

j¼1

x3j�2x3j�1x3j � Vmax (29)

Fig. 1 Stepped cantilever beam with d steps

021407-6 / Vol. 137, FEBRUARY 2015 Transactions of the ASME

Downloaded From: http://mechanicaldesign.asmedigitalcollection.asme.org/ on 05/07/2015 Terms of Use: http://asme.org/terms



X10

j¼1

x3j � Lmin

i ¼ 1; 2;…; 10

AR ¼ 25, Vmax ¼ 1:2, and Lmin ¼ 5:1 m are selected as the aspect
ratio and minimum length for the beam. The following bounds are
selected for the variables

0:01 m < bi < 0:05 m

0:30 m < hi < 0:65 m

0:50 m < li < 1:00 m

i ¼ 1; 2;…; 10

(30)

The authors would like to note that this problem is a 1D idealiza-
tion based on beam theory, and does not factor in effects of stress
concentrations at the interfaces between the steps. Also, this canti-
lever beam problem can be easily solved using fewer function
evaluations using a gradient-based method such as those found in
MATLAB’s Optimization Toolbox, even if gradient data is not
directly available (i.e., finite differencing is used to obtain gradi-
ent information). Thus, this problem is used only for illustrative
and benchmarking purposes.

4.6 Simulation Results

4.6.1 First Set of Simulations (MPS, TRMPS2, GA, DIRECT).
Results from the first set of simulations are shown in Table 1,
where nfe is the average number of function evaluations over 30
runs; fval is the average optimum function values; and STD indi-
cates the standard deviation of optimum function values. Table 1
indicates that on most problems TRMPS2 outperforms GA and
DIRECT, and that all three aforementioned algorithms outperform
MPS by a very large margin.

In the F16 problem, TRMPS2 produced very tight results that
are close to the optimum and exhibit little variation and that GA
generates surprisingly poor results that have relatively large varia-
tion despite using more function evaluations than TRMPS2 and
MPS. In the Rosenbrock problem, TRMPS2 produces the best and
most consistent results on average, followed by GA and then
DIRECT while MPS performs poorly. MPS produces large varia-
tions in optimum function values due to its much higher reliance
on random sampling compared to the other algorithms tested.
Note that since DIRECT is a deterministic algorithm, it generates
the same results every run and thus exhibits no variance in results.
Many of the figures have MPS removed, because MPS performs
extremely poorly with the increased dimensionality of the prob-
lem and skews the box plot. This is a strong indication that MPS
does not handle high dimensionality well. TRMPS2, DIRECT,

Table 1 First set simulation results (30 problems, 5000 max nfe)

MPS TRMPS2

Problem Optimum fval Mean nfe Mean fval STD of fval Mean nfe Mean fval STD of fval

F16 25.875 2443 29.07 28.9 561.2 26.12 0.315
10D Rosenbrock 0 4902 229.5 177.8 3828.33 5.548 1.99
20D Rosenbrock 0 4891 3.315
 104 3.49
 104 5000 17.98 1.41
30D Rosenbrock 0 5000 9.45
 104 9.65
 104 5000 21.53 7.54
10D SUR-T1-14 0 4721 20.11 15.1 5000 1.086 0.201
20D SUR-T1-14 0 5000 6765 6476 5000 2.192 0.848
30D SUR-T1-14 0 5000 3.42
 104 3.38
 104 5000 3.536 1.536
10D PUR-T1-13 0 4655 4.237
 107 6.675
 105 4153 9.84 26.2
20D PUR-T1-13 0 5000 2.182
 1013 1.572
 1013 5000 8.399
 105 1.45
 106

30D PUR-T1-13 0 5000 7.18
 1015 6.345
 1015 5000 3.189
 108 3.55
 108

20D SUR-T1-16 0 5000 1.34
 104 1336 5000 0.745 0.362
10D Griewank 0 140 0.184 0.042 2352 0.1328 0.0901
20D Griewank 0 5000 205.9 209.44 5000 0.138 0.0370
30D Griewank 0 5000 396.6 405.20 5000 0.252 0.0506
10D Zakharov 0 4914 2.73
 106 1.65
 106 3532 0.371 0.764
20D Zakharov 0 5000 2.36
 1011 2.31
 1011 5000 0.235 0.1888
30D Zakharov 0 5000 1.112
 1013 1.180
 1013 5000 31.03 14.71
30D Cantilever — 5000 0.0320 0.0316 990 0.0153 2.12
 10�3

GA Direct

Problem Optimum fval Mean nfe Mean fval STD of fval nfe fval

F16 25.875 5000 45.3 4.182 5355 26.37
10D Rosenbrock 0 5000 6.30 1.3931 5139 7.85
20D Rosenbrock 0 5000 44.73 19.915 5331 17.89
30D Rosenbrock 0 5000 99.83 24.21 5605 27.9
10D SUR-T1-14 0 5000 1.418 0.3853 5151 1.36
20D SUR-T1-14 0 5000 31.35 24.91 5245 5.28
30D SUR-T1-14 0 5000 243.6 130.4 5149 252
10D PUR-T1-13 0 5000 9.979 23.447 23903 9.75
 109

20D PUR-T1-13 0 5000 7.97
 105 9.71
 105 8919 8.58
 1013

30D PUR-T1-13 0 5000 7.510
 108 7.152
 108 8071 1.01
 1016

20D SUR-T1-16 0 5000 1.169 0.6658922 5381 152.4
10D Griewank 0 5000 9.56
 10� 4 5.614
 10�4 5237 22,983 0.00 92.1 (right number, skewed bounds)
20D Griewank 0 5000 5.66e
 10�3 2.077
 10�3 5333 7175 0.00 201 (right number, skewed bounds)
30D Griewank 0 5000 0.0125 3.26
 10�3 5349 6857 0.00 301 (right number, skewed bounds)
10D Zakharov 0 5000 1.83 1.73 5139 34.99
20D Zakharov 0 5000 28.6 122.88505 5175 109
30D Zakharov 0 5000 8.067 2.776 5317 179.6
30D Cantilever No known optimum 1290 5000 0.120 0.0120 0.04526 5383 0.02905
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and GA, by contrast, adapt reasonably well to the increase in
dimensionality. The results of the SUR-T1-14 and SUR-T1-16
problems are similar to that of the Rosenbrock problem.

In the PUR-T1-13 problem the performance gap between
TRMPS2 and GA is less dramatic than that of previous problems
while DIRECT and MPS perform poorly. Table 1 shows that
MPS, TRMPS2, and GA all exhibit large standard deviation that
increase dramatically with greater dimensionality, which suggests
that the PUR-T1-13 problem is very sensitive to minor variations
in input parameters. Even then, TRMPS2 generates fewer outliers
and a tighter band of solutions than GA.

In the Griewank problem TRMPS2 performs worse than GA
and DIRECT. However, the performance of DIRECT cannot be
attributed to its superiority since DIRECT always evaluates the
center point, which happens to be the global optimum for
the problem [8]. Skewing the bounds of the problem so that the
bounds are from �400 to 800 and testing with DIRECT yields
much worse results, as shown in Table 1. While GA performs bet-
ter than TRMPS2, in practice the difference in quality is slight
given that a randomly generated sample point in the search space
can have a function value greater than 800 for the 20 variable
problem and 1300 for the 30 variable problem while the differen-
ces in the optimal values for the two algorithms are in the scale of
0.1. In the Zakharov problem, the performance of TRMPS2 and
GA are again comparable, with TRMPS2 generating more accu-
rate solutions than GA in 10D and 20D Zakharov problems, as
shown in Table 1.

Finally, in the 30 variable cantilever design engineering appli-
cation problem TRMPS2 ultimately outperforms MPS, DIRECT,
and GA. Although Fig. 2(a) shows that GA generates the best sol-
utions, GA uses 5000 function evaluations while TRMPS2 uses
much less and converges earlier. The maximum number of gener-
ations is lowered in another set of runs with GA to obtain close to
an average of 1300 function evaluations in order to produce a bet-
ter comparison with TRMPS2, with the results in Fig. 2(b) show-
ing that TRMPS2 generates better optimums with greater
consistency than GA when the numbers of function evaluations
are comparable.

While the performance of TRMPS2 is satisfactory in the results
presented, this comes at the expense of parallelization as TRMPS2
can sample much fewer points per iteration than GA. However, in
practice computing resources and software licenses are often con-
strained and TRMPS2 is useful in such conditions.

4.6.2 Second Set of Simulations (EGO, TRMPS2). The second
set of simulations is necessitated by EGO’s high computational
expense. More than a month of testing on several computers still
did not yield anywhere close to the number of data points required
in the first set of tests. Thus, the second set of simulations is used
to benchmark the EGO algorithm in reasonable time and to

illustrate its computational cost. The run parameters have been
set, as shown in Table 2, to make EGO computationally viable for
our second set of tests. We have made every effort to ensure the
settings used have minimal impact on the performance of the
algorithm. EGO’s default setting is to add one point to the model
per iteration, which is extremely expensive for high numbers of
function evaluations. Thus, all runs are limited to a maximum of
1000 function evaluations to reduce computational expense. We
have kept the number of points generated per cycle to one in order
to maximize the performance of the algorithm. Also, the number
of initial expensive samples scales with the dimensionality of the
problem. As mentioned in Ref. [7], the initial samples should be
approximately 10*nv. The interpoint spacing should also be a
round number and can be calculated via 1/(nv� 1). Based on these
requirements, the numbers of initial samples are 101, 201, and
301 for 10, 20, and 30 variable problems, respectively. The maxi-
mum number of cycles for each problem has been adjusted so that
there is a maximum of 1000 evaluations per run.

The results show that TRMPS2 performs better than EGO on
all problems tested by large margins, but because of EGO’s com-
putational cost, too few test functions are run and thus a definitive
conclusion cannot be drawn.

Table 3 shows the computational cost of both EGO and
TRMPS2. Both algorithms are run on the same computer under
the same conditions with only one run performed at a time, and
the computer has a first generation Intel i7 quad-core CPU with
16 GB of memory. These measures allow for a fair comparison of
the computational cost of the algorithms. For the test problems,
the cost of function evaluation is negligible. Therefore, the time
spent for testing is mostly caused by running the algorithms. Table
3 shows that computational cost for both algorithms scale with the
dimensionality of the problem. However, TRMPS2’s run times
are fairly fast, with the longest average run time being close to
seven minutes with the 30D Zakharov problem. Dividing
TRMPS2’s total time by the number of function evaluations, it is
equivalent to 0.41 s of algorithm CPU time per function evalua-
tion, which is negligible compared to a reasonably expensive
black box problem taking several minutes per evaluation. EGO’s
run times are much slower, with the shortest average run time
being 10.3 h. This is equivalent to 0.62 min of algorithm CPU

Fig. 2 (a) 30D cantilever with 5000 points and (b) 30D cantilever problem with equivalent nfe

Table 2 EGO run settings

Number of
variables

Max points
per cycle

Initial
samples

Max number
of cycles

10 1 101 899
20 201 799
30 301 699

021407-8 / Vol. 137, FEBRUARY 2015 Transactions of the ASME

Downloaded From: http://mechanicaldesign.asmedigitalcollection.asme.org/ on 05/07/2015 Terms of Use: http://asme.org/terms



time per function evaluation, which is not negligible. The longest
average run time is 126.7 h, which is equivalent to 7.6 min per
function evaluation. Thus, the results indicate that EGO may have
nontrivial computational cost from the algorithm itself relative to
some practical black box problems and may not reduce overall
optimization cost under those circumstances, even if the number
of function evaluations is significantly reduced relative to other
optimization algorithms.

5 Final Remarks

This work proposed a TRMPS2 optimization algorithm to
improve optimization performance for high dimensional design
problems. The method improves on the original MPS optimization
algorithm by introducing a new trust region approach for guided
sampling of the search space using two trust regions. The approach
involves incorporating a metamodeling and MPS process within
each trust region. The trust region approach has also been aug-
mented by the addition of the LFV strategy and a customized local
optimization method, which makes more efficient use of limited
metamodeling resources in the high dimensional space.

The results show promises as compared to the original MPS
method as well as the standard GA, DIRECT, and EGO. For high
dimensional problems, except for problems of simple variable
structures, it seems that building metamodels in a subregion to
compensate for the limit on metamodel size is a promising
approach. The simulation results indicate that TRMPS2 is signifi-
cantly better than MPS for operating in the high dimensional
space. The simulation results also indicate that, overall, TRMPS2
generates more accurate solutions more consistently than standard
GA when both algorithms are applied to HEB problems. The
results also show that TRMPS2 generates better solutions when
compared with DIRECT, and has significantly less computational
cost when compared to EGO. The results suggest that TRMPS2 is
overall a promising global optimization approach for HEB
problems.

It is also found through the testing that TRMPS2’s performance
drops when it is difficult to get feasible points for highly con-
strained problems especially those with equality constraints.
Future work will be to develop an advanced constraint handling
strategy for TRMPS2.
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Table 3 Second set simulation results (3 problems, 1000 max nfe)

EGO TRMPS2

Problem
Optimum

fval
Mean

nfe
Mean
fval

STD of
fval

Mean run
time (s)

Mean
nfe

Mean
fval

STD of
fval

Mean run
time (s)

10D Rosenbrock 0 1000 453.22 182.38 3.70
 104 (10.3 h) 1000 23.18 24.81 85.96
20D Griewank 0 1000 237.18 19.1 4.56
 105 (126.7 h) 1000 1.27 0.211 198.3
30D Zakharov 0 1000 2.6643
 1013 5.987
 1012 2.86
 105 (79.4 h) 1000 38.23 57.6 414.3
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