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Abstract
A digital twin (DT) is a model that mirrors a physical system and is continuously updated with real-time data from the physical
system. Recent implementations of reduced-order-model-based DT (DT-ROM) have been applied in aerodynamics and
structural health monitoring, where partial differential equations (PDEs) are utilized to update reduced bases and coefficients.
However, thesemethods are not directly applicable when the PDEs of the system are unknown. This paper addresses the online
update challenge for DT-ROM in scenarios lacking known PDEs of the system. To tackle the challenge, a systematic online
update and application method is proposed. During the online update, the projection residual of online data on the reduced
bases determines the necessity of updating reduced bases; the prediction residual of online data obtained by the current DT-
ROM is used to decide whether to update the coefficient model. By sequentially evaluating both criteria, themethod selectively
incorporates essential online data for the online DT model update. During the online application, a criterion defined based
on online data is adopted to determine whether the offline DT-ROM or the online one is applied to output final predictions.
The capability of the proposed method is tested through three numerical and three engineering problems. Results indicate
that the proposed online update method consistently reduces both projection and prediction residuals, thereby progressively
enhancing the performance of the onlineDT-ROMon test data.Meanwhile, the online applicationmethod provides a prediction
performance better than using offline DT-ROM only. Both demonstrate that the proposed work could be applied to online DT
updates where the PDEs of the system are unknown.

Keywords Digital twin · Reduced-order model · Online update and application · Partial differential equation · Twin update

Introduction

Literature review

The digital twin (DT) was first conceptualized in the 1960s
when NASA developed a ground-based simulator to forecast
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the conditions of Apollo spacecraft in space. This terminol-
ogy was later formally introduced by Michael Grieves at
the University of Michigan in 2003 (Grieves, 2014). Sub-
sequently, research and applications of DT have increased
significantly in both academia and industry. Although the
precise definition of DT varies depending on the context, it
is generally recognized as a digital representation (or model)
that simulates a physical system and possesses the capabil-
ity to autonomously update itself based on data acquired
from the corresponding physical system (Liu et al., 2021).
Owing to its capacity for interaction with the physical realm,
DT has been applied to various engineering scenarios (e.g.,
manufacturing (Xiang et al., 2019), process industry (Zhu &
Ji, 2023) to support collaboration, information access, and
decision-making (Altair Engineering, 2023). More detailed
DT applications can be found in literature reviews (Lim et al.,
2020; Su et al., 2023).

123

http://crossmark.crossref.org/dialog/?doi=10.1007/s10845-024-02524-x&domain=pdf
http://orcid.org/0000-0003-3789-1639


Journal of Intelligent Manufacturing

To facilitate effective DT applications across diverse tasks
and conditions, the offline DT model construction and the
online DT model update are essential prerequisites. For a
specific physical system, the offline DT model construc-
tion involves designing a model based on prior knowledge,
training this model with data collected from simulations or
experiments, and refining the model to accurately reflect
the system’s responses or dynamics under a variety of con-
ditions. The selection of DT models varies according to
applications, incorporatingmethodologies such as partial dif-
ferential equations (PDEs), finite element analysis (FEA),
surrogatemodels (e.g., radial basis function (RBF), Gaussian
process regression, or Kriging (KRG)), or machine learn-
ing models (e.g., artificial neural networks, support vector
machines, or extreme learning machine (ELM)). Given that
these conventional modeling approaches have been exten-
sively studied for decades, this paper does not delve into the
modeling methods of offline DT models.

When deploying offline DT models in certain scenar-
ios, such as online control or monitoring, their prediction
capabilities may be inadequate to provide acceptable online
predictions. This shortcoming primarily arises due to the
increased complexities or uncertainties inherent in online
applications that are often simplified or disregarded during
the offline modeling process. To address this issue, online
update methods have been employed to update the offline
DT model by integrating data acquired in real-time, thereby
enhancing the DT’s prediction accuracy.

Generally, online DT update methods could be classi-
fied according to the types of DT models involved. For
DT models based on PDEs or FEA, online updates are
designed to modify system parameters that have been esti-
mated in offline models, such as mass or stiffness matrices.
This process is commonly regarded as a parameter estima-
tion problem, which has been addressed by Kalman filters
(Qian et al., 2022), Particle filters (EftekharAzam&Mariani,
2018), and Bayesian estimation (Yuen & Kuok, 2011) and
their various derivatives. Associated research areas include
data assimilation (Cheng et al., 2023) and hybrid simulation
(Al-Subaihawi et al., 2022). Although these online update
methods have been applied successfully in fields such as
structure health monitoring, agriculture, and fluid dynam-
ics, the update formulas are designed based on the system’s
PDEs, rendering them inapplicable to scenarios where the
PDEs are unknown.

When constructing offline DT models using data-driven
methods such as surrogate models or machine learning
models, online update methods serve two purposes, includ-
ing the update of model parameters through optimization,
Bayesian estimation or incremental computation (Huang
et al., 2005), and the adaptive modification of model struc-
tures using Bayesian techniques (Yu et al., 2021) or heuristic
strategies (Han et al., 2022). Areas relevant to these online

update mechanisms encompass online learning (Hoi et al.,
2021), incremental learning (Sarwar et al., 2020), lifelong
learning (Parisi et al., 2019), and dynamic neural networks
(Han et al., 2022). Nevertheless, these methods encounter
the issue of catastrophic forgetting, where the knowledge
acquired fromoffline data diminishes gradually during online
updates, eventually disappearing. Consequently, the compu-
tation resource required for online updates increases as some
of the online data are used to reinstate the knowledge that
was initially captured by the offline data.

This paper examines offline DT models that are con-
structed as reduced-order models (ROM). Compared with
PDEs and data-driven methods, ROM methods reduce the
dimensionality and complexity of modeling while con-
currently preserving predictive accuracy. In ROM, latent
features of the system are identified from offline data through
the application of proper orthogonal decomposition (POD),
also known as principal component analysis and singular
value decomposition. Mathematically, these latent features
are the POD bases derived from the offline data. The sys-
tem response is then approximated as a combination of these
latent features. In the literature, two relevant online update
methods are highlighted, i.e., online POD and online update
of reduced-order PDEs.

(1) Online POD

In contrast to conventional methods where all data is accessi-
ble for POD computation, online POD is proposed to update
POD components using limited data in real-time. Generally,
online POD methods consume less computational resources
andmemory,making them suitable for integration into online
applications. Based on computation strategies, online POD
methods are categorized into moving (sliding) window POD
(Badeau et al., 2004), incremental POD (Brand, 2002), and
recurrent POD with matrix perturbation (Elshenawy et al.,
2010). A comprehensive comparison of these methods is
in Ref. (Cardot & Degras, 2018). Unlike online DT model
update which aims to enhance the overall prediction perfor-
mance of the system, online POD specifically improves the
accuracy of the updated features, namely the POD bases.

(2) Online update of reduced-order PDEs

To improve the computational efficiency of high-dimensional
PDEs, ROM has been employed to construct reduced-order
PDEs for structural andfluid dynamics applications (Lu et al.,
2021). These reduced-order PDEs can be updated online.
For example, by fixing POD bases of mass and stiffness
matrices in the motion equations, the corresponding coeffi-
cients of these bases are updated by employing the first-order
optimality condition on an error estimator (Dorosti, 2017).
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Additionally, in several aerodynamic applications, the updat-
ing of base coefficients is treated as an optimization problem
solved by the Levenberg–Marquardt optimization method
(Garbo & Bekemeyer, 2022; Mifsud et al., 2015) or the
SNOPT toolbox (Vetrano et al., 2015). Further, to update the
POD bases in reduced-order PDEs, a closed-form quadratic
equation is formulated to determine the optimal scalar value
in the updating formula, where the POD bases are revised by
adding a scaled prior matrix (Griffiths et al., 2018). In certain
structural health monitoring tasks, the POD bases and base
coefficients are simultaneously updated, where the update
is formulated as a dynamic model, solved using various
Kalman filter methods (Ebrahimzadeh Hassanabadi et al.,
2020, 2023; EftekharAzam&Mariani, 2018; EftekharAzam
et al., 2017). While these applications illustrate the capabil-
ity to update both POD bases and coefficients in engineering
tasks online, a significant limitation is that they are pred-
icated on the known PDEs of the systems. Consequently,
these methods are not applicable if the system’s PDEs are
unknown.

The existingwork that ismost relevant to the online update
task proposed in the paper was found in (Zhu & Ji, 2023),
where the combination of information entropy, information
gain ratio, similarity degree, and redundancy reduction was
proposed to determine whether to update the POD bases
with the online snapshot. However, they only focused on the
reconstruction accuracy at known times/points, and a matrix
with a fixed size was adopted for base coefficients instead of
using a matrix as a function of times/points during the recon-
struction. Therefore, their work cannot be directly applied to
predict responses for unseen times or points.

Motivation

Diverging from the previously discussed online update tasks
for ROM, this paper investigates a specific task of online
DT update, as depicted in Fig. 1. This task involves a system
whose dynamicmodel, such as the PDEs, remains undefined.
The high-dimensional responses of some points are initially
estimated using a simplified black-box (simulation) model,
from which offline data are gathered. An offline DTmodel is
then constructed based on the collected offline data to esti-
mate the responses of the entire system. If actual responses
of these points are sequentially measured during a physical
experiment/process conducted under conditions identical to
that used for offline modeling, this paper proposes utiliz-
ing the online data to update the offline DT model, thereby
enhancing its predictive accuracy for the unseen (new) points
in the system.Given that the experimental conditions for both
offline andonline data are consistent, the input variables, such
as point location and experimental settings, remain constant
for each point. This specific task has practical applications.
For instance, a machine operator has obtained the offline DT

model for amanufacturing process andwants to use it to offer
operational guidanceduring theprocess.Amaintenance team
has the offline DTmodel for critical equipment or infrastruc-
ture and wants to regularly monitor the health status based
on the DT model. Assuming the offline DT models in both
applications are constructed according to the task definition,
they are required to be updated based on online data from
several sensors to maintain the prediction capability.

In engineering applications, the online data obtained from
sensors or other equipment would be processed and cleaned
before utilization, as the contained noises significantly affect
the final application performance. In this paper, the prepro-
cessingmethods for online sensor data are not discussed, and
the online data generated in the test cases (Sect. “Numerical
problems” and Sect. “Additive manufacturing application”)
are assumed clean to be applied in online updates. For sensor
data processing, the readers can refer to the review (Krish-
namurthi et al., 2020).

This work aims to address the above needs. Contributions
of this paper are listed below.

• A novel online DT update task is defined for systems with-
out known PDEs. According to the authors’ knowledge,
this specific online update task is rarely or never discussed
in the literature.

• An incremental POD with forgetting factor is proposed
to efficiently capture features from online data. Differ-
ent from conventional incremental POD methods which
append new data to the end of the snapshot matrix, the
proposed method allows the substitution of an existing
snapshot vector with a new one without expanding the
size of the snapshot matrix.

• A systematic online update and application method is
proposed for the offline ROM model to update POD
components and basis coefficientmodels sequentially.Dif-
ferent from current online update methods for ROM in DT
applications, the proposed method does not rely on the
PDEs of the system.

The remainder of the paper is structured as follows.
Sect. “Methods” provides a review of ROM using POD and
the conventional incremental POD method, based on which
details of the proposed online update and application method
are discussed. Sects. “Numerical problems” and “Additive
manufacturing application” present testing results on three
numerical problems and three engineering problems, respec-
tively. Sect. “Discussion and future work” examines the
impact of various hyperparameters in the proposed method.
Finally, the summary of this paper is drawn in Sect. “Sum-
mary”.
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Fig. 1 Illustration of the online
DT update task

Methods

Reduced order model with proper orthogonal
decomposition

Areducedordermodel (ROM) represents a high-dimensional
system as a linear combination of features (i.e., reduced
bases) and coefficients, which are extracted from the sys-
tem response matrix by POD. The extracted features are
then assumed to be fixed during the reconstruction pro-
cess, and a regression model (e.g., RBF, KRG, ELM, etc.)
is selected to correlate coefficients with inputs of interest
(e.g., time and boundary conditions). The high-dimensional
system response of a new input is calculated based on the
fixed features and the predicted coefficients. As the num-
ber of coefficients is much smaller than that of the system
responses, the modeling complexity of the ROM method is
lower than predicting the system responses from the inputs
directly. In theory, the POD-based ROM model aims to find
theminimumnumber of PODbases to reconstruct the system
as accurately as possible, whose detailed process is presented
below.

Considering a system whose input and response vectors
are denoted as xi ∈ R1×nin and yi ∈ Rnout×1 respectively,
the input matrix and the snapshot matrix consisting of N
samples are defined as X � [x1; . . . ; xN ] ∈ RN×nin and
Y � [

y1, . . . , yN
] ∈ Rnout×N . nin is the input dimension.

nout is the dimension of the response vector with the condi-
tion nout � N . The snapshot matrix is then decomposed by
POD as:

Y � U�V T � [
u1, . . . , unout

]

⎡

⎢
⎢
⎣

λ1 0 0
0 . . . 0
0 0 λN

0

⎤

⎥
⎥
⎦

[
v1, . . . , vN

]T

(1)

where u1, . . . , unout ∈ Rnout×1 are left singular vectors (i.e.,
POD bases, or reduced bases); v1, . . . , vN ∈ RN×1 are
right singular vectors; and λ1, . . . , λN are singular values
satisfying λ1 ≥ λ2 ≥ . . . ≥ λN ≥ 0. As 0 is a zero matrix
with a size (nout − N ) × N , Eq. (1) could be simplified as
follows.

Y � UN�NV T
N � [

u1, . . . , uN
]
⎡

⎣
λ1 0 0
0 . . . 0
0 0 λN

⎤

⎦[
v1, . . . , vN

]T

(2)

To find the minimum number k (k ≤ N � nout , also
known as the low rank) of POD bases and maintain the
reconstruction accuracy, the energy percentage threshold ε

is adopted as shown in Eq. (3) (Lu et al., 2021),

Ecap

Etotal
�

∑k
i�1 λ2i∑N
i�1 λ2i

≥ ε (3)

where Etotal � ∑N
i�1 λ2i is the total energy of the snapshot

matrix, and Ecap is the energy captured by the former k POD
bases. When finding the optimal number k, Eq. (2) is then
rewritten as,

Y �Uk�kV T
k � [u1, . . . , uk]

⎡

⎢
⎣

λ1 0 0
0 . . . 0
0 0 λk

⎤

⎥
⎦[v1, . . . , vk]

T

� [u1, . . . , uk]Ck (4)

where Ck � [c1, . . . , cN ] � �kV T
k � [λ1vT1 ; . . . ; λkv

T
k ] is

the coefficient matrix and ci � [
λ1v

i
1; . . . ; λkv

i
k

] ∈ Rk×1 is
the coefficient vector for yi . The reconstruction formulation
of yi is then defined as Eq. (5),

yi � Uk ci � Uk[λ1v
i
1; . . . ; λkv

i
k] (5)

where vi1, . . . , vik are the i-th elements in the right singular
vectors v1, . . . , vk respectively. Meanwhile, the total energy
is the sum of the squares of the magnitude of each snapshot
vector (or coefficient vector) in mathematics,

Etotal �
N∑

i�1

‖ yi‖2 �
N∑

i�1

‖ci‖2 (6)

where ‖·‖ is the Frobenius norm.
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Based on the collected data {xi , ci |i ∈ [1, N ]}, a coef-
ficient model f is constructed as ci � f (xi ) to predict the
coefficient vector based on the input. The final reconstructed
response vector of a testing input xtest could be obtained
directly as ytest � Ukctest � Uk f (xtest ). For simplifica-
tion, the ROM model using POD for feature extraction is
denoted as POD-ROM, which is selected as the DT model in
this paper.

Conventional incremental POD

In most applications, all high-dimensional snapshots are
assumed to be accessible before computation. However, the
offline POD based on all snapshots requires significant com-
putation resources. To alleviate the computation burden, the
incremental POD (IPOD) (Brand, 2002) was proposed to
perform the POD computation based on an online snapshot,
resulting in increased computational efficiency and robust-
ness (Fareed et al., 2018; Li et al., 2022).

Given the snapshot matrix Y ∈ Rnout×N and the corre-
sponding input matrix X ∈ RN×nin , the truncated POD is
represented as Y � Uk�kV T

k with a low-rank k. The incre-
mental POD then updates Uk , �k , and V k with the online
snapshot y′ ∈ Rnout×1 based on the following equation, to
capture the contained online information while maintaining
the offline information:

(7)

[
Y , y′] �

[
Uk�kV T

k , � y′ + UkUT
k y′]

� [
Uk j

]
[

�k UT
k y′

0 p

] [
V k 0
0 1

]T

� Uk+1�k+1V T
k+1

where� y′ � y′−UkUT
k y′ is the projection residual of y′ on

the existing POD bases Uk ; p � ‖� y′‖ and j � � y′/p are
the corresponding magnitude and unit direction respectively.
By performing the POD computation on the matrix Q ∈
R(k+1)×(k+1) with a size k + 1 � nout ,

Q �
[

�k UT
k y′

0 p

]

� UQ�QV T
Q (8)

all POD components (i.e., left singular vectors, singular val-
ues, and right singular vectors) could be effectively updated
online as Eq. (9).

Uk+1 � [
Uk j

]
UQ , �k+1 � �Q , V k+1 �

[
V k 0
0 1

]
V Q (9)

According to the above equation, the newly added POD
basisUk+1[:, end] is a linear combination ofUk and j . Con-
sidering that snapshots in Y are located in the space spanned

Table 1 Incremental POD (Adapted from (Fareed et al., 2018))

Input: Uk ∈ Rnout×k , �k ∈ Rk×k , V k ∈ RN×k , low rank k,

online snapshot y′ ∈ Rnout×1, normalized projection residual thresh-

old σ I POD
pro , singular value threshold σ I POD

sv

Output: the updated POD components Uk , �k ,V k

1.d � UT
k y′, � y′ � y′ − Ukd, p � ‖� y′‖, j � � y′/p

2.If p/‖ y′‖> σ I POD
pro

3.Q �
[

�k d

0 p

]

∈ R(k+1)×(k+1)

4.Else

5.Q � [�k d ] ∈ Rk×(k+1)

6.End

7.Perform SVD:Q � UQ�QV T
Q

8.If p/‖ y′‖> σ I POD
pro

9.Unew � [
Uk j

]
UQ , �new � �Q ,V new �

[
V k 0

0 1

]

V Q

10.k � k + 1

11.Elseif p/‖ y′‖< σ I POD
pro or k ≥ nout

12.Unew � UkUQ , �new � �Q ,V new �
[
V k 0

0 1

]

V Q

13.End

14.If �new(k, k) < σ I POD
sv and �new(k−1, k−1) < σ I POD

sv

15.k � k − 1

16.Unew � Unew(:, 1:k) , �new � �new(1:k, 1:k) ,V new � V new(:, 1:k)

17.End

18.Uk � Unew , �k � �new ,V k � V new

by Uk and Uk are vertical to j , the analytical projections of
Y on j are all zero. As the unit direction j has the largest
contribution in the newly added POD basisUk+1[:, end], the
projections of Y on Uk+1[:, end] are close to zero in most
cases.

Generally, the number of POD bases increases with online
snapshots adopted in IPOD, which requires more storage
memory.Tocontrol the number ofPODbases, the normalized
projection residual threshold σ I POD

pro is used to determine
whether the projection residual is neglectable during the
update; meanwhile, the singular value threshold σ I POD

sv is
adopted to determine whether to omit the newly added POD
basis and its corresponding singular value from the updated
components (Fareed et al., 2018; Li et al., 2022).More details
are summarized in Table 1. Instead of the projection resid-
ual threshold applied in the conventional work (Fareed et al.,
2018; Li et al., 2022), the normalized one is applied in the
paper to reduce the effects of various magnitudes of online
snapshots.
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Incremental PODwith forgetting factor

When the number N of offline snapshots is large, the con-
tribution of one online snapshot y′ would be small or even
neglectable in the conventional IPOD, where POD compo-
nents have no significant updates. To alleviate the issue, the
forgetting factor is adopted to balance the contribution of
online and offline snapshots during the update process. The
benefits of a forgetting factor have been demonstrated in
works (Cardot & Degras, 2018; Ebrahimzadeh Hassanabadi
et al., 2020; Li et al., 2000; Martinez-Ruiz & Lauro, 2023;
Ross et al., 2008). When applying the conventional IPOD
method, the forgetting factor β ∈ [0,1] is generally inte-
grated into the matrix Q,

Q �
[

β�k d
0 p

]

(10)

where β � 0 indicates forgetting all offline snapshots and
only considering the current online snapshot during the
update; β � 1 refers to no forgetting.

Although this strategy improves the contribution of online
snapshots gradually, one limitation is that the size of the
right singular vector matrix V k increases from N × kold to
(N + M) × knew. kold and knew are the numbers of POD
bases before and after the update with M online snapshots.
If M is large, the required memory would be unacceptable.
Meanwhile, storing information of all offline snapshots in the
POD components seems unnecessary from the DT point. If
the online snapshot of the input xi (i ∈ [1, N ]) is accessible,
the corresponding offline snapshot could be removed from
Y to reduce the influence of the less accurate offline snap-
shot (than the corresponding online snapshot) for further DT
updates.

This paper, therefore, proposes an incremental POD with
a forgetting factor (IPOD-FF), where the offline snapshot yi
at xi is allowed to be replaced with the corresponding online
snapshot y′

i . POD components are then updated accordingly.
The detailed algorithm is summarized in Table 2 with the
following descriptions.

When the offline snapshot yi is determined to be removed,
the total energy Etotal is first reduced to E ′

total , as shown in
Eq. (11),

(11)

E ′
total � Etotal − ‖ yi‖2 � Etotal − ‖ci‖2

� Etotal −
k∑

j�1

(
λ jv

i
j

)2

where λ j is the j-th singular value and vij is the i-th ele-
ment of the j-th right singular vector v j . The forgetting
factor β is then calculated based on the total energy and

Table 2 Incremental POD with forgetting factor (IPOD-FF)

Input: Uk ∈ Rnout×k , �k ∈ Rk×k , V k ∈ RN×k , low rank k, online

snapshot y′
i ∈ Rnout×1, normalized projection residual threshold

σ I POD
pro , singular value threshold σ I POD

sv , total energy Etotal

Output: updated Uk , �k , V k ,Etotal

1.Reduced energy E ′
total � Etotal − ∑k

j�1

(
λ jv

i
j

)2

2.Forgetting factor β �
√

E ′
total

Etotal

3.Remove elements vi1, . . . , vik from V k to get the truncated V−i
k as

shown in Eq. (13)

4.�k � β�k

5.V−i
k � V−i

k /β

6.Update Uk , �k , V k with IPOD(Uk , �k , V
−i
k , k, y′

i , σ I POD
pro ,

σ I POD
sv ) in Table 1

7.Etotal � E ′
total +

∣
∣ y′

i

∣
∣2

the reduced energy. Instead of selecting β value by trial-and-
error or heuristics in conventional incremental PODmethods
(Ebrahimzadeh Hassanabadi et al., 2020; Martinez-Ruiz &
Lauro, 2023), a deterministic calculation method is proposed
in this work.

β �
√

E ′
total

Etotal
(12)

Meanwhile, the POD representation of the truncated snap-
shot matrix Y trunc, defined as the snapshot matrix excluding
yi , is shown in Eq. (13).

(13)

Y trunc � [
y1, . . . , yi−1, yi+1, . . . , yN

]

� Uk
[
c1, .., ci−1, ci+1, . . . , cN

]

� Uk�k

(
V−i

k

)T � Uk�k

⎡

⎢⎢
⎢⎢⎢⎢⎢
⎢⎢
⎣

v11 . . . v1k
...

. . .
...

vi−1
1 . . . vi−1

k
vi+11 . . . vi+1k
...

. . .
...

vN
1 . . . vN

k

⎤

⎥⎥
⎥⎥⎥⎥⎥
⎥⎥
⎦

T

The forgetting factor is then applied to both �k and V−i
k

as shown in Eq. (14), to maintain that the bases coeffi-
cients of snapshots could be reconstructed accurately from
�k and V−i

k after performing the update. This would omit
the requirement to store snapshots online.

�k � β�k ∈ Rk×k , V−i
k � V−i

k /β ∈ R(N−1)×k (14)

123



Journal of Intelligent Manufacturing

Given the online snapshot y′
i , the POD components could

be updated via the conventional IPOD method directly. The
snapshotmatrixY and the total energy Etotal are thenupdated
accordingly.

Y � [
Y trunc, y′

i

]
, Etotal � E ′

total + ‖ y′
i‖2 (15)

The updated coefficient vectors for Y are then calculated
as,

[
c1, .., ci−1, ci+1, . . . , cN , ci

] � �kV k (16)

where the location of coefficient vectors is reordered. This
phenomenon is attributed to the fact that the new snapshot is
always attached at the end of the entire snapshot matrix, as
shown in Eq. (7).

Update of coefficient model

During the update of POD components in Sects. ”Con-
ventional incremental POD” and “Incremental POD with
forgetting factor”, both the values and dimension of the coef-
ficient vector c for the same input x are changed. In other
words, the pre-constructed coefficient model, which defines
each coefficient vector c as a function of input x, could
not be applied anymore after performing IPOD or IPOD-
FF. Therefore, the coefficient model needs to be updated
simultaneously to 1) maintain the prediction capability on
all processed inputs (whose online snapshots are accessible)
and 2) improve the prediction performance on other inputs
(i.e., unseen points).

Generally, the coefficient model is a multi–input–mul-
ti–output regression model, whose update task has been
discussed in online learning (Hoi et al., 2021) and incremen-
tal learning (Yang et al., 2019). For instance, given some new
data, the model parameters in the extreme learning machine
could be updated incrementally without training the model
from scratch based on all data (Huang et al., 2005; Matias
et al., 2015). However, the incremental updating method is
designed based on fixed old data, which conflicts with the
scenario in the online update of POD-ROM. If state-of-the-
art neural networks are applied, online learning could be
performed with new data, such as fine-tuning model parame-
ters.Although this strategy could tackle the data insufficiency
problem of online data, the fine-tuning process needs some
prior information (e.g., training epochs, which part to tune)
to guarantee learning performance.Meanwhile, fine-tuning a
complex neural network could be expensive, which is often
unacceptable for online applications. Moreover, the catas-
trophic forgetting problem exists in online learning, where
the prediction capability gained from the already processed
online data diminishes gradually in online updating, which
is inconsistent with the task in this paper.

Considering that the online data is at the early stage of
online update, constructing a coefficient model only with
online data could not provide acceptable prediction capabil-
ities. To tackle the data insufficiency, the auxiliary variable
(Kennedy & O’Hagan, 2000; Mifsud et al., 2016) is adopted
to utilize both offline and online data when updating the coef-
ficient model in this paper. Specifically, the auxiliary variable
“0” is added to the input x (i.e., [x, 0]) to indicate a piece
of offline data; the extended input [x, 1] reflects a piece of
online data. Based on the extended inputs and corresponding
coefficient vectors, a coefficient model is learned to provide
online predictions for unseen points. As finding the opti-
mal modeling technique for the coefficient model is not the
research objective in this paper, various modeling techniques
are optional, such as RBF, KRG, and ELM, whose integra-
tion capability in the proposed online update and application
method for DT will be discussed later.

Online performancemetrics

When a piece of online snapshot y′
i ∈ Rnout×1 at the input

xi is measured, the performance of the current DT model on
y′
i is reflected by the projection residual and the prediction

residual. The projection residual � y′
i , pro refers to the dif-

ference between the online snapshot y′
i and its projection on

the space spanned by current POD bases Uk .

� y′
i , pro � y′

i − UkUT
k y

′
i (17)

The prediction residual � y′
i , pre is defined as the differ-

ence between the online snapshot y′
i and the corresponding

prediction ŷi obtained from the current DT model, i.e.,

� y′
i , pre � y′

i − ŷi � y′
i − Uk f (xi ) (18)

where f is the coefficient model discussed in Sect. ”Reduced
order model with proper orthogonal decomposition”.

From the above formulas, the projection residual is only
related toPODbasesUk , and the prediction residual is related
to the coefficient model f when POD bases are determined.
Mathematically, the projection UkUT

k y
′
i and the prediction

Uk f (xi ) are located on the same space spanned by POD
bases Uk , where their residuals have different magnitudes.
The comparison between � y′

i , pro and � y′
i , pre is depicted

in Fig. 2, where � y′
i , pre ≥ � y′

i , pro always holds. In other
words, the projection residual is the theoretical minimal pre-
diction residual for any online snapshot. As the online update
task defined in the paper aims to improve the prediction per-
formance of the offline DT model on the unseen points, the
projection residual is first reduced to capture characteristics
of the system by the updated POD bases, and then the coeffi-
cient models are updated to decrease the prediction residual.
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Fig. 2 Comparison of projection residual and prediction residual

Online update and applicationmethod

In this paper, a systematic online update and application
method is proposed for the POD-ROM model based on
IPOD, IPOD-FF, and the coefficient model update. The gen-
eral diagram is shown in Fig. 3 and the detailed steps are
presented below.

Step 1 (Online DT initialization)

Based on the task definition in Sect. ”Motivation”, an offline
DT model has been constructed with the offline dataset (X ,
Y ) containing samples at N points in the system, where
X � [x1; . . . ; xN ] and Y � [

y1, . . . , yN
]
. The POD com-

putation has been performed to obtain the low-rank POD
bases Uk , the singular values �k , and the right singular vec-
tors V k . An offline coefficient model fo f f has been built to
correlate xi with ci (i ∈ [1, N ]), where ci is the coefficient
vector satisfying [c1, . . . , cN ] � �kV T

k . Before perform-
ing the online update task, all components in the online DT

model DTon is initialized as those in the offline one, i.e.,
Etotal � ∑N

i�1 ‖ci‖2,U ′
k � Uk ,�′

k � β0�k ,V ′
k � V k/β0,

c′i � ci , and fon � fo f f . β0 is an initial forgetting factor to
reduce the overall contribution of offline data. X ′ � [] is the
matrix to store the inputs whose online snapshots are used
for the online update. Non � N is the number of samples to
train the online coefficient model fon .

Step 2 (Online performance calculation)

When the online snapshot y′
i at the i-th point with the

input x′
i (x′

i � xi in the task) is measured, the corre-
spondingprojection andprediction residuals are calculated as
� y′

i , pro � y′
i −U ′

k

(
U ′

k

)T y′
i and� y′

i , pre � y′
i −U ′

k fon
(
x′
i

)

based on the current online DT model.

Step 3 (Online update)

Considering that the system PDEs are unknown and so are
the responses at the unseen points, the response at the unseen
points is only reflected by the DT model prediction. After
completing the following sub-steps, the online update pro-
cess returns to Step 2. The index of point is updated as
i � i + 1.

Step 3-1 If the normalized projection residual
‖� y′

i , pro‖/‖ y′
i‖ and the normalized prediction resid-

ual ‖� y′
i , pre‖/‖ y′

i‖ are smaller than the corresponding

Fig. 3 Flowchart of the proposed online update (a) and application method (b)
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thresholds σ DT
pro and σ DT

pre respectively, i.e.,

‖� y′
i , pro‖

‖ y′
i‖

< σ DT
pro and

‖� y′
i , pre‖

‖ y′
i‖

< σ DT
pre (19)

the current POD bases U ′
k and the coefficient model fon are

considered to successfully capture the core features of the
system and provide an accurate online prediction. Therefore,
no update is required.

Step 3-2 If the normalized projection residual
‖� y′

i , pro‖/‖ y′
i‖ is larger than σ DT

pro , the POD bases
U ′

k are insufficient to capture the inherent features of the
system. The IPOD-FFmethod is then applied to update POD
components to extract features from the online snapshot
y′
i and remove elements of yi from V ′

k , i.e., (U
′
k , �′

k , V
′
k ,

Etotal ) � IPOD-FF(U ′
k , �′

k , V ′
k , k, y′

i , σ I PO
pro , σ I POD

sv ,
Etotal ). According to Line 9 in Table 1, the number of
POD bases increases by one after performing IPOD-FF,
i.e., k � k + 1. Meanwhile, the input xi is moved from X
to X ′, i.e., X ′ � X − xi , and X ′ � [X ′; xi ]. Therefore,
the number of training data for fon is unchanged. Based
on the updated �′

k and V ′
k , the coefficient vectors are then

updated as [c′1, . . . , c′i−1, c
′
i+1, . . . , c′N , c′i ] � �′

k

(
V ′

k

)T .
Recalling the discussions on Eq. (9), the coefficient of the
online snapshot y′

i on the newly added POD basis is not
zero, while the coefficients of all processed offline and
online snapshots are close to zero. In other words, the last
element in c′i is a non-zero value, while the last elements
in c′1, . . . , c′i−1, c

′
i+1, . . . , c′N are almost zero, as shown in

Fig. 4. Such a coefficient structure prohibits constructing an
acceptable model to predict reasonable coefficients on the
new POD basis for unseen points. To alleviate this issue,
the coefficients on the newly added POD basis are excluded
when constructing the coefficient model fon based on the
method in Sect. ”Update of coefficient model”. The general
modeling purpose is finally formulated as,

fon

([
X 0
X ′ 1

])

�
(
�′

k

(
V ′

k

)T )

[1:k−1, :]
(20)

where (·)[1:k−1, :] denotes that the former k − 1 rows in the
matrix.

Step 3-3 If ‖� y′
i , pro‖/‖ y′

i‖< σ DT
pro but ‖� y′

i , pre‖/‖ y′
i‖>

σ DT
pre , this step aims to reduce the prediction residual by

updating the coefficient models with more online data while
maintaining the number of POD bases. The conventional
IPOD is adopted here to update POD components with y′

i to
find all updated coefficient vectors and keep the orthogonality
of V ′

k simultaneously, i.e., (U ′
k , �′

k , V
′
k) � IPOD(U ′

k , �′
k ,

V ′
k , k, y′

i , σ I POD
pro , σ I POD

sv ). The total energy captured by

online POD bases is updated as Etotal � Etotal +‖ y′
i‖2. The

corresponding input xi is then stored in X ′ (i.e., X ′ � [X ′;
xi ]), which means the number of training data for the online
coefficient model is increased by one, i.e., Non � Non + 1.
As the POD bases U ′

k are rotated after performing IPOD as
shown in Line 12 in Table 1, the coefficients on the last POD
basis are not close to zero for all processed snapshots, which
means the issue in Fig. 4 does not exist. Therefore, the online
coefficient model is learned to predict the coefficients on all
POD bases U ′

k , as shown below.

fon

([
X 0
X ′ 1

])

� �′
k

(
V ′

k

)T (21)

Step 4 (Online application)

During the online update process, the online DTmodel could
be called at any time to provide predictions for unseen points.
Although the online DT model will improve gradually, the
online DTmodel could beworse than the offline DTmodel at
the early stage of the online update. A similar phenomenon
has been observed in other applications (Ou et al., 2017;
Phalippou et al., 2020). To provide a prediction for the unseen
points as acceptable as possible, the performances of both
online and offline DT models on the online snapshots are
considered to design a criterion. When the online snapshot
y′
i is measured, the normalized prediction residuals obtained

from online and offline DTmodels are calculated before per-
forming updating.

eof fi � ‖ y′
i − DTof f

(
x′
i

)‖
‖ y′

i‖
, eoni � ‖ y′

i − DTon
(
x′
i

)‖
‖ y′

i‖
(22)

The median residual is then obtained from stored resid-
ual values of all former i online snapshots, denoted as
median(eof f[1, i]) and median(eon[1, i]) for offline and online DT
models respectively. Their curves are compared in Fig. 5
based on a numerical problem in Sect. ”Numerical prob-
lems”, where the performance of the online DT model
on online snapshots increases with the update process.
Generally, a smaller median residual indicates that the cor-
responding DT model would predict better on the unseen
points. The difference between two median residuals is cal-

culated as emi � median
(
eon[1, i]

)
− median(eof f[1, i]). The

maximum difference among all former i online snapshots
is then defined as emax

[1, i]. If the following criterion is satisfied,

emi < α · emax
[1, i] (23)

the online DT model is anticipated to provide better per-
formance at the unseen points and the updated online DT
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Fig. 4 Coefficients of online and offline snapshots when the number of
POD bases is changed. The coefficients of the newly added POD basis
are almost zero for all offline data (bule circles) and some processed

online data (red triangles). “X” and “Y” refer to the location coordinates
of the data in the space (Color figure online)

Fig. 5 Median prediction residuals obtained from online and offline DT
models

model is called for online application; otherwise, the offline
DT model is selected for prediction. The hyperparameter
α ∈ [0,1) controls the proportion of the threshold of emi in
the maximum difference. The effects of α will be discussed
in Sect. ”Discussion and future work”.

Numerical problems

In this section, the proposed online update and application
method is tested on several numerical problems, which are
designed based on nonlinear PDEs. It is to be noted that

we assume the PDEs are known to generate the dataset but
unknown for DT online update.

Data preparation

Assuming a nonlinear system follows the general formula-
tion,

PDEs(g( p, t)|G) � 0 (24)

where g( p, t) is the response of the system at the location
p � [px , py , pz] and the time step t ∈ [0, T ]. PDEs(·) con-
tains PDEs, the initial condition equations, and the boundary
condition equations, whose parameters are denoted as G.
Generally, the location satisfies 0 < p < L p where L p

contains the maximum ranges of all dimensions. The total
simulation time T is split evenly into Nt time steps, which
means the response at the location p during the entire simu-
lation is a vector with a size Nt × 1, i.e., g( p, t) ∈ RNt×1.
Meanwhile, the space is discretized as Np nodes ( p1, . . . ,
pNp

), resulting in Np response vectors in one completed sim-
ulation.

The data preparation process is presented below to gener-
ate the required dataset for the test.

Step 1 (Surrogate model for nonlinear PDEs)

Within the range of parameters G, Ns different sets of param-
eters are sampled randomly to perform the simulation.A total
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Table 3 General information on nonlinear PDEs and defined numerical problems

Model Dimension of
input
x � [ p, G]

Dimension Nt of the response vector
g( p, t)

Dataset information

2 800 Offline dataset:
Xof f ∈ R200×2, Yof f ∈ R800×200

Online dataset:
Xon ∈ R200×2, Yon ∈ R800×200

Testing dataset:

X test ∈ R50×2, Y test ∈ R800×50

3 250 Offline dataset:
Xof f ∈ R313×3, Yof f ∈ R250×313

Online dataset:
Xon ∈ R313×3, Yon ∈ R250×313

Testing dataset:

X test ∈ R80×3, Y test ∈ R250×80

5 2000 Offline dataset:
Xof f ∈ R1000×5, Yof f ∈ R2000×1000

Online dataset:
Xon ∈ R1000×5, Yon ∈ R2000×1000

Testing dataset:

X test ∈ R250×5, Y test ∈ R2000×250

of Ns × Np response vectors are then obtained to train a sur-
rogate model fPDEs to predict the response vector g( p, t)
according to the location p and the corresponding parameters
G, i.e., g( p, t) � fPDEs( p, G).

Step 2 (Offline, online, and testing dataset generation)

Given a new set of parameters Gnew, the PDEs are
solved to obtain the response vector at each point pi , i.e.,
g
(
pi , t

)|Gnew, i ∈ [1, Np]. Meanwhile, the predicted
response vector is obtained by the surrogate model, i.e.,
ĝ
(
pi , t

)|Gnew � fPDEs( pi , Gnew). In the test, 40% of Np

points (denoted as P40%) are randomly selected to generate
the online dataset (Xon , Yon) and the offline dataset (Xof f ,
Yof f ), and 10%of Np points (denoted as P10%) are randomly
selected as the testing dataset (X test , Y test ). The specific def-
initions are shown as,

Xof f � {[
p j , Gnew

]| p j ∈ P40%
}
,

Yof f � {ĝ( p j , t
)|Gnew, p j ∈ P40%} (25)

Xon � {[
p j , Gnew

]| p j ∈ P40%
}
,

Yon � {g( p j , t
)|Gnew, p j ∈ P40%} (26)

X test � {[
p j , Gnew

]| p j ∈ P10%
}
,

Y test � {g( p j , t
)|Gnew, p j ∈ P10%} (27)

where the input variables x j at the point p j are defined as the
tuple of the point location and the set of process parameters.

Based on the above process, three nonlinear PDEs with
details in theAppendix are selected to define numerical prob-
lems, whose general information is summarized in Table 3.
More details and the implemented codes of nonlinear PDEs
are provided in (Ereiz et al., 2022). In the test, the surrogate
model fPDEs for nonlinear PDEs is built by the POD-ROM
method where the RBF model is selected as the coefficient
model. The SMT library (Saves et al., 2024) is adopted to
implement RBF modeling with default settings.

Result comparison

During the online update stage, the normalized projection
residual ‖� yoni , pro‖/‖ yoni ‖ and the normalized prediction
residual ‖� yoni , pre‖/‖ yoni ‖ of the online snapshot yoni are
obtained from the onlineDTmodel. Bothmetrics are selected
to reflect the update process of the online DT model. After
updating with the online snapshot yoni , the online applica-
tion stage is tested on X test , whose predicted snapshots are
compared with Y test . The normalized prediction residual
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Table 4 Hyperparameter setting in the test

Hyperparameter Notation Value

Energy percentage
threshold in POD

ε 1 − 10−6

Normalized projection
residual threshold in
IPOD

σ I POD
pro 0.0001

Singular value threshold in
IPOD

σ I POD
sv 10−12(Fareed et al.,

2018)

Normalized projection
residual threshold in DT
updating

σ DT
pro 0.0001

Normalized prediction
residual threshold in DT
updating

σ DT
pre 0.001

Initial forgetting factor in
DT updating

β0 0.5

Proportion of the
maximum difference in
Eq. (23)

α 0.01

Coefficient model option f RBF

‖� ytesti , pre‖/‖ ytesti ‖ on each test snapshot is then adopted to
demonstrate the performance of the proposed online applica-
tion strategy. Meanwhile, the median normalized prediction
residuals obtained by both offline and online DT models on
the online snapshots are compared to study effects of the cri-
terion in Eq. (23), as described in Sect. “Online update and
application method”. The applied hyperparameter setting in
the test is summarized in Table 4, and their effects will be
discussed later in Sect. “Discussion and future work”.

From results summarized in Fig. 6a, Fig. 7a, and Fig. 8a,
it is observed that the normalized projection residuals reduce
froma large value to less than the predefined threshold 0.0001
in the three numerical problems. Therefore, the updated POD
bases can capture more features gradually with more online
data for updates. The unexpected peak values are observed
sometimes in the normalized projection residual during the
later stage of the online update, which is attributed to the fact
that the POD bases updated with current online data cannot
guarantee to capture all necessary features for all unseen data.
Although the normalized prediction residuals on the online
data could converge to a value larger than the threshold 0.001,
the common trend in three numerical problems is that the
performance of the online DT model is improved gradually
during the online update, as shown in Fig. 6b, Fig. 7b, and
Fig. 8b. As the normalized projection residual has converged
to the acceptable value, the large normalized prediction resid-
ual is mainly attributed to the performance of the coefficient
model f . In the test, the RBF model, whose performance is
affected by the shape coefficient, is selected to construct f as
described in Sect. “Update of coefficient model”. However,

a default value of the shape coefficient is applied in all tests.
When comparing both normalized residuals, a better conver-
gence rate is observed in the normalized projection residual in
most cases. This demonstrates that during the online update
of POD-ROMas the DTmodel, the accuracy of POD bases is
improved first and the performance of the coefficient model
is then improved with more online data.

When comparing the median normalized prediction resid-
uals obtained by both offline and onlineDTmodels in Fig. 6c,
Fig. 7c, and Fig. 8c, it is found that the median value from
the offline DT model converges to a plateau after testing on
some online data, as the offline DT model is fixed during
the online update process. On the contrary, the median value
reduces gradually during the entire update process for the
online DT model. Another observation is that the median
value of the online DT model could be worse than that of the
offline DT model, especially at the early stage of the online
update.

Based on performance curves of the online data provided
by online and offline DTmodels, the performance on the test
data is obtained from online or offline model according to the
designed criterion in Eq. (23). Generally, the median normal-
ized prediction residual reduces gradually during the online
update process, as shown in Figs. 6d, 7d and 8d. Compared
with the baseline performance indicated as the blue dashed
line (i.e., no updating and number of online data is 0), the
median value reduces from around 0.0020 to around 0.0003
for 1D Burgers’ equation, from around 0.0105 to around
0.003 for 2D Burgers’ equation, and from around 1.45 to
around 0.1 for the 2D reaction–diffusion equation when the
online update process terminates.More specifically, for prob-
lems whose online DT model is worse than the offline one
at the early stage (Figs. 6c and 7c), the offline DT model is
applied first, resulting in the constant performance on the test
data, as shown in Figs. 6d and 7d.When the online DTmodel
is selected for online application, the performance on the test
data improves gradually. For the 2D reaction diffusion equa-
tion, the online DT model outperforms the offline one on
the online data during the entire process (except for the first
online data), as shown in Fig. 8c. The online DT model is
applied to the test data, whose performance is summarized
in Fig. 8d. Although the median value is larger than the base-
line in a few cases, the overall performance of the proposed
method is better, which is consistent with the assumption
that a better performance on the accessible online data would
indicate a better performance on the unseen test data.

The above discussions demonstrate that by using the pro-
posed online update and application method, the online DT
model improves gradually and its performance could con-
verge after a certain number of online data is used for an
update in each problem.Meanwhile, the final application per-
formance on unseen data is better than using the offline DT
model alone. Therefore, the proposedmethod is promising to
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Fig. 6 Performance of the online update method for 1D Burgers’ Equation

be integrated into online applications (e.g., online control and
in-situ monitoring) to provide predictions for unseen points
in the system.

Additive manufacturing application

The concept of DT has been applied in additive manufac-
turing for thermal prediction (Yavari et al., 2021), process
monitoring (Shao et al., 2024), and process optimization
(Karkaria et al., 2024). More details about DT applications
in additive manufacturing are reviewed in (Gaikwad et al.,
2020; Mu et al., 2023; Phanden et al., 2022; Su et al., 2023;
Zhang et al., 2020). However, current works focus on con-
structing an accurate offline DT model and applying it to
offline tasks (e.g., process optimization) and online tasks

(e.g., monitoring) directly. The online update of DT for addi-
tive manufacturing is seldom discussed. This section aims to
test the applicability of the proposedmethod in additiveman-
ufacturing problems.

Data preparation

Three simulations about directed energy deposition (DED)
additivemanufacturing are completedwith theANSYSDED
module in ANSYS Workbench 2022 R2 to collect the ther-
mal data. The information about the completed simulations
is summarized in Table 5, as well as the defined datasets
adopted in the online update task. Specifically, a hollowcylin-
der with the material 17-4PH Stainless Steel is used in the
former two simulations, and a cube with the material Inconel
625 is adopted in the third simulation. In each simulation, the
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Fig. 7 Performance of online update method for 2D Burgers’ Equation

substrate material is identical to the part material. The prop-
erties of 17-4PH Stainless Steel and Inconel 625 could be
found in Refs. (Sandmeyer Steel Company, 2016) and (Cor-
rotherm International, 2024), respectively. The thickness of
each layer in all geometries is set to 1 mm. The cluster vol-
ume is set to 1 mm3, which determines the volume of the
material to be added to the simulation in each time step. The
lower the cluster volume, the more computational expensive
the simulation. The meshes in simulations are generated by
the sweep method with a mesh size of 1mm and a mesh type
of hexahedron. The process temperature is set as 2000 °C
in all simulations. ANSYS DED takes the process temper-
ature as an input of the simulation, adds a volume equal to
the cluster volume with the temperature equal to the process
temperature, and then solves for the rest of the part. The travel
speed is set as 10mm/s in the former two simulations, while

it is set as 20 mm/s in the third simulation. The printing pat-
tern in each simulation is shown in Table 5. During the data
processing, the temperature data within 10 s after depositing
material on each node is selected for study. The time interval
is set as 0.01 s. The temperature vector ytem at one node has
the size 1000 × 1.

In each simulation, 60%of all layers are randomly selected
to train a surrogate model fDED to predict the temperature
vector ŷitem according to i-th node coordinates pi � (pxi ,

pyi , pzi ) and its relative local delay tdelayi , i.e., ŷitem �
fDED( pi , t

delay
i ). The relative local delay of one node on the

layer is defined as the time interval between the deposition
time of the node and the deposition time of the first deposited
node on the same layer. A different layer in the same simula-
tion is then randomly selected to generate datasets required in
the defined online update task. On the selected layer, 70% of
all nodes (PDED

70% ) are randomly selected to create the offline
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Fig. 8 Performance of online update method for 2D Reaction Diffusion Equation

and online datasets, while another 10% of all nodes (PDED
10% )

are selected for the testing dataset. The generated datasets
are represented as,

XDED
of f �

{[
p j , t

delay
i

]
| p j ∈ PDED

70%

}
,

Y DED
of f � {̂ yitem | p j ∈ PDED

70% } (28)

XDED
on �

{[
p j , t

delay
i

]
| p j ∈ PDED

70%

}
,

Y DED
on � { yitem | p j ∈ PDED

70% } (29)

XDED
test �

{[
p j , t

delay
i

]
| p j ∈ PDED

10%

}
,

Y DED
test � { yitem | p j ∈ PDED

10% } (30)

where yitem is the simulation temperature vector at the node
p j . The final generated datasets according to each simulation
are summarized at the last row in Table 5.

Result comparison

Using the same setting in Sect. “Result comparison”, the
proposed method is tested on the three tasks defined on
three simulations. Similar to the observations in numeri-
cal problems in Sect. ”Result comparison”, the normalized
projection residual converges faster than the normalized pre-
diction residual during the online update process, as shown in
Fig. 9a, b, Fig. 10a, b, and Fig. 11a, b. Meanwhile, compared
with the baseline performance on the test data, the median
normalized prediction residual converges from around 2.9 to
around 0.05 in Simulation 1 (Fig. 9d), from around 1.4–0.2
in Simulation 2 (Fig. 10d), and from around 0.14 to around
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Table 5 Information about
completed DED simulations by
ANSYS DED module

Simulation # 1 2 3

Part material 17-4PH Stainless Steel Inconel 625

Substrate material

Process
temperature

2000°C 2000°C 2000°C

Travel speed 10 mm/s 10 mm/s 20 mm/s

Cluster volume 1 mm3 1 mm3 1 mm3

Number of layers 10 9 8

Layer height 1 mm 1 mm 1 mm

Geometry

Printing pattern
(Dashed lines
indicate the used
printing
trajectories.)

Dataset
information

Offline dataset:
Xof f ∈ R1050×4

Yof f ∈ R1000×1050

Online dataset:
Xon ∈ R1050×4

Yon ∈ R1000×1050

Testing dataset:

X test ∈ R150×4

Y test ∈ R1000×150

Offline dataset:
Xof f ∈ R1211×4

Yof f ∈ R1000×1211

Online dataset:
Xon ∈ R1211×4

Yon ∈ R1000×1211

Testing dataset:

X test ∈ R174×4

Y test ∈ R1000×174

Offline dataset:
Xof f ∈ R1176×4

Yof f ∈ R1000×1176

Online dataset:
Xon ∈ R1176×4

Yon ∈ R1000×1176

Testing dataset:

X test ∈ R169×4

Y test ∈ R1000×169

0.105 in Simulation 3 (Fig. 11d). Moreover, when the online
DT model consistently outperforms the offline one on the
online data (i.e., Simulations 1 and 2), the online DT model
is adopted during the online application stage, only with a
few worse median values as shown in Figs. 9d and 10d. All
tests demonstrate the proposedmethod is promising in actual
engineering applications and outperforms using an offline
model without update.

Discussion and future work

Comparison between IPOD and IPOD-FF

In Sect. “Incremental POD with forgetting factor”, it is
claimed that the proposed IPOD-FF method could update
the POD bases more efficiently than the conventional IPOD.
Therefore, when the normalized projection is larger than the
threshold, the proposed IPOD-FF is applied to update the

POD bases instead of the conventional IPOD to update POD
bases, as described in Sect. “Online update and application
method”.

To demonstrate the effectiveness of the proposed IPOD-
FFmethod in updating PODbases, the 1DBurgers’ Equation
is selected for the study. Based on the collected offline
snapshot matrix Yof f and the online snapshot matrix Yon ,
the theoretical offline and online POD bases are obtained,
denoted asUof f andUon respectively. The numbers of bases
in Uof f and Uon are counted as nof fb and nonb , based on
which the number of bases for comparison is then calcu-
lated as nc � min(nof fb , nonb ). When performing IPOD and
IPOD-FF with the online snapshot sequentially, the updated
offline POD bases are denoted asUupdate. During the update
process, the former nc bases uupdate1, ..., nc

in Uupdate is com-
pared with the former nc online POD bases uon1, ..., nc in Uon ,
where the sum of normalized differences is calculated as∑nc

i�1‖uoni − uupdatei ‖/‖uoni ‖.
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Fig. 9 Performance of online update method in the online task of Simulation 1

The performances obtained by IPOD and IPOD-FF are
shown in Fig. 12. Although both methods reduce the nor-
malized difference between the updated offline bases and the
ideal online bases gradually, it is observed that IPOD-FF pro-
vides a larger reduction rate than IPOD, especially when the
number of online data is large. Such observation can also be
made when the same initial forgetting factor β0 is applied to
both IPOD-FF and IPOD. Therefore, given a certain num-
ber of online data, the proposed IPOD-FF outperforms the
conventional IPOD in terms of capturing relevant features.

Effects of initial forgetting factors

In the proposed online update and application method, the
initial forgetting factor β0 is adopted to reduce the over-
all contribution of offline data when performing IPOD or
IPOD-FF. Similar to Sect. “Comparison between IPOD and

IPOD-FF”, the nonlinear PDEs of the 1D Burgers’ Equa-
tion are adopted to study the effects of the initial forgetting
factors.

Figure 12 compares the performance (i.e., the sum of nor-
malized differences between the updated offline bases and
the ideal online POD bases) obtained by IPOD-FF and IPOD
under various initial forgetting factors. It is observed that a
smaller initial forgetting factor provides a better performance
of IPOD-FF or IPOD. For example, the value reduces from
around 0.25 in IPOD-FF without an initial forgetting factor
to around 0.05 in IPOD-FF with an initial forgetting factor
of 0.3. The value also reduces from around 0.35 to around
0.15 in IPOD when the initial forgetting factor is set as 0.5.
Therefore, applying the initial forgetting factor is effective
in making the updated POD bases closer to the theoretical
ones.
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Fig. 10 Performance of the online update method in the online task of Simulation 2

Effects of coefficient model options

In Sects. “Numerical problems” and “Additive manufactur-
ing application”, only RBF is tested as the coefficient model.
To demonstrate the generality of the proposed online update
and application method, KRG and ELM are selected for
study. In the test, KRG and ELM are implemented by the
SMT library (Saves et al., 2024) and the elm library (Li,
2018) respectively. For ELM, the number of hidden layers is
set as 16×(nin+k), where nin and k are the dimensions of the
input x and the corresponding coefficient vector respectively.
All hyperparameters of KRG and all other hyperparameters
of ELM are set as default values.

Table 6 compares the results of RBF, KRG, and ELM
on the 1D Burgers’ equation and 2D Burgers’ equation.
Generally, different coefficient models provide different per-
formances of both online and offline DT models but the

differences are relatively insignificant. More specifically, the
number of online data applied in Step 3.2 (i.e., large projec-
tion residuals) of the proposed method is constant for each
problem, while the number of online data adopted in Step 3.3
(i.e., small projection residuals but large prediction residu-
als) varies with coefficient models. Meanwhile, compared
with the median normalized prediction residuals obtained by
DTof f in both problemswith different coefficientmodels, the
corresponding residual values from DTon are always smaller
when the online update process is completed.

Therefore, the proposed online update and application
method could be integrated with various modeling methods
for the coefficient model. The coefficient model option only
affects the part of the online update stage where more online
data is required to get a better coefficient model.
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Fig. 11 Performance of the online update method in the online task of Simulation 3

Table 6 Comparison with
different coefficient model
options

Problem f n3.2 n3.3 eof ftest eontest

1D Burgers’ Equation RBF 8 44 0.0020 0.0003

KRG 8 71 0.0020 0.0005

ELM 8 59 0.0020 0.0001

2D Burgers’ Equation RBF 20 281 0.0105 0.0034

KRG 20 258 0.0104 0.0062

ELM 20 272 0.0110 0.0035

n3.2 and n3.3 are the numbers of online data applied in Step 3.2 and Step 3.2 of the online update stage
respectively

eof ftest and eontest are the median normalized prediction residuals on Y test by the offline DT model and the final
updated online DT model respectively
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Fig. 12 Comparison between IPOD and IPOD-FF with various forget-
ting factors

Effects of proportion of max difference

At the online application stage in Sect. “Online update and
application method”, a hyperparameter α is used to control
the proportion of the maxmedian residual difference. Gener-
ally, this hyperparameter is independent of the online update
stage. It affects only when applying the updated online DT
model on the unseen test data. Figure 13 compares the testing
performance provided by the online application when using
different α values on the 2DBurgers’ equation. It is observed
that at α � 0.01, the median normalized prediction residual
of the updated online DT model is on par or lower than the
threshold, while for α � 0.05, the median values are some-
times larger than the threshold. Therefore, a larger α value
would bring a higher risk of worse performance on the test
data when applying the online DT model.

Instead of using the proposed proportion ofmaxdifference
to switch the use of offline and online DT models, another
potential option is to adopt awarm-up stage, where the online
DT model is always updated. After that, only the online DT
is selected during the following online update stage. Accord-
ing to current results, the number of online data, after which
the online DT model outperforms the offline one, is around
10 (5%) in 1D Burgers Equation, around 40 (12.8%) in 2D
Burgers Equation, around 20 (2%) in 2DReaction Diffusion,
around 20 (1.9%) in Simulation 1, around 10 (0.8%) in Sim-
ulation 2, and around 220 (18.7%) in Simulation 3, where
the number in the bracket is the proportion of all offline data
in each problem. It is observed that the number of required
online data varies with problems. Based on prediction accu-
racies of online data at all update steps, a small number of
online data (e.g., 20) could be used in the warm-up stage
for problems whose online DT model always outperforms
the offline one, such as the 2D Reaction Diffusion Equa-
tion case (Fig. 8c), Simulation 1 (Fig. 9c) and Simulation

2 (Fig. 10c). For problems whose offline DT model outper-
forms the online one at the early stage, such as 1D/2DBurgers
Equation (Fig. 6c and Fig. 7c) and Simulation 3 (Fig. 11c), an
amount of online data about 20% of the offline data is recom-
mended for the warm-up stage to obtain an online DT model
better than the offline one. However, the generality of both
rules needs further studies with more engineering problems.

Effects of various thresholds

Several thresholds are applied in the proposed method,
including the energy percentage threshold ε in POD, the nor-
malized projection residual threshold σ I POD

pro in IPOD, the
singular value threshold σ I POD

sv in IPOD, the normalized
projection residual threshold σ DT

pro and the normalized pre-
diction residual threshold σ DT

pre in DT updating. All of them
affect the performance of the proposed online update and
application method, in terms of (1) the number of online data
selected for online update and (2) the accuracy of the online
DT model on the test dataset. Based on 2D Burgers’ equa-
tion with RBF as the coefficient model, the effects of various
thresholds are summarized in Table 7. Several observations
are summarized as follows. Details of parameter sensitivity
analysis based on the final online prediction residual eontest are
shown in Appendix A2.

• The energy percentage threshold ε affects the number
of selected POD bases. Generally, a larger ε value will
increase the number of selected POD bases, resulting in a
better offline model and smaller errors on the test data, as
shown in rows 1 and 2 of Table 7.

• The normalized projection residual thresholds σ I POD
pro and

σ DT
pro control the number of online data to be applied to

update POD bases for extracting more features. A larger
value relaxes the requirement of POD bases, resulting in
fewer required online data. However, a larger value deteri-
orates the performance of the online DT model on the test
data, as shown by the increasing residual values from the
first row to rows 3 and 4 in Table 7.

• The singular value threshold σ I POD
sv determines the selec-

tion of PODbases. The larger the threshold value, the fewer
the POD bases are selected. From the results in rows 1 and
5, it is found that a large σ I POD

sv value would require more
online data to update the POD bases, as only several POD
bases are kept after online update, which brings a larger
projection residual on the next online data. Meanwhile,
although more online data is used to update POD bases,
the final number of POD bases in the online DT model
is still smaller, and the median residual on the test data is
larger, indicating a worse performance of the final online
DT model.
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Fig. 13 Performance on test data when using different α values

Table 7 Effects of various thresholds on 2D Burgers’ equation

Id ε σ I POD
pro , σ DT

pro σ I POD
sv σ DT

pre nbasesof f nbaseson−ideal n3.2 n3.3 eof ftest eontest nbaseson− f inal

1 1-10−6 0.0001 10−12 0.001 4 4 20 281 0.01054 0.00342 24

2 1-10−4 0.0001 10−12 0.001 2 2 22 279 0.01130 0.00355 24

3 1-10−6 0.001 10−12 0.001 4 4 6 295 0.01054 0.00349 10

4 1-10−6 0.01 10−12 0.001 4 4 0 302 0.01054 0.00379 4

5 1-10−6 0.0001 10−2 0.001 4 4 194 113 0.01054 0.00370 8

6 1-10−6 0.0001 10−12 0.01 4 4 20 66 0.01054 0.00571 24

7 1-10−6 0.0001 10−12 0.1 4 4 20 8 0.01054 0.01054 24

8 1-10−6 0.001 10−12 0.01 4 4 6 74 0.01054 0.00576 10

nbasesof f is the number of POD bases in the offline DT model

The number nbaseson−ideal of ideal online POD bases is obtained from the online snapshot matrix directly
n3.2 and n3.3 are the numbers of online data applied in Step 3.2 and Step 3.2 of the online update stage respectively

nbaseson− f inal is the number of POD bases in the online DT model when the update is completed on all online data

eof ftest and e
on
test are the median normalized prediction residuals on Y test by the offline DT model and the final updated online DT model respectively

• The normalized prediction residual threshold σ DT
pre only

affects the update of the coefficient model, as well as the
final performance of the test data. According to the results
in rows 1, 6, and 7, a larger σ DT

pre value reduces the number
of online data used to update the coefficient model. Con-
sequently, the residual of the final online DT model on
the test data increases, such as from 0.00342 to 0.01054,
which means a worse online DT model is obtained.

Based on the above discussions, those hyperparameters
need careful selection to balance the computation resource
required for online updates and the final performance of the
online DTmodel. For instance, when testing the 2DBurgers’
equation as shown in row8 inTable 7, the projection residuals
σ I POD
pro and σ DT

pro , and the prediction residual σ DT
pre could be

relaxed simultaneously to get a median residual of 0.00576
with only 80 online data used for update and 10 POD bases
in the final online DT model.

Computational efficiency

To study the computational efficiency of the proposed
method, the CPU times required for IPOD/IPOD-FF and
coefficient model construction with RBF are compared at
each online update step. All tests are completed on a low-cost
desktop computer (Intel Core i7-3770 CPU@3.40GHz pro-
cessor, 24.0GBRAM).After processing the obtained data by
the moving average with a window size of 15, the processed
time at each online update step is shown in Fig. 14. Gener-
ally, both times to perform IPOD/IPOD-FF and construct the
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Fig. 14 CPU time for performing IPOD/IPOD-FF and constructing a
coefficient model with RBF. The numbers (A-B-C) after the bench-
mark name refer to the problem dimension (A), the number of offline

POD bases (B), and the number of final POD bases (C) after completing
the online update using the default hyperparameters

coefficient model increase with the number of online update
steps in all problems, with following detailed observations.

• TheCPU time for PODupdate is affected by both the prob-
lem dimension and the number of selected POD bases. In
Fig. 14a, the time for POD update increases from 0.01 s
to 0.073 s in the Simulation 1 problem, while the time
only increases from 0.015 s to 0.02 s in the 2D Reac-
tion Diffusion problem. Meanwhile, the time increases
from 0.036 s to around 1.75 s quickly in the Simulation 2
problem, whose final number of POD bases in the online
update is over 900. The reason is that the number of POD
bases and problem dimension affect the matrix size to per-
form decomposition in IPOD methods, as described in
Sect. “Conventional incremental POD”.

• The time to construct the coefficient model is affected by
the number of POD bases and the amount of offline/online
data, as they determine the dimension and the number
of data points for model construction, as presented in
Sect. “Update of coefficient model”. For example, the rel-
ative ranking of CPU times adopted in different problems
is the same as the ranking of number of POD bases in most
online update steps, as shown in Fig. 14b.

Based on the above results and discussions, the proposed
online update method is computationally efficient in various
high-dimensional problems since the total time is less than
2 s in all cases. If the maximum number of required POD
bases is smaller than 100, the CPU time is less than 0.002 s
for performing IPOD/IPOD-FF and less than 0.1 s for con-
structing the coefficient model, as shown for both 1D and 2D
Burgers Equation problems.

Comparison with transfer learning

To further explore the performance of the proposed method,
the transfer learning methods are adopted for comparison. In
transfer learning, a source (or offline) model is firstly con-
structed. The structure and parameters of the target (online)
model are then initialized according to the pre-trained source
model, and fine-tuned gradually according to target (online)
data sequentially. This idea has been applied in health man-
agement (Che et al., 2021), disease recognition (Feng et al.,
2023), climate control (Grubinger et al., 2017), additive
manufacturing (Sajadi et al., 2024), and other practices,
demonstrating its benefits in solving problems with insuf-
ficient data and online update tasks for neural networks.

In this section, a deep neural network (DNN) is adopted as
the offline DT model, which is trained on the offline dataset
(Xof f , Yof f ). The online DT model is then initialized as the
offline one, and fine-tuned based on the online data sequen-
tially. More details about the model structure, the offline
training process, and the fine-tuning process are presented
in Appendix A3. The results obtained by DNN with trans-
fer learning with the numerical problems are summarized in
Table 8. Generally, with more epochs applied when tuning
the model online, the CPU required at each step increases,
and the final prediction residual eontest on the test data reduces.
Compared with the proposed method, tuning a DNN model
is more computationally expensive. For example, the aver-
age total times (i.e., the sum of time for IPOD and time for
constructing a coefficient model) required by the proposed
method are less than 0.1 s, 0.1 s, and 1 s in each step for the
1D Burgers Equation, 2D Burgers Equation, and 2D Reac-
tionDiffusion respectively, as shown in Fig. 14. Although the
final prediction residual obtained by DNN would be smaller
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Table 8 Results of DNN on
numerical problems nin nout epochon tcpu(s) eontest

1D Burgers Equation 2 800 10 0.5007 0.0301

50 2.4690 0.0033

2D Burgers Equation 3 250 10 0.2196 0.0087

50 0.8296 0.0021

2D Reaction Diffusion 5 2000 10 4.8339 0.0927

50 25.3295 0.0264

tcpu is the average CPU time applied to tune the DNN model at each online update step

eontest is the median normalized prediction residual on Y test by the final updated DNN model

epochon is the epoch number applied to tune the model online
nin and nout refers to the input dimension and the output dimension of each problem, respectively

Fig. 15 Comparison between DNN and the proposed method in numerical methods. The baseline performance refers to the performance of offline
DT model on the testing dataset

than the proposed method in a few cases (Fig. 15), the long
training time restricts its applications when the time allowed
for online update is limited.Meanwhile, the proposedmethod
has a better convergence efficiency, as the performance on the
testing data converges with fewer online update steps than
DNN. Therefore, the proposed method outperforms DNN
using transfer learning in terms of computational and conver-
gence efficiencies in high-dimensional online update tasks.

Although only numerical and additive manufacturing
problems are used to test the efficiency and practicability
of the proposed method in tackling high-dimensional and
PDE-agnostic systems, applications of this method in other

engineering scenarios are expected. For instance, when a
data-driven ROMmodel is used for structure monitoring (Ou
et al., 2017), the offline ROM model could be updated with
the proposed method. Using sensor signals from the struc-
ture, the structure health can be monitored in real-time with
an updated DT. Meanwhile, in the process industry (Zhu &
Ji, 2023), the ROM model with the proposed online update
method could be utilized to predict process responses in
unseen times, which would be useful for process control.
The generality of the proposed method would be tested on
those problems in future studies.
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Summary

This paper addresses the challenge of updating online digital
twins when the partial differential equations of a system are
unknown. Without losing generality, the digital twin in this
context is built with offline data of some points in the system
using a reduced order model and the system is assumed to
be a black box. This work proposes an online update method
to update the reduced bases and the coefficient models in the
offline digital twinmodel with progressively collected online
data of certain points, thereby providing a better performance
on unseen points. Twometrics, project and prediction residu-
als, are defined to indicatewhen the current reduced bases are
insufficient and when the corresponding coefficient models
should be updated, respectively. Both offline data and online
data are combined for coefficient model construction. One
criterion, the difference between median normalized predic-
tion residuals of online and offline digital twins, is defined
based on online data to determine whether the online digital
twinor the offlineone is usedonunseenpoints. To test the per-
formance of the proposed method, three numerical problems
are defined based on nonlinear partial differential equations,
and three engineering problems are designed based on sim-
ulation data using the ANSYS directed energy deposition
module. Comparison results demonstrate that the proposed
method can gradually improve the prediction performance
of the online digital twin model on both online and test data,
and provide a final prediction performance on the test data
which is no worse than using the offline digital twin model
only.

The effects of hyperparameters on the proposed method
are examined through a series of simple test studies, Future
research will target at eliminating some large residual out-
lierswhen applying the onlineDTmodel on the test dataset as
shown in Sect. “Result comparison” and Sect. ”Result com-
parison” and testing the proposed methodology in real-world
applications.

Appendix

Numerical partial differential equations

(1) 1D Burgers’ equation

The 1D Burgers’ equation is a model for one-dimensional
velocity field, whose formula is given as:

∂g(px , t)

∂t
+ g(x , t)

∂g(px , t)

∂px
� v

∂2g(px , t)

∂p2x
(31)

Initial condition: g(px , 0) � a, px ∈ [0, L]
Boundary conditions: g(0, t) � r(t); ∂g(L , t)

∂px
� 0

where g(px , t) is the velocity of the point px at the
timet ∈ [0, T ]. In the test,r(t) � 0.5cos

( 2π t
10

)
+ 0.5, the

lengthL � 5, the total simulation timeT � 8s, andv � 0.05.
The discrete intervals for simulation time and locations are
both set as 0.01, which means there are Np � 500 points
and Nt � 800 timesteps in each simulation. Therefore, the
response vector at the point px in one completed simulation
is a vectorg(px , t) ∈ R800×1. The parametersG only include
the initial velocity in this problem. By changing the initial
velocity a ∈ [0.01, 2] with an interval of 0.01, Ns � 100
simulations are randomly selected to collect data to train a
surrogate model for the nonlinear PDEs.

(2) 2D Burgers’ equation

The 2D Burgers’ equation describes a two-dimensional
velocity field, whose formula is shown as below, whose
boundary conditions can be found in (Ereiz et al., 2022):

∂g
(
px , py , t

)

∂t
+ g

(
px , py , t

)∂g
(
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)
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(
px , py , t
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(
px , py , t

)

∂py

� v
∂2g

(
px , py , t

)

∂p2x
+

∂2g
(
px , py , t

)

∂p2y

∂h
(
px , py , t

)

∂t
+ g

(
px , py , t

)∂h
(
px , py , t

)

∂px

+ h
(
px , py , t

)∂h
(
px , py , t

)

∂py

� v
∂2h

(
px , py , t

)

∂p2x
+

∂2g
(
px , py , t

)

∂p2y
(32)

Initial conditions: g
(
px , py , 0

) � φ1
(
px , py

)
,

h
(
px , py , 0

) � φ2
(
px , py

)
, x ∈ [0, Lx ], y ∈ [0, Ly]

where g
(
px , py , t

)
and h(px , py , t)are two velocity com-

ponents of the point p � [px , py]at time t . In this test, the
applied initial conditions are shown as:

φ1
(
px , py

) � 3

4
− 1

4

[
1 + e

(−4px +4py)Re
32

] ,

φ2
(
px , py

) � 3

4
+

1

4

[
1 + e

(−4px +4py)Re
32

] (33)

where Re � 1
v
is the Reynold’s number. Lx � Ly � 1.

There are 28 discrete nodes in each direction, resulting in
a total of Np � 784points in the velocity field. The total
simulation time T is 8 s with Ns � 250discrete timesteps.
Therefore, the velocity components of the pint p � [px ,

123



Journal of Intelligent Manufacturing

py]in one completed simulation are g
(
px , py , t

) ∈ R250×1

and h
(
px , py , t

) ∈ R250×1. In this paper, only the velocity
component g

(
px , py , t

)
is studied. The parameters Gonly

include the Revalue. By sampling different Revalues within
[100, 1000] with an interval of 50, Ns � 10simulations are
randomly selected to generate data to train a surrogate model
for the nonlinear system.

(3) 2D reaction–diffusion equation

The dynamics of the 2D reaction–diffusion PDEs are shown
as below:

∂u
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(34)

where c1, c2, and β are three parameters to control the
dynamics, which means G � [c1, c2, β] in the test. In each
simulation, 50 nodes exist in each direction px , py ∈ [0, 20],
and Nt � 2000 timesteps are generated in the total simula-
tion time T � 100 seconds. As a result, the response vectors
u(px , py , t) and v(px , py , t) at the point p � [px , py] have
the size of 2000×1, and a total of Np � 2500 discrete points
exist in the field. In this test, only u(px , py , t) is selected
for study. Similar to the previous two problems, Ns � 200
simulations are completed with different parameter values
within their respective bounds c1 ∈ [0.1, 1], c2 ∈ [0.1, 1],
and β ∈ [0.5, 2] to train a surrogate model for the nonlinear
PDEs.

Parameter sensitivity analysis

The parameter sensitivity analysis is performed based on the
2D Burgers’ Equation problem as defined in Sect. “Data
preparation”, to study the effects of various hyperparame-
ters on the final DT model performance. In this section, only
the median normalized prediction residuals eontest on testing
dataset by the final updated onlineDTmodel is selected as the

performance index. A smaller eontest value indicates to a better
DT model. The scatter plot is adopted to demonstrate effects
of hyperparameters qualitatively, and the Pearson correlation
coefficient r is used to identify the linear correlation between
eachhyperparameter and thefinal performancequantitatively
(Hamby, 1994).

The local sensitivity analysis is performed for each hyper-
parameter, where one hyperparameter varies while keeping
others constant. The scatter plots and corresponding r val-
ues of all hyperparameters are summarized in Fig. 16, with
following observations.

• The initial forgetting factor β0 is not correlated with eontest .
The reason is that the concept “forgetting factor” was
proposed to improve the efficiency to capture the latent
features from online data, as discussed in Sect. “Effects of
initial forgetting factors”. Among testes with different β0

values, most online data is used to update to improve the
accuracy of coefficient model, which reduces the effects of
different updated POD bases on final model performance.

• For 2D Burgers Equation, each hyperparameter only
affects eontest when located in a certain range, such as
POD energy threshold ε > 0.9997, projection resid-
ual threshold σpro < 0.003, singular value threshod
10−4 < σ I PO

sv < 0.03, and prediction residual threshold
σ DT
pre < 0.07. Those ranges would vary with problems. For

example, in the 1D Burgers Equation problem, the predic-
tion residual threshold σ DT

pre is correlated with eontest only
when σ DT

pre < 0.007.
• Generally, the POD energy threshold has a negative corre-
lation with eontest , while a positive correlation is observed in
the projection residual threshold, the singular value thresh-
old, and the prediction residual threshold.

Transfer learning

In this study, the fully connected neural network is selected
as the deep neural network (DNN), which is used in transfer
learning. Considering that the output dimension of defined
problems is much higher than the input dimension, the struc-
ture shown in Fig. 17 is adopted after several trials to provide
acceptable testing performance.Both offline and online train-
ing processes follow our previous work (Tang et al., 2024).
The pretrained offline DNN model is used to initialize the
online DNN model, whose weights and biases are tuned
online. The Adam optimizer is used to learn model weights
and biases. The learning rate for offline training is set as
0.005 with an epoch number of 1000. The learning rate for
online fine tuning is set as 0.001. At the i-th online update
step, DNN is tuned based on all accessible online data to
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Fig. 16 Scatter plots and Pearson correlation coefficient r of each hyperparameter
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Fig. 17 Model structure of deep neural network in transfer learning. din
is the input dimension. dout is the output dimension. Each hidden layer
consists of a Linear() layer and an activation function ReLu(). All codes
are implemented by Pytorch

reduce the risk of catastrophic forgetting, where the infor-
mation learned from previous online data diminish gradually
from the model. If DNN is only tuned with current online
data, it is observed that the final performance on the testing
dataset is worse than the offline DNN model during tests.
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