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Abstract

In this paper, we study the solutions of the Yang-Baxter equation (YBE) and
the theory of left braces. For the YBE, we provide three new conditions for
constructing particular types of R-matrices. In addition, we establish an explicit
formula for the characteristic polynomial of all R-matrices arising from non-
degenerate set-theoretic solution of Yang-Baxter equation.

For left braces, we prove that a left brace with the operation * associative is
a two-sided brace. Finally, we show that the properties of being solvable and
semiprime are both preserved under semidirect product and wreath products.
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Introduction

The Yang-Baxter equation (YBE) first appeared in theoretical physics papers by
Yang [Yan67] and Baxter [Bax72]. It has since developed into an indispensable tool
in modern physics, with connections to many areas such as statistical mechanics
[GY94, Bax82], integrable systems [Jim90, Sk190] and quantum field theory [Fr688,
Z779]. More recently, it has also found applications in quantum computation and
quantum information processing [KL04, GKZ05, GZ07].

Beyond its physical significance, the YBE is also of great mathematical interest
since its investigation led to the inception of quantum groups [Jim85, Dri88].
Quantum groups have asserted their influence in various mathematical areas such
as category theory [Tur92, Wen98|, representation theory [Yet90, KS97], topology
[BS04], combinatorics [Ari02, Jin03], non-commutative geometry [Manl8] and
algebraic geometry [MO12], to name a few.

Given a vector space V| we say that a linear operator R: V@V -V ®V is a
solution of the YBE if and only if

(RINIRR)(R®I)=(I®R)(R®I)(I®R).

where [ is the identity on V. When the dimension of V' is finite, we call R an
R-matrix. It is a central open problem to find all the solutions of the YBE. Unitary
solutions to the YBE, in particular, lead to braid group representations which can
be used in quantum information processing [KLO02]. While many solutions have
been found [Poul8], the problem of finding all the solutions of the YBE is still
open for vector spaces of dimension n > 2.

If X is a basis of the vector space V, then a map r: X? — X? such that
(r x Idx)(Idx xr)(r x Id,) = (Idx xr)(r x Id,)(Idx xr),

induces a solution of YBE. We call the pair (X, r) a set-theoretic solution of the
YBE. The study of these solutions of the YBE was proposed by Drinfeld in [Dri92].
If we denote the components of the map r by r(z,y) = (0,(y), 7,(x)) for all
x,y € X, then we say the solution (X, r) is non-degenerate if both o, and 7, are
bijective for any x € X. If r* = Id 2, then we say (X, r) is an involutive solution.
The subclass of non-degenerate, involutive set-theoretic solutions has received
considerable attention [ESS99, GIdB98| due to its applications in physics as well
as its connections to other topics in mathematics such as bijective 1-cocycles



[ESS99], Bieberbach groups [GIdB98]|, racks and Hopf algebras [AG03, EG98].

Following Drinfeld’s proposal to study set-theoretic solutions of the YBE, early
studies (see, for instance, [ESS99, GIdB98]) tended to use techniques from group
theory. In [Rum07], Rump introduced a new algebraic structure, now known as
a left brace, to help study non-degenerate involutive set-theoretic solutions of
the YBE. In the same paper, it was shown that many of the earlier results in
[ESS99, GIdBI8]| can be interpreted as consequences of the algebraic properties of
this structure. Moreover, using left braces to investigate these solutions have led
to many new and significant results [Rum08, BC14, CJO14, BCJ16, BCJO17a,
CGIS17, Smo18b]. In particular, [BCJ16] has reduced the open problem of classi-
fication of non-degenerate involutive set-theoretic solutions of the Yang-Baxter
equation to the open problem of classification of left braces. As left braces gener-
alise Jacobson radical rings [Rum07], they have also been studied solely for their
algebraic properties [Bacl5, Brz18, CGIS18|.

Our aim

As the theory of left braces is a recent and fast-developing area of research, the
existing literature consists mainly of research papers. In fact, there is only one
survey written to date [Ced18]. This paper aims to provide an accessible and
self-contained overview of the theory of left braces, aimed at late undergraduate
or early graduate students.

We set out to provide strong motivation for the study of braces by showing how
they are intimately related to the solutions of the YBE. We will look in depth at
the YBE and its solutions, supplying concrete examples and background material
when necessary. With all this set up, we will introduce left braces and give an
account of how the problem of finding all non-degenerate involutive set-theoretic
solutions of the YBE can be reduced to that of finding all left braces. Finally, we
will proceed to study the braces in their own right: for instance, examining certain
algebraic properties of braces which have familiar analogues in undergraduate
level group and ring theory.

We emphasise that our layout is complementary to the survey of [Ced18], in which
left braces are introduced in the abstract and thoroughly examined, with their
relationship to solutions of the YBE being a culminating rather than a motivating
moment.



Contributions

Our contributions to the existing literature are as follows:

(i) We present three new conditions for constructing particular types of R-
matrices. (See Proposition 1.2.6, Proposition 1.2.8, Proposition 1.2.10.)

(ii) We establish an explicit formula for the characteristic polynomial of any
R-matrix arising from a non-degenerate set-theoretic solution of the YBE.
(See Proposition 1.2.11.)

(iii) We prove that a left brace with an associative operation x* is a two-sided
brace. (See Theorem 7.3.1.) This answers the problem proposed in [CGIS18,
Question 2.1(2)].

(iv) We show that brace properties of being solvable and semiprime are invariant
under the semidirect and wreath product of braces. (See Lemma 8.1.5,
Lemma 8.1.6, Lemma 8.2.5, Lemma 8.2.10.)

Organisation of the Paper

This paper is organised as follows. In Chapter 1, we formally introduce the YBE.
We review past results regarding R-matrices and also present our new results.
In Chapter 2, we introduce non-degenerate involutive set-theoretic solutions of
the YBE. We then illustrate the method to obtain R-matrices from these set-
theoretic solutions. Chapter 3 studies Jacobson radical rings and their associated
non-degenerate involutive set-theoretic solutions of the YBE. Left braces, which
generalise Jacobson radical rings, are introduced in Chapter 4 along with their
associated non-degenerate involutive set-theoretic solutions of the YBE. In Chapter
5, we introduce familiar algebraic notions in the context of left braces such as
subbraces, quotients, ideals, products, and morphisms. In Chapter 6 we show that
any set-theoretic solution (X, r) is embedded in the solution (A, r4) associated
to some left brace A. In particular, we explain how any finite solution can be
embedded in that of a finite brace. In Chapter 7, we define right braces and show
that a left brace with associative operation * is a two-sided brace. In Chapter
8, we define solvable and semiprime braces and show that these properties are
preserved by the semidirect and wreath products.



Chapter 1

Solutions of the Yang-Baxter
Equation

In this chapter, we introduce the celebrated Yang-Baxter Equation and its solutions,
which are called R-matrices in a finite-dimensional setting. We give results on
R-matrices and their characteristic polynomials, and we show how to obtain
R-matrices from a set X and a map r: X? — X2,

1.1 The Yang-Baxter Equation

The Yang-Baxter equation is an important equation concerning linear operators.
To fully understand it we will require the notions of tensor and Kronecker products,
which we briefly outline here.

1.1.1 The Tensor and Kronecker Products

Given two vector spaces V and W over C, with respective bases {e;}ic; and
{f;}jes, we may ask how to combine them to form a new vector space. One
construction is the direct sum V' & W, which has dimension dim V' + dim W. In
contrast, the tensor product is a way to combine V' and W to form a new vector
space, V ® W, of dimension dim V' x dim W. For our purposes, the details of
this construction are not important, and interested readers are referred to [Gri07,
X1.5] for a more detailed discussion of the tensor product.

In the finite dimensional case, we may express V ® W using coordinate vectors.
If {e;}i2, is a basis for V' and {f;}7_, a basis for W, then V @ W will be a
vector space of dimension mn, hence isomorphic to C™". We will denote the basis
of V@ W as the set {e; ® fj}1<i<mi<j<n. When this set is taken to have the
lexicographical ordering, then e; ® f; is the column vector of size mn, with 1 in
the (i, 7)™ entry and zeros elsewhere.

10



Since all C-vector spaces of dimension mn are isomorphic, it is natural to ask

what makes V @ W different from C™? The answer is that we have a notion

of how to combine elements of V and W to obtain elements of V ® W. For
m

v:Z)\iei6V,w€W,wecandeﬁneamap®:V><W—>V®Wby

i=1

)\121)
vQw=|  |. (1.1)
AW

It should be noted that in general, elements of V' ® W need not have the form
vwforve V,weW.

Now, suppose that we are given vector spaces V, W, XY and linear maps S: V —

Xand T: W — Y. Then, we can define SQT: VW — X ®Y to be the map
acting on the basis of V @ W as

(S@T)(ei® f;) = (Sei) @ (T'f;)

The definition of S ® T is well-defined regardless of the dimensions of the vector
spaces involved. In the case where V, W, XY are all finite-dimensional, say they
have dimensions m, n, k, [ respectively, then we can represent the maps S, T and
S ® T as matrices. Let

S11 ... Sim
S =

Sk1 -+ Skm

be the matrix of S, and T' € C*" be the matrix of 7. Then the matrix representing
S®T is _
811T e SlmT

S®T = (1.2)

Sle Ska

Given any two matrices A, B, the above construction gives a way of taking their
product A ® B, which we shall refer to as the Kronecker product of A and B.

1.1.2 The Yang-Baxter Equation

We are now ready to define the Yang-Baxter equation. Let V be a vector space
over C,and R: V®V — V ®V a linear operator. We say that R is a solution
of Yang-Baxter equation if and only if

(RRINUIQR)(RRI)=I®R)(R®I)(I®R). (1.3)
where [ is the identity map on V.

For finite dimensional V', we call solutions of the YBE R-matrices. We will now

11



give an indication of why finding (all) solutions of the YBE is difficult. Suppose
dimV = n < oo. Then a nalve approach to finding R-matrices R: V@V — V®V
would be to treat each entry of R as an unknown. This gives n* unknowns, since
R is n%? xn%. We could try to form a system of simultaneous equations by equating
the entries of the left- and right-hand-side of (1.3). But the left- and right-hand-
sides of (1.3) are products of the matrices R ® [ and I ® R, each of which is
n? x n®. So we would form n® equations. Each equation would involve a product
of up to 3 terms coming from each side of the (1.3), yielding an equation of degree
< 3. Therefore, this apporach of forming simultaneous equations and solving for
the entries of R could mean solving n® cubics in n* variables. This makes the
potential difficulty of solving the YBE apparent.

While many solutions have been found for vector spaces of dimension n (in fact an
infinite family of solutions for each dimension was given in [Poul8]), the problem
of finding all solutions is far from solved. Beside the trivial dimensions 0 and 1, the
only dimension for which all solutions of the YBE have been found is dimension 2.
This was achieved with the help of a computer in [Hie93|. Based on this work, all
unitary solutions of dimension 2 have been classified in [Dye03] !. Solutions to
YBE for higher dimensions remain unclassified [Chel2].

In the next section, we will outline some basic results regarding R-matrices.
We will state and prove other relevant results regarding R-matrices and their
characteristic polynomials. In the final section of this chapter we show how to
obtain an R-matrix from a mapping of sets (a so-called set-theoretic solution of
the YBE).

1.2 R-matrices

In this section we will explore the properties of R-matrices. For this task, we
will require the following properties of the Kronecker product. The following
properties are straightforward from (1.2).

Lemma 1.2.1. [Bro06, Theorem 5| Let A € C™*™. Then the following hold:
(i) M)®@ B=XNA®B)=A® (AB) for A € C;
(i) (A B)®(C=A®(B®C) for Be Cr*1, C e C™;
(i) (A+B)@C=A®C+BRC for Be C™", CeC;
(iv) A (B+C)=A®B+A®C for B,C € CP*4;
V) I ® I, = L.

Tn [Dye03], dimension is defined as the dimension of the R-matrix mapping V@V — V&V,
where dim R = (dim V)2,

12



Lemma 1.2.2. [Bro06, Theorem 7] Let A € C™", B € CP*4, C € C™* and
D € C™". Then we have

(A® B)(C® D) = (AC) ® (BD).

Lemma 1.2.3. [Bro06, Theorem 15] Let A € C"*", B € C™*™. If the eigenvalues
of A are \; fori € {1,...,n} and eigenvalues of B are p; for j € {1,...,m},
then the eigenvalues of A ® B are

{pi lie{l,....n},7e{1,...,m}}.

Now that we are acquainted with the Kronecker product of matrices, we give some
important properties of R-matrices.

Proposition 1.2.4. [SS18, Proposition 3.3] If C, D € C"*", then X = C ® D
satisfies YBE if and only if C* @ DCD @ D = C @ CDC @ D?.

Proof. In the following proof we will repeatedly use Lemma 1.2.1 (ii) and Lemma
1.2.2. We have that X satisfies the YBE if and only if

CoDNIRC@D)CODRI)=I0C®D)(C®DI)ICe®D)
— C*@DNCe®D)(D®I)=Cx(C®D)(DcI)(C®D)
«— C?®@DCD®D=C®CDC® D

]

Proposition 1.2.5. [SS17, Proposition 4] Let C' € C**° and X = C' ® I, where
n = ps. Then X satisfies YBE if and only if C* @ [, C = C ® I, @ C?.

Proof. In the following proof we will repeatedly use Lemma 1.2.1 (ii), Lemma
1.2.1 (v) and Lemma 1.2.2. We have that X satisfies the YBE if and only if

(CRL2s®@1h) (1psRCOR 125 ) (CRL 2@ 1) = (Ips@C@1p2) (C @12 @1ps ) (Ips@C®1 2,
which is true if and only if

(C @ L) (Ins @ C)(C @ Is) @ s = (Ips @ C)(C @ Iys) (Ips @ C) @ L.
The above equality is equivalent to
CRLRIL)I@L,C)CRI,®1)=(oC)(C®I,®I)(I,® I, oC)

which is true if and only if C* ® I, ® C' = C ® I, ® C?, proving the result. [

In a similar vein to the above results, we obtained a sufficient condition for
R-matrices of a particular form.

13



Proposition 1.2.6. Let Y € C"*". Then the matrix X = (I, @Y )+ (Y ® 1,,) is
an R-matriz if Y satisfies

Y:®I,=1,Y" (1.4)

Proof. We let I, = I to simplify the notation.

Substituting the given expression for X, we arrive at
XRI=YQIQI+IRY ®I,

I9X=1YRI+I®IxY,

using Lemma 1.2.1 (ii), (iii), and (iv) and Lemma 1.2.2. Then we calculate
(XNIeX)=YQYRI+I®Y?*®I+Y®I®Y +I®Y @Y, which implies
that

IeX)(X@DIX)=YeY’RI+IY’RI+2Y Y Y +IQY*QY
+IRY?* QY +YRIQY?*+1IRY @Y?,

and

XDNIX)(Xe)=Y*’Y®I+YQY*®I+Y’QIQY +2Y Y ®Y
+YQQY?I+IY3I+IQY?QY.

From (1.4) it follows that

IeX)(XeDIeX)= YRY’QI+IY’®I+2Y @Y @Y +Y*®IQY
+IRY’RQY+YRI®Y’+IY ®Y?
=XeohHIeX)(X®I). O

It would be interesting to know whether the converse holds. This motivates the
following question.

Question 1.2.7. Are there any matrices Y € C*™" such that Y?® I,, # I, ® Y2,
but the matrix X = (I, ® Y) + (Y ® [,,) is an R-matrix?

We can apply the above propositions to obtain matrices which satisfy the YBE.
We can use Proposition 1.2.4 to find solutions of the YBE by taking an idempotent
matrix D and letting X = D ® D, or also by choosing X = C'® I,, for idempotent
C € C™". Similarly, we can let X = C ® I, for idempotent C' € C*** and use
Proposition 1.2.5.

The sufficiency condition in Proposition 1.2.6 requires Y2 and I,, to commute
under Kronecker product. However, given A, B € C"™*", we have A B=B® A
if and only if one of the matrices is a scalar multiple of the other [Bro06, Theorem
24]. Therefore, the condition in the proposition requires Y2 to be a scalar matrix
Al for some A € C. It follows that we can let Y = ul where p is the principal
square root of \.

14



Lemma 1.2.3 tells us how to find eigenvalues of A ® B given the eigenvalues of A
and B. It provides a simple way of calculating the eigenvalues of the R-matrices
constructed using Propositions 1.2.4, 1.2.5 and 1.2.6.

We will now explore “near idempotent” matrices, that is, matrices Y € C™*"
which satisfy Y? = ¢Y for some ¢ > 0.

Proposition 1.2.8. A matriz Y € C™*" satisfies Y? = cY if and only if it is a
scalar multiple of an idempotent matrix.

Proof. Notice that Y2 = ¢Y <= %Y is idempotent.

Suppose ¢ = 1. Then %Y is idempotent if and only if YV is idempotent. If ¢ # 1
then %Y is idempotent if and only if YV is a scalar multiple of an idempotent
matrix. O

We will now give a sufficient condition for such near idempotent matrices to satisfy
the YBE.

First, note that for a scalar matrix Y we have Y ® I, = I,, ® Y, therefore it
satisfies the YBE.

Now we show that if K = diag(a,...,a,0,...,0) for some scalar a, then K
satisfies the YBE. Observe that K is the Jordan normal form of an idempotent
matrix when a = 1, and it is the Jordan normal form of a scalar multiple of an
idempotent matrix when a # 1.

Let K = diag(a,...,a,0,...,0), be an n? x n? matrix. Then we have
—— ——

k times s times

K ® I,, = diag(a,...,a,0,...,0)
——— ——

nk times ns times

and

I, ® K = diag(K, ..., K).
——

n times

Further, we have that the diaginal entries of (K ® I,,)(I,, ® K) are

So we have

0 if [(K ® [n)(In ® K)]u =0
(I, @ K) (K ® 1,)(I, ® K)]s = or (I, ®K); =0
@ if [(K®L) I, ®K)i=U,®K);=a
= [(K ® In)(In ® K)(K ® In)]u

15



Therefore K satisfies the YBE.

We remark that it is not true that matrices similar to K satisfy the YBE, which
can be seen in the following example.

Example 1.2.9. Let

—62 —96 —192 —224
p_ |64 98 192 22
T |16 —24 —46 —56 |’

4 6 12 16

which is similar to diag(2,2,2,0). It is easily checked that B doesn’t satisfy YBE.

Proposition 1.2.10. If A € C**" is a non-singular diagonal R-matriz, then it
18 equal to cl for c € C.

Proof. Let A = diag(ay,...,a,2), where a; € C. Then it follows that

A® I =diag(ar,...,a1,a9,...,G9, ..., GQp2,. .., 0p2)
VvV vV
n times n times n times
and
I®A:d1ag<g1,...,anz,al,...,anz,...,al,...,ani)
WV
n times

Therefore,

(ARNI®A)(A®I) =

. 3 2 2 2 2 2 2 3

diag(ay, ..., a10n, Q50041 ..\ Q5o ooy Qrlp2 gy e ooy G2,y e oy Q2 Gy ey Q)
and
IRA)(ARNI®A) =

. 3 2 2 2 2 2 2 3
diag(ay, ..., a1a,, Q2G5 1, ..., G205, . GnGa_ s .oy Gplpa,s .o Gp2Gia sy ().
Therefore we have aay = aya3,..., ata, = a;a?, implying that ay,...,a, are
all equal. Further, we have a,41a53 = a2 as,. .., 2,43 = a3,as, and analogous
equations up to aig p2_y = anzaig_n. These imply that aq, ..., a,2 are all equal.

m

We conclude this section with a result on the characteristic polynomial of a matrix
A € C™™ having precisely 1 non-zero entry in each row and column. In Section
2.2 we will see that matrices associated with non-degenerate set-theoretic solutions
are of this form. We let the entry in the i-th row be equal to a; for ¢ € {1,...,n}.
Then it is easy to see that A = DP, where D = diag(ay,...,a,) and P is a
permutation matrix. Recall that there is a bijective correspondence between n x n
permutation matrices and the group Sym,, of permutations of {1,...,n}, where
each element of Sym,, is represented by a permutation of columns of I,,. For the

16



following result, we will characterise the permutation matrices P using elements
of Sym,, written as disjoint cycles.

Proposition 1.2.11. Let A € C™*™ have precisely 1 non-zero entry in each row
and column, and let the entry in the i-th row equal to a; fori € 1,...,n. Suppose
A = DP where D = diag(ay, . ..,a,) and P is a permutation matriz. Then the
characteristic polynomial x(x) of A is given by

x(z) = £(z" —q .. Lag, ) (2 —ay, .., ),

where k; are the cycle lengths of disjoint cycles of P and l;, ...y, are the numbers
in the cycle decomposition of the corresponding cycle of length k;.

Proof. We calculate the characteristic polynomial of an n x n matrix M = [m, ]
using the following formula;

Xm(x) =det(M —zl) = Z (sgn(cr) H(mi,g(i) - 5i,g(i)x> (1.5)

o€Sym,, i=1
for 6; ; the Kronecker delta.

We first calculate the characteristic polynomial of a matrix B € C™*" which has
precisely 1 non-zero entry in each row and column, with the entry in the i-th
row equal to b; for i € {1,...,r}, and which is such that B = DgPp where
Dp = diag(by,...,b.) and Pg is a permutation matrix corresponding to a single
r-cycle. Note that no number in {1,...,r} is fixed by Pg, that is, the matrix Py
has zeros on the diagonal.

Notice that the only permutations that will contribute to the sum in (1.5) are the
identity permutation and the permutation corresponding to Pg. It follows that

xg(z)=(=1)"(z" —by...b.).

Now we consider x 4(x). We claim that the first disjoint cycle of P, of length &,
contributes a factor z* —ay, ... ay, to xa(x), and likewise for &; for i € {1,...,m}.
This can bee seen by noting that the only permutations that contribute to the
sum (1.5), are those that contain any number of the same disjoint cycles as P
does, and that act as the identity on the elements not contained in those cycles.

Now, the proposition follows. O
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Chapter 2

Set-Theoretic Solutions of the
Yang Baxter Equation

In this chapter, we will see how to obtain a solution of the Yang-Baxter equation
from a set X and a map r: X? — X? which satisfies certain properties. This
approach to the study of the Yang-Baxter equation was first suggested in [Dri92,
Section 9.

2.1 Set-Theoretic Solutions of the Yang-Baxter
Equation

Let X be a non-empty set and let r: X? — X? be such that
(7’ X IdX>(IdX XT)(T’ X Idx) = (IdX XT)(T‘ X IdX)(IdX XT’). (21)

Then we call (X, r) a set-theoretic solution to the Yang-Baxter equation.
This is is because, as we will describe in the next section, we may obtain solutions
of the Yang-Baxter equation from the pair (X, r).

Remark 2.1.1. It will be notationally useful for us to denote r as r(z,y) =
(04(y), 7y(x)). In this case, by expanding (2.1) and comparing first entries, we can
show that for x,y € X,

020y = Oou(y)Try(a)-
Notation 2.1.2. For ease of notation, we will write r x Idyx as r2: X°® — X3,
and Idx X7 as rog: X3 — X3.

Example 2.1.3. Let X be any set, and r: X? — X? be defined by r(z,y) = (y, z)
Then for z,y,z € X we have

7’127‘237”12(96‘,%2) = 7“127”23(%%2) = 7“12(%2,95) = (Zh%x)

and
7“237”127’23(%972) = 7”237"12(%279) = 7’23(Zay7y) = (Znyvx))
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so (X, r) is a set-theoretic solution of the YBE. Since this (X, r) is a solution for
any set, we call it the trivial solution.

Example 2.1.4. Let X = {1,...n}, and r: X? — X? be defined by r(z,y) =
(y + 1,2 — 1) where addition is performed modulo n. Then for z,y,2z € X, we
have

7“127“237‘12(907% 2) = T127“23(y+1,$—1,2) = T12(y+1,2+1,$—2) = (24‘27?/,%—2)
while
7“237“127‘23(907% 2) = T237“12(9572+17y—1) = T23(Z+2735—17?J—1) = (2‘1‘27%17—2)-

Therefore (X, 7) is a set-theoretic solution of the Yang-Baxter Equation. Here,
o.(y) =y+1and 7,(z) =2 — 1.

2.2 Obtaining R-matrices from Set-Theoretic So-
lutions

The Yang-Baxter equation (1.3) is an equation concerning linear operators on a
vector space, while our so-called set-theoretic solutions are defined in terms of a
set X. To obtain a solution of the YBE from X, we will need to be able to form a
vector space from X. The construction of a free vector space makes this possible.

Given a set X, we can construct an abstract vector space F(X) by treating X
simply as a collection of symbols, with no linear dependencies between them, and
letting F(X) denote the space of all finite C-linear combinations of these symbols
which satisfy the axioms of a vector space. By construction, F(X) is a vector
space whose dimension is the cardinality of X, and we call it the free vector space
(over C) with basis X. The tensor product of free vector spaces F(X)® F(Y) for
sets X, Y is isomorphic to the free vector space F(X x Y). By convention, we
will denote the basis of F(X) ® F(Y) by {z ® y}rex yevy, Where z ® y is simply a
symbol for the basis element of F(X) ® F(Y) isomorphic to (z,y) € X x Y.

Now, given sets X,Y and a map r : X — Y, we immediately obtain a linear map

r: F(X) — F(Y), by taking

?(Z m) =3 Ner(2).

zeX reX

We will use this idea to obtain a linear operator on F(X) ® F(X) which satisfies
the YBE, given a set-theoretic solution of the YBE.

Specifically, we let (X, 7) be a set-theoretic solution and we let V' denote the free
vector space over C with basis X. Then we define 7: V@V — V ® V be the
linear map acting on the basis X by 7(x ® y) = 0,(y) ® 7,(z). Then it is clear
that the map 7 is a solution of the YBE.
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If X = {x,...,2,} is a finite set, then the matrix associated to 7 is an R-
matrix. We call it the R-matrix associated to the solution (X,r). Note
that this matrix has rows and columns indexed by pairs (i,7) for 1 < i,j < n.
By convention, these pairs are considered to be ordered lexicographically. Then,
considering the definition of 7, it is easy to see that this matrix is a permutation
matrix. In particular, its nonzero entries have the value 1.

Example 2.2.1. Consider the set-theoretic solution (X, r) from Example 2.1.3,
and let X = {1, 23, z3}. Then we can write the R-matrix associated to this
solution as

=

|
S OO OO OO OO
[l e eNel S =R elo)
SO OO oo oo
SO O OO o oo
SO DO O OO oo
O O OO o oo o
SO DO DD o OO
S OO OO o oo
_ o OO o oo oo

To construct an R-matrix from a set-theoretic solution, with nonzero entries that
may differ from 1, we could try changing the values of the nonzero entries (without,
of course, setting them to zero). Sometimes this will produce a new R-matrix,
and sometimes it will not. We describe a valid change of nonzero values in the
following definition.

Definition 2.2.2. Let (X,r) be a set-theoretic solution of the Yang-Baxter
equation. Then consider the vector space V', defined to be the free vector space
over C with basis X. Then let D = {d(;4)}syex Wwhere 0 # d,,) € C. We
call (X,rP) a braided vector space of set-theoretic type if the linear map

rP: VeV -V eV defined for x,y € X by

TD(w ® y) = d(x,y) (Ux(y) ® Ty(l‘))

satisfies the Yang-Baxter equation.

Given a braided vector space of set-theoretic type (X,rP), with the set X =
{1, ..., x,} finite, we may form an R-matrix as follows. Let M be the matrix with
rows and columns indexed by pairs (7, j) in lexicographical order, for 1 <i,j < n.
Then the intersection of column (7, j) and row (k,1) is defined to be

il Awiwyy I 7(25,25) = (2, 71)
Z’j 0 otherwise.

Then clearly M is an R-matrix, since M is the matrix of a linear map 7”: V@V —
V @V satisfying the YBE. In the case where D = {d4) }oyex With dgy =1
for all z,y € X, we recover the R-matrix associated to the set-theoretic solution
(X, r).
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In the next section, we will give sufficient conditions on the solution (X, r) under
which we may obtain a braided vector space of set-theoretic type. We will see
that it is sufficient that (X, r) has the property of being non-degenerate. Finally,
we will show that when (X, r) has the additional property of being involutive, we
may obtain R-matrices as above which are in some sense non-trivial.

2.3 Non-Degenerate Set-Theoretic Solutions

We now know how to construct an R-matrix given a braided vector space of
set-theoretic type. However, it remains to consider when we can obtain a braided
vector space of set-theoretic type from a set-theoretic solution (X,r). In this
section, we show that if (X, r) has the property of being non-degenerate, then we
can construct a braided vector space (X, 7).

Definition 2.3.1. If (X, r) is a set-theoretic solution of the Yang-Baxter equation,
we say the solution is left non-degenerate if o, € Sym for all z € X, where
Symy denotes the symmetric group on the elements of X (i.e. the group of
permutations of the elements of X'). Similarly, the solution (X, r) is called right
non-degenerate if 7, € Symy for all z € X. A solution which is both left and
right non-degenerate is simply called non-degenerate.

With the notion of a non-degenerate solution of the YBE, we now recall the
following lemma, a special case of [AG03, Lemma 5.7].

Lemma 2.3.2. [SS18, Lemma 2.2] Let (X,r) be a non-degenerate set-theoretic
solution of the YBE. Let f: X? — C be a mapping, and assume that f takes only
nonzero values. Then the following statements are equivalent:

o forallxz,y,ze X,
f(, y)'f(Ty($)a z)-f(oe(y), gfy(m)(z)) = f(y, Z)'f(:E?Uy(z))'f(Tay(Z)(x)>72(?/))'
e The linear mapping c: V@V — V @V given by

clr®@y) = f(z,y) - 0.(y) @ 7(v)

satisfies the YBE for x,y € X.

Given the above result, the following lemma is clear.

Lemma 2.3.3. Let (X,r) be a non-degenerate set-theoretic solution of the YBE.
Then let f : X2 — C be any map which never has the value zero, such that for all
x,y,2 € X,

(1) f(ZE, y) - f(TUy(z)(x)7Tz(y));
(i) f(ry(2), 2) = f(x,04(2));
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Then letting D = {d(zy) tayex with dy = f(2,y), it follows that (X,rP) is a
braided vector space of set-theoretic type.

Proof. This follows immediately from Definition 2.2.2 and Lemma 2.3.2. O]

Example 2.3.4. Consider the solution (X,r) from Example 2.1.3. Then for
any x € X, the map o,: X — X is the identity on X, which is a bijection. So
(X, r) is left non-degenerate. Similarly, 7, = Idx for all € X, so that (X,r) is
right non-degenerate. Then it is easy to see that any map f: X2 — C which is
never zero satisfies the conditions of Lemma 2.3.3. Let X = {2, 29,23}, and let
f(z,y) =i if x = y and 3 otherwise. Then putting D = {d(;4)}yecx such that
dzy) = [(z,y) we have that (X,r") is a braided vector space of set-theoretic
type. The associated matrix

=

I
SO O OO O OO .
OO WO O oo oo
O OO OO oo wWwo
SO W DD OO oo oo
DO DO OO OO WwWwo o
O OO WO oo oo
SO O OO oo oo

O OO OO Wo oo
O O OO 2O 0 OO

is an R-matrix.

In this section, we have seen that from any non-degenerate set-theoretic solution
(X, r) of the YBE, it is possible to obtain a braided vector space of set-theoretic
type by simply choosing a map f : X? — C appropriately. Previously, we saw
how to construct an R-matrix given any such braided vector space. In the next
section, we will see that the additional property of involutivity ensures that this
R-matrix is sufficiently different to the R-matrix associated to the solution (X, 7).

2.4 Involutive Set-Theoretic Solutions

In this section, we give a sufficient condition for a braided vector space (X, 7) to
be non-trivial, where trivial is defined as follows.

Definition 2.4.1. [SS18, Definition 2.5] Let (X, r”) be a braided vector space of
set-theoretic type. Then we say (X, rP) is trivial if there exists nonzero a, € C
for all x € X and a constant ¢ € C with

d(zvy) =C- Qg ay ’ (Oéo':c(y))il ' (OéTy(m))il'
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Remark 2.4.2. Observe that this is equivalent to there existing an invertible
n by n diagonal matrix P such that M = (P~ ® P"Y)M (P ® P), where M is
the R-matrix associated to (X, r?) and M is the R-matrix associated to (X, 7).
In other words, (X,7”) is trivial if and only if its R-matrix is similar to that of
(X,r) by (P® P), for P a diagonal n X n matrix.

It turns out that, when (X, r) has the property of being involutive, there is an
easy condition ensuring (X, r?”) is non-trivial.

Definition 2.4.3. Let (X,r) be a set-theoretic solution of the Yang-Baxter
equation. Then we say the solution is involutive if r? = Id 2.

Remark 2.4.4. We observe that if (X, ) is an involutive, left non-degenerate
solution of the YBE with r(z,y) = (0.(y), 7,(x)), then

Oy (y)(Ty(2)) = ,

which implies 7,(z) = O'(:Il(y) (x). Soif (X,r) is a set-theoretic solution of the YBE
which is both involutive and left non-degenerate, then the map r can be defined
just in terms of the left component o,. In this paper, we will often characterise

the map 7 of such a set-theoretic solution (X, ) by its left component .

With the notion of an involutive set-theoretic solution of the YBE, we now have
the following lemma which essentially re-formulates Lemma 2.6 from [SS18].

Lemma 2.4.5. Let (X,r) be an involutive set-theoretic solution of the Yang-
Baaxter equation, and suppose (X,rP) is a braided vector space of set-theoretic
type. If d(z7y)dr(m7y) = d(x,y)d(gz(y),fy(m)) 18 not constant, then (X, TD) 18 non-trivial.

Proof. Suppose that (X, rP) is trivial. Then from Definition 2.4.1, we have that

-1

Aizy) = €+ Qg -y + (A (y)) (O‘Ty(:v))_l

and
1 1
(O, oy (0a )

for some ay, nonzero complex numbers, and ¢ € C a nonzero fixed constant. Then
since r is involutive, we have that

A0 () (@) = C* Qoy(y) * Ory(a) " (Qo, () (my(a)))

Oou()(Ty(2)) = 2, Try)(02(y)) =y

1

and 50 dq, (4)r, (@) = € (Qoy(y)) - (@) - 0 " - @', from which it is clear that

2
d@,y) * Aoaly)imy(@) = C -

Thus dzy) * diou(y)ry(x) = (ay)dr(zy) 1S constant. By the contrapositive, if
d(z.y)dr(zy) 1S non-constant, then (X, ") is non-trivial. O

Example 2.4.6. It is clear that the solution (X, ) as in Example 2.1.3 is involu-
tive. Taking X = {x1, 29, 23}, we can consider the braided vector space (X, r?)
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given in Example 2.3.4. Note that if x = y, then d(, y)d, (o) = —1, while if x # v,
then d;4)dyzy) = 9. Then by Lemma 2.4.5, the braided vector space (X, r?) is
nontrivial. In other words the matrix R from Example 2.3.4 is not similar, in the

sense of Remark 2.4.2, to the matrix R associated to (X,r) given in Example
221

Example 2.4.7. Consider the solution (X, r) from Example 2.1.4, with n = 3.
This is clearly involutive. For any x € X, the map o,: X — X is the map sending
y — y+1 mod 3, which is a bijection. So (X, r) is left non-degenerate. Similarly,
we can check that (X, r) is right non-degenerate. Now consider f: X? — C given
by f(z,y) = (x —y) mod 3+ 1. It is easy to check that f satisfies the conditions
of Lemma 2.3.3, so putting D = {d(,4)}syex such that di, ) = f(z,y) we have
that (X,rP) is a braided vector space of set-theoretic type. Then the associated
matrix

SO R OO o oo
S OO OO o oo
OO OO o NN OO
O OO O o NN O OO
SO OO O oo o
SO DD OO DO OO W
SO OO Wo oo o
SN OO OO oo o
S OO OO o O

(a]
w
o
(ew]

is an R-matrix. Further, we have that d 1) dy,1) = 3-1 = 3 but d(g2) - dy0,2) = 4,
S0 d(g)dr(z,y) is not constant. Then by Lemma 2.4.5, (X, rP) is nontrivial, so the

matrix R is not similar, in the sense of Remark 2.4.2, to the matrix associated to
(X, 7).

Combining our results so far: we know that if we have a set-theoretic solution
(X, r) of the Yang-Baxter equation which is non-degenerate and involutive, then
under mild conditions we can form braided vector spaces (X, r?) which are not
trivial, and hence we can produce R-matrices which are not trivially similar to
the R-matrix associated to (X,r). Further, it was shown in [SS18, Proposition
8.1] that any such R-matrix is a unitary matrix, and hence has useful properties
for applications such as quantum information processing.

For these reasons, our exploration the exploration of set-theoretic solutions (X, )
will be restricted to the exploration of non-degenerate, involutive set-theoretic
solutions of the YBE. For the remainder of this paper, we will consider such
set-theoretic solutions. Unless stated otherwise, we will use the convention that a
solution of the YBE, or simply a solution, refers to a non-degenerate, involutive
set-theoretic solution of the Yang-Baxter equation.
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Chapter 3

Jacobson Radical Rings

In this chapter we turn our attention to Jacobson radical rings, which will,
remarkably, turn out to give rise to solutions of the YBE. We study the properties
of Jacobson radical rings, and show how we can construct solutions of the YBE
from Jacobson radical rings.

3.1 Jacobson Radical Rings

Before we study Jacobson radical rings, we first state the formal definition of a
ring.

Definition 3.1.1. A ring is a set R equipped with two binary operations + and
x satisfying the following set of axioms:

) a+b=b+a for every a,b € R.
A2) (a+b)+c=a+ (b+c) for every a,b,c € R.
) There exists 0 € R such that 0+ a = a for every a € R.
) For every a € R there exists —a € R such that a 4+ (—a) = 0.
M2) ax* (b*c) = (axb)xc for every a,b,c € R.
D1) ax(b+c¢)=axb+ axcfor every a,b,c € R.
D2) (a+b)*xc=a*c+bx*cforevery a,b,c € R.

Remark 3.1.2. In particular, throughout this paper, a ring R does not necessarily
have a multiplicative identity.

Definition 3.1.3. A Jacobson radical ring is a ring (R, +, %) that satisfies the
following property:

(JR1) For every a € R there exists some b € R such that axb+a+b=0.

We now look at a few concrete examples of Jacobson radical rings.
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Example 3.1.4. Consider the ring of all 3 x 3 strictly upper-triangular matrices
with integer entries, equipped with the usual matrix addition and multiplication.
Denote this set by T5(Z). Each element in T3(Z) has the form

A:

o O O
o O e
o0 o

where a, b, c € Z. Notice that for each A as above, there exists a matrix B, given
by
0 —a ac—0>
B=10 0 —c | € T3(2),
0 0 0

which satisfies A * B4+ A+ B = 0. In fact, one can show that B is the unique

matrix with this property. Furthermore, one can also compute and verify that
BxA+B+A=0.

Example 3.1.5. Using mathematical induction and block multiplication, we can
check that T,,(Z) is also a Jacobson radical ring. This generalises Example 3.1.4.

Example 3.1.6. Let (G, +) be an abelian group with identity 0. We equip G
with a binary operation such that g; x go = 0 for every g1, g2 € G. We can check
that

g*(=9)+g+(-9)=0

for all g € G. Hence, (G, +, ) is a Jacobson radical ring. We refer to a ring of
this type as a trivial ring.

3.2 Jacobson Radical Rings and the Circle Op-
eration o

Let R be a Jacobson radical ring. Unlike in the case of Example 3.1.4, it is not
immediately obvious from Definition 3.1.3 whether for each a € R, there exists a
unique b € R such that axb+a+b=0=0b%xa+ b+ a. The answer to this is
positive, which we will show in this section.

For any Jacobson radical ring R, we define the operation o: R x R — R by
aob=ax*xb+a+b. (3.1)

We will show that (R, o) is a group with 0 being the identity. Due to the group
structure, we have that for any a € R, there exists a unique b € R such that

axb+a+b=aob=0=boa=bxa+0b+a.

Proposition 3.2.1. Let R be a Jacobson radical ring. Then (R, o) is a group.

26



Proof. We need to show that (R, o) satisfies the group axioms, i.e., (i) associativity,
(ii) existence of identity and (iii) existence of inverse.

(i) For all a,b,c € R, we have

(aob)oc=(axb+a+b)xc+ (axb+a+0b)+c
=axbxct+axc+bxc+axb+a+b+c
=ax(bxc+b+c)+a+ (bxc+b+c)
=ao(boc).

Thus, the operation o is associative.
(ii) It is clear that 0 is the identity since for all a € R, a00=00a = a.

(iii) It is clear that right inverse exists by the definition of Jacobson radical ring,
i.e. for all a € R, there exists some b € R such that

aob=a*xb+a+b=0.

Similarly, there exists some ¢ € R such that bo ¢ = 0. But the associativity
of operation o implies
boa=(boa)o0
— (boa)o (boo)
=bo(aob)oc
=boc
= 0.

Therefore, for each a € R, there exists b € R such that aob=0boa = 0.

We conclude that (R, o) is a group. O

3.3 Set-Theoretic Solutions of the Yang-Baxter
Equation Associated to Jacobson Radical Rings

With the machinery built so far, we are ready to study how each Jacobson radical
ring naturally yields a solution of the YBE.

Proposition 3.3.1. Let R be a Jacobson radical ring. Define r : R*> — R? to be
the map
r(z,y) = (xoy—z,z0x — 2),

where zo (xoy —x) =0. Then, (R,r) is a solution of the YBE.
The proof is conceptually straightforward but consists of tedious manipulations.

Moreover, the above result can be seen as a special case of Lemma 4.3.7 which
will be proved in the next Chapter. We will merely provide a proof sketch here.

27



Proof Sketch. Non-degeneracy is clear since (R, +) and (R, o) are groups. It is
not hard to show that r?(z,y) = (z,y). It is straightforward albeit tedious to
show that (R, r) is non-degenerate and is indeed a solution. ]

Example 3.3.2. Let (T5(Z), +, %) be the matrix ring as in Example 3.1.4. Let the
map 7(z,y) = (roy—mz,zox—2) = (xxy+y, zxxr+x) where zx (xxy+y) = 0. It
is straightforward to verify that (R, r) is a non-degenerate involutive set-theoretic
solution.

We now show the connection between trivial ring and trivial solution through the
following proposition.

Proposition 3.3.3. Let R be a Jacobson radical ring and let (R, r) be the solution
of the YBE associated to R. Suppose that r(x,y) = (y, ), for all x,y € R. Then
R s a trivial ring.

Proof. If r(x,y) = (y,x) forall z,y € R, then xxy =xoy—x—y=y—y=0. O
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Chapter 4

Left Braces

It is remarkable that Jacobson radical rings give rise to solutions of the Yang-
Baxter equation. In fact, since all T,,(Z) (for any n > 2) are Jacobson radical
rings, we immediately have an infinite family of solutions.

However, this is far from giving us all solutions. A much more significant result is,
in layman’s terms: if (X, ) is a solution, then X is always “part of” an algebraic
structure which is “almost like” a Jacobson radical ring. In this chapter, we will
formalise the notion of “almost like”. In Chapter 6, we will formalise the notion
of “part of”.

4.1 Left Braces

A new algebraic structure known as a left brace was first introduced by Rump in
[RumO7, Definition 2] to help study the solutions of the YBE. In the Proposition
4 of the same paper, Rump gave an equivalent definition as follows:

Definition 4.1.1. A left brace is a set A equipped with two binary operations
+ and * satisfying the following set of axioms:

(B1) (A, +) is an abelian group.
(B2) (A, 0) is a group.
(D1) a*x(b+c)=axb+axcforall abce A.

Remark 4.1.2. It follows immediately from Definition 3.1.1 and Theorem 3.2.1
that any Jacobson radical ring (R, +, %) satisfies the brace axioms. As we will see
later, there are left braces which are not Jacobson radical rings. Hence, one can
view left braces as a generalisation of Jacobson radical rings. We will study how
left braces generalise Jacobson radical rings in detail in Chapter 7.

It is clear that once we have the binary operations + and * defined on a left brace
A, the binary operation o will be totally determined. Conversely, one can choose
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to define the binary operations + and o first, and then induce the operation * as
axb=aob—a—0b. (4.1)

However, we need to ensure that operation x satisfies (D1). Notice that this
condition can be reformulated with respect to operations 4+ and o since

ax(b+c)=axb+axc
<~ axb+c)+a+b+c=axb+axc+a+b+c
<= ao(b+c)=aob+aoc—a.

Reformulating (D1) of Definition 4.1.1, we have a definition of a left brace which
is defined with respect to the operations 4+ and o. The following is the definition
of left braces used in the recent literature, first defined in [CJO14, Definition 1].

Definition 4.1.3. A left brace is a set A equipped with two binary operations
+ and o satisfying the following set of axioms:

(B1) (A, +) is an abelian group.
(B2) (A, o) is a group.
(D1) ao(b+c)=aob+aoc—a forevery a,b,c € A.

In the introduction of [Rum07], it is remarked that the name brace is a reference
to “the property that A combines two different equations or groups to a new
entity.” This is easily seen by the formulation of Definition 4.1.3, where it is clear
that a left brace structure (A, +,0) draws together two group structures, related
via axiom (D1).

We will now look at some examples of left braces. From Remark 4.1.2, we
know that any Jacobson radical ring (A, +, x) gives rise to a left brace (A, +, o).
Therefore, we immediately have Examples 3.1.5 and 3.1.6 as left braces.

Example 4.1.4. Let (A, +) be an abelian group with identity 0. Equip A with a
binary operation o such that a; o as = a; + as for every a;,as € A. It is clear that
(A, 0) is a left brace. Notice that (A, +, %) is a trivial ring as defined in Example
3.1.6, since

aL*¥ay =a10a9 —a; —as =0

for all a;,as € A. We refer to a left brace of this type as a trivial brace.

We will now look at an example of left brace which is not a Jacobson radical ring.

Example 4.1.5. Let (A, +) be the direct product of groups (Zs, +) and (Zs, +).
Note that (A, +) is a group with the underlying set

{(0,0),(1,0),(2,0),(0,1),(1,1), (2, 1)}

Equip A with a binary operation o as defined in Table 4.1. One can verify that
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(i) (A,0) is a group;
(ii) ao(b+c¢)=aob+aoc—aforall a, b, ce A.

Therefore, we have that (A, +, o) is a left brace. It is easy to compute (A, %), which
is given in Table 4.2. Notice that ((0,1)+ (1,1)) % (1,0) = (1,0) = (1,0) = (0,0),
but (0,1) % (1,0) + (1,1) % (1,0) = (1,0) + (1,0) = (2,0). Therefore, (A, *) does
not satisfy (D2). Hence, (A, 4+, ) is not a Jacobson radical ring.
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Table 4.1: Cayley table of (A, o) in Example
a and column b is a o b.
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Table 4.2: Table of (A, *) in Example 4.1.5, where the intersection of row a and
column b is a * b.

Y

Remark 4.1.6. Alert readers may have noticed that the multiplicative group
(A,0) in Example 4.1.5 is isomorphic to Ds, the dihedral group of 6 elements.

In the next example, we generalise Example 4.1.5 from (A, o) = Dj to (A,0) = D,,
where p is an odd prime.

Example 4.1.7. Let (A, +) = Zs, for some odd prime p. Equip A with a binary
operation o such that a ob:=a + (—1)*(b) for all a,b € A. It is straightforward
to show that (A, +,0) is a left brace. On the other hand,

(14+1)%1=2%x1=201-2-1=2+(-1)*1)-2-1=0,
but

1x1+1%x1=2(1ol—-1-1)=2(1+(-1)'(1)—1—-1) =—4#0.
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Therefore, (A, +,*) is not a Jacobson radical ring. It is also clear that 102 #
20 1. Hence (A, o) is not abelian. It follows from [Gri07, Proposition 6.1]* that
(A,0) = D,,.

4.2 Arithmetic on Left Braces

In this section, we will look at some arithmetical identities of the additive and
multiplicative groups of left braces, which will be used in the rest of the paper. All
these identities can be found in [Laul8, Section 2|. For the sake of completeness,
we will give a sketch proof for each identity.

We first fix the notation for the group (A, +) of any left brace A.

Notation 4.2.1. For any left brace (A, +,0), we call (A4, +) the additive group
of A and denote the additive identity by 0. For each a € A, we denote its additive
inverse by —a. Let a be any element of a left brace A and n > 0 be an integer.
We write na to denote a +a + --- + a. Similarly, if m < 0 is a negative integer,

Vv
n times

we write ma to represent —a —a — --- — a.

J/

TV
—m times

Proposition 4.2.2. Let (A, +,0) be a left brace. Then for all a,b,c € A, we have
the following identities.

(i) ac0=00a=a;
(ii) ao(—=b) =2a —aob;

(iii) ao(b—c)=aob—aoc+a.

Proof Sketch.

(i) Tt follows from (D1) that ao0 =ao(0+0) =ao0+4ao0— a. Rearranging
shows that 0 is the right identity, hence the identity of (A4, o).

(i) It follows from (D1) that a =ao0=ao (b4 (=b)) =aob+ao (=b) —a.
Rearranging gives us the claim.

(iii) It follows from (D1) that ao (b—c) =ao (b+ (—c)) =aob+ao(—c) —a.
Applying result (ii) gives us the claim. O

In particular, observe that 0 is the identity of (A, o), which is not too surprising
given Theorem 3.2.1. We now fix the notation for the group (4, o).

Notation 4.2.3. For any left brace (A, +,0), we call (4,0) the multiplicative
group of A. By convention, we will write the multiplicative identity as 1 € A.
However, it should be noted that 0 = 1, which follows from Proposition 4.2.2(i).
Furthermore, we write a~! as the multiplicative inverse of a.

1[Gri07] denotes dihedral group of size 2p by Doy, while we denote it by D,, in this paper
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The following two lemmas can be seen as a generalisation of (D1). They allow us
to do arithmetic on left braces conveniently.

Lemma 4.2.4. Let (A, +,0) be a left brace. Let n > 1 be an integer. For any
a,by,by,...b, € A, we have

ao(by+by+---+b,)=aob+aoby+---+aob,—(n—1)a.
Proof Sketch. This is straightforward by mathematical induction on n, where the
inductive step follows from (D1). O

Lemma 4.2.5. Let (A, +,0) be a left brace. Let m,n > 1 be integers. For any
a,by, ..., by, 1, 0 € A, we have

a0(61+---+bm—01—---—cn)

=aoby+---+aob, —aoc;—---—aoc,+(n—m+1)a.

Proof Sketch. We first rewrite the term as

ao ((by+-4bn)— (c14-+cn)).
The claim now follows from Proposition 4.2.2(iii) and Lemma 4.2.4. O
The following identity comes from Rump’s original definition of left braces in
[Rum07, Definition 2]. We show that this can be derived from Definition 4.1.3.
Lemma 4.2.6. Let (A, +,0) be a left brace. Then for all a,b,c € A, we have

(axb+a+b)xc=ax(bxc)+axc+bxc.

Proof Sketch. We have

(axb+a+b)xc=(aob)oc—aob—c
=ao(boc)—axb—a—b—c
=ax(bxc+b+c)+(bxc+b+c)—axb—b—c
=ax(bxc)+axc+bxc. O

4.3 Set-Theoretic Solutions of the Yang-Baxter
Equation Associated to Left Braces

The central motivation for Rump’s introduction of left braces is that left braces
give rise to solutions of the YBE. In this section, we make explicit the construction
of a solution of the YBE given a left brace, following the exposition of [CJO14].

We first introduce the following notation to ease our constructions later in this
section.
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Notation 4.3.1. For any set X, we denote by Symy the symmetric group on the
elements of X (that is, the group of permutations of the elements of X).

Notation 4.3.2. Let (A, +,0) be a left brace. Then for any a € A, we define
Ao A — Aby
Ao(b) =aob—a

for all b € A.

It is easy to verify that for all a € A, the inverse of A\, is the map \;': A — A
defined by
M) =ato(b+a)

a

for all b € A. Therefore, \,: A — A is bijective and A\, € Symy for all a € A.
Moreover, the maps A, have the following elementary properties.

Lemma 4.3.3. [CJO14, Lemma 1] Let (A, +,0) be a left brace. Then

(i) Aa(z +y) = Aa(x) + Aa(y), that is, N, is an automorphism of the abelian
group (A, +);

(i) AgAp = Aaob, that is, the map \: A — Symy, defined by Na) = A\, is a
homomorphism of groups.
Proof.
(i) Let a,z,y € A. We have

Ml +y)=ao(x+y)—a
=aor+aoy—a—a
= Ao() + Aa(y),

where the second equality follows from (D1).

(i) Let a,b,z € A. We have

(AaXp)(x) =ao (box—b)—a
=ao(box)—aob+a—a
=(aob)oxr—aob

= )\aob(x)a

where the second equality follows from Proposition 4.2.2(iii). O

The homomorphism A: A — Sym,, defined by A(a) = A, is not necessarily
injective. This motivates the following definition.

Definition 4.3.4. Let A be a left brace. The socle of A is

Soc(A) = Ker(A) ={a e A | X\, = X =1d4}.
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Remark 4.3.5. For any left brace A, we have a € Soc(A) if and only if acb = a+b
for all b € A. To see this, notice that A, = Id,4 if and only if A\,(b) = b for all
b € A. This is true if and only if a o b — a = b. Rearranging yields a o b = a + b.

We are now ready to examine how a left brace gives rise to a solution of the YBE,
beginning with the following proposition characterising the left non-degenerate
involutive solutions.

Proposition 4.3.6. [CJO14, Proposition 2| Let X be a non-empty set and
r: X? = X% be a map such that r(z,y) = (0.(y),7y(x)). Then (X,r) is a
solution of the YBE if and only if

(1) T2 = IdX2 5

(i) 0,7 € Symy forallx € X;
(iii) o, (O'Uﬂjl(y)> =0y (O'O_y—l(x)) forall z,y € X.

Proof. Omitted, see [CJO06, Theorem 4.1]. O
Lemma 4.3.7. [CJO14, Lemma 2| Let A be a left brace. Then

(i) ao A 1(b) =bo X, (a) for all a,b € A,
(i) A (A1) =2 (A1) for atlab € 4,

(iii) the map r: A? — A? defined by r(z,y) = (A(y), A;El(y) (z)) is a solution of
the Yang-Bazter equation.

Proof.
(i) For all a,b € A, we have that
ao);'(b)=aoato(b+a)=b+a=bob ' o(a+b)=bo) '(a)

(i) For all a,b € A, we have that

Aa (M;l(b)) = )\ao)\gl(b) = )\bo/\b_l(a) =X (A)\b_l(a)) )

where the first and third equalities come from Lemma 4.3.3, and the second
equality comes from part (i).

(iii) We first check that the map r is indeed involutive. We have
) =7 (M) Ak, (@)

_ (w (Wl @) N s ) O @”)
= (2,0 (e (1))
= (z,y).
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Hence 7% = Id xo.

Now, the left component of 7(z,y) is A\;(y), and we know that A\, € Sym.
Further, )\;;(y)(x) is clearly bijective since it is the inverse of a bijection,
SO )\;:(y)(:c) € Symy. Then, by part (ii), we know that all conditions (i),
(ii) and (iii) of Proposition 4.3.6 are met. Hence, we know that (A4,r) is a
solution of the YBE. O]

Notation 4.3.8. Let A be a left brace. We call the set-theoretic solution (A, r)
of the YBE defined in Lemma 4.3.7 the solution of the YBE associated to the left
brace A. For clarity, we may denote the map r as in the statement of Lemma
4.3.7 by TA.
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Chapter 5

Constructions of Left Braces

We have seen in the previous chapter that left braces are useful in the study of
solutions of the YBE. In particular, every left brace A gives rise to a solution of
the YBE. We will now provide some useful constructions to allow us to obtain
new braces from old. We will introduce standard algebraic constructions such as
substructures, quotients, and products in a brace-theoretic context.

5.1 Subbraces, Ideals and Quotients

In many mathematical structures there is an obvious notion of sub-structure:
in sets we have subsets, in groups we have subgroups, and in rings we have
subrings. There may also be a notion of quotient structures arising from a suitable
equivalence relation. In topological spaces, any equivalence relation gives rise to a
quotient topological space. In a ring R, the relation x ~y <= x —y € I for
some ideal I of R and elements z,y € R gives rise to a factor ring R/I. In left
braces both of these constructions exist.

There is an immediate notion of subbrace, given here as defined in [Rum07, page
160].

Definition 5.1.1. Let (A, +,0) be a left brace. A subset B C A is a subbrace
of Aif (B,+) is a subgroup of (A4,+) and (B, o) is a subgroup of (A4, o).

The definition of a quotient or factor brace is analogous to the definition from
ring theory. As such, we first require the definition of a brace ideal.

Definition 5.1.2. [CJO14, p. 103] Let (A, +,0) be a left brace. Then a subset
I C Ais an ideal of A if (I,0) is a normal subgroup of (4, o) and A,(I) C I for
all a € A.

Remark 5.1.3. It is clear that any ideal I of a brace A is also a subbrace of A.
This is because for a,b € I we have that a —b=bob loa—b=X\(b"'oa) €I,
so (I,+) is a subgroup of (A, +)
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At first glance, Definition 5.1.2 looks quite different to the ring-theoretic definition
of an ideal. In fact, the above definition can be characterised similarly to the ring-
theoretic notion of an ideal as an additive subgroup which absorbs multiplication.
Such a characterisation of brace ideals appeared in [MBBER18, Lemma 4].

Proposition 5.1.4. Let (A, +,0) be a left brace. Then a subset I C A is an ideal
of A if and only if I is a subbrace of A such that

txa €l foralliel,ae A

and
axi €1 foralliel,ac A.

Proof. Let I be an ideal of A. By Remark 5.1.3, we know [ is a subbrace of A. It
is clear that

axi=N(i)—iel.
Meanwhile, we have
i¥a=10a—1—a
1o(ioa)—a)—i

=N(atoioa)—icl

:(aoa_

We will now show the converse. Let I be a subbrace of A such that for all
t€l,ae A wehaveixa € [ and axi € I. It is clear that

(i) =axi—1€1,

50 Ao(I) C I for all a € A. It remains to show that (I, o) is a normal subgroup of
(A, o). Notice that we have

aoioat=ao(ixa ' +it+at)
=ao(ixa ) 4+aoitaoat—a—a
=aoi +ax*xi+i—a

=axi +i+axit+i€el,

1

where i/ =i xa~! is an element in [. O

The proposition above allows us to understand a brace ideal as in ring theory: a
subbrace that absorbs the % operation from the left and the right.

With the notion of ideal, we are now prepared to define the notion of factor braces.
Given an ideal I of a left brace B, we may define the relation ~ on B by

a~b <= a—-bel

for a,b € B. It is easy to check that ~ is an equivalence relation. We refer to the
equivalence classes of ~ as the cosets of I in B; and for b € B, we denote the coset
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of I containing b by b + I. Then we may define the factor brace B/I as follows.

Definition 5.1.5. Let B be a left brace and I an ideal of B. Then B/I is the
set of cosets of I in B with the operations + and o defined by

@+ D)+ Ob+1)=(a+b)+1

and

(a+1I)o(b+1)=(aob)+1I.
We call B/I the quotient of B by 1.

It is straightforward to check that the quotient B/I is itself a left brace under the
operations + and o given in Definition 5.1.5. We will refer to such a construction
as a quotient brace, or factor brace.

Example 5.1.6. Let A be the brace as in Example 4.1.5, and consider I =
{(a,0) | a € {0,1,2}}. Tt is clear that (I,+) is a subgroup of (A4, +), and from
Table 4.1, we can see that (I,0) < (A, o). So [ is a subbrace of A. Then, inspection
of Table 4.2 shows that I absorbs left- and right-multiplication by elements of A,
so I is an ideal of A by Proposition 5.1.4. Then I and A/I are left braces. Since [
has 3 elements, and the only group of order 3 up to isomorphism is Zs, it follows
that I is isomorphic to G3, the trivial brace with 3 elements. Similarly, A/ has
only 2 elements, and since Z, is the only group of order 2 up to isomorphism, A/
is isomorphic to G, the trivial brace with 2 elements.

Example 5.1.7. It was shown in [Rum07, Proposition 7] that if A is a brace, then
Soc(A) is an ideal of A. Therefore, A/ Soc(A) is a brace. This will be important
to our constructions later in this paper.

5.1.1 Brace Morphisms

In ring theory, we obtain ideals of rings as the kernels of ring homomorphisms.
The same idea works in the context of braces. Brace morphisms are defined
naturally as follows.

Definition 5.1.8. [CJO14, Definition 2] Let B; and Bs be two left braces. A
map f: By — Bs is a homomorphism of left braces if

fla+b) = fla)+ f(b)

and
flaob) = f(a)o f(b)
for all a,b € By. The kernel of f is Ker(f) = {a € By|f(a) = 1}.

A bijective homomorphism of left braces is called an isomorphism of left braces,
and a brace isomorphism f: B — B is called a brace automorphism of the left
brace B.
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It is easy to check that the kernel of a brace homomorphism f: By — B, is an
ideal of B, so the kernels of homomorphisms give us one way of forming factor
braces. As with groups and rings, there is a First Isomorphism Theorem for
braces.

Theorem 5.1.9. [Ced18, Theorem 2.17|(First Isomorphism Theorem) Given any
homomorphism of left braces f: By — Bs, there exists a unique isomorphism

f: Bi/Ker(f) — Im(f)

such that the diagram in Figure 5.1 commutes, that is f = 1o f o, where
7: By — B/ Ker(f) is the natural homomorphism and ¢ is the inclusion map.

Bl ! > BQ
B/ Ker(f) % Im(f)

Figure 5.1: First Isomorphism Theorem

The proof of this theorem mirrors the corresponding proofs for the group and
ring-theoretic results.

5.2 Semidirect and Wreath Products of Braces

As well as looking at subbraces within a brace, or arriving at new braces via the
ideals and quotients of a brace, we may ask how to combine two left braces to
produce a new brace. One obvious construction would be to take a direct product:
given braces G and H, this is the set of tuples (g, h) in G x H with operations
+ and o defined element-wise. In this section, we will introduce the semidirect
product of left braces, a construction from group theory which generalises the
direct product. We will also consider the wreath product, a specific kind of
semidirect product.

The semidirect product originated in group theory, and is a generalisation of the
direct product. The group-theoretic construction is as follows.

Definition 5.2.1. Let (G, ), (H,-) be groups, and o: H — Aut(G) be a group
homomorphism, with Aut(G) the group of automorphisms of G. Then the
semidirect product G x H of G and H via o is the set G x H equipped with
the group operation

(91, 1) - (g2, h2) = (g1 - 0(h1)(g2), I - ha2)

for all (91,h1), <g27h2> e G xH.
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If the group H acts on GG in a natural way (for instance, if H = Aut(G)), then
the homomorpism ¢ may not be explicitly defined. The semidirect product of
braces was introduced by Rump in [Rum08].

Definition 5.2.2. Let (G, +,0),(H,+,0) be left braces and ¢ : H — Aut(G)
be a group homomorphism from (H, o) to the group of brace automorphisms of
G. Then the semidirect product G x H of G and H via o is the set G x H
equipped with the following addition

(91, hl) + (927 hy) = (g1 + g2, h1 + hg)

and the following circle operation

(91, 1) © (g2, ha) = (g1 0 0 (h1)(g2), h1 0 hy)

for all (91,h1), (92,h2> e Gx H.

It is clear that when o : H — Aut(G) is defined by o(h) = Idg for all h € H, then
G x H via o is the direct product of G and H. The semidirect product may be
used to define a related notion of wreath product. The wreath product of braces
was investigated in Corollaries 3.5 and 3.6 of [CJDR10], and in Corollary 1 of
[CJO14].

Definition 5.2.3. Let G, H be left braces and consider the set
W ={f: H— G such that |{h € H : f(h) # 1}| < oo}

which is a left brace when we define addition and circle operations as

(fi + f2)(h) = fi(h) + fa(h),
(fio f2)(h) = fi(h)o fa(h)

for f1, fo € W,h € H. Then the wreath product G H of G and H is the brace
W x H via o: H — Aut(W) defined by o(h)(f)(z) = f(hz) for all z,h € H, f €
w.

It should be remarked that, while the semidirect and wreath product constructions
arose in group theory, a matrix wreath product of algebras was recently introduced
in [AAJZ17] in order to study Jacobson radical, nil and primitive algebras.

It is easy to check that if G, H are left braces then so is G x H. It was shown in
([CJO14], Corollary 1) that Gt H is also a left brace.

Example 5.2.4. Let G3 denote the trivial brace with additive group isomorphic
to Zs, and G5 denote the trivial brace with additive group isomorphic to Zs.
Then consider a group homomorphism o: (Ga,0) — Aut(Gs). If Ker(o) = G,
then G3 x G via ¢ is a direct product, and its is clear that this has trivial brace
structure.
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Then consider o with Ker(c) € Gs. Since o is a group homomorphism, then
0(0) = Idg,, and also ¢%(1) = Idg,. The only possibility for o(1) to be a non-
identity automorphism of G is that o(1) fixes 0 € G5, and swaps 1 and 2. Then
denote Gg = G3 X G4 via 0. It is straightforward to check that Table 4.1 is
the multiplication table for (Gg, o), and it follows that Gg is simply the brace A
defined in Example 4.1.5.

42



Chapter 6

Left Braces Associated to
Solutions

In Section 4.3, we showed that given a left brace, we can construct a solution of
the YBE. In this chapter, we will show that we can reverse this process: given a
set-theoretic solution (X, r), we can construct a left brace A such that X C A.
Furthermore, we will show that (X, r) is embedded in the set theoretic solution
(A,r4), in the sense that restricting the domain of r4 to X2 gives us exactly the
map r: X2 — X2. Finally, we will show that, when X is finite, we can obtain a
finite brace B as a factor brace of A, such that (X, r) embeds in (B,rp).

6.1 Constructing Left Braces from Set-Theoretic
Solutions

Given a solution (X, ) of the YBE, we will show in this section how to construct
a left brace A. In the next section, we will show how to embed (X,r) in the
solution (A,r,), and how to replace A with a finite quotient brace when X is
finite.

Our first brace construction will be based on the structure group of a solution
(X,r) of the YBE. This concept was first introduced in [ESS99, Section 2].

Definition 6.1.1. Let (X,r) be a solution of the YBE. Then the structure
group of (X, r) is the group denoted by G(X,r), with presentation

G(X,r) = (X |2y = 0.(y)7y(2), Y2,y € X), (6.1)

where r(z,y) = (0.(y), Ty(2)).

Example 6.1.2. If (X, r) is as in Example 2.1.3, then G(X,r) is the free abelian
group generated by the elements of X.

It is clear that X C G(X,r), and we now seek to give G(X,r) the structure of a
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left brace. The overall strategy to produce such a brace structure is as follows.
We let ZX be the additive free abelian group with basis X, i.e. the group with
presentation

7ZX = (X |z+y=y+aVr,yc X),

and a typical element ¢ € Z* denoted as t = Y, _, n,y for n, € Z. We let

yeX

M = 7% x Symy
where o € Symy acts naturally on Z* via o (ZyEX nyy> = ZyeX nyo(y). We
will show that G(X,r) is isomorphic to a subgroup B of M, before defining an
addition operation on B such that B is a left brace. We may then use this additive
structure on B to induce an addition operation on G(X,r), which makes G(X, 1)
a left brace.

We will construct an isomorphism from G(X,r) to B < M by constructing
an injective homomorphism G(X,r) — M, and taking B as the image of this
homomorphism.

Proposition 6.1.3. [ESS99, Proposition 2.3] The map ¢: X — M given by
o(x) = (x,0.), for any x € X, can be extended to a group homomorphism

¢: G(X,r) — M.

Proof. Defining ¢(z) = (z,0,) for z € X and ¢(1) = (0,1dx), then we may define
the map ¢: G(X,r) — M to be the map that satisfies

o(zy) = d(x)9(y)

for all z,y € X. This clearly defines ¢ on all of G(X,r). Moreover, from (6.1),
we see that ¢ is a group homomorphism provided that

9(@)oy) = 6(0u(y)) (7, (2))-

Note that o
(ﬁ(ﬂf)gb(@/) = ($7 U:r)(ya Uy) = (.’L‘ + Ux<y)7 Uxay)7
while on the other hand,

6(02(1))3(7y(2)) = (02(1), Tor)) (7(), O )
(O'm(y) + O'Jm(y)Ty(x)v O-Ux(y)UTy(x))’

Now, by Remark 2.4.4, 0,,,)7y(7) = z. By Remark 2.1.1, 0,,(,)07,(x) = 020y.
Then it follows that

$<0m(y))5(7y(x)) = (*T + Jx(y)7 ngy) = ;z;(x>$(y)7

so ¢: G(X,r) — M is a group homomorphism. O
Now, summarising the proofs of Proposition 2.4 and 2.5 in [ESS99], we will show
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that 5 is injective.

We define m: G(X,r) — ZX by w(g) =t if ¢(g) = (t,s) € M. Thus if ¢(g) =
(0,1dy), then 7(g) = 0. Clearly ¢(1) = (0,Idy), so (1) = 0. Suppose 7 is a
bijection. Then ¢(g) = (0,Idy) implies 7(g) = 0 = 7w(1), so g = 1. Therefore
Ker(¢) = {1}, so ¢ is injective.

We will now prove that 7 is a bijection, by explicitly constructing the inverse h of
7 inductively.

Let Xt =X CZ* and X~ ={-2€Z¥ |z € X},andY = XTUX". For
k € Z2° we let Z;¥ C Z* be the set of all elements in Z* that are a sum of at
most k elements of Y. Then Z* C U2 (ZX. Similarly, let G(X,7)* be the set of

all elements of G(X,r) which can be written as a product of at most k elements
from X U X' C G(X,r).

Forz € Xandt =3y n,y € Z¥, we may define the action xxt = 3= 1,0.(y).
This action can be extended in the obvious way to a group action of G(X,r) on
7% (and the group action is well-defined by Remark 2.1.1).

We will now define h inductively on each Z in a compatible way. We start by
setting h(0) = 1, h(z) = x and h(—z) = (Tx_l(l’))_l. For the next step we will
need the following lemma.

Lemma 6.1.4. [ESS99, Lemma 2.6] If {,n € Y, then h(§)h(h(&)™' xn) =
h(mh(h(n) =" *€).

Proof Sketch. We must consider three cases: (i) 7 and £ both in X*; (ii) one of
n and £ is in X+ while the other is in X ; (iii) 7 and £ both in X~. Each case
follows from the fact that (X, r) is involutive and non-degenerate, and the full
details are given in [ESS99]. O

Now we start the inductive step. We assume that h is defined for Z;X, and we
consider 7 € Zfﬂ and £ € Y. Then we can write n = a + £, where a € Z;*. We
define h(n) = h(h(a) * {)h(a).

Lemma 6.1.5. [ESS99, Lemma 2.7] The map h is well defined on each Z;¥ and
therefore on the whole of ZX.

Proof. This is proven by induction on k.

Clearly, h is well-defined for k = 0, 1. Suppose h is well-defined on Z;* ;. Then
for a € Zi¥ ,, and £, € Y, we have

[y

h((a+&) +n) = hla+Eh(h(a+ &)~
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We must show the last expression is symmetric in &, 7 and is equal to h(a) when
¢ = —n. Setting & = h(a)™' xn and ' = h(a)~! %7, the above becomes

h((a+¢€)+n) = h(a)h()h(h(E) " *7')

which is symmetric in 7/, £’ by Lemma 6.1.4, and hence in 7, £. Then suppose that
§=-n,then ¢ =z¢€ Xt andy = —z € X~. Then we have

h(a)h(z)h(h(z)’l*( )) h(a)zh( (—z))
= h(a)zh( — 0.(2))
ha)z(7,(0=(2))

Observe that 7(z,0;'(2)) = (z, Tagl(z)(Z’)) and then by involutivity,

(z o, 1(2)) = T(Z’TO_Z—I(Z)<Z>) = (azraz_l(z)(z),n 71@(2)(2')).

Tz

In particular, z = 0.7,-1(,)(2) and it follows that 7 ,10 ~1(2) = 2. Then we have

Yz
that h(h(z) x (—2))h(z )h(a) h(a) and the lemma is proved. O

We are now almost ready to show that h is the inverse of 7. First, notice the
following. If g1, g2 € G(X,r) and ¢(g1) = (t1,51), ¢(g2) = (t2, s2) then we have

3(9192) = D(91)0(g2) = (t1,51)(t2, 82) = (t1 + s1t1, 51, 52)

and so

(6.2) m(9192) =t + s1t1 = 7(g1) + 517(g2) = 7(g1) + 91 * 7(g2),

where the final equality follows from the definition of the group action. Using this
result, together with our previous lemmas, the following is straightforward.

Lemma 6.1.6. The maps h and © are inverses to each other.

Proof. We will check that 7(h(a)) = a for a € Z;¥ and that h(w(b)) = b for
be G(X,r)

For £ = 0,1 this is trivial. Suppose that the maps are inverse to one another
on Z and G(X,r)*. Then for any element 7 € Ziﬂrl, we have n = a + £ for
a € Z,¢ €Y. Then we have

m(h(a+€)) = n(h(a)h(h(a) " &

since a € Zi¥ £ €Y.
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Let b€ G(X,r)*,y € X U X~L. Then we have

h(ﬂ(yb)) = h(ﬂ(y)+y*7r(b)) = h(ﬁ(y))h(h(ﬂ(y))_l*y*ﬁ(b)> = yh(ﬁ(b)) = yb,

since b€ G(X,r)* and y € X U X1, O

Then we have that 7 is bijective, so by our previous discussion it follows that 5
is injective, and as such ¢ is an isomorphism onto its image. The maps 7 and h
provide a bijection between G(X, r) and Z*, which we will use to define an additive
structure on G(X,r) in terms of the natural additive structure on Z*. We may
also use this bijection to understand the structure of Im(gg) We define p: M —

Symy by p(t,s) = s. Then we define 1: Z* — Symy by P(t) = <$(h(t)))
The definition of this map is illustrated in Figure 6.1. If (¢,s) € Im(¢), say
(t,s) = ¢(g) for g € G(X,r), then s = p(%(g)) = p(g(h( ))) = (). Therefore,
(@) = {(t.0(0) |1 € 2¥).

GX,r) —2 M

] lp

P
7¥ —— Y Symy

Figure 6.1: The map ¢: Z* — Symy.

To summarise, we have shown that the map ¢ as in Proposition 6.1.3 induces a
group isomorphism ¢: G(X,r) — B, where

B={(t,y®)|teZ*} <M (6.3)

for an appropriate map 1: Z* — Symy. In particular, restricting the domain of
¥ to only the set X, we have ¢(x) = ¢(x) = o, for all z € X.

Note that the form of B as given in (6.3) shows that we can identify B with
Z*, which in turn is in bijection with G(X,r). We will use the natural additive
structure on Z%X to define an addition on B which makes B a left brace.

Proposition 6.1.7. [Ced18, page 59| Let B be the subgroup of M as above, and
denote its multiplication by o. FEquip B with operation + defined as

(z,¥(2)) + (.0 (W)) = (v +y,9(z +v))
Then (B, +,0) is a left brace.

Proof. 1t is clear that (B,+) and (B, o) are groups. Note that, since (z,%(z)) o
(v, 9(y)) = (z + (@) (), b(2)¥(y)), it follows that ¥ (z +P(x)(y)) = ¥ (2)P(y).
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For z,y, 2 € B, we then have

(2, 0(2)) © (30 () + (2,0(2) ) + (2. 0())
= (2,9(@) o (y+ 29y +2)) + (2,9())
= (4 0@y +2), (0 + D@y +2) + (5, 0() )
= (24 0@y +2) + 5, 0(@+ 0@y +2) + 7))
= (2 4+ 9(@) ) + 9@ () + 2,9 (2 + 9 (@) () + $(@)(2) + )
= (2 + 9@ ), 0 + @) E)) + (74 0()(), 6 (o + v(@)(=))
= (2 + 0() (1), V()W) + (:v+w< )(2), 6(2)(2))
= (2,9(2)) © (4, 9()) + (2, 4()) o (2, (2),

where the fourth equality follows from the natural action of Symy on Z¥X as
defined at the start of this section. m

We are now in a position to define the structure of a left brace on G(X, 7).

Proposition 6.1.8. Let multiplication in G(X,r) be denoted by o. Then G(X, 1)
has the structure of a left brace with addition defined as

g+h=0"(alg) +o(h)).
forall g,h € G(X,r).

Proof. Tt is clear that G(X,r) is a group under + and o. For any z,y, z € G(X,r),
we have

ro(y+2)+r=0"((zo(y+2) + ()
=37 (e 0@) o (y+ 2 0y +2) + (2, 9(2))
=57 (x4 0@ +2), b (a+ v@)w +2) ) + (@ 9())
=67 (20 + @)y + ), v (@) + 2) + 20) ))
= 37 ((20+ @) + @) (), 6 (W) W) + Bl@)(=) +20)))
:q?*l<<x+w(a: (), ¥ (2 + () (y)) +(x+¢x ¥ (z + () (2 ))))
=57 (@) o (4. 0(w) + <x,w<x>> (2.6(2)))
=5 (dlwoy) +dlwo2))
—zoy+mzoz 0
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Note it follows that

for all z,y € G(X,r).

Therefore we have shown that any for any solution (X, r) of the YBE, we may
form a left brace A, with multiplicative group G(X,r). Moreover, we can identify
X as a subset of this brace, so we are justified in viewing X as being embedded
in A. In fact, as we will see in the next section, (X,r) is a subsolution of the
solution (A,r4).

6.2 Embedding Solutions in Braces

Having constructed a brace A from the structure group G(X,r) of a solution,
we will now see that (X, ) can be seen as a subsolution of the solution (A,r,4)
associated to the brace A as in Section 4.3. Moreover, we will show how to adapt
the construction of the previous section when X is finite, to embed (X, r) in the
solution associated to a finite brace.

Given two solutions (X, r) and (Y, s) of the YBE with Y C X we say that (Y] s)
is a subsolution of (X,r) if 7(Y,Y) C (Y,Y) and 7, = s.

Now, for any solution (X, r) of the YBE we can consider the brace A obtained
from G(X,r) as above. Then we can show that (X,r) is a subsolution of the
solution (A,r4) associated to A. To see this, let z,y € X C A. We have

using the characterisation of Remark 2.4.4 for the fourth equality. So restricting
the domain of the map 74 to X?, we recover the original solution (X,r), and
(X, r) is a subsolution of (A, 74). Hence any solution of the YBE can be embedded
in a left brace as a subsolution.
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In fact, if (X, r) is a finite solution (that is, the set X is finite), we can embed
(X,r) in a finite left brace. To see this, we will need the following construction.

Definition 6.2.1. The permutation group of the solution (X, r) denoted by
G(X,r) is the subgroup of Symx generated by {o, | x € X}.

Proposition 6.2.2. The map ¥ : G(X,r) = G(X,r) given by (z) = p(¢(z))is
a group homomorphism.

Proof. Tt is straightforward to calculate that

dbwey) = p((z.6@) o (1, 6®) ) = p( (@ + (@) W), L(@)) ) = A)y).

As remarked in [Ced18, page 60], there is a natural addition on G(X,r) giving

rise to a left brace structure: namely, the addition which makes 1) a brace homo-
morphism. Further Ker(¢)) = Soc(G(X,r)), so G(X,r) = G(X,r)/Soc(G(X,T)).

It is clear that, for X finite, then G(X,r) C Sym is finite, from which it follows
that [G(X,r) : Soc(G(X,r))] = n for some n < co. Through the following two
results, which restate [CGIS17, Remark 7], we will show that we can embed X in
a finite left brace B.

Lemma 6.2.3. Let (X,r) be a finite solution of the YBE, such that [G(X,r) :
Soc (G(X,r))] = n < oco. Then the set I = {ng : g € G(X,r)} is an ideal of
G(X,r) and moreover, G(X,r)/I is a finite left brace of order nlX!.

Proof. Denote G = G(X,r) as a left brace. Observe that I C Soc(G). This can
be seen from the fact that [G : Soc(G)] = n, so G/ Soc(G) has n elements. When
g+ Soc(G) is the coset of g in G/ Soc(G), it follows that the order of g + Soc(G)
in G/Soc(G), call it k, divides n. Say n = kl. Therefore, kg + Soc(G) =
k(g+ Soc(G)) = Soc(G) and kg € Soc(G). Then ng+ Soc(G) = (kl)g+ Soc(G) =
[(kg + Soc(G)) = I(Soc(G)) = Soc(G), so ng € Soc(G).

It is straightforward to verify that I is a subbrace of GG. Furthermore, if ng,nh € I,
then h* (ng) = nx (hg) € I by left-distributivity. Also, since ng € I C Soc(G), it
follows from Remark 4.3.5 that (ng) * h =0 =n0 € I. So I is an ideal of G, by
Proposition 5.1.4.

Now, (G, +) is isomorphic to the free abelian group on the elements of X. It is
clear that we can represent an element of (G, +) as an m-tuple of integers, where
m = | X|. Then it follows that elements of G/I can be represented as m-tuples of
integers modulo n, so G/I has order n™, which is finite. O

Proposition 6.2.4. If (X,r) is a finite set-theoretic solution of the YBE, then
there exists a finite left brace B with associated solution (B,rg) such that X can
be embedded in B, and rp(X,X) C (X, X) and, moreover, rg; , = 7.

x2
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Proof. Let B = G/I for G, 1 as defined in Lemma 6.2.3. Note that if z,y € X
and z # y, then x —y ¢ I since I C G, and (G, +) is the free abelian group on the
elements of X. Then the natural map can : G — G/I is injective on X C G, so
canx : X — B is an embedding of X in B. Furthermore, for z,y € X, we have

rg(x+Ly+1)=rg(z,y)+ 1€ X +1

so X is preserved under rg. It is also clear that 75 = r on X?2. O

Therefore, not only can we embed a solution (X, r) in a left brace A such that
(X, r) is a subsolution of (A,74): when X is a finite solution, we may take A to
be a finite brace.

6.3 Using Left Braces to Obtain All Finite So-
lutions of the YBE

We have seen in Section 4.3 that any left brace gives rise to a solution of the YBE.
In Section 6.1, we saw that any solution (X,r) of the YBE gives rise to a left
brace A obtained from the structure group G(X,r). In section 6.2, we saw that
(X, r) is a subsolution of (A, r4) and moreover, when X is finite, we can embed
(X,r) as a subsolution of a finite quotient brace A/I.

Therefore, to find all solutions of the YBE it is sufficient to first find all left
braces, and then for each left brace B to find the subsets X C B such that
r(X,X) C (X, X)

Example 6.3.1. Consider the brace A of Example 4.1.5. We saw in Example
5.2.4 that A = G = G3 X (G5 for GG3, G5 the trivial braces on 3 and 2 elements
respectively; and in Example 5.1.6 that (G3,0) is an ideal of A. Then from Section
4.3, we know (Gg, 7g,) is a set-theoretic solution of the YBE. However, consider
also the subset I = (G35,0) C Gg. It is easy to check that rq,(I,1) C (I,1).
Letting r¢,, denote the restriction of r¢, to I?, we see that (I,7(,) is a solution of
the YBE.

It is clear that the solution (I,7¢, ) in the example above is isomorphic to the
solution (G3,rq,) associated to the trivial brace G3. In general, if By is a subbrace
of By, then if (X,r) is a subsolution of (By,rp,), we have that (X,r) is also a
subsolution of (Bs,rg,). This follows from the fact that (By,rpg,) is a subsolution
of (Bg,rp,). So the method of first finding all left braces, and then finding all
solutions (X, r) arising as subsets of each brace, will involve considerable over-
counting and is not an optimal way to find all solutions of the YBE. Indeed, even
finding all the subsolutions of a single left brace B may not be an easy task -
naively, we may need to check 2/8°l subsets of B2 for closure under rg.

In [BCJ16], a method was presented for classifying all solutions (X,r) in a
systematic way, using the permutation group of a solution. Given a left brace
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B, the method of [BCJ16] allows us to classify all solutions (X, r) such that
G(X,r) = B.

In this chapter, we have seen that the task of finding all solutions of the YBE
can be reduced to the problem of finding all left braces B, and considering the
subsolutions of each associated solution (B, rp). Moreover, if we are seeking finite
solutions of the YBE, it suffices to consider only finite braces since every finite
solution can be embedded as a subsolution of a finite left brace. There is some
redundancy in this method, but using the construction of the permutation group
G(X,r), a method was presented in [BCJ16] to classify all solutions (X,r) in a
systematic way. This motivates our interest in the study of left braces. In the
remainder of this paper, we will look in greater detail at left braces as well as at
related brace-theoretic constructions.
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Chapter 7

Other Relaxations of Jacobson
Radical Rings

In this chapter we come back to the defining axioms of braces and examine whether
there was any arbitrariness in their choice. As a consequence, we introduce the
notion of right braces and show that they are in bijective correspondence with
left braces. Moreover, we show that a left brace with associative x operation is a
two-sided brace.

7.1 Right Braces

Recall from Chapter 4.1 that in comparison to Jacobson radical rings, left braces
relax two of the ring axioms - (M2) and (D2) - but they assume the extra axiom
(B2). Alert readers may have wondered if there is a “deeper” motivation for
the choice of retaining (D1) as compared to (D2). Alternatively, one may ask
questions such as: What would be the resulting algebraic structure had we chosen
to retain (D2)? Is this algebraic structure helpful in the study of solutions of the
Yang-Baxter equation?

We will answer this question fully by showing that this choice is purely cosmetic,
in the sense that there is a bijective correspondence between left braces and this
“other” algebraic structure. We first define this algebraic structure formally.

Definition 7.1.1. [CJO14, Definition 1] A right brace is a set A equipped with
two binary operations + and o satisfying the following set of axioms:

(B1) (A, +) is an abelian group.
(B2) (A, o) is a group.
(D2) (a+b)oc=aoc+boc—cforevery a,b,c € A.
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For any right brace (A, 4o0), we define the binary operation * by
axb=aob—a—>b
for any a,b € A. It is also easy to verify that
(a+b)xc=a*xc+bxc.
We now show the bijective correspondence between left braces and right braces
through the following definition.

Definition 7.1.2. Let (A, +,0) be a left brace. The opposite brace of A is the
right brace (A, +,®) having the same underlying set and same additive group,
but multiplicative group (A, ®) equal to the opposite group of (A4, o), that is

a®b=boa

for all a,b € A. The opposite brace of a right brace is defined similarly.

It is straightforward to verify from Definition 7.1.2 that this map is involutive, i.e.
opposite brace of the opposite of a brace B is simply B itself. Hence, we have
that left braces and right braces are in one-to-one correspondence.

Due to this bijective correspondence, everything that we have studied for left
braces can be studied in a similar fashion in the context of right braces.

7.2 Two-Sided Braces

In this section, we will show that a set that is both a left brace and right brace
is precisely a Jacobson radical ring. Consequently, we can view left braces as a
strict relaxation of axiom (D2) of Jacobson radical rings, without the need to add
any further axioms.

Definition 7.2.1. A two-sided brace is a left brace which is also a right brace.

It is clear that a Jacobson radical ring (R, +,*) is a left brace and a right brace,
hence is a two-sided brace. We now show that the converse is in fact true as well
by showing the following lemma.

Lemma 7.2.2. If (A, +,0) is a two-sided brace, then the operation x on A is
associative.

Proof. Let a,b,c € A. Since A is a left brace, we have from Lemma 4.2.6 that

(axb+a+b)xc=ax(bxc)+axc+bxc.
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But since A is a right brace, it follows from (D2) that
(axb+a+b)xc=(axb)xc+axc+bx*c.

Therefore, we have a % (b ¢) = (a x b) * ¢ for all a,b,c € A. Hence, the operation
* 1s associative. [

Proposition 7.2.3. If (A, +,0) is a two-sided brace, then (A, +,x*) is a Jacobson
radical Ting.

Proof. 1t is sufficient to check that (A, +, ) satisfies (JR1). Since (4,0) is a
group, for every a € A, we have

1

axa '+a+at=ao0at=1=0.

Hence, (A, +, %) is a Jacobson radical ring. ]

7.3 One-Sided Braces with Associative x Oper-
ation

The correspondence of two-sided braces and Jacobson radical rings in Proposition
7.2.3 tell us that the algebraic structure defined by axioms (B1), (M2), (D1), (D2)
and (JR1) is exactly the algebraic structure defined by axioms (B1), (B2), (D1)
and (D2). One can interpret the relaxation of (M2) and (JR1) from Jacobson
radical rings as being “compensated” for by the addition of axiom (B2).

It’s natural to ask if similar “compensations” exist. In this section, we will show
that a left brace with operation * associative is a two-sided brace. This answers
the question asked in [CGIS18, Question 2.1(2)].

Theorem 7.3.1. [Laul8, Theorem 1.1] Let (A, +,0) be a left brace. If the opera-
tion x is associative, then A is a two-sided brace.

Due to the correspondence of left braces and right braces apparent from Definition
7.1.2, we immediately have that a right brace with operation * associative is a
two-sided brace.

Theorem 7.3.2. Let (A, +,0) be a right brace. If the x operation is associative,
then A is a two-sided brace.

To prove Theorem 7.3.1, we will develop two algebraic manipulation identities that
hold for left braces with operation * associative. We remark that these identities
do not hold for general left braces.

Proposition 7.3.3 is shown in the last three lines of the proof for [CGIS18, Propo-
sition 2.2].
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Proposition 7.3.3. Let (A,+,0) be a left brace with associative x operation.
Then for all a,b € A, we have

(—a)xb= —(ax*b).

Proof. We have

(ax(—a))*b= (a*(—a)+a+(—a)) b
=ax ((—a)*b) +axb+ (—a) b,

where the second equality follows from Lemma 4.2.6. Due to the associativity of
operation *, we have

(ax(—a))*b=ax((—a)xb),

which implies
O=axb+ (—a)x*b.

Hence, we have (—a) xb = —(a*b) for all a,b € A. O

Substituting (4.1) into Proposition 7.3.3, we immediately get the following corollary.
This corollary will be used in our proof for Theorem 7.3.1.

Corollary 7.3.4. Let (A,+,0) be a left brace such that the operation x is asso-
ciative. Then for all a,b € A, we have

(—a)ob= —(aob)+ 20b.
We now show the proof of Theorem 7.3.1.

Proof of Theorem 7.3.1. Suppose the operation * is associative. Then for all
a,b,c € A, we have
(axb)xc=ax(bxc).

Applying (4.1) to both sides twice and rearranging, we see that
(aob—a—b)oc—aob=ao(boc—b—c)—a—a—boc+c+ec.
This implies
alo <(aob—a—b)oc—aob)
=alto <a0(boc—b—c) —a—a—boc+c+c>.
Applying Lemma 4.2.5, rearranging and substituting a=' o a with 0 gives us

a'o(aob—a+(-b)oc=boc—c—a'oboct+a loct+aloc
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Applying similar manipulations gives us
(b+a'o(=b)oc+ec=boc+(aoc+aoc—aoboc).
Using Lemma 4.2.5 to factorise the last term on RHS gives us
(b+ao(=b)oc+ec=boc+a'o(2c—boc).
Applying Corollary 7.3.4 and associativity of the operation o gives us
(b+ao(=b)oc+ec=boc+a'o(=b)oc

Since (A, o) is a group, for each d € A, we can find the associated a € A such that
d=a"1o(=b). Hence, we have for all b,c,d € A,

(b+d)oc+c=boc+doc.

We conclude that A is a two-sided brace. O

Therefore, we have shown that the following four algebraic structures are exactly
the same:
(i) Jacobson radical ring;
(ii) Two-sided brace;
(iii) Left brace with operation x associative;
)

(iv) Right brace with operation * associative.

(B1) | (B2) | (D1) | (D2) | (M2) | (JR1)
Jacobson radical ring v v v v v
Two-sided brace v v v v
Left l‘)ra‘ce with operation x v v v v
assoclative
nght‘ bljace with operation * v v Y v
assoclative
Left brace v v v
Right brace v v v

Table 7.1: Comparing different axioms held by each algebraic structure

o7



Chapter 8

Algebraic Properties of Left
Braces

In this chapter, we will introduce some properties of braces and examine how
these properties interact with the semidirect and wreath product of braces.

In group theory the class of solvable groups plays an important role, through
the Feit-Thompson Theorem, in the classification theory of finite simple groups
[Gri07, page 83]. In ring theory, there are several important classes of rings. These
include nil and nilpotent rings, as well as prime and semiprime rings, and simple
rings. These ring-theoretic properties are important to the structure theory of
rings and algebras, and a full account of these properties can be found in [Brel4].

In braces, there are analogues of these group-theoretic and ring-theoretic properties.
Understanding these properties in a brace-theoretic context may provide useful
insight for the classification theory of left braces.

In Section 5 of [Smo18a], it was shown that the property of being a right nilpotent
brace is preserved by the semidirect and wreath products. In this chapter, we
show that the brace properties of being solvable, and of being semiprime, are
invariant under the semidirect and wreath products.

8.1 Solvable Braces

The definition of a solvable left brace is an analogue of the definition for solvable
groups. Just as the definition for solvable groups involves considering normal
subgroups and quotient groups, the definition of a solvable left brace is based on
brace ideals and quotient braces.

Recall that a brace B is trivial if a o b = a + b for all a,b € B. Note that this is
equivalent to saying B? = B * B = 0. Then observe that B/I is trivial if and only
if B2C 1.

Definition 8.1.1. [BCJO17b, Definition 2.2] A solvable brace is any left brace
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B which has a series {0} = By C B; C --- C B,, = B such that B; is an ideal of
Bi 1, and such that B;.1/B; is a trivial brace for any i € {0,1,...,m — 1}.

We will often abuse notation by denoting the zero brace {0} with the symbol 0.

Example 8.1.2. Consider the brace A from Example 4.1.5. We saw in Example
5.2.4 that we can write A = GG3 X G5, where (G3, G5 are the trivial braces on 3 and
2 elements respectively; and we saw in Example 5.1.6 that I = {G3,0} is an ideal
of A. Note that, A/I has order 2, so A/I = G, since there is only one group of
order 2 up to isomorphism. Since G is trivial, A/I is trivial. Also, I = G5 which
is trivial, so I/{0} is a trivial brace. Then the sequence of ideals 0 C I C G
shows G is a solvable brace.

Example 8.1.3. Let p be an odd prime and let A be the brace as described in
Example 4.1.7. Then consider the set I = {2n:0<n <p—1}. (I,+) is clearly
a subgroup of (A,+). If 2n,2m € I, then

2n 0 2m = 2n + (—1)*"2m = 2n + 2m.

It follows, since [ is a subgroup of A under +, that [ is also a subgroup under o
and thus I is a subbrace of A. Clearly, from the above, we see [ is a trivial brace
so I/{0} is a trivial brace. Further, the order of A/I is 2, and there is only one
brace of order 2, the trivial brace with two elements. Then A/I is a trivial brace,
and the series of ideals 0 C I C A shows that A is a solvable brace.

We will use the following result from [BCJO17b| to show that solvability is
preserved by semidirect and wreath products.

Proposition 8.1.4. [BCJO17b, Proposition 2.4]

(a) Define di(B) = B> = Bx B, and d;1(B) = d;(B)?* for every positive integer
i. Then, B is a solvable brace if and only if di,(B) = 0 for some k.

(b) Let B be a left brace, and let I be an ideal of B. If I and B/I are solvable
braces, then B is also solvable.

(c) Any sub-brace, and any quotient of a solvable brace is solvable.

Proof. For part (a), suppose B is solvable. Then there is a series 0 = By C
By C --- C B,, = B such that B; is an ideal of By, and such that B;1/B; is
trivial. Then d;(B) = B* C B,,_1, and do(B) C B%_, C B,,_» and so on, until
we obtain that d,,(B) C By = 0. Thus for k = m, we have di(B) = 0. Conversely,
suppose there is k such that di(B) = 0. Note that d;;1(B) is an ideal of d;(B),
and that d;(B)/d;;1(B) is trivial since d;(B)? C d;(B). Then the series of ideals
0=di(B) C--- Cdi(B) Cdy(B) = B shows that B is solvable.

For parts (b) and (c), the proofs directly mirror the corresponding group theoretic
results. O
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Lemma 8.1.5. The semidirect product N x H of braces N and H 1is solvable if
and only if N and H are solvable.

Proof. Let N x H be a semidirect product of braces via ¢ : H — Aut(N), and
suppose N x H is solvable. It is clear that

(0,H)={(0,h):he H} CNx H
is a sub-brace of N x H. Then note that for any nq,ny € N, we have
(71170) © (n270> = (nl © n270)

showing that
(N,0) ={(n,0):ne N} CNxH

is also a sub-brace of N x H. By Proposition 8.1.4, part (c), we see that
(0, H), (N, 0) are solvable left braces, and it is clear that these braces are isomorphic
to H, N respectively. Thus H, N are solvable left braces.

Now suppose that N, H are solvable, and consider N x H via o : H — Aut(N).
Then consider f: N x H — H defined by f(n,h) = h for all h € H. Note that
for (ny, hy), (na, he) € N x H, we have

f((n1, he) + (n2, he)) = f(n1 4+ ng, ha + ho) = ha + he = f(n1, ha) + f(n2, he)
and, for some d € N,
f((nb hl) o (712, hz)) = f((d, hy o h2)) =hyohy = f(nb hl) © f(n2, h2)-

Thus f is a homomorphism. Note that (n, h) € Ker(f) if and only if A = 0, which
is the case if and only if (n, h) € (N,0). Thus Ker(f) = (V,0), and furthermore
(N,0) is an ideal of N x H. It is clear that f is surjective, thus applying Theorem
5.1.9 gives that N x H/(N,0) and H are isomorphic braces.

Then, by Proposition 8.1.4, part (b), we have that since N = (N,0) and H =
N x H/(N,0) are solvable, N x H is solvable. O

To show that the wreath product of braces G, H is solvable if and only if G, H
are solvable, it suffices to show the following result.

Lemma 8.1.6. Let GG, H be braces, and
W={f:H—G st |{he H: f(h)#1}| < oo}

Then G is solvable if and only if W is solvable.

Proof. Suppose that W is solvable. Let ¢ : G — W be defined for all g € G by
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¢(9) = a, : H— G, where

a(h):{gifhzl

0 otherwise

for all h € H. Now, it is easy to check that ¢ is a homomorphism of braces, and
it is clear that g € Ker(¢) if and only if o, (1) = 0, i.e. if and only if g = 0. Thus
Ker(¢) =0, so G = Im(¢) by Theorem 5.1.9. Since Im(¢) is a sub-brace of W, it
follows from Proposition 8.1.4 that Im(¢) = G is a solvable brace.

Now suppose G is a solvable brace. Then it has a series 0 = Gy C G; C --- C
G,, = G for some m, as in Definition 8.1.1. Define the set

Wi={feW: f(H)CGi}.

It is clear that that W; form the chain 0 = W, C --- C W,, = W. It is also easy
to check that each W; is an ideal of W, from which it follows that W is an ideal
of Wiy 1. It remains to show that W, ;/W; is trivial for all 0 < ¢ < m — 1.

For any such i, let o, 5 € W;;1. Then for all h € H,
(ax B)(h) = a(h) x B(h) € G}, € G

using that G is solvable. This shows that I/VZQ+1 C W, that is, W1 /W; is trivial.
Then it follows that W is a solvable brace. O

Lemma 8.1.7. The wreath product Gt H of two braces G and H 1is solvable if
and only if G and H are solvable braces.

Proof. Let G, H be left braces. Then G, H are solvable if and only if W, H are
solvable by Lemma 8.1.6, where W is such that Gt H =W x H . Then W, H are
solvable if and only if W x H is solvable by Lemma 8.1.5. Since G H =W x H,
we have that G, H are solvable if and only if G H is solvable. O

The constructions and results presented here have closely related analogues in
group theory. Indeed, there are equivalent statements of Lemmas 8.1.5 and 8.1.7
for groups, whose proofs directly mirror those given here. It is tempting to ask
whether the results of this section are implied by these existing group-theoretic
results: however, this is not the case.

This is because a brace G may have solvable additive and multiplicative groups
but not itself be a solvable brace. In [CJDR10, Theorem 2.1] it is shown that
the multiplicative group of any finite brace is a particular kind of group called
an IYB group. In [ESS99, Theorem 2.15], it was shown that any ITYB group is a
solvable group. Thus the o group of any finite brace is solvable. But there exist
non-solvable finite left braces. Indeed, any non-trivial brace B whose only ideals
are {0} and B is not solvable. A brace B whose only ideals are {0} and B is called
a simple brace, and it has been shown in [CJO18], [BCJO17b] and [BCJO18] that
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there exist an abundance of nontrivial simple left braces. Therefore, a brace with
solvable additive and multiplicative groups need not be a solvable brace.

8.2 Semiprime Braces

Another property which is preserved under semidirect and wreath products is
semiprimality. This concept originates in ring theory: we say a ring R is prime
if, for any nonzero ideals I, J of R, we have that I.J # 0. Similarly, a ring R is
semiprime if 12 # 0 for all nonzero ideals I of R. The definitions of prime and
semiprime braces are direct analogues of the ring-theoretic concepts, and were
introduced in [KSV18].

Definition 8.2.1. Let G be a left brace. Then G is called prime if for any
nonzero ideals I, J of G, we have that I x J # 0.

Definition 8.2.2. Let GG be a left brace. Then G is called semiprime if for any
nonzero ideal I of G, we have that [ x I # 0.

It is clear that any prime left brace is semiprime, and it should also be clear that
any nontrivial simple left brace is prime (and hence semiprime). As remarked in
previous section, the papers [CJO18], [BCJO17b] and [BCJO18] construct infinite
families of simple left braces - hence there exist many prime and semiprime left
braces. In [KSV18, Question 4.4], it was asked whether there exist finite prime
non-simple left braces. In Section 5 of [CJO18], it is shown how to construct a
finite prime left brace which is not a simple left brace, answering the question in
the affirmative.

In the structure theory of noncommutative algebras, prime and semiprime rings
play a central role. In particular, a series of lemmas concerning prime and
semiprime rings are used in the proofs of Wedderburn’s structure theorems (see
[Brel4], Sections 2.2 and 2.9 ). This suggests that prime and semiprime braces
may be useful tools in the task of classifying all left braces. In the remainder of
this section, we show that the wreath and semidirect product of two semiprime
left braces is semiprime. This allows us to generate an abundance of semiprime
left braces.

Before proceeding to show how semiprimality interacts with the semidirect product,
we will require the notion of the projection of an ideal of a semidirect product of
braces, and the following lemma regarding it.

Definition 8.2.3. Let GG, H be left braces, and G' x H be their semidirect product
via 0 : H — Aut(G). Let S C G x H. The we define the right projection of S
as the set

wu(S)=4{h € H :(g,h) € S for some g € G}

and the left projection of S as the set

7a(S)={9€G:(g,h) €S for some h € H}.
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Lemma 8.2.4. Let G, H be left braces, and G x H be their semidirect product
via 0 : H — Aut(G). Let I be an ideal of G x H. Then wg(I) is an ideal of H.
Furthermore, if my (1) =0, then wg(I) is an ideal of G.

Proof. First, let Q = wy([), and let ¢,q0 € Q, with g;,90 € G such that
(91,q1), (g2, q2) € I. Then ¢;* € Q,0 € Q since (I,0) is a subgroup of (G x H, o).
Also, there exists some d € GG so that

(d,q10q2) = (g1,q1) © (92,92) € 1
S0 ¢1 0 ¢ € @ and (Q,0) < (H,o). Now let z € H. Note that, since (I,0) is
normal in (G x H, o), we have that for some d' € G,
(d zoqoaz™")=(0,2)0 (g, q)o(0,27") = (0,2) 0 (g1,q1) o (0,2) " € I.
Then it follows that x 0 g 0o 27! € Q, so (Q,0) < (H, o).

Now, let b € H. Consider (a,b) for some a € G. Note that, as I is an ideal of
G x H, we have that for some d” € G,

(d”7 Ab(q1)) = )\(a,b) (gla ql) el

So it is clear that \y(Q) C @ for all b € H. Thus 7y (I) = Q is indeed an ideal of
H.

Then let @ = 0, and consider P = mg(I). We claim that this is an ideal of G. This
follows by noting that if py, ps € P then (p1, hy), (p2, he) € I for some hy, hy € H.
Then hy, hy € Q =0, so hy = hy = 0. Then, noting that ¢(0) = id, we have that
for g1,90 € G,

(91,0) © (g2,0) = (g1 © g2,0)

and the proof is then similar to the proof that () is an ideal of H. O
We now have sufficiently developed tools to explore how the semidirect product
interacts with semiprime braces.

Lemma 8.2.5. Let G and H be semiprime left braces. Then the semidirect
product G x H via 0: H — Aut(G), is a semiprime left brace.

Proof. First, suppose that G, H are semiprime. It is known that G x H is a left
brace. Suppose for a contradiction that G x H is not semiprime. Then there
exists some nonzero ideal I of G x H such that I x I = 0.

Let Q@ = my (1), and let ¢1,q2 € @Q with g1,92 € G such that (¢1,¢1), (g2, ¢2) € 1.
Then for some d € G,

(d,q1 % q2) = (91,q1) * (g2, q2) € I x [ = 0.

Then ¢; * g2 = 0, and it follows that @) x () = 0. Supposing () is nonzero, then by
Lemma 8.2.4 it is a nonzero ideal of H. But this contradicts that H is a semiprime
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left brace. So we assume @) = 0.

Then by Lemma 8.2.4, we have that P = mg(I) is an ideal of G. Observe that if
p1,pe € P it must be that (p1,0), (p2,0) € I. Then notice that

(p1 % p2,0) = (p1,0) * (p2,0) € I %I =0

and so py * po = 0, and it follows that P x P = 0. If P is nonzero, it is a nonzero
ideal of GG and this contradicts that G is semiprime. But if P = 0, this contradicts
that I is nonzero (as we assume @) is zero). In either case, we have a contradiction.
Thus no such ideal I of G x H exists, so G x H is semiprime. O]

As with solvable braces, we can use our lemma on the semidirect product of
semiprime braces to obtain a result on the wreath product of semiprime braces.
To achieve this, we will require require the following lemmas relating ideals in
G to ideals in the brace W, as in Definition 5.2.3. We begin with the following
which relates inverses in G to inverses in W.

Lemma 8.2.6. Let G, H be left braces and W as in Definition 5.2.53. If h € H,
g € G and f € W are such that g = f(h), then g~ = f~1(h).

Proof. Let h,g, f be as above and note that the identity in W is the function
Ow : H — G such that Oy (k) = 1¢ for all K € H. Then by definition,

lg=(f"of)(h)=f""(h)o f(h)=f"(h)og.

So f1(h) is a left inverse for g, and similarly it is a right inverse. So f~!(h) = g7,

since group inverses are unique. [

Given left braces G, H, the following lemma allows us to construct ideals of G
from ideals of the corresponding wreath product brace W.

Lemma 8.2.7. Let G, H be left braces and W be as in Definition 5.2.3, and I an
ideal of W. Then for any h € H, the set

Jp={9 € G: f(h) =g for some f € I}

is an ideal of G.

Proof. Since Oy € I, we have 1¢ € J, for any h € H, by the definition of Oy .

Then let g1 € Jp, so g1 = fi(h) for fi € I. Then, as [ is an ideal of W, there is a
function f; ' € I and by Lemma 8.2.6, we have f; '(h) = g;*. So g; ' € Ji.

Now let go € Jp,, with go = fo(h) for fo € I. Then

gioga = fi(h)o fa(h) = (fi0 f2)(h) € Ju

since fi o fo € I, as [ is an ideal of W. So we see (J5,0) < (G, o).
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Now, let x € G. Then define o, : H — G by

%<k):{xifk:h

1 otherwise
so a; € W. Then
rogiox !l = ag(h)o fi(h)o a;l(h) = (a0 f1o0 a;l)(h) € Jy

since (I,0) is a normal subgroup of (W, o). This shows that (J, o) is normal in

(G 0).
Finally, let a € G. Then for g; € J,, we have

Aa(g1) =aogi—a
= ag(h) o fi(h) — aa(h)
= (a0 fi — aq)(h)
= (Aa, (f1))(R)

e J,

since [ is an ideal. This shows A\,(J,) C J, for any a € G, so J, is an ideal of
G. O

In fact, an analogue of the above lemma also allows us to obtain ideals of the
wreath product brace W, given an ideal of G.

Lemma 8.2.8. Let G, H left braces and W as in the Definition 5.2.3, and let P
be an ideal of G. Then for any h € H, the set

Qn={feW: f(h) € P}
1s an ideal of W.

Proof. Clearly Ow € Qp. Let f1 € Qp, say fi(h) = p; € P. Then by Lemma 8.2.6,
fri(h) =pr' € P,so fi' € Q.

Now let fo € Qp, so fa(h) = ps for some py € P. Then
(f20 fi)(h) = fa(h) o fi(h) =pyop € P

80 fao fi € Qn. So (Qn,0) < (W, o).
Now let ¢ € W. Then

(90 frog ") () = g(h) o fu(h) o ¢ (h) =z oproa € P

using Lemma 8.2.6 and that (P, o) is normal in (G, o). Thus ¢o fio¢~! € Qp, so
(@Qn,0) < (W, o).
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Finally, let « € W. Then

(Aa(f1))(R) = (o fi —a)(h)
204( )o fi(h) — a(h)
= Ao (f1(h))
= )\a(h (p1)
epP

since P is an ideal of G. This shows \,(Qp) C @y for any o € W, and so @, is
an ideal of W. ]

We may now observe the following regarding the wreath product brace W.

Lemma 8.2.9. If G and H are left braces, then the left brace
W ={f:H — G such that |{h € H: f(h) # 1}| < oo}

is semiprime if and only if G is semiprime.

Proof. Let G be semiprime, and suppose that W is not semiprime. Then there
exists a nonzero ideal I of W with I« I = 0. Then for any h € H we may associate
to I the set J, as in Lemma 8.2.7, which by this lemma is an ideal of G.

Let h € H be fixed and consider g1, g2 € Jp, so g1 = fi(h), g2 = fa(h) for some
fi, Jo € I. Then

g1 * g2 = fi(h) x fo(h) = (f1 * f2)(h) = Ow(h) = 1¢ = Og

which shows that Jj, x J, = 0. If J;, is nonzero, then this contradicts that G is a
semiprime left brace. This implies that J, = 0 for all h € H. But this in turn
contradicts that I is a nonzero ideal of WW. So no such ideal I exists, and W is a
semiprime left brace.

Now let that W be semiprime, and suppose G is not. Then there exists a nonzero
ideal P of G such that P x P = 0. Then given any h € H, we may construct the
set ), as in Lemma 8.2.8, which by this lemma is an ideal of W. Note that @},
is nonzero. This is since P is nonzero, so there is some nonzero g € P, and the
function o : H — G defined by

a(k):{gifk:h

15 otherwise

for all £ € H is nonzero.

Let h € H be fixed and consider fi, fo € Qp, so fi(h) = p1, fa(h) = py for some
P1, P2 € P. Then

(fi * f2)(h) = fi(h) * f2(h) = p1 xp2 = 0c = 1g
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since P x P = 0. This shows that @, * Q, = 0, which contradicts that W is
semiprime. So no such ideal P exists, and G is a semiprime left brace. n

We now combine Lemma 8.2.5 and Lemma 8.2.9 to give the following result
concerning the wreath product of braces.
Lemma 8.2.10. If G, H are semiprime left braces, then their wreath product

G U H is a semiprime left brace.

Proof. Let G, H be semiprime left braces. Then by Lemma 8.2.9, we have that
the left brace

W ={f: H— Gsuchthat |{he H: f(h) #1}| < oo}

is semiprime. Then by Lemma 8.2.5, the semidirect product W x H is a semiprime
left brace. Then by definition, Gt H = W x H is a semiprime left brace. O

The above Lemma is a one-way implication. However, if the converse of Lemma
8.2.5 is true, then using Lemma 8.2.9 we would be able to extend Lemma 8.2.10
to a biconditional statement. This motivates the following question.

Question 8.2.11. If G, H are left braces and their semidirect product G x H via
o is semiprime, are G and H semiprime?
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Conclusion

In this paper, we have surveyed left braces and their connection to the Yang-Baxter
equation.

To motivate our exposition we introduced the Yang-Baxter equation and its
solutions, called R-matrices in a finite-dimensional setting, in Chapter 1. We in-
troduced three new results characterising certain kinds of R-matrices (Proposition
1.2.6, Proposition 1.2.8, Proposition 1.2.10). We outlined how R-matrices may be
obtained from set-theoretic solutions in Chapter 2, highlighting the importance
of non-degenerate involutive set-theoretic solutions for this construction. We
also gave an explicit formula for the characteristic polynomial of any R-matrix
obtained from a non-degenerate set-theoretic solution (Proposition 1.2.11).

We have given a detailed account of how left braces are connected with non-
degenerate set-theoretic solutions of the YBE. In Chapter 3, we introduced
Jacobson radical rings, to illustrate how an abstract algebraic structure may give
rise to a set-theoretic solution of the YBE, before introducing left braces as a
generalisation of Jacobson radical rings in Chapter 4. We showed in Section 4.3
that for any left brace A we can construct a solution (A,74) of the YBE. Then
we explored the opposite problem in Chapter 6, having introduced some useful
algebraic constructions in Chapter 5. That is, we showed that given a solution
(X, r), we may construct a left brace A such that X embeds in A, and the solution
(X,r) is a subsolution of (A,r4). Moreover, we showed that when the set X is
finite, we may embed (X, 7) as a subsolution of a quotient brace of A which is
finite. Thus, we saw that the problem of finding all finite solutions of the YBE
can be reduced to the classification of finite left braces.

In Chapter 7, we related left braces to other algebraic structures: in particular,
we saw that there is a natural construction of a right brace analogous to that of
the left brace, and that these two classes of objects are in bijection. Therefore,
all of our theory could be equivalently re-stated in terms of right braces. We
saw that two-sided braces are exactly Jacobson radical rings, and we further
showed that when the operation * of a left brace is associative, then the brace is
two-sided. This answers a question posed in [CGIS18, Question 2.1(2)]. Finally,
we explored some algebraic properties of left braces. In analogy with group theory,
we introduced solvable left braces, and in analogy with ring theory, we introduced
prime and semiprime left braces. We showed that the semidirect product of two
braces is solvable if and only if each brace is solvable, and that the same is true
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for the wreath product. We also showed that if G, H are semiprime braces then
so is their semidirect product, as well as their wreath product.

Future Work

The possibilities for future work are abundant in the study of the Yang-Baxter
equation and brace theory. R-matrices can frequently be found in literature, as
they have important applications in quantum computing, representation theory,
integrable systems and other fields, and therefore finding new types of R-matrices
is certainly a worthwhile endeavour. All solutions of the YBE remain to be
determined for vector spaces of dimension 3 and higher [Hie93], and solutions
remain to be fully classified for dimension 2 and higher [Dye03]|. In the area
of braces, one new direction of research is in skew braces, initiated in [GV17].
These are a generalisation of braces in which axiom (B1) is relaxed, removing
the requirement that the additive group be abelian. Such structures give rise to
non-degenerate set-theoretic solutions of the YBE which need not be involutive.
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