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Abstract

In this thesis, we investigate the nonlinear elastodynamics of skeletal muscle tissue. We
begin the discussion with one-dimensional models. First, we study the inertial effects in
a multibody model of the muscle-tendon unit using experimentally obtained data. Then,
we study the unphysical lack of stability in these multibody models and propose a new
continuum model that provides stability throughout the range of motion of a muscle. Next,
as groundwork for studying dynamic models, we examine time discretization options for
Neo-Hookean deformation in the presence of a highly stiff material, as is the case for active
muscle tissue. Moving on to three-dimensional (3D) models, we begin with a new Lagrangian
framework for a 3D model of skeletal muscle tissue. This is discretized using a three-field
variational formulation and a new implicit time discretization strategy. Furthermore, we for-
malize several key concepts in physiology in precise mathematical terms, including isometric
vs. dynamic contractions, as well as muscle gearing. In physiology, isometric contractions
are those in which the total length of the muscle belly is fixed; in most existing simulation
experiments, the dynamics of the muscle with fixed Dirichlet boundary conditions are con-
flated with a zero-velocity system. We discuss the appropriateness of using dynamic and
quasi-static simulations, demonstrating (a) the importance of inertial terms and (b) that
muscle deformation is a truly 3D phenomenon. We then show the applicability of the finite
element formulation to a scenario in which we combine magnetic resonance imaging (MRI)
data with motion capture and electromyography (EMG) data. We also use these ideas to
study gearing in skeletal muscle tissue, making the first use of a continuum mechanics model
for these purposes. Developed as part of this project, we introduce Flexodeal, a new finite-
element framework for studying musculoskeletal dynamics. Flexodeal is an open-source
computational library designed to perform three-dimensional dynamic or quasi-static de-
formations of skeletal muscle tissue using a Hill-type model and the finite element library
deal.II. We have also developed Flexodeal Lite as a simpler version of Flexodeal that
can be used as a basis to advance numerical methods in continuum biomechanics.

Keywords: skeletal muscle; continuum mechanics; finite element method; time stepping
schemes; musculoskeletal simulation; gearing
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Chapter 1

Introduction

The musculoskeletal system can only be described as a marvel of nature. Its components
are not only capable of producing force and sustaining loads but can also adapt to changing
environments in remarkable ways. At the core of this system is skeletal muscle: a material
that can actively contract, deform nonlinearly, and respond to complex mechanical demands.
This makes the elastodynamics of this biological tissue a fascinating area of research at the
intersection of applied mathematics, physiology, and scientific computing.

Most of what we know so far about how and why muscles deform comes from tensile
experiments using single muscle fibres [85] and small muscles, such as those from frogs
[72, 93], rats [69], and cats [153]. But as computational power increases, researchers have
started to use computational models to conduct experiments that may not be feasible to
perform in vivo. Nowadays, these models are used in a variety of settings, such as to predict
the outcome of surgical procedures [188], to study the stiffness of muscle affected by cerebral
palsy [103], to study muscle energetics [196], to explore motor control [197], among others.

By model, we refer to the set of mathematical elements that describe the elastodynamics
of skeletal muscle tissue. This rather generic description contrasts with approaches that are
more limited in scope, such as “animal models” (e.g. “rat models” [143, 205]) in which
a different animal yields a different model, or computational models that are tied to the
particular experimental setup they wish to explain (in this case, two different muscles cannot
be described by the same model [38, 191]).

Before exploring the different approaches used to model skeletal muscle tissue and the
main contributions of this thesis, let us discuss the main reasons that make skeletal muscle
tissue behave uniquely from a solid mechanics perspective.

1.1 Muscle anatomy

Skeletal muscle is a highly-complex biological tissue that is capable of generating work
and power for different tasks, such as postural control, locomotion, stabilization of bones
and joints, and heat generation [86, 111]. The mechanics of its deformation involve several
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Figure 1.1: The structure of skeletal muscle at different length scales [36].

length scales (see Figure 1.1), from sarcomeres in the scale of micrometres to the size of
whole skeletal muscles in the scale of cm, or even metres for larger mammals [111].

At its core, skeletal muscle tissue is made of tubular muscle cells called muscle fibres.
These fibres are embedded in a matrix of connective tissue known as the extracellular
matrix (ECM). This connective tissue matrix not only provides mechanical continuity for
force transmission but also plays vital roles in structural integrity and mechanotransduction.
Interwoven within this matrix are vascular networks that ensure metabolic support, along
with neural components that facilitate activation through motor innervation [70, 111, 119].

Muscle fibres contain many myofibrils which are rod-like structures composed by repeat-
ing units called sarcomeres (see Figure 1.1). At about 2.2 µm in length [37], the sarcomere
is the fundamental unit in muscle. Fibrous proteins in its interior (most notably actin and
myosin, respectively the thin and thick filaments) slide past each other (this is the sliding
filament theory) to form cross-bridges that generate active force (this is the cross-bridge
theory) [76, 94].

Muscle contraction begins with an activation phase. It starts with a nerve signal, or
action potential, reaching the end of a motor neuron, which causes the depolarization of the
cell membrane of the muscle fibre. This chemical signal triggers another action potential
in the muscle fibre, which travels along the surface and down into T-tubules. The signal
then reaches the sarcoplasmic reticulum, causing it to release calcium ions into the muscle
cell. Calcium binds to troponin, a protein on the thin filament, which causes a shift in
the troponin-tropomyosin complex and exposes binding sites on actin. With these sites
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exposed, the myosin hydrolyzes adenosine triphosphate (ATP), which causes its globular
head to attach to the actin to form a cross-bridge that ultimately generates active force
[171].

Whether muscle fibres are activated or not, stretching them beyond their resting length
generates a passive response largely attributed to two additional proteins: titin and nebulin,
which contribute to the overall structure and stability of the muscle. Titin is the largest
known protein in the human body and spans half the length of the sarcomere, connecting
the myosin to the Z-disks (or Z lines in Figure 1.1) [137, 138]. Functionally, titin acts as a
molecular spring, generating passive force when the muscle is stretched, resisting overstretch
and helping in the restoration of the original length of sarcomeres following extension.

1.2 Muscle architecture

Macroscopically, muscle fibres are organized in a way that optimizes muscle function. This
structure, known as muscle architecture, is defined by Lieber as “the arrangement of muscle
fibres within a muscle relative to the axis of force generation” [111]. In this definition, it
is implicitly assumed that the axis of force generation refers to the principal component of
the force vector and that it coincides with the muscle’s line of action. The latter is often
defined as direction vector of the line between origin and tendon insertion (although more
intricate characterizations might be needed) [107].

There exist several types of muscle architectures (see Figure 1.2). Lieber & Fridén [113]
in particular mention three groups: (a) parallel, in which the fibres extend parallel to the
muscle’s axis of force generation, (b) pennate, in which fibres run mostly at a single angle
relative to axis of force generation, and (c) multipennate, in which fibres run at different
angles relative to the axis of force generation. Muscle architecture is determined experimen-
tally, usually through four parameters [113]:

1. Muscle length, which is defined as “the distance from the origin of the most proximal
muscle fibres to the insertion of the most distal fibres” [111],

2. Fibre length, which is obtained from the length of small fibre bundles (given how hard
it is to extract a single fibre),

3. Pennation angle, which is the angle between the fibres and the axis of force generation,

4. Physiological cross-sectional area (PCSA), which represents the sum of the cross-
sectional areas of all muscle fibres. It can be computed as:

PCSA = muscle mass
muscle density × fibre length .

These descriptors can vary significantly during contraction. For instance, the human
medial gastrocnemius has a pennation angle of about 20◦ at rest, but this angle can go
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Figure 1.2: Different types of muscle architectures. Source: [21] (Access for free at openstax.
org).

up to 45◦ upon contraction [113]. Such dynamic architectural changes profoundly influence
muscle function, yet their effects they are difficult to quantify in vivo due to experimental
and ethical constraints. This leads us to the necessity of mathematical models of muscle
that can be studied with in silico experiments. We discuss two fundamental models first, to
then dive deeper into computational models.

1.3 Fundamental models of skeletal muscle

Muscles generate force to perform mechanical functions essential for movement, stability,
and interaction with the environment. Thus, force is one of the most important physiological
quantities used to characterize muscle function. Measuring force in vivo, however, is virtually
impossible, as it often involves surgical procedures that implant buckles or transducers
in a subject’s tendon [22, 101]. Therefore, muscle force is instead estimated using non-
invasive methods such as joint torque measurements via dynamometry, fibre kinematics
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myosin

actin

Figure 1.3: Huxley-type muscle model. The myosin binding site (M) oscillates around the
origin (O) and can bind to the actin head (A) for x > 0.

obtained from ultrasonography, and muscle activation signals from surface electromyography
(EMG). The collected data are then used as input for muscle models, which can be broadly
categorized into: (a) mechanistic models, which are based on the interaction between actins
and myosins, and (b) phenomenological models, which are based on the mesoscopic and
macroscopic muscle behaviour.

Mechanistic models are rooted in the work by H. F. Huxley [93] in 1957, and therefore
they are known as Huxley-type models. Here, it is of interest to first find the distribution of
the fraction of cross-bridges that could be attached in a sarcomere [72, 93]. Denoting the
latter by n(x, t), the goal is to solve the first-order, hyperbolic partial differential equation
(PDE):

∂n

∂t
− v(t)∂n

∂x
= (1 − n)f(x, a) − ng(x),

where v = dx
dt is the speed at which actin and myosin filaments past each other (see Figure

1.3), f(x, a) and g(x) are respectively the attachment and detachment rates of the cross-
bridges, and a = a(t) is a function describing the activation of muscle [127]. The active force
FCE is then computed as the first moment of the distribution n, that is,

FCE(t) = k

∫ ∞

−∞
n(x, t)x dx,

where the constant k > 0 is the stiffness of the cross-bridges.
In turn, phenomenological models (the main focus of this thesis) are based on the work

by F. E. Zajac [208] in 1989, which is further based on the developments by A. V. Hill,
primarily from his 1938 article [85]. Here, the muscle-tendon unit (MTU) is described as an
actuator that contains a contractile element (CE) that generates a force FCE and a passive
elastic element (PEE) that generates a force FP EE . These two elements are connected
in parallel, and the combination of them—representing the muscle part of the MTU—is
connected to a series elastic element (SEE) which represents the tendon part of the MTU.
We show this arrangement in Figure 1.4. These models are commonly known as Hill-type
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ESEE

Figure 1.4: Hill-type muscle model, showing the active contractile element (CE), the passive
parallel element (PEE), and the series elastic element (SEE). The force FT exerted by the
SEE is balanced by the horizontal component of F⃗M , i.e. Fm cos(β), where β is the pennation
angle of the muscle.

muscle models because, in this case, the force a muscle generates follows the equation:

FM (a, λ, λ̇) = FCE + FP EE = F0
[
a(t)F̂A(λ)F̂V (λ̇) + F̂P (λ)

]
, (1.3.1)

where 0 ≤ a(t) ≤ 1 represents the activation level of the muscle, λ is the normalized
muscle length, and λ̇ is the normalized muscle velocity. Furthermore, F̂L, F̂V , F̂P are known
respectively as the active force-length, force-velocity, and passive force-length relationships,
which describe how the muscle force changes with muscle length and muscle velocity. In
particular, the region of the total force-length relationship that has a negative slope (when
it is present) is called descending limb. In this expression, F0 is called the maximum isometric
force and is defined as the greatest force a muscle can generate while contracting without
changing its length. The length at which this occurs is known as the optimal length. In
these models, muscle is assumed to behave like a scaled up muscle fibre, and therefore, the
force curves needed for this model can be obtained from either bundles of fibres or from
whole muscles. Furthermore, each muscle can have its own set of force relationships, which
for instance, may or may not have a descending limb (see Figure 1.5).

1.4 Computational models

In silico modelling of skeletal muscle provides a powerful framework for investigating muscle
mechanics beyond the limits of experimental observation. By simulating muscle behaviour
computationally, these models enable the analysis of important physiological variables (such
as fibre stretch, fibre strain rates, and whole muscle forces) that are otherwise difficult to
measure in vivo (and even in controlled in situ or in vitro experiments). In addition, com-
putational models can be used to analyze “what-if” scenarios in which either the (resting)
muscle architecture or its constitutive elements are directly modified.
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Figure 1.5: Force relationships for different muscles in a frog. A: active force F̂L (thin dashed
line). P: passive force F̂P (thin solid line), T: total force F̂L + F̂P (thick line). Adapted from
[159].

From the definition of muscle architecture in Section 1.2 (and by simply looking at our
muscles) we observe that muscle deformation occurs across all three dimensions of Euclidean
space. However, neither Huxley nor Hill-type models (as presented in the previous section)
account for this behaviour. While there exist geometric models that can explain some of
these shape changes (see, e.g., [49, 179]), the focus of this discussion (and this thesis) will be
on computational models based on differential equations. Here, two main categories can be
distinguished: 1D models based on ordinary differential equations (ODEs) where the focus
is on simplicity and macroscopic behaviour, and 3D PDE-based models where the focus is
on detailed spatio-temporal information.

Two-dimensional (2D) PDE-based models can be seen as simplifications of 3D models
in which deformation in the out-of-plane direction is simply neglected. However, during
contraction, muscles bulge in thickness and width in an attempt to conserve volume [19].
This translates into a “constant area” assumption [59] that brings almost no meaningful
advantage over 1D representations, which already encapsulate the primary axial dynamics
without excessive computational cost. Hence, they will not be discussed any further in this
work.

1.4.1 One-dimensional models

Hill-type models can be implemented in a computational setup directly, that is, the force
a muscle generates can be estimated using (1.3.1), a given activation profile a(t), and time
traces of muscle length and velocity (unlike Huxley-type models, where an appropriate PDE
solver must be considered). This is the basis of OpenSim: an open-source musculoskeletal
modelling and simulation platform that enables the analysis of movement dynamics and
estimation of muscle and joint forces using experimental kinematics, kinetics, and elec-
tromyography data [45]. Here, each muscle is modelled as a 1D spring that generates force
according to (1.3.1), and therefore it is simple enough that allows for simulations involving
multiple muscles and joints [23, 151, 157, 182]. OpenSim, along with AnyBody Modeling
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System™, are the prominent software choices for the analysis of skeletal muscle function
and animal locomotion [67].

Nevertheless, the accuracy of these simulations decreases as the experiments drift away
from the ideal conditions in which the force relationships in (1.3.1) were obtained, namely
isokinetic or isometric contractions with maximal activation [47, 108, 129, 147]. Therefore,
researchers continue to modify these 1D models to include many of the missing features
from the original model, such as fatigue [146], history dependence [122, 166], mass, and
inertial effects [73, 166, 167, 168].

In particular, mass effects were first studied computationally by Günther et al. [73] in
which the mass of the muscle was spread out within a system of interconnected springs with
linear dynamics, finding that larger mass slows down contraction times. Then, Ross et al.
[166] developed a muscle model based on a damped harmonic oscillator whose dynamics
counteract the action of an actuator that generates force according to (1.3.1). This idea
was later applied by Ross & Wakeling [167] to a multibody system in which, similar to the
work by Günther et al. [73], the mass is spread over many individual masses, interconnected
by Hill-type actuators. Here, it was shown that the addition of mass affects the speed of
contraction, specially during submaximal activation. This multibody model was also applied
to a muscle-tendon unit by Ross & Wakeling [168] and Chen [41]. In particular, Chen
evaluated the differences in force prediction between this multibody model (also known as
the “mass-enhanced” model) and a massless model similar to that of Millard et al. [129]
(without damping) for a set of human locomotion experiments, finding differences of up to
8% when the mass of the system is scaled by a factor of 10 and more pronounced differences
for faster locomotion. In all the multibody systems mentioned so far, the number of masses
in the system has been kept fixed to 16, given that Günther et al. [73] reported that for
their case (linear dynamics) there was not a significant difference in the outputs when either
16 or 32 masses were considered.

1.4.2 Three-dimensional models

From the point of view of solid mechanics, skeletal muscle is a fibre-reinforced, visco-
hyperelastic, composite biomaterial that can sustain active and passive large deformations
that are dynamic in nature [4, 164, 196]. Thus, physiologically-relevant computational mod-
els in 3D can be remarkably complex, and a universally accepted framework has yet to be
established. While many existing models incorporate a Hill-type contractile component,
others adopt alternative approaches, such as including a Huxley-type component [140] or
omitting both paradigms all together [68, 139]. This section, however, is restricted to 3D
models that explicitly include a Hill-type component.

The main idea is to use the principles of continuum mechanics to describe the defor-
mation of skeletal muscle. A first approach consists of solving the so called quasi-static
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problem: find a material displacement U such that:

0 = Div P(U), (1.4.1)

Here, P is the first Piola-Kirchhoff stress tensor which, in this case, is only assumed to
depend on the displacement U. In particular, P is described using a strain-energy function
(SEF) Ψ, which is further decomposed into volumetric and isochoric parts:

Ψ = Ψiso + Ψvol, (1.4.2)

where the volumetric part Ψvol is represents the near-incompressible behaviour of muscle
[19]. In turn, the isochoric part Ψiso represents the constitutive elements of muscle, such
as muscle fibres (whose response varies according to (1.3.1)) and the base material around
them (assumed to be hyperelastic).

This approach can be first found for active muscle tissue in the works by Blemker
[24, 25, 26] in 2004. It differs from previous finite element approaches (such as the one put
forth by Johansson [96]) in the sense that muscle in 3D is no longer a scaled-up fibre (i.e. the
entire volume has fibre properties with no base material around). In this way, muscle models
that follow this approach can differ in the choice of force relationships, as well as what type
of hyperelastic material (Neo-Hookean, Ogden, Money-Rivlin, Yeoh, etc.) should be used to
represent the base material component (see, e.g., [80, 186]). Furthermore, Blemker’s model is
one of the default choices in 3D biomechanical modelling software ArtiSynth [116] and FEBio
[117]. Following a similar approach as Blemker, Rahemi et al. [155, 156], Dominguez [54],
and Wakeling et al. [196] implemented a quasi-static model of skeletal muscle deformation
but this time using a three-field variational formulation by Simo et al. [180] that increases
the robustness of the numerical method.

However, (1.4.1) does not include a velocity term, meaning that force-velocity effects
are completely neglected. While it is possible to solve the problem:

0 = Div P(U; V), (1.4.3)

where V = U̇ is the material velocity (see, for instance, [52, 80, 81, 120, 187]), the true
effects of mass and inertia can only be seen in fully dynamic models, i.e. those that attempt
to solve:

ρ0Ü = Div P(U,V), (1.4.4)

where ρ0 is the density of muscle (at rest). Despite its completeness in describing the 3D
active deformation of skeletal muscle, this problem has received much less attention.

One of the first attempts at a fully dynamic 3D model was put forth by Johansson et al.
[96] and Meier & Blickhan [124] in 2000. Here, although muscle is considered to have active
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and passive properties (including force-velocity effects) as those of a fibre, the material is
completely isotropic. In particular, [96] uses a two-field displacement-pressure formulation.

Then, Böl & Reese [30] in 2008 proposed a model of muscle in which fibres are rigid 1D
trusses embedded in a 3D material. Furthermore, only a proportion of the body can be fully
activated. A dynamic extension to the (now celebrated) work by Blemker et al. [26] from
2005 only appeared nearly 13 years later, in the works of Ross et al. [166], Dominguez [54],
and Ross et al. [164]. Here, the three-field formulation from Wakeling et al. [196] is extended
to include mass, inertial, and force-velocity effects. However, the numerical methods were
not sufficiently robust to cover multiple cases of 100% activation (as noted by Tam [185]).

Unaware of the developments by Blemker in the early 2000s, Vavourakis et al. [192] in
2014 implemented a dynamic 3D finite element muscle model similar to that of Dominguez
[54] but using a displacement-only formulation (as opposed to a three-field formulation).
The numerical experiments in [192] reflect the challenging scenario when attempting realistic
simulations of skeletal muscle. To model the active deformation of a quarter of a squid’s
tentacle with 477 voxels (including 371 hexahedral voxels) over 0.07 seconds of simulation
time, a time step size of ∆t = 0.25 × 10−6 s were required with an implicit time stepping
scheme (Newmark’s average acceleration method [91]), and ∆t = 0.5 × 10−8 s when using
an explicit time stepping scheme.

1.5 Stability of computational models

The dynamical stability of Hill-type muscle models has been recently criticized by Yeo et
al. [206]. Using a 1D model with actuators connecting multiple masses in series (similar to
that of Ross et al. [165]) the authors show that, the isometric contraction of fully active
muscle can lead muscle segments to diverge to two completely different lengths when the
contraction is performed along the descending limb of the force-length curve. The idea is
not new, and a mathematical treatment of the problem can be found in the work by Zahalak
[207] in 1997. However, because the authors in [206] incorrectly named this phenomenon
as “numerical”, the idea that Hill-type muscle models can be “numerically unstable” has
unfortunately gained traction (see, for example, [126, 174]).

Nevertheless, the fact that some force-length curves do have a descending limb is an in-
teresting fact in itself, especially when it has been shown that active stretching can lead to
muscle forces larger than its maximum isometric force (i.e., no descending limb). This phe-
nomenon is known as residual force enhancement (RFE) [83] and it has been attributed to
the protein titin [82]. Thus, many muscle models that include titin (as a separate, activation-
dependent element) are considered “stable” (see, for example, [79, 128, 174]). However, the
significance of titin is a matter of discussion [112], and other factors, such as the extracellular
matrix (ECM), are also thought to bring stability to muscles [70].
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The question of stability in 3D is much more difficult to answer. For instance, the dynam-
ical stability of models such as Blemker’s [26], as well as the development of an eigenvalue
solver for active muscle deformation are still open problems. In turn, the numerical stability
of 3D finite element models is associated to the polyconvexity of the strain-energy function
that models the system [175]. In particular, Heidlauf et al. [79] developed a 3D muscle model
that includes actin-titin interactions, and which therefore is stable given that the condition
of polyconvexity is satisfied (see also [174]).

1.6 Main contributions and outline of this thesis

In this highly interdisciplinary work, a recurring challenge has been to mathematically
formalize physiological concepts in order to obtain experimental data consistently and to
integrate these into models. What do physiologists mean by concepts such as stability,
gearing, isometric contractions? Precise definitions had to be made.

In this thesis, we develop a rigorous mathematical and scientific computing framework to
study the nonlinear elastodynamics of 1D and 3D Hill-type muscle models, with an emphasis
on adapting our mathematical definitions and numerical methods to the commonly-accepted
physiological principles in this area.

In Chapter 2, we study the inertial effects due to the addition of mass in multibody
1D models of the muscle-tendon unit, especially when compared to a model that does not
have mass. We first provide a mathematical description of the models, to then implement
them in Matlab. Then, using experimentally-obtained data by Chen [41] and Dick et al. [46]
from multiple muscles of the lower limb and multiple tasks of common human locomotion,
such as walking, running, and cycling, we perform dynamic simulations that show not only
the influence of mass for muscles of larger sizes, but also how the number of masses in the
system affects the quality of the solutions, which may not necessarily follow the guidelines
by Günther et al. [73].

In Chapter 3, we study the dynamical stability of the multibody muscle model dis-
cussed in Chapter 2, in particular, the so-called descending limb instability. We first show
that the multibody model (which does show this instability) corresponds to a particular
discretization of a 1D wave equation, which can be seen as a 1D reduction of 3D elasticity.
Based on this fact, we consider a novel 1D continuum model of muscle that includes a base
material contribution to stabilize the dynamical system, showing that there could be other
muscle components (not necessarily titin as an activation-dependent element, for instance),
that can provide dynamical stability to Hill-type muscle models.

In Chapter 4, we study different time stepping schemes for 1D Neo-Hookean deforma-
tion. Here, the main goal is to gather information about the performance of these methods
on a stiff material similar to skeletal muscle tissue, with the intention of making an informed
choice when choosing the time discretization for the fully dynamic 3D model. We performed
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a systematic study of Newmark-type methods and we analyze the performance of first and
second order implicit time stepping schemes in the presence of nonsmooth boundary con-
ditions, with a focus on potential overshooting.

In Chapter 5, we develop a new Lagrangian framework for a fully dynamic 3D muscle
model previously studied by Dominguez [54] (see also, [164]). We discuss the main con-
tinuum mechanics concepts needed to understand this model. In addition, we introduce
mathematical definitions for important concepts, such as fibre stretch and fibre strain rate
(both in isochoric and non-isochoric versions). We use a three-field variational approach
due to Simo et al. [180] and provide a novel time-stepping scheme to allow for strain-rate-
dependent dynamics. The introduction of the fibre strain rate in the system is one of the
most challenging parts of this framework, as it requires a proper defintion and a proper
discretization. We linearize the system in the dynamic regime, providing explicit expres-
sions for the fourth-order elasticity tensor that are suitable for fully active contraction.
We also discuss the impact of the descending limb instability in the polyconvexity of the
strain-energy function that describes the system.

In Chapter 6, we introduce Flexodeal: a new finite element framework for studying
musculoskeletal dynamics. This is an open-source project born from the advances in Chapter
5, available to the public from the Neuromuscular Mechanics Laboratory’s GitHub site:
https://github.com/sfu-nml. Consistent with software engineering principles, we provide
in this chapter documentation of this software, showing the main characteristics of its
implementation, which is based on the finite element library deal.II [7]. This also shows
how primary quantities of interest (such as forces, energies, pennation, muscle and fibre
velocities, among others) are computed. We also perform a spatio-temporal convergence
study on a particular case of isometric contraction of a pennate block of muscle tissue.
Then, we present several applications of Flexodeal to study the force-length relationship
of whole muscle (that may include aponeurosis tissue), to analyze the impact mass and force-
velocity effects in dynamic simulations, and to present the applicability of the software to
a more involved scenario that couples a computational domain obtained from magnetic
resonance imaging (MRI) and experimental locomotion data.

In Chapter 7, we use Flexodeal to study muscle gearing, the first time a continuum
mechanics model is used to study this phenomenon. Muscle gearing is the mechanism by
which dynamic changes in muscle architecture cause a decoupling of muscle and fibre ve-
locities, which optimize muscle performance under varying mechanical demands. First, we
develop a computational setup that is suitable for the Flexodeal framework, which includes
a careful mathematical redefinition of the concept of gearing from traditional 1D approaches
to 3D. Furthermore, we adapt our setup to that of an experimental study by Holt et al.
[89]. We discuss the validity of the results and the implications on the physiological elements
that contribute to gearing.

Some of the results of Chapter 5 were published in:
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J. A. Almonacid, S. A. Domínguez-Rivera, R. N. Konno, N. Nigam, S. A. Ross,
C. Tam, and J. M. Wakeling, A three-dimensional model of skeletal muscle tissues,
SIAM Journal on Applied Mathematics, 84 (2024), pp. S538–S566

In turn, some of the results in Chapter 7 are available in:

M. Pinto, J. Wakeling, J. Almonacid, and A. Blazevich, From muscle fibres to
gears: How fibre rotation and shape change impact muscle function, bioRxiv, (2025), pp. 2025–
06

and have been submitted for publication.
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Part I

One-dimensional elastodynamics
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Chapter 2

Inertial effects in a multibody
mass-spring model of the
muscle-tendon unit

In this chapter, we study the inertial effects due to added mass in a particular set of forward
dynamics simulations of muscle-tendon units (MTUs). More precisely, using locomotion
data collected in studies by Chen [41] and Dick et al. [46], we compare the predictions of
a multibody mass-spring model of the MTU against those of a simpler model widely used
in biomechanical simulations. In addition, we investigate the influence of the input data in
the numerical aspects of the problem. We show that they are not only are influenced by
the stiffness of the system, but also by the muscle in consideration and the task is asked to
perform.

First, we mathematically describe the ordinary differential equations (ODEs) and the
different concepts behind MTU models. Next, we describe the data and parameters in use
for this study. Then, we describe the computational implementation of the different solvers
required to perform these simulations. Here, we aim to compute lengths and velocities for
muscle and tendon, as well as muscle force. Finally, we present a series of tests which show
that both models (with and without added mass) show different dynamics, reiterating the
importance of considering mass in muscle models for certain experimental scenarios.

2.1 Background

One-dimensional models of skeletal muscle are effective in capturing the overall dynamics
of skeletal muscle. Their relative simplicity allows physiologists to perform cheap forward
dynamics simulations on a range of subjects, muscles, and tasks.

Consider, for instance, the protocol developed by Chen [41] to record data from a human
subject during locomotion tasks. Here, 24 LED motion-capture markers were secured to the
skin over the pelvis and lower extremities of each participant to capture kinematic and
kinetic data. Furthermore, bipolar Ag/AgCl surface electromyography (EMG) electrodes
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Figure 2.1: Sketch of an MTU with dimensions characterized by the muscle and tendon
lengths, respectively LM and LT . Left: initial state (t = 0). Right: deformed state after
shortening (t > 0).

were positioned over the bellies of 10 different muscles to capture EMG data. After this
setup is complete, the subjects were asked to perform 4 different tasks (walking and running
on a treadmill, hopping, and sit-to-stand from a chair) with appropriate breaks in between.
The data was recorded for about 30 seconds per task and each task was repeated twice.
Assuming that data was collected for 20 subjects, this means that up to 20 × 10 × 8 = 1600
different simulations could be performed. Thus, accurate and efficient models and numerical
algorithms are required to analyze the data in a feasible timeframe.

2.2 Mathematical models

Let us develop a mathematical model of a dynamically contracting one-dimensional muscle
tendon unit, such as the one depicted in Figure 2.1. Denote by LM = LM (t) and LT = LT (t)
the muscle and tendon lengths, respectively, at time t ≥ 0. Moreover, denote by L = L(t)
the total length of the MTU which satisfies LM (t) + LT (t) = L(t) for any time t ≥ 0.

2.2.1 Main concepts

We define the muscle stretch λM , the muscle strain εM , and the muscle strain rate ε̇M as

λM := LM

lopt
M

, εM := λM − 1, ε̇M = 1
ε̇0

dλM

dt
= 1
lopt
M ε̇0

dLM

dt
, (2.2.1)

where lopt
M is the optimal muscle length and ε̇0 is the maximum unloaded shortening strain

rate. Similarly, we can define the tendon stretch λT and tendon strain εT as

λT := LT

lopt
T

, εT := λT − 1. (2.2.2)
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Muscle FL Relationships Muscle FV Relationship

Figure 2.2: Force-length (FL) and force-velocity (FV) relationships that are part of Hill’s
muscle model (2.2.3).

The optimal tendon length lopt
T can be computed from the optimal MTU length lten

MT U as
lopt
T = lopt

MT U − lopt
M . For now, the reader can consider these quantities as given, however, they

will be discussed more in detail in Section 2.2.4.

2.2.2 Hill’s muscle model

In a simple model, such as the one shown in Figure 2.3A, muscle can be thought as a
one-dimensional spring containing a contractile element (CE) and a parallel elastic element
(PEE). The first one is related to the force produced by actin-myosin interactions during
activation, whereas the latter is related to passive components of the muscle fibre (such as
titin), which act to prevent overstretching of the sarcomeres that form the muscle fibre. The
muscle force FM in this case is given by (cf. [208]):

FHill(λM , ε̇M ) = F0
{
a(t)F̂A(λM )F̂V (ε̇M ) + F̂P (λM )

}
. (2.2.3)

In this expression, known as the standard Hill’s muscle model:

1. The maximum isometric force, F0, is the maximum force that a muscle can produce
during an isometric contraction (that is, a fixed-length contraction). This force is
achieved when the length of the muscle LM is exactly the optimal muscle length lopt

M .
Therefore, assuming no pennation, it can be computed as:

F0 = σ0 · PCSA0 = σ0 · V0,M

lopt
M

, (2.2.4)

where σ0 is the maximum isometric stress of muscle tissue, PCSA0 is the optimal
physiological cross-sectional area (PCSA), and V0,M is the muscle volume.

2. The time-dependent activation function, a = a(t), characterizes the influx of Ca+
2

ions that trigger the formation of cross-bridges between actins and myosins within
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Figure 2.3: (A) A simple Hill-type model of the MTU (muscle region in pink, tendon region
in grey) using massless springs. Depicted here are the (active) contractile element (CE), the
passive elastic element (PEE), and the series elastic element (SEE) representing the tendon.
(B) A multibody model of the MTU that does not neglect the mass of the muscle, which is
equally distributed throughout the muscle segment.

sarcomeres. This function can be computed given an excitation u(t) using Zajac’s
equation [208]:

da

dt
+ a(t)
τact

(β + (1 − β)u(t)) = u(t)
τact

. (2.2.5)

3. The functions F̂A = F̂A(λM ) and F̂V = F̂V (ε̇) are known respectively as the active
force-length (FL) and force-velocity (FV) relationships. They are related to the CE
of the model and describe the force produced due to actin-myosin interactions during
activation. These are normalized functions, meaning that F̂A(1) = 1 and F̂V (0) = 1.

4. The function F̂P = F̂P (λM ) is known as the passive FL relationship. It is related to
the PEE and describes the force produced by passive components of the muscle fibre
(such as titin), which act to prevent overstretching of the sarcomeres.

The force relationships F̂A, F̂V , and F̂P are typically fit from experimental data obtained
through tensile experiments, and therefore do not have a standard expression. For this
particular set of experiments, we use least-squares fits of the Bézier curves used by Ross et
al. [167]. This allows us to evaluate the force directly given a stretch λM without the need
for solving a nonlinear equation, as is the case for Bézier curves (albeit with a minor loss
of accuracy since the Bézier curves are already fit from experimental data). We show these
curves in Figure 2.2 and give their exact definitions in Appendix A.

2.2.3 Massless and mass-enhanced models of the MTU

For the model in Figure 2.3A, the muscle force FM ≡ FHill is balanced by the tendon force
FT (shown in Figure 2.4) at all times, that is:

FM (λM , ε̇M ) = FT (λT ), t > 0. (2.2.6)

This first-order implicit ODE, which we refer to as the massless model, represents a model
of the MTU in which the mass of the muscle is not taken into consideration. While this may
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Tendon FL Relationship (Overview) Tendon FL Relationship (Toe Region)

Figure 2.4: Tendon FL relationship (left) with its toe region shown in detail (right).

seem like an outrageous simplification of the problem, it is actually what is being solved
in the backend of many popular biomechanics software, such as OpenSim [45]. Hence, this
model’s absence of mass raises the question of whether including mass has any
effect in the prediction of the dynamics of the system.

In an attempt to answer the previous question, based on the work by Günther et al.
[73], Ross et al. [166], and Ross & Wakeling [167, 168], Chen [41] has put forward a muscle
model in which the mass of the muscle is equally distributed into N segments (see Figure
2.3B), forming a multibody system with N bodies. The dynamics in this model, which we
refer to as the mass-enhanced model, are given by the set of second-order ODEs:

m1ü1 = F2(λ2, ε̇2) − F1(λ1, ε̇1), (2.2.7a)

m2ü2 = F3(λ3, ε̇3) − F2(λ2, ε̇2), (2.2.7b)
...

mN üN = FT (λT ) − FN (λN , ε̇N ). (2.2.7c)

Here, m1 = m2 = · · · = mN = mmus/N , where the mass of the muscle mmus depends on
its (initial) volume V0,M through the (initial) density of muscle tissue ρ0, which is assumed
to be constant across mammalian species [125]:

ρ0 = mmus

V0,M
= 1, 060 kg

m3 . (2.2.8)

Moreover, the muscle volume V0,M is estimated using a formula depending on the subject’s
height H and mass W [75]:

V0,M = V0 · χM , V0 = (47WH + 1285) · 10−6, (2.2.9)
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where χM is the fraction of individual muscle relative to the volume of one lower leg V0 (see
Table 2.1).

In turn, ui denotes the displacement of the i-th segment, that is,

ui = xi − x0
i , i = 1, . . . , N, (2.2.10)

where xi is the position of the i-th segment and x0
i denotes its initial position. Furthermore,

λi and ε̇i denote the segment stretch and strain rate of the i-th segment, respectively

λi = li

lopt
s

= li

lopt
M /N

, ε̇i = λ̇i

ε̇0
, i = 1, . . . , N.

These stretches and strain rates can be written in terms of the displacements ui as:

λ1 = u1 + l0s
lopt
s

, λ2 = u2 − u1 + l0s
lopt
s

, . . . , λN = uN − uN−1 + l0s
lopt
s

, (2.2.11)

and
ε̇1 = u̇1

lopt
s ε̇0

, ε̇2 = u̇2 − u̇1

lopt
s ε̇0

, . . . , ε̇N = u̇N − ẋN−1

lopt
s ε̇0

, (2.2.12)

with l0s := LM (0)/N is the initial length of each segment and lopt
s = lopt

M /N . In particular, the
muscle length can be computed directly from the position of the last mass, i.e. LM = xN .

To complete the description of the massless and mass-enhanced models (equations (2.2.6)
and (2.2.7), respectively), we have to provide the optimal muscle length lopt

M , as well as the
initial muscle length LM (0). The latter is sufficient to provide initial conditions for the
system (2.2.7) (assuming that the system of N bodies is initially at rest, i.e. u̇i(0) = 0).
Because we will be working with experimentally-obtained data and force relationships that
are particular to this study, lopt

M and LM (0) can only be estimated from the literature, so
an optimized value must be computed to ensure simulations start from static equilibrium.
This topic will be discussed in the next section.

2.2.4 Optimal muscle and tendon length

The optimal muscle length, lopt
M , is the length at which myofilament overlap is optimal1 and

force production is maximal [63], that is, when FM = F0 at LM = lopt
M . When the MTU

is fixed at this length (that is, L = lopt
MT U ), muscle and tendon forces balance: FM (1) =

F0 = FT (1). This means that the definition of lopt
M depends on the FL relationship, which is

particular to the muscle in study. Therefore, any quantity obtained from the literature can
only be considered an estimate. Denote the estimated optimal muscle and tendon lengths

1This happens at sarcomere lengths of about 2.6-2.8 µm in human muscle and 2.0-2.2 µm in frog muscle
[63].
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Description Value References
σ0 Muscle maximum isometric

stress
225 kPa [123, 152]

ε̇0 Muscle maximum unloaded
shortening strain rate

5 s−1 (walking, running)
10 s−1 (cycling) [195]

τact Time constant for activation 0.045 s (walking, running)
0.025 s (cycling) [47]

β Ratio of τact to deactivation
time constant

0.6 [47]

χM Volume fraction of muscle
with respect to that of one
lower leg

MG: 0.0362
VM: 0.0606
ST: 0.026

[75]

rM Muscle-to-MTU length ratio
MG: 0.54
VM: 0.84
ST: 0.70

[104, 142]

lopt
MT U Optimal MTU length

Subject 1 (walking, running):
MG: 0.3910 m
VM: 0.2770 m
ST: 0.4122 m

Subject 2 (cycling):
MG: 0.3952 m
VM: 0.2171 m
ST: 0.4381 m

[41]

Table 2.1: List of parameters for the mass-enhanced and massless models. The muscles listed
in the table are the medial gastrocnemius (MG), semitendinosus (ST), and vastus medialis
(VM).
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respectively by l̃opt
M and l̃opt

M , which are given by:

l̃opt
M := lopt

MT UrM , l̃opt
T := lopt

MT U (1 − rM ). (2.2.13)

Here, lopt
MT U is the optimal MTU length (given) and rM is the muscle-to-MTU-length ratio

(see Table 2.1). Furthermore, assume that this estimate as a deviation ∆lopt
M from the true

value lopt
M , i.e.

lopt
M = l̃opt

M + ∆lopt
M , lopt

T = l̃opt
T − ∆lopt

M . (2.2.14)

Since muscle and tendon force balance at optimal MTU length, and assuming that the
muscle is inactive (a = 0) and FT = F0F̂T , the true values lopt

M and lopt
T can be obtained by

solving the following equation for the error ∆lopt
M :

F̂P

 l̃opt
M

l̃opt
M + ∆lopt

 = F̂T

 l̃opt
T

l̃opt
T − ∆lopt

 . (2.2.15)

2.2.5 Initial muscle length

Similar to the computation of optimal muscle and tendon lengths, to ensure the simulation
begins from static equilibrium, we assume that the given initial MTU length L(0) only
provides estimates for the initial muscle and tendon lengths, that is:

L̃M (0) = L(0) · rM , L̃T (0) = L(0) · (1 − rM ). (2.2.16)

Furthermore, we assume that the true values for LM (0) and LT (0) are off by a factor of
∆LM (0), that is,

LM (0) = L̃M (0) + ∆LM (0), LT (0) = L̃T (0) − ∆LM (0). (2.2.17)

Then, we can find the value of this correction by solving the equation

FP

 L̃M (0) − ∆LM (0)
lopt
M

 = FT

 L̃T (0) + ∆LM (0)
lopt
T

 . (2.2.18)

The corrections ∆lopt
M and ∆LM (0) are typically small and represent the correct setup of

the locomotion experiment at the time of data collection.

2.2.6 Scaling

As mentioned in the introduction to this thesis, most of our knowledge in human biome-
chanics comes from experiments performed in small animals, such as frogs, rats, and cats.
However, it is known that larger (thus heavier) muscles will yield more inertial effects than

22



Figure 2.5: Example traces of the data (muscle: ST, task: running) used as input for the
one-dimensional massless and mass-enhanced models. In this case, the activation â has been
computed from the excitation û using Zajac’s ODE (2.2.5).

smaller ones, so the size difference should not always be neglected [41, 166]. This motivates
the consideration of scaled up versions of the muscles in study. In this way, a scaling factor
of s means that the MTU length will be scaled up by a factor of s, the physiological cross
sectional area of muscle by a factor of s2, the muscle volume by a factor of s3, and so on. For
example, in studies of gearing, the MG from young rats considered by Holt et al. [89] had
an average volume of 8.4906 · 10−7 m3. In turn, the subject used in this study for walking
and running tasks had a MG volume of about 2.3348 · 10−4 m3. That is about 275 times
the volume of the rat MG, equivalent to a scaling factor of about 6.5. In this study, we will
use scales of 1 and 10.

2.3 Experimental data: muscles and tasks in consideration

We consider two subjects of equal mass (68 kg) and height (1.67 m) who were asked to
perform a set of locomotion tasks: walking and running at their own pace [41], and cycling
at a cadence of 80 s−1 and a crank load of 26 Nm [46]. Moreover, we consider the muscle
excitation û(t) and MTU length L(t) from three different muscles: medial gastrocnemius
(MG), vastus medialis (VM), and semitendinosus (ST). Thus, nine different muscle-task
combinations can be formed. An example of these data are shown in Figure 2.5 for the ST
during running. All data were recorded for a time span of 25 seconds. For more precise
details on the experiment setup and data collection, we refer the reader to [41].
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Description MATLAB© solver AbsTol RelTol N
Zajac ODE (2.2.5) ode45 1e-6 1e-3 -
Parameter calibration (2.2.15), (2.2.18) fzero - - -
Massless model (2.2.6) ode15i 1e-6 1e-6 -
Mass-enhanced model (2.2.7) ode15s 1e-10 1e-6 64

Table 2.2: List of MATLAB© built-in solvers in use.

2.4 Computational implementation

Solvers for the massless (2.2.6) and mass-enhanced model (2.2.7), as well as for the Zajac
ODE (2.2.5) and the calibration steps (2.2.15) and (2.2.18) were implemented in MATLAB©

using built-in routines. See Table 2.2 for a list of these solvers and the default parameters
that were used. In particular, the ODE solvers are adaptive, meaning that the time step size
is controlled by absolute and relative tolerance requirements [178]. First, ode45 is a single-
step solver based on an explicit Runge-Kutta (4,5) formula (the Dormand-Prince pair [55]).
It is typically used for non-stiff ODEs, such as Zajac’s ODE (2.2.5). Next, ode15s is a
variable-order, variable-step solver based on differentiation formulas of order 1 to 5 [178]. It
is a multistep solver used for solving stiff ODEs, such as the mass-enhanced model (2.2.7).
Finally, ode15i is similar to ode15s, but it is designed to solve fully implicit differential
equations [177], such as the massless model (2.2.6).

A convergence test

To have an idea on what to expect for the general results, and to evaluate the convergence
of the solvers, let us perform an experiment using the MTU length and activation data from
the ST muscle during running. Here, we fix the scale to s = 10, the number of masses to
N = 16 (as used in [41, 167, 168]), the absolute tolerance to 10−10, and vary the relative
tolerance from 10−2, 10−4, . . . down to 10−10. We show the results in Figure 2.6 for three
representative seconds of output. Recall that no exact solution is available for this problem.

First, we observe that the muscle stretch λM and the muscle strain rate ε̇M are within
the (generally accepted) operating ranges of human muscle, that is λM ∈ [0.85, 1.15] and
ε̇M ∈ [−0.3, 0.3]. Next, we notice that the muscle stretch contains minor oscillations when
λM < 1. These are then amplified in the muscle strain rate as it varies from ε̇M < 0 to
ε̇M > 0. Moreover, reducing the relative tolerance does not yield a better approximation
(qualitatively speaking), even though the average time step size is indeed decreasing (see
Figure 2.7). This is a sign that the solver is correctly resolving the primary unknowns, and
that the apparent stiffness in the system is not tied to the time discretization, as we will
see in the next section.
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Figure 2.6: Traces of muscle strains (λM ) and strain rates (ε̇M ) as the relative tolerance in
the ODE solver is varied while the absolute tolerance is fixed to 10−10.

Figure 2.7: Average time step size ∆t in the mass-enhanced model as the relative tolerance
decreases while the absolute tolerance is fixed to 10−10.
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scale = 1
Muscle \ Task Walking Cycling Running

MG 1.01 0.80 1.19
VM 2.28 1.33 2.79
ST 1.28 0.83 1.54

scale = 10
Muscle \ Task Walking Cycling Running

MG 1.15 0.99 1.79
VM 2.07 3.29 3.70
ST 2.54 0.90 5.10

Table 2.3: Computation times (in hours) for each muscle-task combination at scales 1 and
10 for the full 25 seconds of available data using the mass-enhanced model.

2.5 Main results

We perform simulations for all 9 muscle-task pairs at scales s = 1 and s = 10 using the
solvers described in the previous section. Moreover, we focus on the behaviour of the ST
during running. Finally, we analyze the impact of the number of the masses on the system
in the quality of the output.

2.5.1 Overall behaviour for different muscles and tasks

In Figure 2.8 we show the predicted normalized muscle force (i.e. FM/F0, see (2.2.3)) using
the massless and mass-enhanced (N = 64) models for three representative seconds of data.
The input data in this case are MTU lengths and activation patterns from the three different
muscles and the three different tasks specified in Section 2.3. In line with the findings by
Chen [41], we observe negligible differences when s = 1 (see Figure 2.8A) and significant
differences when s = 10 (up to 14% RMSE difference for ST-running, see Figure 2.8B).

In general, when we scale the muscle 10 times its size (i.e. s = 10), the mass-enhanced
model can capture much sharper dynamics than the massless model. Moreover, the inertial
effects can cause faster variations of muscle force (ST-walking), shifts in phase (VM-cycling),
and differences of peak (local) force of above 100% (ST-running).

Computationally speaking, even though the dynamics of the MTU are, in general,
smooth for all muscle-task pairs (see, for instance, Figure 2.5), the time that it takes to
simulate the full 25 seconds of data varies significantly, not only depending on the model
but also on the muscle and the task of choice. While the massless model finishes computa-
tion in about 1 to 5 seconds, the mass-enhanced model can easily take hours to compute a
result (up to 5 hours for the ST muscle during running, see Table 2.3).
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A

B

Figure 2.8: Predicted (normalized) forces when the scaling parameter is unchanged (i.e.
s = 1; A) and when s = 10 (B) for 9 different muscle-task combinations. RMSE computed
using the data range shown in the figures.
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2.5.2 Dynamics of the ST during running

In view of the previous results, we decide to have a closer look at the behaviour of the
ST muscle during running. In particular, we show traces of excitation, activation, muscle
length, tendon length, muscle strain rate, and normalized muscle force for s = 1 and s = 10
in Figure 2.9. Here, the excitation is given from the experimental data, the activation is
computed based on this excitation using (2.2.5), and the rest of the variables are computed
by the solver. In particular, the muscle force is equal to the computed tendon force, since
we are assuming that the tendon transmits the entirety of the force generated by muscle.

These results show that the tendon acts as a strut when s = 1, but it is no longer the
case for s = 10. Indeed, tendon strains of up to -20% are observed, and they produce sharp
variations of strain rate (and ultimately force) that the massless model cannot capture.
Another important feature is that, when s = 10, we observe a development of impulsive
forces when transitioning from ε̇M < 0 to ε̇M > 0. This is something that has not been
described previously (cf. [41, 166]) because the dynamics in these works are much smoother.
We also note that the results in Figure 2.9 were computed using N = 64 masses (see Table
2.2) because the simulation was not fully resolved when N = 16 masses were used.

2.5.3 Influence of the number of masses in the computation

The phenomenon in the previous subsection is a strong indication that, in certain scenarios,
the number of masses in the model might need to be modified from the standard N = 16
suggested by Ross et al. [165]. To view this in more detail, we performed a homogenization
study by varying the number of masses from 0 (i.e., a simulation using the massless model)
to 128 masses. We portray these results in Figure 2.10. Here, we observe how it is only
when using N = 128 masses that we do not observe any unphysical oscillations. However,
simulating 18 seconds of data took about 42 hours of computational time and a significant
amount of memory, so this is not a feasible approach for studying multiple muscle-task
combinations.

In general, we observed that the number of masses needed to fully resolve the traces
depended on the scale, task, and muscle in study. This effect can be seen from Figure 2.8B.
In particular, for scale s = 10, the traces for the VM-running and ST-running combination
show some spurious oscillations that are not present in the traces for the MG. This also
suggests that the problem could be better approached using a one-dimensional continuum
model (see next chapter), that is, a model derived from an infinitely large number of masses
(i.e. N → ∞). This would open the door to the development of efficient numerical solvers
using techniques such as the finite element method.
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Figure 2.9: Predicted dynamics using the massless (dashed black lines) and mass-enhanced
(solid blue line) models for the ST muscle during running. From top to bottom, the first
row shows the (given) muscle excitation and (computed) activation, then the (computed)
muscle strain εM , muscle strain rate ε̇M , tendon strain εT , and normalized muscle force
F̂M = FM/F0.
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Figure 2.10: Traces of muscle strains (λM ), strain rates (ε̇M ), and (normalized) muscle force
F̂M as the number of masses vary in the mass-enhanced model: from N = 0 (second row,
i.e. massless model), N = 2 (third row), up to N = 128 (last row). For reference we have
added the computed activation in the first row.
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Chapter 3

Dynamical stability and the
continuum limit of multibody
models

We now turn our attention to the issue of stability in muscle models. In particular, we refer
to a dynamical system (such as the mass-enhanced model (2.2.7)) being dynamically stable
if small perturbations or deviations from an equilibrium state result in the system eventually
remaining near or returning to that equilibrium state over time (see, e.g., [184]). This is in
contrast to the concept of numerical stability, which is tied to the numerical scheme used
to approximate the solution to a dynamical system. We remark that these terms are not
interchangeable and that the present chapter will focus entirely on the dynamical stability
of models such as (2.2.7).

First, we introduce the context in which multibody models are unstable and the math-
ematical reasons behind. We present some numerical experiments to visualize the effects
of this instability. Next, we propose a simple method to stabilize the system based on
previously-validated three-dimensional models. This will require us to explore the contin-
uum limit of the mass-enhanced model, that is, as the number of masses in the system grows
infinitely. Finally, we visualize the dynamics on this updated system and the implications
when analyzing the mass effects in a one-dimensional context.

3.1 Background

The force-length (FL) relationship, which was described for the first time in 1966 for the
semitendinosus muscle in frogs [72], is an important component of Hill-type muscle models.
It describes the contractile forces generated by the active and passive elements in a muscle
fibre.

The active force-length curve is a “bell”-shaped curve that characterizes the actin-myosin
interactions formed upon activation. At a sarcomere level, an increasing level of activation
leads to a greater overlap between actins and myosins, but only until the sarcomere has
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A B

Figure 3.1: (A) Active and passive FL relationships. The region λM < 1 corresponds to
the ascending limb (in blue) since the curve has a positive slope. In turn, the region λM >
1 corresponds to the descending limb (in ochre) which has a distinctive negative slope.
(B) When active and passive forces are added, they form the total FL relationship, which
typically has a dip region (i.e. a region with negative slope) around 1 < λM < 1.35.

reached its optimal length. Beyond this, the overlap between actin and myosin decreases.
This reduction means fewer cross-bridges can form, thereby decreasing the ability of the
sarcomere to generate active force. Because a muscle fibre can be seen as a bundle of serially-
connected sarcomeres, the active force that a muscle fibre generates is assumed to follow
this same logic (see Figure 3.1A). In turn, the passive force combines the force-generating
effects of extracellular components (such as the endomysium, perimysium, epimysium, and
sarcolemma) and intracellular components (such as titin) that act to prevent overstretching.

The region on which the active force is increasing (that is, λM < 1) is known as the
ascending limb, whereas the region where the force is decreasing (that is, λM > 1) is known
as the descending limb. When active and passive forces are combined, the resulting curve
may have a “dip” region because the passive curve has a slope that is not positive enough
to overtake the negative slope of the active curve (see Figure 3.1B). This is particularly
problematic if the goal is to simulate isometric contractions in this dip region using a
multibody model such as the mass-enhanced model (2.2.7). A small perturbation of the
system in this region can generate dynamics that do not reflect the behaviour of skeletal
muscle. This phenomenon is known as the descending limb instability and has been a subject
of discussion for almost 20 years [3, 206, 207]. We remark that this is an instability of
dynamical type, not numerical (as sometimes is referred to, see [206]). A more precise
description of this phenomenon can be made using tools from dynamical systems, which
will be the goal of the next section.
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3.2 Mathematical description of the descending limb insta-
bility

Let us dive into the reasons behind the descending limb instability (DLI) in the context
of the mass-enhanced model (2.2.7). This will be useful to understand what originates this
instability and what can be done to remediate it. We begin this section by establishing what
an isometric contraction means for our purposes.

Definition 3.1 (Isometric contraction). Consider a muscle modelled as a series of one-
dimensional elastic elements (i.e. as in the mass-enhanced model). We say that a muscle
is contracted isometrically if the total muscle length LM remains constant at all times,
independent of the activation level. For the case of a muscle-tendon unit (MTU), we say
the MTU is contracted isometrically if the combined length of muscle and tendon remains
constant throughout the experiment,

The definition above implies that, although the length of the muscle (or an MTU)
remains fixed during an isometric contraction, the length of its constitutive elements (i.e.,
each segment in the mass-enhanced model, or the muscle and tendon lengths in an MTU)
may experience individual variations.

3.2.1 The model for an isometric contraction

Consider a muscle modelled as a series of N contractile elements with N − 1 masses dis-
tributed in the same fashion as the mass-enhanced model (2.2.7) (see Figure 3.2). Moreover,
assume that the length is given by λMLM , where LM is the optimal muscle length and λM

is a given stretch. Then, the system (2.2.7) now reads:

m1ü1 = F2(λ2, ε̇2) − F1(λ1, ε̇1), (3.2.1a)

m2ü2 = F3(λ3, ε̇3) − F2(λ2, ε̇2), (3.2.1b)
...

mN−1üN−1 = FN (λN , ε̇N ) − FN−1(λN−1, ε̇N−1). (3.2.1c)

Here, for i = 1, . . . , N − 1, ui is the displacement of the i-th segment, mi = mmus/(N − 1)
with mmus being the mass of the muscle, and the forces Fi are given by Hill’s force:

Fi(λi, ε̇i) = FHill(λi, ε̇i) = F0 {FA(λi)FV (ε̇i) + FP (λi)} . (3.2.2)
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PEE1
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PEE2
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lN−1 lN

F⃗1 F⃗2 F⃗2 F⃗3 F⃗N−1 F⃗N

. . .

. . .

Figure 3.2: Mass-enhanced muscle model adapted for an isometric contraction. Here, the
sum of all element lengths (i.e. ∑N

i=1 li = LM ) is fixed.

Note that, unlike the expression in (2.2.3), we are assuming a fully active muscle (i.e.
a(t) = 1). As before, the segment stretches λi are given by:

λ1 = u1

lopt
s

+ λM , (3.2.3a)

λi = ui − ui−1

lopt
s

+ λM , i = 2, . . . , N − 1, (3.2.3b)

λN = −uN−1

lopt
s

+ λM , (3.2.3c)

with lopt
s = LM/N , whereas the strain rates ε̇i are just:

ε̇i = 1
ε̇0

dλ̇i

dt
, i = 1, . . . , N. (3.2.4)

We remark that, because we are modelling an isometric contraction, these strain rates will be
near zero, and thus the contribution from the FV relationship is negligible since FV (0) = 1.
However, we decide to leave this dependence in the definition of Hill’s force (3.2.2) and in
the right-hand side of (3.2.1) not only to preserve the structure of the muscle model but
also to reuse the computational tools developed in the previous chapter.

3.2.2 Stability of the zero solution

First, we rewrite the system (3.2.1) as a system of first order ODEs, which we can compactly
express as:

d

dt

(
u⃗

v⃗

)
= N − 1
mmus

[
0 I
0 0

](
u⃗

v⃗

)
+ F(u⃗, v⃗), (3.2.5)

where u⃗ = (u1, . . . , uN−1)⊤ is the vector of displacements, v⃗ = (v1, . . . , vN−1)⊤ is the vector
of velocities (not to be confused with strain rates, see Equation (3.2.4)), and the nonlinear
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term F(u⃗, v⃗) is given by

F(u⃗, v⃗) =
(

0⃗
F⃗ (u⃗, v⃗)

)
, F⃗ (u⃗, v⃗) =


F (λ2, ε̇2) − F (λ1, ε̇1)

...
F (λN , ε̇N ) − F (λN−1, ε̇N−1),

 (3.2.6)

with the force F corresponding to Hill’s force with maximal activation (a = 1), that is

F (λ, ε̇) = F0
{
FA(λ)FV (ε̇) + FP (λ)

}
. (3.2.7)

Notice that the zero solution, that is (u⃗, v⃗) = (⃗0, 0⃗) is an equilibrium point of the system
(3.2.5). From the definition of the segment stretches λi in (3.2.3), we observe that

ui = 0 ⇒ λi = λM , ∀ i = 1, . . . , N − 1.

Furthermore, from the definition of the strain rates in (3.2.4) and the velocities in (3.2.5),
we have

vi = 0 ⇒ u̇i = 0 ⇒ ε̇i = 1
ε̇0

d

dt

(
ui − ui−1

lopt
s

)
= 1
ε̇0

(
u̇i − u̇i−1

lopt
s

)
= 0,

for all i = 1, . . . , N − 1. Therefore, the segment forces that define F⃗ in (3.2.6) cancel each
other, so the right-hand side of (3.2.5) vanishes.

According to the theorem of Hartman-Grobman [44], we may linearize (3.2.5) around
(⃗0, 0⃗) to analyze the stability of this equilibrium point. Furthermore, because the changes in
stretch are will be small relative to the time it takes the system to stabilize, we can assume
that ε̇i ≈ 0. Thus, it suffices to analyze the linear system:

d

dt

(
u⃗

v⃗

)
= J (⃗0, 0⃗)

(
u⃗

v⃗

)
, (3.2.8)

where the Jacobian J(u⃗, v⃗), for arbitrary (u⃗, v⃗), is given by

J(u⃗, v⃗) =

 0 N−1
mmus

IN−1
∂F⃗
∂u⃗ 0

 , (3.2.9)

with IN−1 ∈ RN−1×N−1 being the identity matrix and ∂F⃗
∂u⃗ the tridiagonal matrix of entries

(
∂F⃗

∂u⃗

)
i,i

= − 1
lopt
s

[
∂F

∂λ
(λi+1, 0) + ∂F

∂λ
(λi, 0)

]
(3.2.10)
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and (
∂F⃗

∂u⃗

)
i+1,i

=
(
∂F⃗

∂u⃗

)
i,i+1

= 1
lopt
s

∂F

∂λ
(λi, 0). (3.2.11)

In particular, when (u⃗, v⃗) = (⃗0, 0⃗), we have

J (⃗0, 0⃗) =

 0 N−1
mmus

IN−1
1

lopt
s

∂F
∂λ (λM , 0) D0 0

 , (3.2.12)

where D0 ∈ RN−1×N−1 is the matrix

D0 =


−2 1 0 · · · 0
1 −2 1 · · · 0

. . . . . . . . .
0 · · · 0 1 −2

 . (3.2.13)

The latter is a matrix typically found in finite difference schemes for ODEs and PDEs (see,
e.g., [183]). Its eigenvalues are:

νk = −4 sin2
(
kπ

2N

)
, k = 1, . . . , N − 1. (3.2.14)

Therefore, to find the eigenvalues ωk of J (⃗0, 0⃗), we may use the following identity:

det
(
ωI2(N−1) − J (⃗0, 0⃗)

)
= det

(
ω2IN−1 − N − 1

lopt
s mmus

∂F

∂λ
(λM , 0)D0

)
,

which gives rise to two cases, depending on the sign of ∂F
∂λ (λM , 0).

First, if ∂F
∂λ (λM , 0) > 0 (that is, the muscle is contracted on the ascending limb of the

FL relationship), then the eigenvalues of the Jacobian are:

ωk = ±2 N − 1
lopt
s mmus

∂F

∂λ
(λM , 0) sin

(
kπ

2N

)
i, k = 1, . . . , N − 1, (3.2.15)

with i =
√

−1. Although all the eigenvalues are purely complex, they are distinct, and
therefore the system (3.2.5) is stable according to [74, Theorem 13.1].

In contrast, if ∂F
∂λ (λM , 0) < 0 (that is, the muscle is contracted on the descending limb

of the FL relationship), then the eigenvalues are purely real:

ωk = ±2 N − 1
lopt
s mmus

∂F

∂λ
(λM , 0) sin

(
kπ

2N

)
, k = 1, . . . , N − 1. (3.2.16)

Therefore, because of the presence of positive eigenvalues, the system (3.2.5) is unstable.
This is a mathematical characterization of the descending limb instability (DLI).
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Figure 3.3: Stability of an isometric contraction according to the system of ODEs (3.2.1).
The elements (as well as the muscle) are stretched initially at around 85% (left), 115%
(middle), and 145% (right) of the muscle’s optimal length. At an initial stretch of 115%,
the descending limb instability causes the segments to bifurcate to two different lengths.

3.2.3 A numerical example

Consider as in [206] a muscle of length LM = 0.3 m with maximum isometric force F0 = 525
N. Without loss of generality, we set the maximum strain rate to ε̇0 = 5 s−1. We also take
N = 17 masses and an initial condition ui = ηi, u̇i = 0, for i = 1, . . . , N − 1, with ηi being
a random variable drawn from a uniform distribution on [−0.01, 0.01].

To observe the DLI, we perform three isometric contractions in different parts of the FL
curve:

1. On the ascending limb at λM = 0.85,

2. On the descending limb at λM = 1.15,

3. On the descending limb but at a point where the derivative of the total FL curve is
positive, say λM = 1.45.

We show these results in Figure 3.3. Here, we see that when λM = 0.85 or λM = 1.45, we
have that ∂F

∂λ (λM , 0) > 0 and therefore the system eventually returns to a static equilibrium
where all the segments have the same length. However, when λM = 1.15, we have that
∂F
∂λ (λM , 0) < 0 and a bifurcation is produced: muscle segments diverge to two different
lengths that produce the same force.

3.3 Stabilizing the model

The model (3.2.1) allows for an arbitrary number of contractile units. Therefore, it is per-
fectly reasonable to assume a large enough N can reduce each contractile unit into the
representation of a sarcomere. In this scenario, the DLI would tell us that sarcomeres may
undergo sudden overstretching or “popping” when the muscle is isometrically contracted at
a length beyond optimal. And while this is a physiological phenomenon known as sarcomere
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popping [131, 132, 133], experiments on single myofibrils show a rather stable behaviour of
sarcomeres, i.e. no “popping” on the scale of a myofibril [97].

Deriving an accurate, stable, and physiologically-informed muscle model is then an al-
most Sisyphean task. The properties of skeletal muscle tissue are so heterogeneous that
the behaviour of a first-stretched-then-activated muscle fibre (which is how the active force
curve is constructed) is completely different compared to one which is first activated and
then stretched. At the sarcomere level, this active stretching typically yields FL curves that
do not have a dip region, leading to forces that are above the maximum isometric force. This
phenomenon is known as residual force enhancement (RFE) and, at least mathematically,
explains why sarcomeres are stable in both ascending and descending limbs of the active
FL curve [98].

History-dependent effects, such as RFE, are typically attributed to titin, the largest
protein in the human body and a component of the parallel elastic element in sarcomeres.
Upon active stretch, titin binds to actin to increase its stiffness [137], with a large enough
increase that the total FL curve no longer has a dip region (if it had one), thus convexifying
the curve. In this way, it is no surprise that muscle models that do include titin as an
activation-dependent elastic element are stable [78, 79, 109, 128, 174].

RFE has always been observed in single muscle fibres from humans and animals [98,
148, 160]. However, RFE may not always be observed in vivo at the whole muscle level
[14, 40, 87], yet the contractions are still stable. Could there be components different than
titin that bring stability to a muscle fibre?

In mathematical terms, the DLI can be overcome by adding any stiff-enough elastic
element (not necessarily titin) to Hill’s model (3.2.2). Therefore, it is also not surprising
that three-dimensional models are, more often than not, stable given the addition of a
passive, base material contribution [4]. Hence, we can draw inspiration from these models
to add a hyperelastic component to the system (3.2.1) and show that the resulting model is
stable on both limbs of the active FL curve. Given that this is performed at the continuum
level, we must first introduce a continuum version of the mass-enhanced model by taking
the limit as the number of masses N → ∞.

3.3.1 The continuum limit of the mass-enhanced model

Consider the model (3.2.1) but with an additional mass at the right end that is pulled
with a constant force Fext. Furthermore, assume that mi = mmus/N and the muscle is not
pre-stretched, i.e. λM = 1. In addition, define lopt

s = Lopt
mus/N =: ∆x. After some algebraic
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manipulations, the system (3.2.1) becomes:

mmus

Lopt
mus

ü1 = F (λ2, ε̇2) − F (λ1, ε̇1)
∆x , (3.3.1a)

mmus

Lopt
mus

ü2 = F (λ3, ε̇3) − F (λ2, ε̇2)
∆x , (3.3.1b)

...
mmus

Lopt
mus

üN = Fext − F (λN , ε̇N )
∆x . (3.3.1c)

In particular, the segment stretches λi and strain rates ε̇i now read:

λi = 1 + ui − ui−1
∆x , (3.3.2)

and
ε̇i = 1

ε̇0

d

dt

(
ui − ui−1

∆x

)
. (3.3.3)

We are interested in studying the behaviour of the system (3.3.1)-(3.3.3) as N → ∞,
or equivalently, as ∆x → 0. This is the continuum limit. In this case, equations (3.3.2) and
(3.3.3) define the following the quantities:

λ(x, t) := lim
∆x→0

λi = 1 + ∂u

∂x
, (3.3.4)

and
ε̇(x, t) = lim

∆x→0
ε̇i = 1

ε̇0

∂

∂t

(
∂u

∂x

)
= 1
ε̇0

∂λ

∂t
. (3.3.5)

That is, we have recovered the one-dimensional version of the stretch and strain rate vari-
ables that are commonly considered in solid mechanics. Moreover, we can make the following
claim with respect to the system (3.3.1).

Claim 3.1. The system of ODEs (3.3.1) corresponds to a first-order method of lines dis-
cretization of the partial differential equation (PDE):

ρ0,L
∂2u(x, t)
∂t2

= ∂F (λ(x, t), ε̇(x, t))
∂x

, 0 < x < Lopt
mus, 0 < t < ∞, (3.3.6)

subject to boundary conditions

u(0, t) = 0, (3.3.7a)

F (λ(·, t), ε̇(·, t))
∣∣∣
x=Lopt

mus

= Fext(t), (3.3.7b)

and initial conditions
u(x, 0) = ∂u

∂t
= 0. (3.3.8)
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Here, F corresponds to Hill’s force defined in (3.2.2) and ρ0,L := mmus/L
opt
mus is a linear

density.

Note that the Neumann condition (3.3.7b) to a nonlinear type of boundary condition
depending on ∂u

∂x . Thus, the problem (3.3.6)-(3.3.8) is at least well-defined. Whether it is
well-posed (that is, given a smooth Fext, the problem has a unique regular solution depending
continuously on Fext) is a different story and will not be discussed here. As it is known, this
can only be done in limited scenarios (for instance, when F is linear, see [190]), so a general
result cannot be stated for arbitrary F and Fext.

Proof. Consider a discretization {x0, x1, . . . , xN } with constant spacing ∆x := Lopt
mus/N of

the interval [0, Lopt
mus] where x0 = 0 and xN = Lopt

mus, then, define ui := u(xi, t) for t ≥ 0,
i = 1, . . . , N . Furthermore, consider a backwards first-order formula for the stretch and
strain rates, that is,

λi = λ(xi, t) = 1 + ui − ui−1
∆x ,

and
ε̇i = ε̇(xi, t) = 1

ε̇0

dλi

dt
.

These are precisely (3.3.2) and (3.3.3). Now, to discretize the gradient on the right-hand
side of (3.3.6), consider a forwards first-order difference:

ρ0,L
d2ui

dt2
= F (λi+1, ε̇i+1) − F (λi, ε̇i)

∆x , i = 1, . . . , N.

Given that there is not an xN+1 mass, the force required at this “ghost” node can be
taken precisely as Fext according to the boundary condition (3.3.7b). Hence, the previous
expression is just (3.3.1).

3.3.2 Convexifying the FL relationship

Let us introduce a base material component to Hill’s force (3.2.2) assuming that it behaves
as Neo-Hookean material:

FNH(λ) =


F0

κ

σ0

(
L̂µλ+ L̂λ log(λ) − L̂µ

λ

)
, λ ≥ 1,

0, otherwise.
(3.3.9)

Here, κ is the bulk modulus of muscle, σ0 is the maximum isometric stress, and the (non-
dimensional) Lamé parameters are given by

L̂λ = ν

(1 − ν)(1 − 2ν) , L̂µ = 1
2(1 + ν) , (3.3.10)
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with ν being the Poisson’s ratio of muscle tissue, which can be set to ν = 0.499 owing to
the (near-)incompressibility of muscle [105].

In principle, the PDE (3.3.6) can be seen as a model for the one-dimensional deformation
of a muscle fibre in which every point inside is subjected to Hill’s force. Therefore, if we
think of a fibre as a bundle of myofibrils, then we can consider the components that are
in between to be part of the base material of a fibre. These components include (but are
not limited to) the sarcoplasmic reticulum and the T-tubules. In this way, we consider the
following expression for the muscle force in (3.3.6):

F (λ, ε̇) = (1 − χBM )FHill(λ, ε̇) + χBMFNH(λ), (3.3.11)

where χBM denotes the fraction of base material that could be present in a muscle fibre.
Thus, the more base material we introduce in the model, the more we can convexify the FL
curve. Luckily, χBM does not have to be large to bring stability to the system, as we will
see in the experiment below.

3.3.3 A stabilized mass-enhanced muscle model

Following the result in Claim 3.1, we can write a stabilized version of (3.2.1) using the force
expression (3.3.11):

mi−1üi−1 = (1 − χBM ) [FHill(λi, ε̇i) − FHill(λi−1, ε̇i−1)]

+ χBM [FBM (λi) − FBM (λi−1)] , i = 1, . . . , N − 1, (3.3.12)

with the stretches λi and strain rates ε̇i as in (3.2.3) and (3.2.4), respectively. Then, we
can repeat the experiment from Section 3.2.2 to test the stability of the zero solution.
In particular, we take in equation (3.3.11) a bulk modulus κ = 106 Pa and a maximum
isometric stress σ0 = 200 kPa [4]. Furthermore, we consider χBM = 0.0015, that is, we
assume that 99.85% of the force that a muscle fibre produces is due to Hill’s force and
0.15% from a base material contribution.

First, we portray the resulting forces in Figure 3.4 where the total force (3.3.11) shows
RFE for muscle lengths above optimal (i.e. λM > 1). Then, in Figure 3.5 we show the
results for the same three isometric contractions as in Section 3.2.3 which show (1): no
difference for λ0 = 0.85 since the Neo-Hookean term does not act for stretches below 1,
(2): stabilization on the descending limb of the active FL curve, shown in the figure for
λ0 = 1.15, and (3): rapid stabilization due to a stiffer passive element. Therefore, it is clear
that the base material component has a stabilizing effect in isometric contractions.
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Figure 3.4: Forces in the stabilized model (3.3.12). When the base material component
(yellow) is added to the active (blue) and passive (red) forces, the total force (black) is a
monotonically increasing function.

Figure 3.5: Stability of an isometric contraction according to the system of ODEs (3.3.12).
As before, the elements (as well as the muscle) are stretched initially at around 85% (left),
115% (middle), and 145% (right) of the muscle’s optimal length. In all cases, the contractions
are stable since the derivative of the total force (made of active, passive, and base material
components) is always positive.
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3.4 Nondimensionalization of the continuum system and the
influence of mass

The elastic model (3.3.6) with the force F given by (3.3.11) can be used to explain the mass
effects discussed in Chapter 2 in a succinct way. First, let

F̂Hill = FHill

F0
, F̂NH = FNH

F0
, (3.4.1)

denote the nondimensional versions of the Hill and Neo-Hookean force terms. Moreover,
consider the following nondimensional variants of the displacement, space, and time vari-
ables:

û = u

Lopt
mus

, x̂ = x

Lopt
mus

, t̂ = t

1/ε̇0
. (3.4.2)

Plugging these quantities into (3.3.6) we obtain:

ρ0,L(Lopt
mus)2ε̇2

0
F0

∂2û

∂t̂2
= (1 − χBM )F̂Hill + χBM

κ

σ0
F̂BM . (3.4.3)

All terms in the previous equation are nondimensional, but we can further rearrange the
terms in the left-hand side to obtain a more physically meaningful number.

Recall that ρ0,L is a linear density (it has units of kg m−1). We can convert this quantity
into the more common volumetric density ρ0 through the cross-sectional area (CSA) of a
muscle fibre, that is,

ρ0,L = ρ0 · CSA. (3.4.4)

Moreover, because the maximum isometric force F0 can be written in terms of the maximum
isometric stress as F0 = σ0 ·CSA, the number on the left-hand side of (3.4.3) can be written
as

ρ0(Lopt
mus)2ε̇2

0
F0

= ρ0(Lopt
mus)2ε̇0
σ0/ε̇0

. (3.4.5)

The nondimensional number in the previous expression can be viewed as a ratio between
inertial forces (due to mass) and viscous forces. As such, we call this number the muscu-
loskeletal Reynolds number (ReMSK), akin to the Reynolds number commonly found in
fluid dynamics. In this way, we can rewrite (3.4.3) as:

ReMSK
∂2û

∂t̂2
= (1 − χBM )F̂Hill + χBM

κ

σ0
F̂BM . (3.4.6)

Therefore, if the length of the muscle scales by a factor s, the rescaled musculoskeletal
Reynolds number becomes:

ReMSK = s2 ρ0(Lopt
mus)2ε̇0
σ0/ε̇0

. (3.4.7)
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s ε̇0 [s−1] ReMSK

1 5 1.1925 · 10−5

1 10 4.77 · 10−5

10 5 1.1925 · 10−3

10 10 4.77 · 10−3

Table 3.1: Variation in the musculoskeletal Reynolds number ReMSK when a scaling factor
s is introduced for two different maximum (unloaded) strain rates (5 s−1 and 10 s−1). Here,
ρ0 = 1.060 kg m−3, σ0 = 200 kPa, Lopt

mus = 0.3 m.

This explains why one can expect, in this one-dimensional context, that mass effects are
larger for larger scales, longer muscles (such as the semitendinosus), and muscles that con-
tain a higher proportion of faster fibres (i.e., larger ε̇0). See Table 3.1 for some values of
this nondimensional number.
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Chapter 4

First order is enough: time
discretization alternatives for
dynamic Neo-Hookean deformation

As a prelude to the development of computational tools for the study of dynamic 3D skeletal
muscle deformation, we now face the task of finding an appropriate time stepping scheme for
this problem. This is an effort to extend the developments of Rahemi [154] and Dominguez
[54] regarding quasi-static models. To accomplish this, we study the performance of dif-
ferent time stepping schemes, from methods used in engineering finite element analysis to
Matlab’s built-in solvers. However, because the complexity of the full 3D nonlinear model
obscures the main details of the numerical algorithms in use, we therefore focus on apply-
ing these methods to a simpler (yet representative) model of one-dimensional Neo-Hookean
deformation.

First, we discuss time stepping methods that are commonly used in dynamic analysis of
structures, as well as their advantages and disadvantages. Next, we state a model problem
in 1D and present some of these methods in two different contexts, depending on which
variable in the continuous problem is discretized first: time or space. This is a particularly
important consideration for nonlinear problems with (potentially) nonsmooth boundary
conditions. Then, we present convergence studies for a linear problem. We then perform
numerical experiments of Neo-Hookean deformation in order to compare. In addition to
classic time stepping methods used in engineering, we also study an implicit-explicit (IMEX)
method and several of Matlab’s built-in solvers for systems of ODEs. We finish the chapter
with a discussion on the obtained results and what this means for the development of a 3D
dynamic finite element code for skeletal muscle tissue.
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4.1 Background

We start with two discussions that will, hopefully, help the reader understand our choices
and results for this chapter: what type of time stepping should we choose and what variable
(space or time) should be discretized first.

4.1.1 Time stepping schemes in engineering elastodynamics

The discretization of elastodynamic models is a well established research area in engi-
neering. Tried-and-tested techniques are widely available in modern, commonly used finite
element analysis software, such as Ansys Mechanical, Ansys LS-DYNA, COMSOL, and
Abaqus. In particular, for linear elastodynamics, well-known time stepping schemes include
Newmark-β schemes [136], Wilson-θ schemes [200], HHT-α schemes [84], WBZ-α schemes
[204], HP-θ1 methods [88], and more recently, structure-dependent schemes (i.e. numerical
methods whose parameters depend on the material properties of the structure) such as
those by Chang [39]. In general, studies in mechanical engineering will claim that a good
time stepping scheme for the linear problem must have the following characteristics (see,
e.g. [91, 100, 169]):

1. Unconditional stability,

2. Second-order accuracy,

3. Being single-step, that is, only one set of implicit equations needs to be solved per
time step and the only information needed to do this is from the immediately previous
time step,

4. Controllable numerical dissipation in the higher modes,

5. Self-starting,

6. Should not overshoot the solution.

Overshooting is a phenomenon in which the numerical method “overestimates” the so-
lution in the first steps due to the excitation of high-frequency modes (see Figure 4.1). This
is commonly observed in stiff problems where either non-zero or non-smooth boundary con-
ditions are used. Moreover, all the time schemes mentioned at the beginning of this section,
are prone to suffer this problem [121]. This means that overshooting is, albeit undesirable,
a potentially manageable nuisance.

While numerical methods such as Newmark’s or HHT-α do verify characteristics 1-6
above in the context of linear problems, they may not for nonlinear problems. Consider the
nonlinear second order ODE:

ÿ = φ(y, ẏ) in (0,∞),
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Figure 4.1: Example of overshooting in the velocity variable, which causes even higher
oscillations in the acceleration.

where φ : R × R → R is smooth function. If an implicit method is used to discretize
this equation, then at each time step, the nonlinear problem must be linearized (using
strategies such as Newton’s method). Furthermore, if iterative solvers are used to solve
the (discretized) linear problem, then multiple linear systems are solved at each Newton
iteration, and multiple Newton iterations are needed for each time step. Therefore, second-
order accuracy might not be achieved, or if it does, the numerical methods might still exhibit
overshooting and oscillations beyond the high-frequency regime [60].

4.1.2 Time or space first? Rothe’s method versus method of lines

When it comes to numerical methods for spatio-temporal problems, at least two approaches
arise depending on the order in which the variables (space and time) are discretized.

One alternative is to discretize the time variable first while keeping the space variable
continuous. This is referred to as Rothe’s method [170]. For second order parabolic and
hyperbolic systems (the latter being the case for elastodynamics), this means that, at each
time step, we are bound to solve an elliptic PDE in the space variable. For nonlinear PDEs,
the linearization can be performed at a continuous level using, for instance, Gâteaux deriva-
tives. One of the advantages of this method is that, in the context of finite element methods,
updates to the mesh can easily be performed since they do not alter the variational formu-
lation of the elliptic problem. However, one major disadvantage is that it is harder to test
different time stepping strategies since they involve modifying the structure of the varia-
tional formulation itself, which may induce significant modifications to the computational
solvers. We will see these differences throughout Sections 4.3 to 4.5.

A different approach is to discretize the space variable first, then the time variable.
This leads to the method of lines (MOL) [110] and it is how Newmark-type methods are
introduced in the engineering literature [91]. In this case, the parabolic or hyperbolic PDE
is transformed into a system of ODEs. This is one of the major advantages of the MOL since
it is relatively easy to test multiple time stepping schemes implemented as ODE solvers.
However, this also means that the spatial mesh is fixed at all times, which is not amenable
to a posteriori mesh refinements (especially at each time step).
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4.2 Model problem for nonlinear elasticity

Consider a one-dimensional solid (which we may refer to as a “rod”) of linear density ρ0,L

and cross-sectional area A0 that occupies the region Ω = [0, L]. Furthermore, let u = u(x, t)
denote the displacement of a point x at time t. We consider the following model for the
deformation of this rod subject to a prescribed displacement g = g(t) at one of its ends:

ρ0utt = Px in Ω × (0,∞), (4.2.1a)

u(x, 0) = 0, ut(x, 0) = 0 in Ω × {t = 0} (4.2.1b)

u(0, t) = 0, u(L, t) = g(t) in (0,∞). (4.2.1c)

Here, ρ0 = ρ0,L/A0 is a volumetric density and P = P (λ) is a constitutive equation for the
stress of the material depending on the stretch λ := ux + 1. The equation above is very
similar to (3.3.6) but with a stress P instead of a force F to match the dimensions of the
left-hand side of (4.2.1a).

4.3 A first order time stepping scheme

Let us consider a first order scheme inspired by previous works on skeletal muscle modelling
(e.g. [54, 196]). To keep the focus on the time discretization, all methods will feature a
spatial discretization based on second-order Lagrange finite elements.

4.3.1 Rothe’s method and finite element formulation

First, we convert the PDE (4.2.1a) into a system of first order PDEs. Then, we discretize
the time derivatives using a first-order backwards formula. This yields the following semi-
discrete problem for n ≥ 0:

un+1 − un

∆t = vn+1, (4.3.1a)

ρ0

(
vn+1 − vn

∆t

)
= P (λn+1)x, (4.3.1b)

where the stretch λn+1 = ∂xu
n+1 + 1. Combining these two equations into a single one for

un+1 yields:
ρ0u

n+1 − ∆t2P (λn+1)x = ρ0(un + ∆tvn), n ≥ 0. (4.3.2)

Then, we take steps to discretize the spatial variable as specified at the beginning of this
section. Multiplying (4.3.2) by a test function w ∈ H1

0 (Ω) and integrating by part we
obtain the nonlinear variational formulation: find un+1 ∈ H1(Ω) such that un+1(0) = 0,
un+1(L) = g(tn+1), and

R(un+1, w) = 0 ∀ w ∈ H1
0 (Ω), (4.3.3)
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where R : H1(Ω) ×H1
0 (Ω) → R is the functional defined by

R(un+1, w) := ρ0

∫ L

0
un+1w + ∆t2

∫ L

0
P (λn+1)wx − ρ0

∫ L

0
(un + ∆tvn)w. (4.3.4)

Linearization of the semi-discrete problem

We solve the nonlinear problem (4.3.3) using Newton’s method. Suppose un ≈ u(x, tn).
Given un+1

0 = un, the k-th iteration reads: find increments δun+1
k such that

DR[un+1
k ](δun+1

k , w) = −R(un+1
k , w) ∀ w ∈ H1

0 (Ω), (4.3.5)

where DR is the Gâteaux derivative of R and can be computed as:

DR[u](δu,w) = lim
ϵ→0

d

dϵ
R(u+ ϵδu, w). (4.3.6)

Therefore, the linear problem (4.3.5) becomes: find Newton increments δun+1
k ∈ H1(Ω) such

that dun+1
0 = 0 on x = 0, dun+1

0 = g(tn+1) − g(tn) on x = L, δun+1
k = 0 on x = 0, L for k >

0, and:

ρ0

∫ L

0
δun+1

k w + ∆t2
∫ L

0

dP

dλ
(λn+1

k )d(δun+1
k )
dx

dw

dx
=

− ρ0

∫ L

0
un+1

k w − ∆t2
∫ L

0
P (λn+1

k )dw
dx

+ ρ0

∫ L

0
(un + ∆tvn)w, (4.3.7)

for any w ∈ H1
0 (Ω), where the stretch for the current Newton iteration is λn+1

k = ∂xu
n+1
k +1.

Note that, unlike the nonlinear formulation (4.3.3), for k ≥ 1, the linear formulation (4.3.7)
is symmetric (i.e., test and trial spaces are the same).

The linear problem (4.3.7) is solved for each k ≥ 0 and the displacement is updated as
un+1

k+1 = un+1
k + δun+1

k until the following convergence criterion is satisfied:

∥δun+1
k ∥ ≤ tolu and ∥R(un+1

k )∥ ≤ tolR, (4.3.8)

where ∥ · ∥ is a user-defined discrete norm (e.g. the Euclidean norm) arising from the dis-
cretized versions (see below) of the Newton update δun+1

k and the right-hand side of (4.3.5).

Finite element formulation

In this subsection, we present the details of a finite element method (FEM) approach to
deal with the spatial discretization. For the linear problem (4.3.7), we consider the following
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0 = x0 xN+1 = Lx1 x2 xi xi+1 xN

T

Figure 4.2: Mesh for the interval [0, L].

Galerkin scheme for the Newton increment δun+1
k : given un+1

h,k , find δun+1
h,k ∈ Vh such that

ρ0

∫ L

0
δun+1

h,k wh + ∆t2
∫ L

0

dP

dλ
(λn+1

h,k )
d(δun+1

h,k )
dx

dwh

dx
=

− ρ0

∫ L

0
un+1

h,k w − ∆t2
∫ L

0
P (λn+1

h,k )dwh

dx
+ ρ0

∫ L

0
(un

h + ∆tvn
h)wh, (4.3.9)

for any wh ∈ Vh. Here, Vh is the space of second order Lagrange finite elements:

Vh =
{
vh ∈ C(Ω) : vh

∣∣
T

∈ P2(T ) ∀ T ∈ Th

}
, (4.3.10)

where C(Ω) is the space of continuous functions over Ω = [0, L], P2(T ) is the space of
quadratic polynomials over a segment T ⊂ [0, L], and Th is a triangulation of the interval
[0, L]. Therefore, if {x0, x1, . . . , xN+1} is a discretization of the interval [0, L] with x0 = 0
and xN+1 = L, then, Th = {[xi, xi+1]}N

i=0 (see Figure 4.2).

Notation for the local problems

The purpose of this subsection is to help establish both notation and details of the FEM
applied to a local problem. This will be useful when comparing time stepping schemes.

First, let T ∈ Th be an arbitrary interval of the triangulation Th with endpoints xi and
xi+1, that is, T = [xi, xi+1]. Then, consider the linear transformation F : T̂ → T that maps
elements from the “reference” interval T̂ = [0, 1] to an arbitrary interval T :

F(x̂) := Bx̂+ b = x, (4.3.11)

where B := xi+1 − xi, b := xi. Therefore, given a function u : T → R, we can define
û : T̂ → R as

û = u ◦ F ,
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from which we obtain the following identities that will help us move from an arbitrary
interval T to the reference interval T̂ :

dû

dx̂
= B

du

dx
, (4.3.12a)∫

T
u dx = B

∫
T̂
û dx̂, (4.3.12b)∫

T

du

dx

dw

dx
dx = B−1

∫
T̂

dû

dx̂

dŵ

dx̂
dx̂. (4.3.12c)

Furthermore, any element in u ∈ P2(T ) can be written as:

u(x) =
3∑

i=1
pi(x)ui, (4.3.13)

where

p1(x) =
(x− xi+1/2)(x− xi+1)

(xi − xi+1/2)(xi − xi+1) , (4.3.14a)

p2(x) = (x− xi)(x− xi+1)
(xi+1/2 − xi)(xi+1/2 − xi+1) , (4.3.14b)

p3(x) =
(x− xi)(x− xi+1/2)

(xi+1 − xi)(xi+1 − xi+1/2), (4.3.14c)

with xi+1/2 = (xi + xi+1)/2. Equation (4.3.13) can be compactly written as

u = [P][u], (4.3.15)

where

[P] := (p1 p2 p3)1×3, [u] =


u1

u2

u3


3×1

.

Thus, the mapped expression û = u ◦ F can be written as

û =
3∑

i=1
p̂i(x̂)ui = [P̂][u], (4.3.16)

where
[P̂] := (p̂1 p̂2 p̂3)1×3
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and

p̂1(x) = (1 − 2x̂)(1 − x̂), (4.3.17a)

p̂2(x) = 4x̂(1 − x̂), (4.3.17b)

p̂3(x) = x̂(2x̂− 1). (4.3.17c)

These shape functions are meant to interpolate the nodes â1 = 0, â2 = 1/2, and â3 = 1,
that is, p̂i(âj) = δij for i, j = 1, 2, 3, with δij being the delta Kronecker. In addition, for the
derivative of û, we may write:

dû

dx̂
=

3∑
i=1

dp̂i

dx̂
(x̂)ui = [D̂P̂][u], (4.3.18)

where
[D̂P̂] =

(
dp̂1
dx̂

dp̂2
dx̂

dp̂3
dx̂

)
1×3

,

with an analogous expression for the derivative of u using the identity (4.3.12a).

Local contributions and fully discrete system

Restricted to an element T = [xi, xi+1] ∈ Th, we can write (4.3.9) as:

ρ0

∫
T
δun+1

h,k wh + ∆t2
∫

T

dP

dλ
(λn+1

h,k )
d(δun+1

h,k )
dx

dwh

dx
=

− ρ0

∫
T
un+1

h,k w − ∆t2
∫

T
P (λn+1

h,k )dwh

dx
+ ρ0

∫
T

(un
h + ∆tvn

h)wh, (4.3.19)

where each term can be fully computed following the ideas introduced above (we drop the
h subscript for better readability). First, the terms on the left-hand side of (4.3.19) (recall
that B = xi+1 − xi):

ρ0

∫
T
dun+1

k w = ρ0B

∫
T̂
δ̂un+1

k ŵ

= ρ0B

∫
T̂

[P̂][dun+1
k ][P̂][w]

= [w]⊤
(
ρ0B

∫
T̂

[P̂]⊤[P̂]
)

[dun+1
k ]

=: [w]⊤MT [dun+1
k ], (4.3.20)
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and ∫
T

dP

dλ
(λn+1

k )d(dun+1
k )
dx

dw

dx

= B−1
∫

T̂

dP

dλ

(
λ̂n+1

k

)
d(d̂un+1

k )
dx

dŵ

dx

= B−1
∫

T̂

dP

dλ

(
B−1[D̂P̂][un+1

k ] + 1
)

[D̂P̂][dun+1
k ][D̂P̂][w]

= [w]⊤
(
B−1

∫
T̂

dP

dλ

(
B−1[D̂P̂][un+1

k ] + 1
)

[D̂P̂]⊤[D̂P̂]
)

[dun+1
k ]

=: [w]⊤KT [dun+1
k ]. (4.3.21)

The terms MT and KT are local contributions to the global mass and stiffness matrices M
and K, respectively. Following [91], we denote the assembly process by:

M = A
T ∈Th

MT , K = A
T ∈Th

KT . (4.3.22)

Next, we compute the terms on the right-hand side of (4.3.19):

ρ0

∫
T
un+1

k w = ρ0B

∫
T̂

[P̂][un+1
k ][P̂][w]

= [w]⊤
(
ρ0B

∫
T̂

[P̂]⊤[P̂][un+1
k ]

)
=: [w]⊤F(1)

T , (4.3.23)

∆t2
∫

T
P (λn+1

k )dw
dx

= ∆t2
∫

T̂
P
(
B−1[D̂P̂][un+1

k ] + 1
)

[D̂P̂][w]

= [w]⊤
(

∆t2
∫

T̂
P
(
B−1[D̂P̂][un+1

k ] + 1
)

[D̂P̂]⊤
)

(4.3.24)

=: [w]⊤F(2)
T , (4.3.25)

and

ρ0

∫
T

(un + ∆tvn)w = ρ0B

∫
T̂

[P̂] ([un] + ∆t[vn]) [P̂][w]

= [w]⊤
(
ρ0B

∫
T̂

[P̂]⊤[P̂] ([un] + ∆t[vn])
)

=: [w]⊤F(3)
T . (4.3.26)

These are contributions to the load vector F which can be computed as

F = A
T ∈Th

F(1)
T + F(2)

T + F(3)
T . (4.3.27)
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In conclusion, if we use Rothe’s method, the fully discrete system that arises from the
Galerkin formulation (4.3.9) for the increment δun+1

k is:

(M + ∆t2K)dun+1
k = F, (4.3.28)

with M, K, and F as in (4.3.22) and (4.3.27).

4.3.2 Method of lines

In this case, we first discretize the problem in space. We construct a weak formulation for
(4.2.1a) by multiplying the PDE by a test function w ∈ H1

0 (Ω) and integrate by parts in
space. This yields the problem: for each t > 0, find u(·, t) ∈ H1(Ω) such that u(0, t) = 0,
u(L, t) = g(t), and

ρ0

∫ L

0
uttw +

∫ L

0
P (λ)wx = 0 ∀ w ∈ H1

0 (Ω). (4.3.29)

Then, the Galerkin scheme reads: for each t > 0, find uh(·, t) ∈ Vh such that uh(0, t) = 0,
uh(L, t) = g(t), and

ρ0

∫ L

0
uh,ttwh +

∫ L

0
P (λh)wh,x = 0 ∀wh ∈ Vh,0, (4.3.30)

where Vh,0 = Vh ∩H1
0 (Ω). As before, we consider Vh given by (4.3.10) and a discretization

Th of the interval [0, L], i.e. Th = {[xi, xi+1]}N
i=0. In this case, for T ∈ Th, we can write

uh(x, t)
∣∣∣
T

=
3∑

i=1
pi(x)ui(t), (4.3.31)

with pi the shape functions given in (4.3.14). After computing the local contributions as in
(4.3.19)-(4.3.26), the Galerkin scheme (4.3.30) reduces to the nonlinear system of equations:

MÜ + K(U) = 0, (4.3.32)

where U = (u0(t), . . . , u2N+1(t))⊤ and M is again the mass matrix:

M = A
T ∈Th

MT , MT = ρ0B

∫
T̂

[P̂]⊤[P̂], (4.3.33)

but now K(U) is the stiffness vector :

K = A
T ∈Th

K(U)T , K(U)T =
∫

T̂
P
(
B−1[D̂P̂][u(t)] + 1

)
[D̂P̂]⊤. (4.3.34)
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At this juncture, we can use any appropriate ODE solver for the nonlinear system
(4.3.32). Hence, let us consider first the same first order scheme as in (4.3.1):

Un+1 − Un

∆t = Vn+1, (4.3.35a)

M
(

Vn+1 − Vn

∆t

)
+ K(Un+1) = 0. (4.3.35b)

Combining these two equations yields:

MUn+1 + ∆t2K(Un+1) = M(Un + ∆tVn). (4.3.36)

The equation above is a nonlinear system of equations that can be rewritten as:

R(Un+1) := MUn+1 + ∆t2K(Un+1) − M(Un + ∆tVn) = 0. (4.3.37)

Hence, a Taylor expansion reveals the Newton iteration to follow:

R(Un+1
k+1) = R(Un+1

k ) + ∂R
∂Un+1 (Un+1

k )∆Un+1
k + · · · = 0, (4.3.38)

that is,
∂R

∂Un+1 (Un+1
k )∆Un+1

k = −R(Un+1
k ). (4.3.39)

Therefore, the Newton iteration for the nonlinear problem (4.3.36) reads: find the increment
vector ∆Un+1

k such that:[
M + ∆t2∂K

∂U (Un+1
k )

]
∆Un+1

k = −MUn+1
k − ∆t2K(Un+1

k ) + M(Un + ∆tVn). (4.3.40)

Then, we can update the displacements Un+1
k+1 = Un+1

k + ∆Un+1
k . The new (matrix) term

∂K
∂U can be computed from (4.3.34) as:

∂K
∂U (Un+1

k ) = A
T ∈Th

B−1
∫

T̂

dP

dλ

(
B−1[D̂P̂][un+1

k ] + 1
)

[D̂P̂]⊤[D̂P̂]. (4.3.41)

In this case, the fully discrete linear system of equations (4.3.40) completely coincides with
(4.3.28). However, the structure of the MOL allows for more vectorized operations, which
can eventually reduce the computational time of solvers and reduce roundoff errors.

Remark 4.1 (Implementation of boundary condtions). Let us rewrite the system of equa-
tions (4.3.40) as:

An+1
k ∆Un+1

k = Υn+1
k , (4.3.42)
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where

An+1
k := M + ∆t2∂K

∂U (Un+1
k ) ∈ R2N+2×2N+2, (4.3.43a)

Υn+1
k := −MUn+1

k − ∆t2K(Un+1
k ) + M(Un + ∆tVn) ∈ R2N+2×1. (4.3.43b)

Furthermore, let us reorder the nodes in the mesh so that the linear system (4.3.42) can be
written as: [

An+1
k,11 An+1

k,12
An+1

k,21 An+1
k,22

](
∆Un+1

k,I

∆Un+1
k,D

)
=
(

Υn+1
k,I

Υn+1
k,D .

)
(4.3.44)

Here, ∆Un+1
k,I ∈ R2N × 1 represents the increment at interior nodes (i.e. at nodes xi,

i = 1, . . . , 2N), while Υn+1
k,D ∈ R2 represents the increment at Dirichlet points (i.e. at x0 = 0

and x2N+1 = L). Since the increment at Dirichlet points is known at all Newton iterations
and it is given by:

∆Un+1
0,D =

(
0

g(tn+1) − g(tn)

)
and ∆Un+1

k,D =
(

0
0

)
for k ≥ 1, (4.3.45)

it suffices to solve:
An+1

k,11∆Un+1
k,I = Υn+1

k,I − An+1
k,12Υn+1

k,D . (4.3.46)

4.4 Newmark schemes

To introduce Newmark’s method [136], we follow the presentation by Raviart & Thomas
[161]. Let us consider the initial value problem:

y′′ = φ(t, y, y′), 0 ≤ t ≤ T (4.4.1a)

y(0) = y0, y′(0) = z0, (4.4.1b)

where φ : [0, T ] × R × R → R is a continuous function and y0, z0 ∈ R. We also introduce a
time step size ∆t = T/N and time steps tn = n∆t, n = 0, . . . , N . For any smooth enough
function y = y(t), we have

y(tn+1) = y(tn) + ∆ty′(tn) + ∆t2
2
[
(1 − 2β)y′′(tn) + 2βy′′(tn+1)

]
+ O(∆t3), (4.4.2a)

y′(tn+1) = y′(tn) + ∆t
[
(1 − γ)y′′(tn) + γy′′(tn+1)

]
+ O(∆t2), (4.4.2b)
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where β, γ ∈ R. Hence, if y satisfies (4.4.1), then the equations above read:

y(tn+1) = y(tn) + ∆ty′(tn) + ∆t2
2
[
(1 − 2β)φ(tn, y(tn), y′(tn))

+2βφ(tn+1, y(tn+1), y′(tn+1))
]

+ O(∆t3),
(4.4.3a)

y′(tn+1) = y′(tn) + ∆t
[
(1 − γ)φ(tn, y(tn), y′(tn))

+γφ(tn+1, y(tn+1), y′(tn+1))
]

+ O(∆t2).
(4.4.3b)

Newmark’s method consists on finding pairs (yn, zn) such that

yn+1 = yn + ∆tzn + ∆t2
2 [(1 − 2β)φn+1 + 2βφn] , (4.4.4a)

zn+1 = zn + ∆t [(1 − γ)φn + γφn+1] , (4.4.4b)

where yn ≈ y(tn), zn ≈ y′(tn), and φn = φ(tn, yn, zn). In terms of accuracy, the scheme is
first order if γ ̸= 1/2 and second order if γ = 1/2. Furthermore, the scheme is unconditionally
stable if 1/2 ≤ γ ≤ 2β (cf. [91, 161]). In particular, we will consider β = 1/4 and γ = 1/2,
which corresponds to the average acceleration method1.

4.4.1 Newmark in the context of Rothe’s method

Let us define the velocity v = ut and the acceleration a = utt, then discretize the nonlinear
elasticity equation (4.2.1a) using the Newmark scheme (4.4.4):

un+1 = un + ∆tvn + ∆t2
2
[
(1 − 2β)an + 2βan+1

]
, (4.4.5a)

vn+1 = vn + ∆t
[
(1 − γ)an + γan+1

]
, (4.4.5b)

ρ0a
n+1 = P (λn+1)x, (4.4.5c)

where the stretch λn+1 = ∂xu
n+1 + 1. Next, we define the following “predictors” which only

require information from the previous time step:

ũn+1 = un + ∆tvn + ∆t2
2 (1 − 2β)an, (4.4.6a)

ṽn+1 = vn + ∆t(1 − γ)an. (4.4.6b)

1Some other well-known members of Newmark family of schemes are the linear acceleration method
(β = 1/6, γ = 1/2), the Fox-Goodwin (royal road) method (β = 1/12, γ = 1/2), and the central differences
method (β = 0, γ = 1/2) [91]
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Then, in the Rothe framework, a displacement-based method reads:

ρ0u
n+1 − β∆t2P (λn+1)x = ρ0ũn+1, (4.4.7a)

an+1 = un+1 − ũn+1

β∆t2 (4.4.7b)

vn+1 = vn + ∆t
[
(1 − γ)an + γan+1

]
. (4.4.7c)

Multiplying (4.4.7a) by a test function w ∈ H1
0 (Ω) and integrating by parts yields the

nonlinear weak problem: find un+1 ∈ H1(Ω) such that un+1(0) = 0, un+1(L) = g(tn+1), and

ρ0

∫ L

0
un+1w + β∆t2

∫ L

0
P (λn+1)dw

dx
= ρ0

∫ L

0
ũn+1w. (4.4.8)

Proceeding as before, the Newton increment δun+1
k can be found by solving the problem:

find δun+1
k such that

ρ0

∫ L

0
δun+1

k w + β∆t2
∫ L

0

dP

dλ
(λn+1

k )d(δun+1
k )
dx

dw

dx
=

− ρ0

∫ L

0
un+1

k w − β∆t2
∫ L

0
P (λn+1

k )dw
dx

+ ρ0

∫ L

0
ũn+1w. (4.4.9)

A fully discrete system can be obtained using the same steps as in Section 4.3.1, so we
omit further details.

4.4.2 Newmark in the context of the MOL

Going back to the nonlinear system of ODEs (4.3.32), Newmark’s method translates into
the following set of equations, where we define the velocity V = U̇ and the acceleration
A = Ü:

Un+1 = Un + ∆tVn + ∆t2
2
[
(1 − 2β)An + 2βAn+1

]
, (4.4.10a)

Vn+1 = Vn + ∆t
[
(1 − γ)An + γAn+1

]
, (4.4.10b)

MAn+1 + K(Un+1) = 0. (4.4.10c)

We note that this is typically how Newmark’s method is introduced in the engineering liter-
ature (see, e.g., [91]). To obtain a displacement-based method, we first define the predictors:

Ũn+1 = Un + ∆tVn + ∆t2
2 (1 − 2β)An, (4.4.11a)

Ṽn+1 = Vn + ∆t(1 − γ)An. (4.4.11b)
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Thus, the expression for the displacements and velocities at time tn+1, that is (4.4.10a) and
(4.4.10b), read:

Un+1 = Ũn+1 + ∆t2βAn+1, (4.4.12a)

Vn+1 = Ṽn+1 + ∆tγAn+1. (4.4.12b)

Furthermore, using these newly defined predictors, the system (4.4.10) now reads:

MUn+1 + β∆t2K(Un+1) = MŨn+1, (4.4.13a)

An+1 = Un+1 − Ũn+1

∆t2 , (4.4.13b)

Vn+1 = Vn + ∆t
[
(1 − γ)An + γAn+1

]
. (4.4.13c)

Equation (4.4.13a) is a nonlinear system of equations whose linearization is:[
M + β∆t2∂K

∂U (Un+1
k )

]
∆Un+1

k+1 = −MUn+1
k − β∆t2K(Un+1

k ) + MŨn+1. (4.4.14)

4.5 HHT-α method

To remove the spurious oscillations that Newmark’s method could cause, Hilbert, Hughes
& Taylor [84] proposed to introduce a lagging term in Newmark’s equation (4.4.10c), which
is controlled by a parameter α ≤ 0:

Un+1 = Un + ∆tVn + ∆t
2
[
(1 − 2β)An + 2βAn+1

]
, (4.5.1a)

Vn+1 = Vn + ∆t
[
(1 − γ)An + γAn+1

]
, (4.5.1b)

MAn+1 + (1 + α)K(Un+1) − αK(Un) = 0. (4.5.1c)

To obtain an unconditionally stable, second order scheme, β and γ have to be taken as

β = (1 − α)2

4 , γ = 1 − 2α
2 ,

and more importantly, −1/3 ≤ α ≤ 0. The parameter α controls the dissipation in the
scheme, with α = −1/3 usually providing maximum dissipation and α = 0 being Newmark’s
average acceleration method.
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4.5.1 HHT-α in the context of Rothe’s method

Similar to (4.5.1), the HHT-α method in Rothe’s framework for the PDE (4.2.1a) reads:

un+1 = un + ∆tvn + ∆t
2
[
(1 − 2β)an + 2βan+1

]
(4.5.2a)

vn+1 = vn + ∆t
[
(1 − γ)an + γan+1

]
(4.5.2b)

ρ0a
n+1 = (1 + α)P (λn+1)x − αP (λn)x. (4.5.2c)

Therefore, solving for un+1 first and using the same predictors as in (4.4.6) we have

ρ0u
n+1 = (1 + α)β∆t2P (λn+1)x − αβ∆t2P (λn)x + ρ0ũn+1, (4.5.3a)

an+1 = un+1 − ũn+1

β∆t2 , (4.5.3b)

vn+1 = vn + ∆t
[
(1 − γ)an + γan+1

]
. (4.5.3c)

In particular, the linearization of the equation for un+1 reads: find increments δun+1
k such

that:

ρ0

∫ L

0
δun+1

k w + (1 + α)β∆t2
∫ L

0

dP

dλ
(λn+1

k )d(δun+1
k )
dx

dw

dx
=

− ρ0

∫ L

0
un+1

k w − (1 + α)β∆t2
∫ L

0
P (λn+1

k )dw
dx

+ αβ∆t2
∫ L

0
P (λn)dw

dx
+ ρ0

∫ L

0
ũn+1w.

(4.5.4)

As in Newmark’s method, a fully discrete system can follow from the steps shown in
Section 4.3.1.

4.5.2 HHT-α in the context of the MOL

After some algebraic manipulations, a displacement-based method for (4.5.1) reads:

MUn+1 + (1 + α)β∆t2K(Un+1) = αβ∆t2K(Un) + MŨn+1, (4.5.5a)

An+1 = Un+1 − Ũn+1

∆t2 , (4.5.5b)

Vn+1 = Vn + ∆t
[
(1 − γ)An + γAn+1

]
. (4.5.5c)

Furthermore, the Newton increments ∆Un+1
k+1 can be computed as:

[
M + (1 + α)β∆t2∂K

∂U (Un+1
k )

]
∆Un+1

k+1

= −MUn+1
k − (1 + α)β∆t2K(Un+1

k ) + αβ∆t2K(Un) + MŨn+1. (4.5.6)
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4.6 Convergence studies: linear elasticity

Since we will be interested in the different effects cause by the time discretization, as well
as by the choice of Rothe’s method vs. method of lines, let us first verify that each of
our algorithms is converging in the way it is expected when applied to a linear problem
with smooth boundary conditions. For simplicity, we consider the following names for these
algorithms:

• Rothe-First order, for the scheme introduced in Section 4.3.1,

• MOL-First order, for the scheme introduced in Section 4.3.2,

• Rothe-Newmark, for the scheme introduced in Section 4.4.1,

• MOL-Newmark, for the scheme introduced in Section 4.4.2,

• Rothe-HHT-α, for the scheme introduced in Section 4.5.1,

• MOL-HHT-α, for the scheme introduced in Section 4.5.2.

We define the errors in time and space respectively by

et = max
0≤i≤N+1

|uh(xi, T ) − u(xi, T )|, ex = ∥uh(·, T ) − u(·, T )∥L2(Ω), (4.6.1)

where uh and u are the computed approximation and exact solutions to the initial boundary
value problem (4.2.1). Furthermore, we define the rates of convergence in time and space
respectively by

rt = log(et/e
′
t)

log(∆t/∆t′) , rx = log(ex/e
′
x)

log(∆x/∆x′) , (4.6.2)

where et and e′
t (ex and e′

x) are the errors corresponding, respectively, to different time step
(spatial mesh) sizes ∆t and ∆t′ (∆x and ∆x′).

For this section, we consider the stress P given by a linear relationship (i.e., linear
elasticity):

P (λ) = E(λ− 1), E = 3κ(1 − 2ν), (4.6.3)

where E, κ, and ν are the Young’s modulus, bulk modulus, and Poisson’s ratio of the
material, respectively. Thus, the initial boundary value problem (4.2.1) reduces to:

ρ0utt = Euxx in Ω × (0, T ), (4.6.4a)

u(x, 0) = 0, ut(x, 0) = 0 in Ω × {t = 0} (4.6.4b)

u(0, t) = 0, u(L, t) = g(t) in (0,∞), (4.6.4c)

where T > 0 and Ω = (0, L). Therefore, with the problem being linear, we expect to see
convergence in time of order rt = 1 for the first order time stepping scheme, and order rt = 2
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for the Newmark and HHT-α schemes. Moreover, for all three time stepping schemes, we
expect convergence in space of order rx = 3 [61].

Let us consider κ = 1 GPa, ν = 0.499, ρ0 = 1060 kg m−3, L = 500 mm, T = 500ms,
and a boundary condition g(t) = 0.1t3. The particular choice of these parameters is meant
to resemble those found in skeletal muscle. In particular, the Poisson’s ratio being close
to 0.5 represents the quasi-incompressibility of skeletal muscle [19]. In this case, while the
exact solution to (4.6.4) could be computed using Fourier series, we cannot reliably use
this expression as any truncation of this series will lead to high oscillations at the ends of
the interval (Gibbs phenomenon). Therefore, we decide to compute an “exact” solution by
taking a sufficiently small ∆t or ∆x. We emphasize that both the exact solution and its
approximations will be computed using the same solver (i.e. an intrasolver study). We avoid
intersolver comparisons due to the choice of material, as it can potentially cause the solver
to “lock”, i.e. there will be a point where errors will stop decreasing regardless of how small
∆x is taken [13].

With this in mind, we first, fix the space mesh size to ∆x = L/8 = 62.5 mm and decrease
the time step size from 10 ms to 0.1 ms. In this case, for an exact solution computed with
∆t = 0.01 ms, we see from the third column in Table 4.1 that Rothe-First order and MOL-
First order achieve a rate of convergence of 1, while the rest of the methods achieve a rate
of convergence of 2, as expected. Next, we fix the time step size to ∆t = 10 ms and decrease
the space mesh size from 125 mm to 7.8125 mm (or equivalently, increase the number of
elements in the interval, from 4 to 64). In this case, for an exact solution computed with
∆x = 1.953125 mm (i.e. 256 elements), we observe from the sixth column in Table 4.1 that
all methods converge with a rate equal to 3, as expected.

4.7 Neo-Hookean experiments, overshooting, and velocity ap-
proximations

We now turn to a nonlinear problem. Consider, for the 1D elasticity model (4.2.1), a stress
P = P (λ) given by a Neo-Hookean relationship:

P (λ) = Lλλ+ Lλ log λ− Lµ

λ
, (4.7.1)

where similar to (3.3.9), Lλ and Lµ are the Lamé parameters of the material:

Lλ = κν

(1 − ν)(1 − 2ν) , Lµ = κ

2(1 + ν) , (4.7.2)

κ is the bulk modulus, and ν the Poisson ratio. Furthermore, consider a rod with ρ0 = 1060
kg m−3, κ = 1 GPa, ν = 0.4, L = 100 mm, and a simulation end time T = 2 s. Note that
we have chosen ρ0 and κ as in Section 4.6, but we have reduced the value of ν to obtain
more interpretable results.
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Rothe-First order
∆t [s] et [m] rt ∆x [m] ex [m] rx

1.0e-02 3.5359e-05 - 1.2500e-01 1.1720e-06 -
5.0e-03 2.1775e-05 0.6994 6.2500e-02 1.4649e-07 3.0002
1.0e-03 5.3640e-06 0.8705 3.1250e-02 1.8315e-08 2.9997
5.0e-04 2.7656e-06 0.9557 1.5625e-02 2.2922e-09 2.9982
1.0e-04 5.2945e-07 1.0272 7.8125e-03 2.8785e-10 2.9933

Rothe-Newmark
∆t [s] et [m] rt ∆x [m] ex [m] rx

1.0e-02 1.0421e-06 - 1.2500e-01 1.3049e-06 -
5.0e-03 3.2229e-07 1.6931 6.2500e-02 1.5771e-07 3.0486
1.0e-03 1.3031e-08 1.9933 3.1250e-02 2.1257e-08 2.8912
5.0e-04 3.3822e-09 1.9459 1.5625e-02 2.7480e-09 2.9515
1.0e-04 1.8095e-10 1.8193 7.8125e-03 3.6347e-10 2.9185

Rothe-HHT α

∆t [s] et [m] rt ∆x [m] ex [m] rx

1.0e-02 1.4903e-06 - 1.2500e-01 1.2667e-06 -
5.0e-03 4.8636e-07 1.6155 6.2500e-02 1.6072e-07 2.9784
1.0e-03 1.8973e-08 2.0156 3.1250e-02 1.9412e-08 3.0496
5.0e-04 4.9797e-09 1.9298 1.5625e-02 2.3875e-09 3.0233
1.0e-04 2.1426e-10 1.9547 7.8125e-03 2.9832e-10 3.0006

MOL-First order
∆t [s] et [m] rt ∆x [m] ex [m] rx

1.0e-02 3.5527e-05 - 1.2500e-01 5.8379e-07 -
5.0e-03 2.1637e-05 0.7155 6.2500e-02 7.2962e-08 3.0002
1.0e-03 5.3383e-06 0.8696 3.1250e-02 9.1223e-09 2.9997
5.0e-04 2.7535e-06 0.9551 1.5625e-02 1.1417e-09 2.9982
1.0e-04 5.2758e-07 1.0267 7.8125e-03 1.4337e-10 2.9933

MOL-Newmark
∆t [s] et [m] rt ∆x [m] ex [m] rx

1.0e-02 9.4285e-07 - 1.2500e-01 6.2004e-07 -
5.0e-03 3.3843e-07 1.4782 6.2500e-02 7.8989e-08 2.9726
1.0e-03 1.5963e-08 1.8976 3.1250e-02 1.0243e-08 2.9470
5.0e-04 3.9708e-09 2.0073 1.5625e-02 1.3705e-09 2.9019
1.0e-04 1.3462e-10 2.1028 7.8125e-03 1.9272e-10 2.8301

MOL-HHT α

∆t [s] et [m] rt ∆x [m] ex [m] rx

1.0e-02 1.4745e-06 - 1.2500e-01 6.1040e-07 -
5.0e-03 4.4467e-07 1.7294 6.2500e-02 7.5935e-08 3.0069
1.0e-03 2.4003e-08 1.8138 3.1250e-02 9.4335e-09 3.0089
5.0e-04 6.0257e-09 1.9940 1.5625e-02 1.1774e-09 3.0022
1.0e-04 2.5532e-10 1.9642 7.8125e-03 1.4774e-10 2.9944

Table 4.1: Error behaviour for each of the proposed methods. Left three columns: conver-
gence in time (L∞ norm) with fixed space mesh size (∆x = L/8 = 62.5 mm). Right three
columns: convergence in space (L2 norm) with fixed time step size ∆t = 10−5 s.
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Our experiment consists in lengthening the rod from an initial length L to a length
(1 +A)L, where A = 0.1 (i.e. 10% strain), using three different strain profiles:

1. a function which transitions smoothly from ε1(0) = 0 to ε1(T ) = A with zero initial
and end strain rate (i.e. ε̇1(0) = ε̇1(T ) = 0), as well as a maximum strain rate of
ε0 = 0.2 s−1:

ε1(t) = Aϕ

(
t

T

)
, (4.7.3)

where

ϕ(t) = ψ(t)
ψ(t) + ψ(1 − t) , ψ(t) =

e
−1/(c0t), t > 0,

0, t ≤ 0,

and c0 = 2|A|/(ε0T ).

2. a profile in which the rod is held fixed until t1 = 0.1 s, then linearly lengthened until
a strain A is reached at t2 = 0.6 s, then held fixed until t = T :

ε2(t) =


0 if 0 ≤ t < t1,

A
t− t1
t2 − t1

if t1 ≤ t ≤ t2,

A if t2 < t ≤ T ;

(4.7.4)

3. a sinusoidal profile with f = 1 Hz:

ε3(t) = A sin(2πft), 0 ≤ t ≤ T. (4.7.5)

Therefore, the boundary condition for the elasticity model (4.2.1) is u(L, t) = Lεk(t), k =
1, 2, 3. First, we discretize the PDE (4.2.1a) using the six methods mentioned in the previous
section with ∆x = L/8, ∆t = 10−4 s, and tolerances for the nonlinear solver set to tolu =
10−6 in displacement and tolR = 10−8 in the residual (see (4.3.8)).

Because of the nonzero initial velocity when using (4.7.5) and the discontinuous veloc-
ity in (4.7.4), an elastic wave is expected to be generated (similar to the findings in the
dynamical study by Tam [185]). This is also a situation where overshooting can happen, so
it will be of interest to study how numerical methods deal with this issue.

Smooth dynamics

First, we show in Figure 4.3 the results when the rod is lengthened using the smooth profile
(4.7.3). Here, because the boundary conditions are C∞ and the lengthening starts with zero
velocity and acceleration, all methods compute the same displacement and velocity, both
appearing to be smooth.
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Nonsmooth dynamics

Next, in Figure 4.4 and 4.5 we show the results for the case when the boundary condition
is the linear profile (4.7.4) and the sinusoidal profile (4.7.5), respectively. In these cases, we
observe a small wave that propagates through the rod and that is dissipated by the first
order and HHT-α methods, in both Rothe and MOL implementations. These waves are
caused by the sudden change in velocity at t = 0.1 s and t = 0.6 s for the linear boundary
condition, and because of the nonzero initial velocity for the sinusoidal profile. Newmark’s
method, as suspected, did not dissipate this wave.

While not much of a difference is observed in terms of displacements, the picture changes
completely when we look at the velocities that these methods compute. First, we show in
Figure 4.6 the velocities for the linear boundary condition (4.7.4). In this case, the velocity is
a step function, and therefore we would like our numerical methods to dissipate the wave that
it generates as soon as possible. In general, we observe that MOL implementations dissipate
this wave more quickly than Rothe implementations. However, the velocities computed by
MOL-Newmark, as well as by Rothe-Newmark and Rothe-HHT-α are simply unusable.
A closer look at the velocity jump in the bottom half of Figure 4.6 reveals high frequency
oscillations that are well dissipated by Rothe-First order, MOL-First order, and MOL-HHT-
α methods.

Similarly, when using the sinusoidal profile (4.7.5) as a boundary condition, we observe
in Figure 4.7 some overshooting at the beginning of the simulation in all methods, but this
is quickly fixed by the first order methods and the MOL-HHT-α method.

An IMEX scheme

We can also test an implicit-explicit (IMEX) scheme for the nonlinear system of equations
(4.3.32). Observe from the definition of K(U) in (4.3.34) that:

K(U)T = Lµ

(
B−1

∫
T̂

[D̂P̂]⊤[D̂P̂]
)

︸ ︷︷ ︸
=:K̃T

[u(t)]

+
∫

T̂

Lλ log
(
B−1[D̂P̂][u(t)] + 1

)
− Lµ

Lλ
[D̂P̂]⊤︸ ︷︷ ︸

=:F̃1(U)T

+Lµ

∫
T̂

[D̂P̂]⊤︸ ︷︷ ︸
=:F̃2T

. (4.7.6)

Thus, we can write:
K(U) = LµK̃U + F̃1(U) + LµF̃2, (4.7.7)

where
K̃ = A

T ∈Th

K̃T , F̃1(U) = A
T ∈Th

F̃1(U)T , F̃2 = A
T ∈Th

F̃2T . (4.7.8)
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Figure 4.3: Strains (top half) and strain rates (bottom half) for the lengthening experiment
using the C∞ boundary condition (4.7.3) at four different locations: x = 0.25L, x = 0.5L,
x = 0.9L, and x = L.
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Figure 4.4: Strains over t ∈ [0, 2] (top half) and a zoomed version to t ∈ [0, 0.2] (bottom
half) at four different locations: x = 0.25L, x = 0.5L, x = 0.9L, and x = L. Lengthening
experiment performed using the linear profile (4.7.4).
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Figure 4.5: Strains over t ∈ [0, 1] (top half) and a zoomed version to t ∈ [0, 0.25] (bottom
half) at four different locations: x = 0.25L, x = 0.5L, x = 0.9L, and x = L. Lengthening
experiment performed using the sinusoidal profile (4.7.5).

68



Figure 4.6: Strain rates over t ∈ [0, 2] (top half) and a zoomed version to t ∈ [0.58, 0.65]
where the (prescribed) strain rate jumps from 0.2 s−1 to 0 s−1 (bottom half) at four different
locations: x = 0.25L, x = 0.5L, x = 0.9L, and x = L. Lengthening experiment performed
using the linear profile (4.7.4).
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Figure 4.7: Strain rates over t ∈ [0, 1] (top half) and a zoomed version to t ∈ [0, 0.25]
showcasing the nonzero velocity at the beginning (bottom half) at four different locations:
x = 0.25L, x = 0.5L, x = 0.9L, and x = L. Lengthening experiment performed using the
sinusoidal profile (4.7.4).
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Figure 4.8: Strain (left) and strain rate (right) profiles at four different locations (x = 0.25L,
x = 0.5L, x = 0.9L, and x = L) for the lengthening experiment using the linear profile
(4.7.4) and an IMEX time stepping scheme (∆x = L/64, ∆t = 0.5 · 10−6).

Therefore, the MOL system (4.3.32) can be written as:

MÜ + LµK̃U + F̃1(U) + LµF̃2 = 0.

Defining once again V := U̇ we can propose the following scheme:

Un+1 − Un

∆t = Vn+1 (4.7.9a)

M
(

Vn+1 − Vn

∆t

)
+ LµK̃Un+1 = −F̃1(Un) − LµF̃2. (4.7.9b)

This means that we treat the linear term implicitly and the nonlinear term explicitly. In
this way, writing Equation (4.7.9b) in terms of displacements, we obtain:(

M + µ∆t2K̃
)

Un+1 = M(Un + ∆tVn) − ∆t2F1(Un) − µ∆t2F2. (4.7.10)

No nonlinear solver is needed. However, numerical experiments for the linear boundary
condition (4.7.4) show that this method does not compute better velocities than any of the
previously presented methods (see Figure 4.8). Furthermore, this method behave more like
an explicit method, since the largest time step size that was allowed was ∆t = 5 · 10−6 s
(compare this to the rest of the experiments in which ∆t = 10−4 s, of course with larger
time step sizes being possible). This also shows that the stiffness in this problem comes
from the nonlinear part of (4.7.1), rather than from the linear part.

Matlab’s built-in solvers

Once the MOL system (4.3.32) is constructed, many time-stepping schemes for ODE systems
can be tested, including built-in Matlab solvers. For this set of experiments, we consider
the sinusoidal pull (4.7.5) and no time step restrictions, thus letting Matlab choose the best
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Solver Finished? Avg. ∆t [s] CPU Time [s]
ode45 No - -
ode23 No - -
ode113 Yes 1.46 · 10−6 724
ode78 No - -
ode89 No - -
ode15s No - -
ode23s Yes 5.69 · 10−5 2,262
ode23t Yes 6.21 · 10−7 1,301
ode23tb Yes 4.25 · 10−5 29

Table 4.2: Performance of Matlab’s adaptive solvers for the MOL system (4.3.32) and the
lengthening experiment using the sinusoidal profile (4.7.5) as boundary condition (∆x =
L/64). For ode23s, the Jacobian was (numerically) computed at each time step by the
solver.

time step for the given tolerances (RelTol = 10−2, AbsTol = 10−4). The MOL equations
are solved as a square system of 2 × (DOF-2) equations (DOF= 2N − 1).

We show in Table 4.2 a summary of the performance of each Matlab solver. As expected,
most of the non-stiff solvers did not work (they would achieve λ = ∂xu + 1 ≤ 0 at some
iteration), with the exception being ode113. This is a variable-step, variable-order (VSVO)
Adams-Bashforth-Moulton PECE (Predict-Evaluate-Correct-Evaluate) solver that uses or-
ders up to 12 but applies a 13th-order formula for error estimation and local extrapolation.
As a multistep solver, it relies on solutions from several previous time points to compute the
current step. It can be more efficient than ode45 for stringent tolerances or when evaluating
the ODE function is particularly costly [178].

The solver ode23tb gave the best results. Not only it took the shortest time to compute
a solution but also allowed for the largest time step of all Matlab solvers. However, the
relatively crude tolerance chosen to run these experiments might have played a fundamental
role. According to [178], ode23tb is an implicit Runge-Kutta solver based on the TR-BDF2
formula, combining a trapezoidal rule step with a second-stage backward differentiation
formula. It reuses the same iteration matrix for both stages, improving efficiency. Like
ode23s and ode23t, it can be more efficient than ode15s for problems with crude tolerances.

We show, in particular, the velocities and the time step sizes for the solvers that finished
their computation (according to Table 4.2) in Figure 4.9. We observe that only ode23s and
ode23tb computed velocities somewhat similar to those in Figure 4.7, but overshooting was
still a problem in these solvers. Moreover, the time step size chosen by these solvers was in
line with the one considered for Figure 4.7.
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Figure 4.9: Strain rates (left column) and time step sizes (right column) for the Matlab
solvers that finished solving the lengthening experiment (see Table 4.2).
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4.8 Discussion

If studying Neo-Hookean dynamics was our ultimate goal, the conclusion would be that
any of the six methods mentioned at the beginning of the previous section can be used
as a time stepping scheme in a 1D or 3D elastic model. This primarily because the stress
P only depends on the stretch λ, and therefore, only on the displacement field. However,
since our main goal is to find a time stepping scheme suitable for skeletal muscle dynamics,
our methods need to compute “good” displacements and velocities since, in this case, the
stress will depend on both stretch and strain rates as a multiplicative term. By “good” we
consider, for now, displacements and velocities free of unrealistic, high-frequency oscillations,
and if they are present, they must get dissipated quickly. Thus, only three methods can
become candidates for a 3D code: Rothe-First order, MOL-First order, and MOL-HHT-α.

Furthermore, from the experiments performed with the IMEX scheme (4.7.9), as well
as with Matlab’s built in solvers, we expect that problems of this flavour will require rather
small time step sizes. This does not contradict the unconditional stability of the fully implicit
schemes presented here. While larger time step sizes are allowed for a linear problem, taking
one that is too large in a nonlinear problem can lead to a loss of convergence in the nonlinear
solver.

At this juncture, choosing which method to use becomes a software engineering decision.
On the one hand, choosing the Rothe-First order method would allow us to reuse some of
the computational developments by Dominguez [54] and implement them in a fully dynamic
code. Thus, that code would only need to be refactored for our purposes. Moreover, this
choice would allow for adaptive refinement to be added in the future. On the other hand,
moving forward with a MOL approach would require us to almost completely rewrite the
code developed in [54]. Therefore, we decide to discretize the 3D dynamic model using
Rothe-First order method (4.3.1). The choice of a first-order over a second-order method
is also justified by the fact that an alternative way to reduce the spurious oscillations in
methods such as Newmark’s is precisely to take γ > 1/2, at the expense of losing second-
order convergence [161, Section 8.6].

4.9 Conclusion

We studied the performance of several time stepping schemes for one-dimensional nonlinear
elasticity, and in particular, for Neo-Hookean deformation. The first set of methods (first
order method, Newmark’s method, and the HHT-α method, both in Rothe’s and MOL
frameworks) gave mixed results for nonsmooth boundary conditions. Only the Rothe-First
order, MOL-First order, and MOL-HHT-α methods dealt successfully with overshooting.
Next, we tested an IMEX scheme which performed poorly compared to the previous meth-
ods. In fact, this method only ran with a very small time step size. Finally, we tested some
of Matlab’s built-in solvers to assess the time step size they require to return a solution with
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rather large tolerances. We found that almost all the solvers designed for non-stiff problems,
as well as some stiff ones, did not finish their computation. Indeed, only the ode113 and
ode23tb computed results comparable to those from the MOL-Newmark method (i.e. with-
out dissipation of high-frequency oscillations). These suggest a first-order implicit method
is a good time stepping scheme candidate for the dynamic version of the full 3D model of
skeletal muscle deformation.
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Part II

Three-dimensional elastodynamics
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Chapter 5

A Lagrangian framework for a
model of skeletal muscle tissue

In this Chapter, we focus on the development of the theoretical background for a 3D finite
element code base for dynamic skeletal muscle deformation, which we shall call Flexodeal.
Some parts of this Chapter have been published in:

J. A. Almonacid, S. A. Domínguez-Rivera, R. N. Konno, N. Nigam, S. A. Ross,
C. Tam, and J. M. Wakeling, A three-dimensional model of skeletal muscle tissues,
SIAM Journal on Applied Mathematics, 84 (2024), pp. S538–S566

Compared to a quasi-static framework, the elastodynamics of striated tissues require
careful consideration of the velocity variable, and in particular, of the along-fibre strain
rate, both from an analytical and numerical standpoint. The treatment of this variable
is crucial in developing a robust numerical scheme for fully dynamic, fully active muscle
deformation.

First, we introduce some concepts of continuum mechanics that are required to under-
stand problems of large deformation of transversely isotropic materials. Then, we describe
a series of models for the different components of the muscle-tendon unit (MTU) that been
introduced in works such as those by Rahemi et al. [156], Wakeling et al. [196], Konno et
al. [102], and others. Next, we rewrite the dynamic model introduced by Dominguez [54] in
a different frame of reference to obtain a more compact formulation with fully computable
terms. Finally, we discretize the continuous problem using a first-order fully-implicit time
stepping scheme and introduce a new nonlinear formulation, providing the linearization
needed as part of a Newton iteration.

5.1 Elements of continuum mechanics

This section provides a review of concepts in continuum mechanics that will be used through-
out this Chapter. The contents are based on the books by Bonet et al. [31] and Holzapfel
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Figure 5.1: Deformation of a body from its reference configuration B0 to a current configura-
tion Bt = φ(B0, t), showing also the displacement U(X, t) of a typical particle from X ∈ B0
to x ∈ Bt. The motion φ also maps the Dirichlet boundary ΓD,0 to ΓD,t (solid curves), as
well as the Neumann boundary ΓN,0 to ΓN,t (dashed curves).

[90], with some additional, newly-derived expressions to improve our understanding of the
along-fibre dynamics.

5.1.1 Kinematics

Let B0 ⊂ R3 denote the reference configuration of a deformable body with a smooth bound-
ary ∂B0. For each time t > 0, we consider an invertible motion φ(·, t) : B0 → R3 that maps
material coordinates X ∈ B0 into spatial coordinates x ∈ Bt (see Figure 5.1), as follows:

x = φ(X, t), X = φ−1(x, t). (5.1.1)

Note that, at time t = 0, we have the consistency condition x = X. The set Bt is referred
to as the current configuration of the body with reference configuration B0.

We also assume that the boundary ∂B0 is divided as ∂B0 = ΓD,0∪ΓN,0, with ΓN,0∩ΓD,0 =
∅. The first part, ΓD,0, corresponds to the part of the boundary for which displacements are
set (e.g. a clamped face or a face that moves with a prescribed displacement). We refer to this
part of the boundary as the “Dirichlet” boundary. In turn, ΓN,0, is the part of the boundary
where tractions are set (e.g. faces with a predefined traction or traction-free faces). We refer
to this part of the boundary as the “Neumann” boundary. Thus, it is natural to think that
the motion φ extends to the boundary of B0 and maps the Dirichlet and Neumann parts in
the reference configuration to the current configuration (at time t > 0) as ΓD,t := φ(ΓD,0, t)
and ΓN,t := φ(ΓN,0, t) (see Figure 5.1).
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We now define the material and spatial displacements fields U and u respectively as

U(X, t) := x − X = φ(X, t) − X, u(x, t) := x − X = x − φ−1(x, t), t ≥ 0. (5.1.2)

Note that, magnitude-wise, these displacement fields coincide (i.e. |U| = |u|). They are just
observed in different reference frames (see Figure 5.1). We refer to a system described in
X ∈ B0 coordinates as the material or Lagrangian description, whereas to one described in
x ∈ Bt coordinates as the spatial or Eulerian description. In addition, we define the material
velocity field V and the spatial velocity field v as

V(X, t) := ∂φ(X, t)
∂t

, v(x, t) := V
(
φ−1(x, t), t

)
. (5.1.3)

Remark 5.1. We can relate the material velocity and displacement fields using (5.1.2):

V(X, t) = ∂φ(X, t)
∂t

= ∂

∂t

(
U(X, t) + X

)
= ∂U(x, t)

∂t
. (5.1.4)

With an additional step, we can also relate the spatial velocity and displacement fields using
(5.1.2) and (5.1.3):

v(x, t) = V(φ−1(x, t), t) = V(X, t) = ∂φ(X, t)
∂t

= ∂

∂t

(
φ(X, t) − X

)
= ∂

∂t

(
x − φ−1(x, t)

)
= ∂u(x, t)

∂t
. (5.1.5)

Therefore, it is consistent to define the material velocity using expression (5.1.4) and the
spatial velocity using (5.1.5).

5.1.2 Material and spatial derivatives

Because material coordinates X ∈ B0 and spatial coordinates x ∈ Bt are related through the
motion φ, we can take derivatives of displacement and velocity fields with respect to any of
these two variables. We call a smooth scalar field F = F(·, t) : B0 → R a material field if it
depends on material coordinates. Similarly, we call a smooth scalar field f(·, t) : Bt → R a
spatial field if it depends on spatial coordinates. Whenever possible, we will write material
and spatial fields using uppercase and lowercase letters respectively.

The material time derivative of a material field is defined by

Ḟ(X, t) ≡ DF(X, t)
Dt := ∂F(X, t)

∂t

∣∣∣∣
X
, (5.1.6)

that is, the partial derivative of F with respect to t while holding X constant (as usual). In
particular, V = U̇ and we may define the material acceleration field as A := V̇ = Ü.
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Furthermore, we denote the material gradient of a scalar field F(X, t) and the material
divergence of a material vector field F(X, t) : B0 → R3 respectively as:

∇0F(X, t) := ∂F(X, t)
∂X , Div F(X, t) := ∂FA(X, t)

∂XA
. (5.1.7)

We denote the spatial time derivative of a spatial field f(x, t) by ∂f(x, t)
∂t

. We also define
its spatial gradient and the spatial divergence of a vector field f(x, t) : Bt → R3 by:

∇f(x, t) := ∂f(x, t)
∂x , div f(x, t) := ∂fa(x, t)

∂xa
. (5.1.8)

Remark 5.2 (Subscript notation). In the previous expressions, and throughout the re-
minder of this document, we use the Einstein summation convention to express tensor op-
erations in terms of its components. In particular, the divergence expressions in (5.1.7)2

and (5.1.8)2 should be understood as:

Div F =
3∑

A=1

∂FA

∂XA
, div f =

3∑
a=1

∂fa

∂xa
.

Whenever possible, we will use uppercase subscripts to denote the components of a material
quantity, and lowercase subscripts for a spatial quantity.

With these definitions in mind, we can now write an expression for the material deriva-
tive of a spatial field f(x, t). To do this, we first map f to the material description using
the motion φ, then we take the material time derivative of this field, and then map back
the result to the spatial description. Formally, we can write this as:

ḟ(x, t) ≡ Df(x, t)
Dt =

∂f
(
φ(X, t), t

)
∂t

∣∣∣∣∣
X=φ−1(x,t)

. (5.1.9)

Using the chain rule in Equation (5.1.9), we obtain the more common expression:

ḟ(x, t) ≡ Df(x, t)
Dt = ∂f(x, t)

∂t
+ ∇f(x, t) · v. (5.1.10)

In the case of a vector field f(x, t), the previous expression takes the form

ḟ(x, t) ≡ Df(x, t)
Dt = ∂f(x, t)

∂t
+
(
∇f(x, t)

)
v(x, t) = ∂fa

∂t
+ ∂fa

∂xb
vb. (5.1.11)

In both (5.1.10) and (5.1.11), the terms ∇f ·v and (∇f)v are usually referred to as convective
terms because they appear multiplied by the spatial velocity v(x, t).
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5.1.3 Deformation gradient

The primary measure of deformation in nonlinear continuum mechanics is given by the
deformation gradient tensor F (with components FaA, 1 ≤ a,A ≤ 3), which is defined as

F(X, t) := ∂φ(X, t)
∂X = ∇0x(X, t), i.e. FaA := ∂xa

∂XA
, (5.1.12)

with its inverse given by

F−1(x, t) = ∂φ−1(x, t)
∂x = ∇X(x, t), i.e. F−1

Aa := ∂XA

∂xa
. (5.1.13)

Moreover, we define the volume ratio J as:

J(X, t) := det F(X, t). (5.1.14)

Note that as long as the motion φ is invertible, det F ̸= 0. Also, because volume elements
cannot have negative volumes, we cannot have det F < 0. Hence, we will always have
det F > 0.

Instead of referring to the deformation gradient by its definition (5.1.12), we will often
use its expression in terms of the displacement gradient, i.e.,

F(X, t) = I + ∇0U(X, t), F−1(x, t) = I − ∇u(x, t), (5.1.15)

where I is the standard second-order identity tensor. In addition, the deformation gradient
can be used to establish the following relationships between material and spatial gradients
and divergences of smooth scalar, vector, and tensor fields ϕ, w, and A:

∇ϕ = F−T ∇0ϕ = F−1
Aa

∂ϕ

∂XA
(5.1.16)

∇w = ∇0w F−1 = ∂wa

∂XA
F−1

Ab , (5.1.17)

div A = ∇0A : F−T = ∂Aab

∂XB
F−1

Bb , (5.1.18)

where the tensorial divergence is given by div A := ∂Aab

∂xb
(the notation here follows Remark

5.2).
Sometimes we refer to the volume ratio J as the Jacobian determinant because it pro-

vides a way to map infinitesimal elements in the reference configuration to the current
configuration. Indeed, given infinitesimal elements dV , dS in the interior and boundary of
the reference configuration B0 respectively; and dv, ds in the interior and boundary of the
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Figure 5.2: Transformation of surface elements. In the reference configuration B0, we observe
a surface element dS (with unit normal N) and a traction vector T. Similarly, in the current
configuration Bt, we have a surface element ds (with unit normal n) and a traction vector
t.

current configuration Bt, we have

dv = J(X, t) dV, n ds = JF−T N dS, (5.1.19)

where n, N denote the normal vectors on the surface of the current and reference configu-
rations, respectively (see Figure 5.2). The last equality in this equation is the well-known
Nanson’s formula.

5.1.4 Rates of deformation tensors

Now that we have defined the deformation tensor F, we can describe velocity gradients.
The material velocity gradient is given by

Ḟ = ∂

∂t

(
∂φ(X, t)
∂X

)
= ∂

∂X

(
∂φ(X, t)

∂t

)
= ∂V(X, t)

∂X or ḞaA = ∂Va

∂XA
. (5.1.20)

In turn, the spatial velocity gradient is given by

l(x, t) = ∂v(x, t)
∂x . (5.1.21)

We may relate these two quantities using the expression

l = ḞF−1. (5.1.22)
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Figure 5.3: Fibre orientations fields a0 in the reference configuration and a = Fa0 in the
deformed configuration. A fibre can be represented as an infinitely small line element dl
with orientation a0 that that passes through X ∈ B0 and deforms to an element of length
λ dl with orientation a, where λ is the fibre stretch field. The angle between the orientation
a and the line of action vector ℓ̂ is called the pennation angle and is denoted by β. The
initial pennation angle β0 is simply the angle between a0 and ℓ̂.

Furthermore, we can additively decompose the spatial velocity gradient into its symmetric
and skew-symmetric parts:

l(x, t) = d(x, t) + w(x, t), (5.1.23)

where
d = 1

2(l + l⊤) (5.1.24)

is the rate of deformation tensor (also called rate of strain tensor), and

w = 1
2(l − l⊤) (5.1.25)

is the rate of rotation tensor or vorticity tensor.

5.1.5 Fundamental strain tensors, fibre stretch, and fibre strain rate

In elasticity, one of the primary focuses is determining the distribution of strains and stresses
throughout the entire body. However, when analyzing skeletal muscle deformation, an addi-
tional key aspect is the deformation along the muscle fibres. This along-fibre deformation is
critical for understanding muscle function, as it directly influences force transmission, tissue
mechanics, and physiological behaviour.
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Consider the left and right Cauchy-Green strain tensors, defined respectively:

C = F⊤F or CAB = FaAFaB, (5.1.26)

and
b = FF⊤ or bab = FaAFbA. (5.1.27)

Let dℓa0 be a line element in the reference configuration B0 with unit orientation vector
a0. Furthermore, let λ dℓa be the deformed version of dℓa0 in the current configuration
Bt with unit orientation vector a = Fa0 (see Figure 5.3). The quantity λ, known as the
stretch, characterizes how a material line element changes in length from the reference to
the current configuration:

λ(X, t) := |F(X, t)a0| =
√

a⊤
0 Ca0, (5.1.28)

Given that a0 can be imagined as the orientation of a fibre passing through X ∈ B0, we will
refer to λ(X, t) as the fibre stretch.

Consequently, we define the fibre strain rate as the time derivative of the fibre stretch,
normalized by a factor ε̇0, typically representing the maximum strain rate at which a ma-
terial element is allowed deform:

ε̇(X, t) := 1
ε̇0
λ̇(X, t) = 1

ε̇0

(F(X, t)a0)⊤ d(x, t) F(X, t)a0
λ(X, t) , (5.1.29)

where the last equality arises from taking an implicit time derivative in (5.1.28) and the fact
that Ċ = 2F⊤dF (cf. [90, Eq. (2.168)]). The normalization of this quantity is consistent
with the definition of the one-dimensional strain rate in (2.2.1) and (3.2.4).

5.1.6 Stress tensors

Consider surface elements ds with normal n in the current configuration and dS with
normal N in the reference configuration. Then, by Cauchy’s stress theorem, for each pair of
spatial and material tractions t and T, respectively, there exist tensors σ and P such that
t ds = T dS and

t(x, t,n) = σ(x, t)n and T(X, t,N) = P(X, t)N. (5.1.30)

We show these quantities in Figure 5.2. Here, σ is called the Cauchy stress tensor, while P
is called the first Piola-Kirchhoff tensor (PK1). Notice that σ describe the stresses in the
body in the current configuration, while P describes them in the reference configuration.
Both measures of stress are related through the so-called Piola transformation:

P = JσF−⊤. (5.1.31)
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From this expression, it can be seen that, although σ is a symmetric tensor, in general, P
is not.

Other stress tensors that will be used in this document are the (spatial) Kirchhoff stress
tensor defined as:

τ = Jσ, (5.1.32)

and the (material) second Piola-Kirchhoff stress tensor (PK2), which can be obtained as a
pull-back operation on τ , that is:

S = F−1τF−⊤. (5.1.33)

Thus, S is a symmetric tensor. Moreover, this last equation gives us another important
relationship that will be used in this work:

τ = FSF⊤. (5.1.34)

Finally, the PK1 and PK2 tensors are related accordingly by the expression:

P = FS. (5.1.35)

5.1.7 Volumetric-isochoric decomposition for compressible hyperelastic
materials

In the case of compressible materials (even by very small amounts, as it is the case in skeletal
muscle), it is customary to split the deformation tensor into volume-changing (volumetric)
and volume-preserving (isochoric) parts, i.e.

F = (J1/3I) (J−1/3F) = J1/3 F̄, (5.1.36)

where
F̄ := J−1/3F (5.1.37)

is called the modified deformation gradient. Given that det F̄ = 1, the term F̄ is associated
with isochoric deformations of the material, whereas the term J1/3I is associated with
volumetric deformations.

The volumetric-isochoric decomposition (5.1.36) yields modified versions of the right
and left Cauchy-Green tensors:

C̄ = F̄⊤F̄ = J−2/3C, b̄ = F̄F̄⊤ = J−2/3b. (5.1.38)
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In particular, the derivative of C̄ with respect to C is given by

∂C̄
∂C = J−2/3

(
I − 1

3C ⊗ C−1
)

= J−2/3P⊤, (5.1.39)

where P⊤ is the transpose of the fourth-order material projection tensor P, where

P := I − 1
3C−1 ⊗ C, (5.1.40)

and IABCD := 1
2 (δACδBD + δABδBC) is the fourth-order symmetric identity tensor. Here,

the transpose of P is given by (P⊤)IJKL = PKLIJ .

Remark 5.3. This multiplicative decomposition yields a modified fibre stretch λ̄:

λ̄ :=
√

a⊤
0 C̄a0 = J−1/3λ, (5.1.41)

as well as a modified fibre strain rate ¯̇ε, which we define as:

¯̇ε := 1
ε̇0

˙̄λ = 1
ε̇0

(F̄a0)⊤(p : d)(F̄a0)
λ̄

, (5.1.42)

where p is the fourth-order spatial projection tensor:

p := I − 1
3I ⊗ I. (5.1.43)

Given that:
p : d = d − 1

3 tr(d) I, (5.1.44)

the tensor p is also called the “deviatoric” tensor.

Remark 5.4. The original strain rate ε̇ defined in (5.1.29) and the modified one ¯̇ε are
related by the expression:

ε̇ = J1/3
[
¯̇ε+ 1

3
tr(d)
ε̇0

λ̄

]
, (5.1.45)

which arises as a byproduct when deriving the expression for ¯̇ε in (5.1.42) using (5.1.29)
and (5.1.41).

In general, we will refer to a material as being hyperelastic if there exists a function
Ψ = Ψ(F) such that

P = ∂Ψ(F)
∂F , (5.1.46)

where P is the PK1 tensor defined in (5.1.31). Here Ψ is called the strain-energy function
(SEF) and provides a constitutive model for the material.
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Furthermore, in the context of the volumetric-isochoric decomposition (5.1.36), we pos-
tulate that this SEF takes the particular form:

Ψ(C) = Ψvol(J) + Ψiso(C̄), (5.1.47)

where Ψvol and Ψiso are respectively SEFs describing the volumetric and isochoric responses
of the material.

Volumetric and isochoric components of stress and elasticity tensors

Considering a perfectly elastic material in isothermal conditions, the Clausius-Planck in-
equality requires that the internal dissipation Dint vanishes, that is,

Dint = wint − Ψ̇ = 0, (5.1.48)

where the internal power is given by wint = S : Ċ/2. To compute the time derivative of the
SEF, we use (5.1.39) and the fact that J̇ = JC−1 : Ċ/2:

Ψ̇ = dΨvol(J)
dJ

J̇ + ∂Ψiso(C̄)
∂C̄

: ˙̄C

= J
dΨvol(J)

dJ
C−1 : Ċ

2 + ∂Ψiso(C̄)
∂C̄

: 2J−2/3P⊤ : Ċ
2 .

(5.1.49)

Inserting this equation back into (5.1.48), we obtain

Dint =
(

S − J
dΨvol(J)

dJ
C−1 − J−2/3P : 2∂Ψiso(C̄)

∂C̄

)
: Ċ

2 = 0.

Therefore, the PK2 stress tensor can be described as

S = Svol + Siso. (5.1.50)

The volumetric part, Svol, is defined as:

Svol = pJC−1, (5.1.51)

where p is the hydrostatic pressure:

p := dΨvol(J)
dJ

. (5.1.52)

In turn, the isochoric part, Siso, is given by

Siso = J−2/3P : S̄, (5.1.53)
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where S̄ is the fictitious PK2 stress tensor :

S̄ := 2∂Ψiso(C̄)
∂C̄

, (5.1.54)

and P is the projection tensor defined in (5.1.40).
Pushing forward the equation describing S (i.e., (5.1.50)) according to (5.1.34), we obtain

that the Kirchhoff stress τ can be described as

τ = τvol + τiso, (5.1.55)

where the volumetric part, τvol, is given by

τvol = pJI, (5.1.56)

and the isochoric part, τiso is given by

τiso = F̄(P : S̄)F̄⊤ = p : τ̄ , (5.1.57)

where τ̄ is the fictitious Kirchhoff stress tensor :

τ̄ = F̄S̄F̄⊤, (5.1.58)

and p is the projection tensor defined in (5.1.43).

Elasticity tensors

Linearization techniques such as Newton’s method require the computation of tensorial
derivatives of stress tensors. In the material description, we define the fourth-order material
elasticity tensor C as:

C = 2∂S(C)
∂C or CABCD = 2 ∂SAB

∂CCD
. (5.1.59)

In the spatial description, the elasticity tensor c can be obtained by a push-forward of the
material tensor C, that is,

c = J−1χ∗(C) or cabcd = J−1FaAFbBFcCFdDCABCD. (5.1.60)

Particularly for the volumetric-isochoric decomposition of the PK2 tensor in (5.1.50), C
can be split as:

C = 2∂Svol

∂C + 2∂Siso

∂C =: Cvol + Ciso. (5.1.61)
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The volumetric part, Cvol, is given by (cf. [90, Eq. (6.166)]):

Cvol = J

(
p+ J

d2Ψvol(J)
dJ2

)
C−1 ⊗ C−1 − 2JpC−1 ⊙ C−1, (5.1.62)

where
−
(
C−1 ⊙ C−1

)
ABCD

:= −1
2
(
C−1

ACC
−1
BD + C−1

ADC
−1
BC

)
. (5.1.63)

The isochoric part, Ciso, can be computed as (cf. [90, Example 6.8]):

Ciso = P C̄ P⊤ + 2
3
(
J−2/3S̄ : C

)
P̃ − 2

3
(
C−1 ⊗ Siso + Siso ⊗ C−1

)
, (5.1.64)

where the fictitious elasticity tensor in the material description C̄ is given by:

C̄ = 2J−4/3 ∂S̄
∂C̄

, (5.1.65)

and the modified projection tensor P̃ is:

P̃ = C−1 ⊗ C−1 − 1
3C−1 ⊙ C−1. (5.1.66)

In the spatial description, the picture is similar and fortunately, the expressions are much
simpler. For the spatial elasticity tensor c, we have:

c = cvol + ciso, (5.1.67)

where the volumetric and isochoric parts are respectively given by:

Jcvol = pJ(I ⊗ I − 2pI) + J2d
2Ψvol(J)
dJ2 I ⊗ I, (5.1.68)

and
Jciso = p c̄p + 2

3tr(τ̄ )p − 2
3 (I ⊗ τiso + τiso ⊗ I) . (5.1.69)

Note that we have multiplied these tensors by J as, ultimately, the weak formulations
will require us compute Jc. In the previous expression, p is the spatial projection tensor
defined in (5.1.43) and c̄ is the fictitious elasticity tensor in the spatial description defined
as push-forward of C̄:

c̄ = χ∗(C̄) or c̄abcd = FaAFbBFcCFdDC̄ABCD = F̄aAF̄bBF̄cC F̄dD J4/3C̄ABCD, (5.1.70)

where C̄ABCD is computed according to (5.1.65). Note that the term p c̄p can be seen
component wise as

(p c̄p)klmn = pklab c̄abcd pcdmn. (5.1.71)
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5.1.8 A strain-energy function for compressible, transversely isotropic
materials

In compressible, transversely isotropic materials (i.e., materials that are reinforced by only
one family of fibres and that have a single preferred direction of deformation), the following
general strain-energy function (SEF) can be established [90, 199]:

Ψ = Ψ(C,a0 ⊗ a0) = Ψvol(J) + Ψiso(Ī1, Ī2, Ī4, Ī5). (5.1.72)

Here, Ψvol and Ψiso respectively describe the volumetric and isochoric response of the ma-
terial and Ī1, . . . , Ī5 are the invariants (Ī4 and Ī5 are actually pseudo-invariants [90]) of the
modified right Cauchy-Green tensor:

Ī1 = tr C̄, Ī2 = 1
2
[
(tr C̄)2 − tr (C̄2)

]
, Ī3 = det C̄ ≡ 1,

Ī4 = a⊤
0 C̄a0 = λ̄2, Ī5 = a⊤

0 C̄2a0.

(5.1.73)

Furthermore, their derivatives are given by:

∂Ī1

∂C̄
= I, ∂Ī2

∂C̄
= Ī1I − C̄, ∂Ī4

∂C̄
= a0 ⊗ a0,

∂Ī5

∂C̄
= a0 ⊗ C̄a0 + C̄a0 ⊗ a0. (5.1.74)

For general expressions on the stress and elasticity tensors derived from the SEF (5.1.72),
we refer the reader to [199]. Nevertheless, we will provide these expressions for the particular
SEF that models skeletal muscle tissue in the following section.

5.2 Constitutive laws for skeletal muscle

Let us consider skeletal muscle tissue as a fibre-reinforced (i.e. transversely isotropic), com-
posite, nearly incompressible hyperelastic material [54, 154, 196]. Furthermore, let us pos-
tulate the following strain-energy function (SEF) for skeletal muscle tissue:

Ψmus = Ψvol(J) + Ψiso(Ī1, Ī4,
˙̄I4). (5.2.1)

The volumetric part of the SEF Ψ is given by:

Ψvol(J) = κ

4
(
J2 − 2 ln J − 1

)
, (5.2.2)

where κ is the bulk modulus of muscle tissue. The bulk modulus may appear as a single
constant or as a weighted combination of bulk moduli of the different tissue components
(such as intramuscular fat, ECM, and cellular material; see below). The isochoric component
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Fibre Strain Rate ε̇
Fibre Stretch λ

Figure 5.4: Hill’s model depicted as a manifold in which the fibre stretch λ and the fi-
bre strain rate ε̇ can vary simultaneously according to (5.2.5). We also show the curves
σHill(λ, 0)/σ0 (red) and σHill(0, ε̇)/σ0 (black), which correspond to the total force-length
(FL) and force-velocity (FV) relationships in Figure 2.2.

of Ψ takes the form:

Ψiso(Ī1, Ī4,
˙̄I4) = (1 − χfat)

(
Ψfibre(Ī4,

˙̄I4) + Ψbm(Ī1)
)

+ χfatΨfat(Ī1). (5.2.3)

We are assuming that muscle and other tissues are made of fibres embedded in a base
material, with responses given by Ψfibre and Ψbm, respectively. Furthermore, their combined
response is influenced by the fraction of intramuscular fat χfat present in muscle tissue. In
turn, Ψfat represents the response of intramuscular fat (adipose) tissue, which has been
homogenized with the fibre and base material components following [156, Model M4].

In the next sections, we describe the SEF for each one of the components, as well as
the stress tensors they induce. We will be particularly interested in the structure of the
Kirchhoff stress τiso, which in turn requires the knowledge of the fictitious Kirchhoff stress
τ̄ (see Equation (5.1.57)). We will compute this tensor as a push-forward of S̄ (defined in
(5.1.54)) according to the identity (5.1.58).

5.2.1 Muscle fibres

We assume that the SEF Ψfibre is given implicitly by the equation:

2Ī4
∂Ψfibre

∂Ī4
= σHill(λ̄, ¯̇ε), (5.2.4)
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where σHill is Hill’s muscle model written in terms of the maximum isometric stress σ0,mus:

σHill(λ̄, ¯̇ε) = σ0,mus

(
a(X, t)σ̂A(λ̄)σ̂V (¯̇ε) + σ̂P (λ̄)

)
. (5.2.5)

In this expression, the active stress-stretch relationship σ̂A, the stress-strain rate relation-
ship σ̂V , and the passive stress-stretch relationship σ̂P can be respectively identified with
the active force-length FV , force-velocity FV , and passive force-length FP relationships in
(2.2.3), respectively (all these quantities are dimensionless, see Appendix A, but we must
recast them as stresses for this continuum mechanics framework). Furthermore, we now
allow the activation function to also vary in space. For the special case when a ≡ 1, we
portray this two-dimensional manifold in Figure 5.4.

Using Equation (5.1.54), the corresponding fictitious PK2 stress S̄fibre can be computed
as:

S̄fibre = 2∂Ψfibre

∂C̄
= 2∂Ψfibre

∂Ī4

∂Ī4
∂C . (5.2.6)

Thus, using (5.2.4) together with (5.1.74), we have:

S̄fibre = 1
λ̄2σ0,mus

(
a(X, t)σ̂A(λ̄)σ̂V (¯̇ε) + σ̂P (λ̄)

)
a0(X) ⊗ a0(X), (5.2.7)

where a0 is the initial orientation vector of a fibre crossing through the point X ∈ B0.
Moreover, according to (5.1.58), we obtain that:

τ̄fibre = 1
λ̄2σ0,mus

(
a(X, t)σ̂A(λ̄)σ̂V (¯̇ε) + σ̂P (λ̄)

)
ā ⊗ ā, (5.2.8)

where ā := F̄a0.

5.2.2 Base material

The base material component can be modelled using the following Yeoh SEF [164, 173, 196]:

Ψbm(Ī1) = sbmσ0,bm

3∑
k=1

ck(Ī1 − 3)k, (5.2.9)

where sbm is a scaling factor, σ0,bm a normalizing constant stress, and ck ∈ R are constants
that were computed by Wakeling et al. [196] to fit the experimental data in Mohammadkhah
et al. [130].

Similarly to the computation of S̄fibre and τ̄fibre, the fictitious PK2 and Kirchhoff
stresses in this case are:

S̄bm = 2sbmσ0,bm

(
3c3(Ī1 − 3)2 + 2c2(Ī1 − 3) + c1

)
I, (5.2.10)
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and
τ̄bm = 2sbmσ0,bm

(
3c3(Ī1 − 3)2 + 2c2(Ī1 − 3) + c1

)
b̄. (5.2.11)

In the work by Konno et al. [102], the base material is considered as a weighted com-
bination of ECM and cellular material contributions to study muscle affected by cerebral
palsy. More precisely, the expression for the SEF Ψbm takes the form:

Ψbm(Ī1) = χecmΨecm(Ī1) + (1 − χecm)Ψcell(Ī1), (5.2.12)

where χecm > 0 is the fraction of ECM content in muscle. The SEFs for ECM and cellular
material are given respectively by:

Ψecm(Ī1) = secm

3∑
k=1

ck(Ī1 − 3)k, (5.2.13)

and

Ψcell(Ī1) = scell

3∑
k=1

ck(Ī1 − 3)k. (5.2.14)

The constants ck ∈ R in these models have been computed by Konno et al. [102] to fit the
data in Gillies et al. [71] for the ECM and the data in Jin et al. [95] for the cellular material.

In this case, the fictitious stress tensors for each one of these SEFs are given by:

S̄ecm = 2secm

(
3c3(Ī1 − 3)2 + 2c2(Ī1 − 3) + c1

)
I, (5.2.15)

τ̄ecm = 2secm

(
3c3(Ī1 − 3)2 + 2c2(Ī1 − 3) + c1

)
b̄, (5.2.16)

and

S̄cell = 2scell

(
3c3(Ī1 − 3)2 + 2c2(Ī1 − 3) + c1

)
I, (5.2.17)

τ̄cell = 2scell

(
3c3(Ī1 − 3)2 + 2c2(Ī1 − 3) + c1

)
b̄. (5.2.18)

The constants σ0,base, sbase, secm, scell, as well as ck (which are local to each SEF), are
given in Table 5.1. Note that the bulk modulus κ used to define the volumetric component
Ψvol of the SEF Ψ now takes the form

κ = χecmκecm + (1 − χecm)κcell, (5.2.19)

where κecm and κcell are the bulk moduli for ECM and cellular material, respectively.
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Value in Ψbm (5.2.9) Value in Ψecm (5.2.13) Value in Ψcell (5.2.14)
σ0,bm 200000 Pa - - - -
sbm 1 secm 200 Pa scell 1 Pa
c1 0.1990559575103343 c1 1988.76435209844 c1 3703.32723408173
c2 0.3662334826469149 c2 4917.02551347748 c2 -707.76064007684
c3 0.0 c3 -591.533166457473 c3 123.247643527575

Table 5.1: Constants in the SEFs defining the base material component of muscle tissue.

Value in Ψfat (5.2.20)
sfat 1 Pa
c1 323.91
c2 5163.1
c3 -3872.9

Table 5.2: Constants in the SEF defining intramuscular fat.

5.2.3 Intramuscular fat

Following [103], we consider the following SEF to model intramuscular fat:

Ψfat(Ī1) = sfat

3∑
k=1

ck(Ī1 − 3)k, (5.2.20)

where sfat is a scaling factor and the constants ck are computed so that the expression
above fits the data by Alkhouli et al. [2]. The values for these constants are listed in Table
5.2. Thus, the expressions for the fictitious stress tensors become:

S̄fat = 2sfat

(
3c3(Ī1 − 3)2 + 2c2(Ī1 − 3) + c1

)
I, (5.2.21)

and
τ̄fat = 2sfat

(
3c3(Ī1 − 3)2 + 2c2(Ī1 − 3) + c1

)
b̄. (5.2.22)

The bulk modulus for the volumetric SEF Ψvol now takes the form:

κ = (1 − χfat)κbm + χfatκfat, (5.2.23)

where κbm and κfat are the bulk moduli for the base material and fat components. In
particular, κbm can be taken as a single constant or as the homogenized version in Equation
(5.2.19).

5.3 Extending the SEF to the muscle-tendon unit

The expressions in the previous section are only applicable to geometries made entirely of
muscle tissue, without internal or external tendons. To create a SEF for the whole muscle-
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Value in Ψtis (5.3.8)
stis 1
σ0,tis 200,000 Pa
c1 4.6896264975
c2 -3.45514101975
c3 4.8492055395 · 102

Table 5.3: Constants in the SEF defining tendon and aponeurosis.

tendon unit, let us consider a partition of the domain of interest into three parts B0 =
BM

0 ∪ BA
0 z ∪ BT

0 , where BM
0 , BA

0 , and BT
0 represent the parts of B0 made of muscle tissue,

aponeurosis, and tendon. Thus, a SEF for the MTU reads:

ΨMT U (X, t) = Ψmus(X, t)ιM (X) + Ψapo(X, t)ιA(X) + Ψten(X, t)ιT (X), (5.3.1)

where ιM (X), ιA(X), and ιT (X) are indicator functions on BM
0 , BA

0 , and BT
0 , respectively.

Here, following Wakeling et al. [196], we consider an expression in common for the SEF of
tendon and aponeurosis:

Ψtis = Ψvol,tis(J) + Ψiso,tis(Ī1, Ī4), tis ∈ {apo, ten}. (5.3.2)

Similar to muscle tissue, the volumetric part is given by

Ψvol,tis = κtis

4
(
J2 − 2 ln J − 1

)
, tis ∈ {apo, ten}, (5.3.3)

where κapo and κten are the bulk moduli for aponeurosis and tendon, respectively. On the
other hand, the isochoric component is given by:

Ψiso,tis = Ψtis,fibre(Ī4) + Ψtis,bm(Ī4), tis ∈ {apo, ten}, (5.3.4)

as tendon and aponeurosis are also transversely-isotropic materials.
Assuming that the fibre component Ψtis,fibre satisfies:

2Ī4
∂Ψtis,fibre

∂Ī4
= σ0,tisσ̂tis(λ̄), tis ∈ {apo, ten}, (5.3.5)

for a given stress-stretch relationship σ̂tis (see Appendix A), we obtain the following stress
tensors:

S̄tis,fibre = 1
λ̄2σ0,tisσ̂tis(λ̄) a0 ⊗ a0, (5.3.6)

τ̄tis,fibre = 1
λ̄2σ0,tisσ̂tis(λ̄) ā ⊗ ā. (5.3.7)
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Figure 5.5: Three-dimensional continuum representation of the muscle-tendon unit showing
its main three components: muscle tissue, aponeurosis, and tendon.

Moreover, assuming that SEF for the base material Ψtis,bm is given by a Yeoh SEF:

Ψtis,bm = stisσ0,tis

3∑
k=1

ck(Ī1 − 3)k, (5.3.8)

we obtain the following stress tensors:

S̄tis,bm = 2stisσ0,tis

(
3c3(Ī1 − 3)2 + 2c2(Ī1 − 3) + c1

)
I, (5.3.9)

τ̄tis,bm = 2stisσ0,tis

(
3c3(Ī1 − 3)2 + 2c2(Ī1 − 3) + c1

)
b̄. (5.3.10)

Following [54] we assume that the constants ck, k = 1, 2, 3, are identical for tendon and
aponeurosis. These have been fitted in [54] from wild turkey gastrocnemii data [10] and are
listed in Table 5.3.

5.4 Lagrangian formulation of the elastodynamic problem

Let B0 ⊂ R3 be a region in three-dimensional space representing the undeformed muscle-
tendon unit (MTU), potentially containing a combination of muscle, aponeurosis, and ten-
don, as described in Section 5.3. The boundary of this body, ∂B0, can be subdivided into
two parts: ∂B0 = Γ0,D ∪ Γ0,N , with Γ0,D ∩ Γ0,N = ∅. They represent respectively the Dirich-
let and Neumann parts of the boundary in the reference configuration (see Figure 5.5). Let
also Bt denote the deformed MTU at time t > 0.

The elastodynamic deformation of the MTU can be modelled using a system of PDEs
in which, given an initial displacement U0 ∈ H1(B0), an initial velocity V0 ∈ H1(B0), an
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initial pressure p0 ∈ L2(B0), a body force f0(·, t) ∈ L2(B0), a prescribed traction T(·, t) ∈
H−1/2(ΓN,0), and a prescribed displacement UD(·, t) ∈ H1/2(ΓD,0), we want to find large
(material) displacements U(·, t) ∈ H1(B0), a (material) velocity V ∈ H1(B0), a (material)
internal pressure p(·, t) ∈ L2(B0), and a (material) dilatation D(·, t) ∈ L2(B0) such that:

∂U
∂t

= V in B0 × (0,∞), (5.4.1a)

ρ0
∂V
∂t

− Div P(U,V, p,D) = f0 in B0 × (0,∞), (5.4.1b)

J(U) −D = 0 in B0 × (0,∞), (5.4.1c)

p− Ψ′
vol(D) = 0 in B0 × (0,∞), (5.4.1d)

U = UD on ΓD,0 × (0,∞), (5.4.1e)

P(U,V, p,D)N = T on ΓN,0 × (0,∞), (5.4.1f)

U = U0, V = V0, p = p0, D = D0 in B0 × {t = 0}. (5.4.1g)

Here, the first expression corresponds to the definition of the material velocity (see Remark
5.1), whereas the second equation is just Cauchy’s first equation of motion written in the
Lagrangian description (see [90, Section 4.3]). The third equation is a constraint that relates
D to its definition. Furthermore, ρ0 denotes the reference density of the MTU, and although
it might depend on space coordinates X, it does not depend on time.

Remark 5.5. The set of equations (5.4.1) corresponds to a dynamic extension of the Euler-
Lagrange equations that arise from the stationarity of the potential first proposed by Simo
et al. [180]:

Π(U, p,D) =
∫

B0
Ψvol(D) + p(J(U) −D) + Ψiso(C̄) −

∫
B0

f0 · U. (5.4.2)

Therefore, we refer to (5.4.1) as the dynamic system. In turn, if we neglect the effect of the
velocity on the system (i.e. V ≡ 0) as in (5.4.2), then we refer to (5.4.1) as the quasi-static
system.

We also note that the system (5.4.1a)-(5.4.1d) is equivalent to the Eulerian formulation
developed by Dominguez [54]:

∂u
∂t

= v in Bt, (5.4.3a)

∂(ρv)
∂t

+ div (ρv ⊗ v) − div σ(u,v, p,D) = f in Bt, (5.4.3b)

J(u) −D = 0 in Bt, (5.4.3c)

p− Ψ′
vol(D) = 0 in Bt, (5.4.3d)
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where the density in the current configuration ρ is given by

ρ = J(u)−1ρ0, (5.4.4)

and the body force f is:
f(x, t) = J(U)−1 f0(φ−1(x, t), t). (5.4.5)

However, we have chosen to work with the Lagrangian formulation (5.4.1) because it leads
to a simpler variational formulation, which consequently leads to a (significantly) simpler
linearization of the problem (see below).

5.5 A first order, fully implicit time discretization

Based on the Neo-Hookean experiments we performed in Chapter 4, we discretize (5.4.1)
using Rothe’s method with a first-order, fully-implicit time stepping scheme. In this way,
let us consider a time step size ∆t = T/N and time steps tn = n∆t, with n = 0, . . . , N
and T > 0 the simulation end time. For each n ≥ 0, we seek approximations Un+1(X) ≈
U(X, tn+1), Vn+1(X) ≈ V(X, tn+1), pn+1(X) ≈ p(X, tn+1), and Dn+1(X) ≈ D(X, tn+1)
such that:

Un+1 − Un

∆t = Vn+1 in B0, (5.5.1a)

ρ0
Vn+1 − Vn

∆t − Div P(Un+1,Vn+1, pn+1, Dn+1) = fn+1
0 in B0, (5.5.1b)

J(Un+1) −Dn+1 = 0 in B0, (5.5.1c)

pn+1 − Ψ′
vol(Dn+1) = 0 in B0, (5.5.1d)

Un+1 = Un+1
D on ΓD,0, (5.5.1e)

P(Un+1,Vn, pn+1, Dn+1)N = Tn+1 on ΓN,0. (5.5.1f)

Combining the first two equations above we obtain the following displacement-pressure-
dilatation system: for each n ≥ 0, find Un+1, pn+1, and Dn+1 such that:

ρ0Un+1 − ∆t2 Div P(Un+1,Vn+1, pn+1, Dn+1) = ρ0Un + ∆t ρ0Vn + ∆t2fn+1
0 , (5.5.2a)

Dn+1 − J(un+1) = 0, (5.5.2b)

pn+1 − Ψ′
vol(Dn+1) = 0, (5.5.2c)

and
Vn+1 = Un+1 − Un

∆t , (5.5.3)

with boundary conditions (5.5.1e) and (5.5.1f)
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We now construct a variational formulation for the system (5.5.2). First, multiplying
(5.5.2a) by δU ∈ H1

0(B0) and integrating by parts, we obtain:

∫
B0
ρ0Un+1 · δU + ∆t2

∫
B0

P(Un+1,Vn+1) : ∇0(δU)

=
∫

B0
ρ0Un · δU + ∆t

∫
B0
ρ0Vn · δU + ∆t2

∫
B0

fn+1
0 · δU + ∆t2

∫
ΓN,0

Tn+1 · δU. (5.5.4)

Furthermore, we can use (5.1.31) to rewrite the second term in the previous expression as:

∫
B0

P(Un+1,Vn+1, pn+1, Dn+1) : ∇0(δU)

=
∫

B0
J(Un+1) σ(Un+1,Vn, pn+1, Dn+1) : ∇0(δU)F(Un+1)−1

=
∫

B0
τ (Un+1,Vn, pn+1, Dn+1) : ∇0(δU)F(Un+1)−1.

Thus, we can rewrite (5.5.4) as

∫
B0
ρ0Un+1 · δU + ∆t2

∫
B0

τ (Un+1,Vn+1) : ∇0(δU)F(Un+1)−1

=
∫

B0
ρ0Un · δU + ∆t

∫
B0
ρ0Vn · δU + ∆t2

∫
B0

fn+1
0 · δU + ∆t2

∫
ΓN,0

Tn+1 · δU. (5.5.5)

Similarly, for equations (5.5.2b) and (5.5.2c), we multiply them respectively by test
functions δp ∈ L2(B0) and δD ∈ L2(B0) and integrate:∫

B0

{
J(Un+1) −Dn+1

}
· δp = 0, (5.5.6)

and ∫
B0

{
ψ′

vol(Dn+1) − pn+1
}

· δD = 0. (5.5.7)

Finally, multiplying (5.5.5) by ∆t−2 and adding it to (5.5.6) and (5.5.7), we obtain the
following nonlinear formulation of the semi-discrete problem (5.5.2): find Un+1 ∈ H1(B0),
pn+1 ∈ L2(B0), and Dn+1 ∈ L2(B0) such that

R(Un+1, pn+1, Dn+1; δU, δp, δD) = 0, (5.5.8)
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for any δU ∈ H1
0(B0), δp ∈ L2(B0), and δD ∈ L2(B0), where

R(Un+1,pn+1, Dn+1; δU, δp, δD) :=

∆t−2
∫

B0
ρ0Un+1 · δU +

∫
B0

τ (Un+1,Vn+1, pn+1, Dn+1) : ∇0(δU)F(Un+1)−1

+
∫

B0

{
J(Un+1) −Dn+1

}
· δp+

∫
B0

{
ψ′

vol(Dn+1) − pn+1
}

· δD

− ∆t−1
∫

B0
ρ0Vn · δU − ∆t−2

∫
B0
ρ0Un · δU −

∫
ΓN,0

Tn+1 · δU

−
∫

B0
fn+1
0 · δU. (5.5.9)

We may also refer to (5.5.8) as the (semi-discretized) principle of virtual work [90]. In
particular, we may split R into three components:

R = Rine +Rint −Rext, (5.5.10)

where the (semi-discrete) work due to inertial, internal, and external forces are respectively
given by:

Rine(Un+1; δU) = ∆t−2
∫

B0
ρ0Un+1 · δU

− ∆t−2
∫

B0
ρ0Un · δU

− ∆t−1
∫

B0
ρ0Vn · δU, (5.5.11)

Rint(Un+1, pn+1, Dn+1; δU, δp, δD) =
∫

B0
τ n+1 : ∇0(δU)F(Un+1)−1

+
∫

B0

{
J(Un+1) −Dn+1

}
· δp

+
∫

B0

{
ψ′

vol(Dn+1) − pn+1
}

· δD, (5.5.12)

and
Rext(δU) =

∫
ΓN,0

Tn+1 · δU +
∫

B0
fn+1
0 · δU. (5.5.13)

In Equation (5.5.12), we have written τ n+1 = τ (Un+1,Vn+1, pn+1, Dn+1).

Remark 5.6. Using this notation, a variational formulation for the quasi-static problem
that arises from (5.4.1) (or equivalently, the stationarity of the potential (5.4.2)) reads: find
Un+1 ∈ H1(B0), pn+1 ∈ L2(B0), and Dn+1 ∈ L2(B0) such that

Rint(Un+1, pn+1, Dn+1; δU, δp, δD) = Rext(δU), (5.5.14)
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for all virtual displacements δU ∈ H1
0(B0), virtual pressures δp ∈ L2(B0), and virtual di-

latations δD ∈ L2(B0). Recall that, in this case, the equations do not involve

Before jumping into the linearization of the nonlinear problem (5.5.8), let us see how
this formulation differs from the one introduced in [54].

Remark 5.7. Consider the variational formulation for the Eulerian system (5.4.3) as in
[54, Equation 6.22] pulled back to the reference configuration: find Un+1 ∈ H1(B0), pn+1 ∈
L2(B0), and Dn+1 ∈ L2(B0) such that

R̃(Un+1, pn+1, Dn+1; δU, δp, δD) = 0, (5.5.15)

for any δU ∈ H1
0(B0), δp ∈ L2(B0), and δD ∈ L2(B0), where

R̃(Un+1,pn+1, Dn+1; δU, δp, δD) :=

∆t−2
∫

B0
ρ0Un+1 · δU +

∫
B0

τ (Un+1,Vn, pn+1, Dn+1) : ∇S
0 (δU) F(Un+1)−1

+
∫

B0

{
J(Un+1) −Dn+1

}
· δp+

∫
B0

{
ψ′

vol(Dn+1) − pn+1
}

· δD

− ∆t−1
∫

B0
ρ0
J(Un+1)
J(Un) Vn · δU

−
∫

B0

(
ρ0
J(Un+1)
J(Un) Vn ⊗ Vn

)
: ∇S

0 (δU) F(Un+1)−1

+
∫

ΓN,0

(
ρ0
J(Un+1)
J(Un) Vn ⊗ Vn

)
F(Un+1)−T N · δU

− ∆t−2
∫

B0
ρ0Un · δU −

∫
ΓN,0

Tn+1 · δU −
∫

B0
fn+1
0 · δU. (5.5.16)

Given that the Eulerian and the Lagrangian formulations model the exact same biological
system but in difference frames of reference, it is clear that the nonlinear weak formulations
(5.5.8) and (5.5.15) are completely equivalent. However, the linearization for these problems
involves the computation of derivatives with respect to Un+1, pn+1, and Dn+1 for the first
four terms in (5.5.9), as opposed to the first seven in (5.5.16). Furthermore, the weak problem
(5.5.8) represents a departure from (5.5.15) since we are now treating the velocity implicitly
in the Kirchhoff stress τ , as opposed to the explicit treatment in (5.5.16) (as seen in the
second term that defines R̃).

5.6 Linearization

The linearization of the three-field formulation (5.5.8) is based on previous developments
by Dominguez [54] and Pelteret [144], with additional terms appearing naturally from the
inertia of the system. First, we give general details of Newton iteration, along with the
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boundary conditions needed each for each iterate. Then, we provide computable versions of
each one of the blocks that form the tangent operator DR.

5.6.1 Newton’s method

Given Un, Vn, Un+1
k , pn+1

k , and Dn+1
k , we want to find updates dUk, dpk, and dDk such

that:

DR(Un+1
k , pn+1

k , Dn+1
k )

(
dUk, dpk, dDk; δU, δp, δD

)
= −R(Un+1

k , pn+1
k , Dn+1

k ; δU, δp, δD), (5.6.1)

for all virtual increments δU, δp, and δD, then update the solution as

Un+1
k+1 = Un+1

k + dUk, pn+1
k+1 = pn+1

k + dpk, Dn+1
k+1 = Dn+1

k + dDk, (5.6.2)

until a convergence criterion is satisfied. Here, DR denotes the Gâteaux derivative of the
operator R (DR is also known as the tangent operator). At the current time step, we set
the initial solution as the converged one from the previous time step, i.e.,

Un+1
0 = Un, (5.6.3)

with analogous expressions for the pressure and dilatation. Therefore, the solution can be
updated as:

Un+1
k+1 = Un+1

k + dUk = Un+1
k−1 + dUk−1 + dUk = · · · = Un+1

0 + ∆Uk = Un + ∆Uk, (5.6.4)

where we have defined the object:

∆Uk =
k∑

l=0
dUk. (5.6.5)

Remark 5.8. Computationally speaking, at the beginning of every time step, one would set
the object ∆Uk to zero and then start updating recursively this quantity with each Newton
step dUk. Then, once convergence has been achieved, we can obtain the converged solution
for the current time step as in the last equality of (5.6.4). This approach turns out to be
less prone to numerical (round off) errors than updating the solution directly as in (5.6.2).

Remark 5.9 (Boundary conditions for the linearized system). Consistent with the varia-
tional problem (5.5.8), the linearized problem (5.6.1) requires boundary conditions for the
displacements dUk at each iteration k. To determine these, let us assume that for the time
step tn+1, the method converges in K + 1 iterations. Thus, we can set Un+1 := Un+1

K+1 and
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therefore, according to (5.6.4),

∆UK = dU0 + dU1 + · · · + dUK = Un+1 − Un.

However, the displacements Un+1 and Un are known along the Dirichlet part of the bound-
ary. This suggests that, on Γ0,D, we can set

dU0 = Un+1 − Un,

dU1 = 0,
...

dUK = 0,

(5.6.6)

that is, the incremental displacement Un+1 − Un is only implemented at the first Newton
iteration and zero Dirichlet boundary conditions can be assumed for the rest.

5.6.2 Construction of the block-matrix system

We begin populating the elements forming the tangent operator DR by computing the
Gâteaux derivatives of each relevant term in (5.5.8). First, for the inertial contribution,
only the first term in (5.5.11) depends on the current displacement, so the linearization of
this term yields:

KδU,dU
ine = d

dϵ
Rine(Un+1

k + ϵdUk; δU)
∣∣∣
ϵ=0

= ∆t−2
∫

B0
ρ0 dUk · δU. (5.6.7)

Next, for the internal contribution, the linearization of the first term in (5.5.12) is
discussed in general terms in [90, Chapter 8]. This yields the term:

KδU,dU
int =

∫
B0

∇(δU) : Jcn+1
k : ∇(dUk) +

∫
B0

∇(δU) : ∇(dUk)τ n+1, (5.6.8)

where c
n+1
k = c(Un+1

k ,Vn+1
k , pn+1

k , Dn+1
k ) is the fourth-order elasticity tensor defined in

(5.1.60). The computation of this tensor will be the main focus of Section 5.7.
The rest of the contributions with respect to virtual displacements are easier to compute.

Following (5.1.55), we use the decomposition

τ = τvol(p, J(U)) + τiso(U,V), (5.6.9)
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as the pressure only appears in the volumetric part of the Kirchhoff stress and there is no
dependence on the approximate dilatation D:

KδU,dp = d

dϵ
Rint(Un+1

k , pn+1
k + ϵdpk, D

n+1
k ; δU)

∣∣∣
ϵ=0

=
∫

B0
dpkJ I : ∇(δU)

=
∫

B0
dpkJ I :

{
∇0(δU)F(Un+1

k )−1
} , (5.6.10)

and KδU,dD = 0. Next, for the contributions with respect to virtual pressures, we have

Kδp,dU = d

dϵ
Rint(Un+1

k + ϵdUk, p
n+1
k , Dn+1

k ; δp)
∣∣∣
ϵ=0

=
∫

B0
δpJ I : ∇(dUk)

=
∫

B0
δpJ I :

{
∇0(dUk)F(Un+1

k )−1
}
,

(5.6.11)

Kδp,dp = 0, and

Kδp,dD = d

dϵ
Rint(Un+1

k , pn+1
k , Dn+1

k + ϵdDk; δp)
∣∣∣
ϵ=0

= −
∫

B0
dD δp.

(5.6.12)

Finally, for the contributions with respect to virtual dilatations, we have KδD,dU = 0,

KδD,dp = d

dϵ
Rint(Un+1

k , pn+1
k + ϵdpk, D

n+1
k ; δD)

∣∣∣
ϵ=0

= −
∫

B0
dp δD,

(5.6.13)

and
KδD,dD = d

dϵ
Rint(Un+1

k , pn+1
k , Dn+1

k + ϵdDk; δD)
∣∣∣
ϵ=0

=
∫

B0
Ψ′′

vol(Dn+1
k ) dD δD.

(5.6.14)

Therefore, the problem (5.6.1) can formally be written in matrix form as:
KδU,dU

ine + KδU,dU
int KδU,dp 0

Kδp,dU 0 Kδp,dD

0 KδD,dp KδD,dD



dUk

dpk

dDk

 = −


Rine(Un+1

k ) +Rint(Un+1
k )

Rint(pn+1
k )

Rint(Dn+1
k )

 .
(5.6.15)
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5.7 Fourth-order elasticity tensors

To compute the fourth-order tensor cn+1, we first need to find the material tensor C̄ (see
Equations (5.1.67), (5.1.69), and (5.1.70)). In fact, each contribution to the isochoric SEF
Ψiso yields a different contribution to the tensor C̄. For example, if we assume that B0

contains muscle fibres, base material, and intramuscular fat as in (5.2.3), we will have:

C̄ = (1 − χfat)(C̄fibre + C̄bm) + χfatC̄fat, (5.7.1)

with analogous expressions if ECM, cell, tendon, or aponeurosis tissues are included.
The derivation of all parts that make the C̄ tensor follows the same structure, so we

focus mostly on the fibre contribution, as this is novel to the elastodynamics of skeletal
muscle tissue.

5.7.1 Along-fibre contribution

Because of the implicit treatment of the velocity in the Kirchhoff stress, and because we
are not considering the velocity and displacement as independent variables, the elasticity
tensors needed for a Newton iteration take a more involved form (compared to the quasi-
static case) that requires some particular approximations, specially regarding the modified
fibre strain rate ¯̇ε. This will be one of the main contributions in this section.

According to Equation (5.1.65), we first have:

J4/3C̄n+1
fibre = 2

∂S̄n+1
fibre

∂C̄n+1 = 2
∂S̄n+1

fibre

∂Īn+1
4

⊗ ∂Īn+1
4

∂C̄n+1 . (5.7.2)

Moreover, using (5.1.74) and the particular expression for S̄fibre in (5.2.7), we obtain:

J4/3C̄n+1
fibre = 2 ∂

∂Īn+1
4

[
1

Īn+1
4

σHill(Īn+1
4 )

]
a0 ⊗ a0 ⊗ a0 ⊗ a0

= 2

− 1(
Īn+1

4

)2σHill(Īn+1
4 ) + 1

Īn+1
4

∂σHill(Īn+1
4 )

∂Īn+1
4

a0 ⊗ a0 ⊗ a0 ⊗ a0 (5.7.3)

At this juncture, we emphasize that these expressions are meant to be evaluated at the
current Newton iteration k (see (5.6.8)). In particular, using the definition of Hill’s fibre
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stress in (5.2.5), we obtain the following expression for its derivative:

∂σHill(Īn+1
4 )

∂Īn+1
4

= ∂σHill(λ̄n+1
k , ¯̇εn+1

k )
∂λ̄n+1

k

∂λ̄n+1
k

∂Īn+1
4

+ ∂σHill(λ̄n+1
k , ¯̇εn+1

k )
∂ ¯̇εn+1

k

∂ ¯̇εn+1
k

∂λ̄n+1
k

∂λ̄n+1
k

∂Īn+1
4

= σ0,mus

[
an+1dσ̂L(λ̄n+1

k )
dλ̄n+1

k

σ̂V (¯̇εn+1
k ) + dσ̂P (λ̄n+1

k )
dλ̄n+1

k

]
1

2λ̄n+1
k

+ σ0,musa
n+1σ̂L(λ̄n+1

k )dσV (¯̇εn+1
k )

d¯̇εn+1
k

∂ ¯̇εn+1
k

∂λ̄n+1
k

1
2λ̄n+1

k

. (5.7.4)

In particular, following the definition of the modified strain rate ¯̇ε in (5.1.42)2 we con-
sider:

¯̇εn+1
k = 1

ε̇0

(F̄n+1
k a0)⊤(p : dn+1

k )(F̄n+1
k a0)

λ̄n+1
k

, (5.7.5)

where, according to (5.1.22),

dn+1
k = symm

(
Fn+1

k − Fn

∆t
(
Fn+1

k

)−1
)
. (5.7.6)

However, for the term ∂ ¯̇εn+1
k

∂λ̄n+1
k

(and only for this term), we approximate ¯̇εn+1
k as in (5.1.42)1:

¯̇εn+1
k ≈ 1

ε̇0

λ̄n+1
k − λ̄n

∆t , (5.7.7)

and thus we set:
∂ ¯̇εn+1

k

∂λ̄n+1
k

= 1
ε̇0

1
∆t . (5.7.8)

Therefore, the full expression for J4/3C̄n+1
fibre reads:

J4/3C̄n+1
fibre = C

(
λ̄n+1

k , ¯̇εn+1
k

)
a0 ⊗ a0 ⊗ a0 ⊗ a0,

where

C
(
λ̄n+1

k , ¯̇εn+1
k

)
= − 2(

λ̄n+1
k

)4 σ0,musa
n+1σ̂L(λ̄n+1

k )σ̂V (¯̇εn+1
k )

+ 1(
λ̄n+1

k

)3 σ0,musa
n+1dσ̂L

dλ̄

(
λ̄n+1

k

)
σ̂V (¯̇εn+1

k )

+ 1(
λ̄n+1

k

)3 σ0,musa
n+1σ̂L(λ̄n+1

k )dσ̂V

d¯̇ε
(

¯̇εn+1
k

) 1
ε̇0∆t

− 2(
λ̄n+1

k

)4 σ0,musσ̂P (λ̄n+1
k ) + 1(

λ̄n+1
k

)3 σ0,mus
dσ̂P

dλ̄

(
λ̄n+1

k

)
(5.7.9)
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In this way,
c̄

n+1
fibre = C

(
λ̄n+1

k , ¯̇εn+1
k

)
ān+1

k ⊗ ān+1
k ⊗ ān+1

k ⊗ ān+1
k , (5.7.10)

where ān+1
k = F̄n+1

k a0.

Remark 5.10. If the simulation is quasi-static, then Hill’s stress does not depend on the
fibre strain rate, and therefore

c̄
n+1
fibre = C̃

(
λ̄n+1

k

)
ā ⊗ ā ⊗ ā ⊗ ā, (5.7.11)

where

C̃
(
λ̄n+1

k

)
= − 2σ0,mus

(λ̄n+1
k )4

[
an+1σ̂A(λ̄n+1

k ) + σ̂P (λ̄n+1
k )

]
+ σ0,mus

(λ̄n+1
k )3

[
an+1dσ̂A

dλ̄

(
λ̄n+1

k

)
+ dσ̂P

dλ̄

(
λ̄n+1

k

) ]
(5.7.12)

Remark 5.11. Although the expressions for the modified strain rate (5.7.5) and its deriva-
tive with respect to the modified stretch (5.7.8) may seem like a minor detail in the dis-
cretization of the Lagrangian formulation (5.4.1), they constitute elements of the numerical
method that can “make or break” the code for fully active, fully dynamic simulations. Fibre
strain rates are typically not included in finite element codes for skeletal muscle (see, for
instance, [25, 140]), precisely because it is challenging to identify suitable approximations
for them. The inclusion of this term in Flexodeal was preceded a series of developments.
A very early iteration of the fibre-reinforced continuum mechanics approach was due to Ra-
hemi [154], in which the fibre strain rate was always set to 0. This is the approximation
made in most muscle codes. Next, Dominguez [54] suggested the following expression for
the fibre strain rate:

¯̇εn+1
k = Vn · (F̄n+1

k a0), (5.7.13)

with no information about what the expression for ∂λ̄n+1
k

¯̇εn+1
k should look like. Later, in Ross

et al. [164], the following expressions were used:

¯̇εn+1
k = (F̄na0)⊤(p : dn)(F̄na0)

λ̄n+1
k

,
∂ ¯̇εn+1

k

∂λ̄n+1
k

= −
¯̇εn+1
k

λ̄n+1
k

, (5.7.14)

with the latter being an expression that implicitly assumes that the strain rate ¯̇εn+1
k does

depend on the current deformation tensor F̄n+1
k in the numerator, but keeps the deviatoric

part of the rate of strain tensor (i.e. p : dn) constant for the current time step and the cur-
rent Newton iteration. While this work does contain fully active, fully dynamic contractions,
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Tam [185] corrected (5.7.14) to:

¯̇εn+1
k = (F̄n+1

k a0)⊤(p : dn)(F̄n+1
k a0)

λ̄n+1
k

,
∂ ¯̇εn+1

k

∂λ̄n+1
k

= +
¯̇εn+1
k

λ̄n+1
k

. (5.7.15)

This resulted in successful dynamic contractions but only to a maximum of 50% activation,
provided the following time size restriction is met:

c∆t
h

< 1, c :=
√
κ

ρ0
. (5.7.16)

5.7.2 Base material and other components of the MTU

Following the same procedure, we obtain the contributions to c̄ from the base material
components:

c̄
n+1
bm = 4sbmσ0,bm

(
6c3(Ī1 − 3) + 2c2

)
b̄ ⊗ b̄ (5.7.17)

c̄
n+1
ecm = 4secm

(
6c3(Ī1 − 3) + 2c2

)
b̄ ⊗ b̄ (5.7.18)

c̄
n+1
cell = 4scell

(
6c3(Ī1 − 3) + 2c2

)
b̄ ⊗ b̄ (5.7.19)

(with the constants defined in Table 5.1) and from the intramuscular fat:

c̄
n+1
fat = 4sfat

(
6c3(Ī1 − 3) + 2c2

)
b̄ ⊗ b̄, (5.7.20)

with the constants in this case defined in Table 5.2.
Finally, for tendon and aponeurosis tissue we have:

c̄
n+1
tis =

− 2σ0,tis(
λ̄n+1

k

)4 σ̂tis(λ̄n+1
k ) + σ0,tis(

λ̄n+1
k

)3
dσ̂tis

dλ̄

(
λ̄n+1

k

) ā ⊗ ā ⊗ ā ⊗ ā

+ 4stisσ0,tis

(
6c3(Ī1 − 3) + 2c2

)
b̄ ⊗ b̄, (5.7.21)

for tis ∈ {apo, ten}, where the constants for this expression are defined in Table 5.3.

5.8 Finite element approximation

Let Th be an unstructured mesh made of hexahedra T ∈ Th, each with diameter hT . Fur-
thermore, define the mesh size h := maxT ∈Th

hT and let Pk(T ) be the space of polynomials
of degree ≤ k over T ∈ Th, with Pk(T ) := Pk(T ) × Pk(T ) × Pk(T ). Then, for k ≥ 1, the
displacement U, the pressure p, and the dilatation D are respectively approximated using
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the following finite element spaces:

HU
h =

{
Ũh ∈ C(B0) : Ũh

∣∣∣
T

∈ Pk(T ) ∀ T ∈ Th

}
(5.8.1a)

Hp
h =

{
p̃h ∈ L2(B0) : p̃h

∣∣∣
T

∈ Pk−1(T ) ∀ T ∈ Th

}
(5.8.1b)

HD
h =

{
D̃h ∈ L2(B0) : D̃h

∣∣∣
T

∈ Pk−1(T ) ∀ T ∈ Th

}
(5.8.1c)

The previous choice is commonly known as the Qk/Pk−1 family [27]. For k = 2, this implies
that the displacements are approximated using quadratic 27-node Lagrange Q2 elements,
while pressures and dilatations are approximated with discontinuous elements P1 (based on
monomials, 4 degrees of freedom per element).

5.8.1 Approximation properties

Given that at each time step, the nonlinear problem (5.5.8) is solved using a sequence of
linear problems (5.6.1), the approximation properties for these types of problems are stated
using results for the linear elasticity problem.

For k ≥ 2, the Qk/Pk−1 family defined in (5.8.1) is known to satisfy the inf-sup condition
for the linearized problem (5.6.1) [34], that is, there exists β > 0, independent of h, such
that:

inf
p̃h∈Hp

h

sup
Ũh∈HU

h

sup
D̃h∈HD

h

∫
B0
p̃hJ(Ũh)I : ∇Ũh −

∫
B0
p̃hD̃h

∥ p̃h ∥0,B0

(∥∥∥ Ũh

∥∥∥
1,B0

+
∥∥∥ D̃h

∥∥∥
0,B0

) ≥ β. (5.8.2)

For k = 1, the family Q1/P0 does not satisfy this inf-sup condition, so it cannot be reliably
used as an approximation space. Indeed, the pressure can exhibit so-called “checkerboard
modes” (see, for instance, [99]).

On the other hand, the finite element spaces defined in (5.8.1) are known to have the
following properties (cf. [27, 66]):

(APU
h ) There exists C > 0, independent of h, such that for each s ∈ (0, k] and for each
U ∈ Hs+1(B0), we have:

dist(U,HU
h ) ≤ Chs∥ U ∥s+1,B0

, (5.8.3)

(APp
h) there exists C > 0, independent of h, such that for each s ∈ (0, k − 1] and for each
p ∈ Hs(B0), we have:

dist(p,Hp
h) ≤ Chs∥ p ∥s,B0

, (5.8.4)
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(APD
h ) there exists C > 0, independent of h, such that for each s ∈ (0, k − 1] and for each
D ∈ Hs(B0), we have:

dist(D,HD
h ) ≤ Chs∥D ∥s,B0

, (5.8.5)

where, in general, for Banach spaces V, Vh with Vh ⊂ V and an element v ∈ V ,

dist(v, Vh) = inf
vh∈Vh

∥ v − vh ∥V .

Therefore, assuming that the following Céa estimate holds, i.e., that there exist a con-
stant C > 0 independent of h (but possibly depending on the time step tn) such that

∥∥∥dUn+1
k − dUn+1

k,h

∥∥∥
1,B0

+
∥∥∥ dpn+1

k,h − dpn+1
k

∥∥∥
0,B0

+
∥∥∥ dDn+1

k,h − dDn+1
k

∥∥∥
0,B0

≤ C
(
dist(dUn+1

k ,HU
h ) + dist(dpn+1

k ,Hp
h) + dist(dDn+1

k ,HD
h )
)
, (5.8.6)

we conjecture that if dUn+1
k ∈ Hs+1(B0), dpn+1

k ∈ Hs(B0), and dDn+1
k ∈ Hs(B0) for some

s > 0, then there exists Ĉ > 0, at least independent of h, such that

∥∥∥dUn+1
k − dUn+1

k,h

∥∥∥
1,B0

+
∥∥∥ dpn+1

k,h − dpn+1
k

∥∥∥
0,B0

+
∥∥∥ dDn+1

k,h − dDn+1
k

∥∥∥
0,B0

≤ Ĉhmin{s,k}
(∥∥∥dUn+1

k

∥∥∥
s+1,B0

+
∥∥∥ dpn+1

k

∥∥∥
s,B0

+
∥∥∥ dDn+1

k

∥∥∥
s,B0

)
. (5.8.7)

This result would follow straight from the Céa estimate (5.8.6) and the approximation
properties (APU

h ), (APp
h), and (APD

h ) (see, for instance, [5]). Furthermore, if the error in
the increment of the displacement variable is measured in the L2(B0) norm, as opposed to
the H1(B0) norm, then there holds [27]:∥∥∥dUn+1

k − dUn+1
k,h

∥∥∥
1,B0

≤ Ĉhmin{s,k+1}
∥∥∥dUn+1

k

∥∥∥
s+1,B0

(5.8.8)

Hence, if the Q2/P1 family of elements is used to approximate each linear problem
(5.6.1), then one would expect rates of convergence of 3 for the displacement (in the L2(B0)
norm) and 2 for the pressure and dilatation, but only if all the Newton increments are
sufficiently smooth (i.e., at every Newton iteration and at every time step).

5.8.2 On polyconvexity and well-posedness of the mixed formulation

Behind the rates of convergence one could obtain when solving the linear problem (5.6.1)
is the question of existence and uniqueness of solutions for the nonlinear problem (5.4.1).
This is an incredibly difficult field for which multiple open problems still exist [17, 43], so
a full analysis is out of the scope of this dissertation. However, we must discuss some of
the assumptions that lead to the existence of solutions, as they have a direct impact on the
numerical analysis of the problem.
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To simplify the discussion, let us focus on the quasi-static problem, which is equivalent
to finding a minimizer of the potential energy described in (5.4.2). Furthermore, let us
assume that the region in three-dimensional space B0 contains only muscle tissue, that is,
the strain-energy function (SEF) of the system takes the form:

Ψ = Ψvol(J) + Ψiso(Ī1, Ī4) = Ψvol(J) + Ψbm(Ī1) + Ψfibre(Ī4). (5.8.9)

In particular, and also assuming that the muscle tissue is fully active (i.e., a(X, t) ≡ 1),
Hill’s stress (5.2.5) takes the form:

σHill(Ī4) = σ0
(
σ̂A(Ī4) + σ̂P (Ī4)

)
, (5.8.10)

which we have conveniently written in terms of the fourth modified invariant Ī4 = λ̄2.
Recall that, Hill’s stress (5.8.10) is related to the fibre SEF Ψfibre in (5.8.9) according to
the assumption (5.2.4), which we rewrite here as

2Ī4
∂Ψfibre

∂C̄
= σHill(Ī4) a0 ⊗ a0. (5.8.11)

This equation is obtained by multiplying (5.2.4) by ∂Ī4
∂C̄ = a0 ⊗ a0.

One of the most notable hypotheses to ensure the existence of a minimizer is known as
the polyconvexity condition in the sense of Ball [16].

Definition 5.1 (Polyconvexity). Let M3×3 denote the space of 3 × 3 matrices and let
W (F) = Ψ(C) ∈ C2(M3×3,R). We say that W is polyconvex if and only if there exists a
function Σ : M3×3 × M3×3 × R (in general non-unique) such that

W (F) = Σ(F,Adj F,det F), (5.8.12)

and Σ is strictly convex in all its 19 components. Here, F is the deformation tensor, Adj F is
the adjugate matrix of transposed cofactors of F such that Adj F = det(F)F−1 (whenever
det F > 0, which ensures invertibility of F).

Given that the sum of convex functions is also convex, we can look at the polyconvexity
of the SEF defined in (5.8.9) individually.

First, the volumetric SEF Ψvol as defined in (5.2.2), is a (scalar) convex function, hence
polyconvex [53]. Furthermore, the base material SEF, being of Yeoh-type, is also polyconvex
due to a result by Hartmann & Neff [77], and for the particular case of an equation like
(5.2.9), by Funai et al. [64]. However, Ψfibre may not be polyconvex. To prove this, we need
the following results (cf. Schröder & Neff [175]).
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Definition 5.2 (Ellipticity). The elastic free energy W (F) = Ψ(C) ∈ C2(M3×3,R) is
elliptic if and only if the Legendre-Hadamard condition:

D2
FW (F).(ξ ⊗ η, ξ ⊗ η) ≥ 0 (5.8.13)

holds for any F ∈ M3×3 and any ξ,η ∈ R3. Here D2
FW (F ).(·, ·) is the second Fréchet

derivative of W .

Lemma 5.3 (Formal second derivative of W (F) = Ψ(C)). Let F ∈ M3×3. For H ∈ M3×3

and W ∈ C2(R3×3,R), there holds:

D2
FW (F).(H,H) = 2∂Ψ

∂C : H⊤H + (F⊤H + H⊤F) : ∂2Ψ
∂C∂C : (F⊤H + H⊤F). (5.8.14)

Lemma 5.4. Let W (F) = Ψ(C) be polyconvex. Then, W is elliptic (in the sense of Defi-
nition 5.2).

For the particular case of Ψ = Ψfibre, let us show that W is not always elliptic. From
(5.8.11), we obtain that

∂2Ψfibre

∂C̄∂C̄
=
(

− 1
2Ī2

4
σHill(Ī4) + 1

2Ī4

dσHill(Ī4)
dĪ4

)
M0, (5.8.15)

where M0 := a0 ⊗ a0 ⊗ a0 ⊗ a0. Consequently, plugging this expression and (5.8.11) into
(5.8.14), we obtain for arbitrary H ∈ M3×3:

D2
FW (F).(H,H) = 1

Ī4
σHill(Ī4) a0 ⊗ a0 : H⊤H

+
(

− 1
2Ī2

4
σHill(Ī4) + 1

2Ī4

dσHill(Ī4)
dĪ4

)
(F⊤H + H⊤F) : M0 : (F⊤H + H⊤F). (5.8.16)

If in particular, H = a0 ⊗ a0 (one of the many possible choices in Definition 5.2), we first
have:

a0 ⊗ a0 : H⊤H = ∥ a0 ∥6. (5.8.17)

Furthermore, assuming (for example) incompressible uniaxial stretch for F, that is,

F =


λu 0 0
0 1/

√
λu 0

0 0 1/
√
λu

 , (5.8.18)
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for a given stretch λu > 0, we have

F⊤H + H⊤F =


2λua

2
0,1

(
λu + 1/

√
λu
)
a0,1a0,2

(
λu + 1/

√
λu
)
a0,1a0,3(

λu + 1/
√
λu
)
a0,1a0,2 (2/

√
λu)a2

0,2 (2/
√
λu)a0,2a0,3(

λu + 1/
√
λu
)

(2/
√
λu)a0,2a0,3 (2/

√
λu)a2

0,3

 .
(5.8.19)

Defining Z := F⊤H + H⊤F, we obtain for the contraction with the fourth order tensor in
(5.8.16) that:

Z : M0 : Z = M0 : Z⊗Z = a0,Ia0,Ja0,Ka0,LZIJZKL = 8λ2
u +8

√
λu + 20

λu
=: υ(λu), (5.8.20)

assuming that muscle is (for example) of parallel architecture, i.e. a0 = ⟨1, 0, 0⟩. In this
case,

D2
FW (F).(H,H) =

(
1
Ī4

− υ(λu)
2Ī2

4

)
σHill(Ī4) + υ(λu)

2Ī4

dσHill(Ī4)
dĪ4

. (5.8.21)

Because of the assumed muscle architecture, we may consider Ī4 ≈ λ2
u, In this case, the first

term is negative for physiologically relevant values of λu (for instance, 0 < λu < 2), while
the second term is negative along the descending limb of the total force-length curve (see
Figure 3.1). By Lemma 5.4, we cannot guarantee the polyconvexity of Ψfibre.

This lack of polyconvexity can directly hinder the convergence of the algorithm at all
for certain types of simulations. Indeed, not having the ellipticity condition (5.8.13) can be
a sign that the bilinear form associated to the (1,1) block of the tangent matrix in (5.6.15)
may not be coercive whenever the simulations take place along the descending limb of the
force-length curve. In fact, ascending limb computations will not suffer from this lack of
coercivity, as we will see in Section 6.4. A full numerical analysis which accounts for the
lack of polyconvexity is outside the scope of this thesis.

5.8.3 Solution of the discretized linear system

When the linear system (5.6.15) is discretized using the finite element (5.8.1), the tangent
matrix is symmetric, which allows us to use iterative methods such as conjugate gradient.
However, for small problems, a direct solver such as UMFPACK can also be used.

We omit details of the discretization as this will be solved using the C++ finite element
library deal.II [7]. In this case, the system as written in (5.6.15) is sufficient to begin a
computational implementation. This will be the focus of the next chapter.
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Chapter 6

Flexodeal: a new finite-element
framework for studying
musculoskeletal dynamics

Flexodeal is a new finite-element framework developed during this research project. It aims
to be a research software for the study of 3D skeletal muscle deformation in a fully dynamic
regime (with quasi-static deformations provided as an option as well). Some elements are
based on previous codes developed by the Neuromuscular Mechanics Laboratory at Simon
Fraser University, but they have been significantly restructured. Flexodeal is completely
open-source and licensed under the same conditions as deal.II (GNU Lesser General Public
License, version 2.1 [7]). It is freely available at:

https://github.com/sfu-nml/flexodeal.

Using deal.II as a base library, Flexodeal implements an object-oriented C++ solver
for the elastodynamic problem (5.4.1) based on user-defined material properties, boundary
conditions, and other parameters of physiological relevance, such as activation profiles. It
assumes that the muscle-tendon unit (MTU) can contain a combination of muscle, aponeu-
rosis, and tendon tissues, each one of them admitting both a fibre and a base material
contribution. In addition, muscle tissue is allowed to have a user-defined fraction of intra-
muscular fat, which is implemented according to Section 5.2.3. Given that the complexity of
the tissue models can easily overtake many of the numerical aspects of this solver, we have
also implemented a “lite” version of this software, which can be used as a tool to further
develop the numerical methods used in of skeletal muscle deformation. We have called this
code Flexodeal Lite and it is freely available at:

https://github.com/sfu-nml/flexodeal-lite.

Flexodeal Lite implements the same solver used in Flexodeal but in this case, the strain-
energy function Ψ only models muscle tissue as a combination of fibres and base material
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with no intramuscular fat (cf. (5.2.3)) or other extracellular tissues (tendinous or extracel-
lular material).

In both cases, two particular challenges arise when implementing a solver for the elas-
todynamic system (5.4.1):

(i) the problem is highly nonlinear and potentially non-convex, and

(ii) the physiological quantities of interest–such as force on a boundary surface or fibre
strain rates–are unconventional finite element methods.

In this Chapter, we present details about the computational implementation of Flex-
odeal, including documentation of input and output variables. Furthermore, we present a set
of carefully-selected fundamental experiments that can be used as reference points for fur-
ther modelling and computational developments. These include a combination of dynamic
and quasi-static experiments.

We begin in Section 6.1 with some motivation behind these developments. Then, we
describe some implementation aspects of Flexodeal in Section 6.2. Here, we focus on ex-
plaining how the different parameters in the solver are specified, the treatment of boundary
conditions, and how to input the fibre activation function. We also discuss how some proper-
ties (such as tissue type, fibre orientation, and intramuscular fat fraction) can be prescribed
in a space-dependent fashion thanks to the quadrature point logic surrounding deal.II and
finite element methods in general. Next, in Section 6.3, we study the computational con-
vergence of the numerical method for the nonlinear problem (5.5.8) in the particular case
of the isometric contraction of a pennate block of muscle tissue. These results will be com-
pared with the theoretical statements introduced in Section 5.8. In Section 6.4 we study
the force-length relationship of whole muscle and discuss its implications on the numerical
stability of the finite element method. Furthermore, in Section 6.5, we study the differences
in key biomechanical quantities that arise from the consideration of dynamic simulations
when compared to more classic quasi-static results. Finally, we show in Section 6.6 the
applicability of Flexodeal to a more realistic situation in which the finite element mesh
is derived from magnetic resonance imaging (MRI), while the activation and prescribed
boundary conditions are obtained from an in vivo experiment of locomotion.

6.1 Motivation

Three-dimensional musculoskeletal simulations have been performed at the Neuromuscular
Mechanics Laboratory (Simon Fraser University) for more than 10 years. Early works by
Rahemi et al. focused on the effects of space-dependent activation [155] and the distribution
of intramuscular fat [156]. Later, a series of articles on muscle energetics were published by
Wakeling et al. [196], Ryan et al. [173], and Ross et al. [164]. More recently, Konno et
al. studied the inclusion of the extracellular material (ECM) as part of the base material
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properties of muscle [102] and the effect of this component in muscle affected by cerebral
palsy [103]. Behind all these works, there was a single C++ file based on deal.II’s tutorial
“step-44” [145] that was adapted to each research project, refactored to include new features,
or simply rewritten. This resulted in a roughly 10,000-line C++ code that included many
undocumented and untested features. Moreover, as deal.II continues to evolve, many parts of
the original code simply became obsolete. Therefore, there was an urgent need to unify these
code developments to ensure extensibility, reproducibility, and to facilitate dissemination of
results.

Significant modifications to the original code were required to accommodate the La-
grangian model (5.4.1) used for the fully dynamic simulations. Therefore, we decided to
take a more modern approach in terms of software engineering. This included the consid-
eration of: simple but fundamental computational experiments that can be used for testing
and debugging, version control (using GitHub), and enough documentation to support fu-
ture code developments and make this software publicly available. Hence, Flexodeal was
born. This constitutes the first open-source, 3D nonlinear musculoskeletal simulation tool
that includes active anisotropy in a fully dynamic environment. Since this software was
developed in a modular framework (facilitated by deal.II), researchers have the opportu-
nity to adapt this code to other expressions of, for instance, force-length and force-velocity
relationships, as well as different strain-energy functions for the tissue components.

6.2 Implementation details

Flexodeal and Flexodeal Lite have been implemented similarly to deal.II tutorials, which
means they require CMake compilation and a version of deal.II which, in our case, must
be at or above v9.3.0. As of the time of writing this document, Flexodeal also works
with the newest version v9.6.2 [1]. The fibre and base material properties for all tissues are
implemented as specified in Chapter 5 of this thesis. For reference, we show in Figure 6.1
the fibre properties implemented in this code.

We now proceed to describe the main inputs required to run Flexodeal and the output
variables and results that the code produces.

6.2.1 Inputs

We use distinct input files to systematically prescribe important variables, such as the
boundary strain and activation profiles, as well as the marker locations used for tracking
point-valued displacements.

6.2.1.1 Parameter file

Named by default parameters.prm, this file provides information about many scalar pa-
rameters used in the definition and finite element solution of (5.4.1), such as:
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Figure 6.1: Fibre force relationships implemented in Flexodeal (muscle and aponeurosis)
and Flexodeal Lite (muscle only). The code allows for continuously varying activation
profiles, but for reference, we choose 6 different choices of activation level (from 0% to
100%) to represent the influence of the activation level on the fibre force.

• Polynomial degree k in the finite element Qk×Pk−1×Pk−1 (5.8.1) used to approximate
the solution to the three-field formulation (5.4.1).

• Rule order of the Gaussian quadrature formula used to approximate integrals in the
computation of local mass and stiffness matrices, as well as local forcing terms.

• Type of simulation: quasi-static or dynamic, per Remark 5.5.

• Geometry and meshing parameters required to build the mesh.

• Linear solve information, such as preconditioners (jacobi or ssor) and solvers: direct

(which uses the UMFPACK solver), CG (conjugate gradient), or GMRES.

• Material parameters, such as bulk moduli and the constants defining the Yeoh strain-
energy functions (Tables 5.1-5.3) for muscle, tendon, aponeurosis, ECM material, cel-
lular material, and fat tissue.

• Nonlinear solver information, such as the maximum number of nonlinear iterations
and tolerances for displacement and force1, respectively denoted by tolu and tolf .
At each time step, numerical convergence of the Newton method is assessed according
to the criterion:∣∣∣∣∣∣∣∣∣dUn+1

k

∣∣∣∣∣∣∣∣∣ ≤ tolu and
∣∣∣∣∣∣∣∣∣R(Un+1

k , pn+1
k , Dn+1

k )
∣∣∣∣∣∣∣∣∣ ≤ tolf ,

where
∣∣∣∣∣∣∣∣∣dUn+1

k

∣∣∣∣∣∣∣∣∣ is the discrete ℓ2 norm of the vector containing the evaluation of
the Newton increment for displacement dUn+1

k (see Section 5.6.1) at the degrees of
freedom (in the finite element sense) of the system and

∣∣∣∣∣∣∣∣∣R(Un+1
k , pn+1

k , Dn+1
k )

∣∣∣∣∣∣∣∣∣ is the
ℓ2 norm of the right-hand side of the linear system of equations (5.6.15).

1In this context, force refers to the forcing term, i.e. the right-hand side of the linear system of equations
(5.6.15).
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• Time step size ∆t simulation end time T .

• Label of the boundary surface (also known as “boundary ID”) on which the prescribed
strain will be applied (see, for example, Figure 6.7).

• Location of file containing markers (see Section 6.2.1.2).

• Booleans that activate the output of binary files (see Section 6.2.2).

6.2.1.2 Prescribed strain and activation profiles

Named by default control_points_strain.dat and control_points_activation.dat,
these files provide respectively information about the time-dependent boundary strain εM

and activation a profiles. In particular, prescribing the boundary strain implements the
following boundary condition for the system of PDEs (5.4.1):

uD =
{

0, on S0, fixed,

Lmus (εM (t) + 1) ℓ̂, on S0, moving.
(6.2.1)

Here S0, fixed, S0, moving ⊆ ΓD,0 are respectively the fixed and moving parts of the boundary
ΓD,0, Lmus is the initial length of the muscle (as defined in the parameter file), and ℓ̂ is the
line of action vector, which is set by default to ⟨1, 0, 0⟩.

In these files, information is provided as a space-separated, two-column matrix contain-
ing the pairs (tk, εM (tk)) (or (tk, a(tk) for activation). The continuous profiles εM (t) and
a(t) are then constructed via linear interpolation between the provided control points. As
shown in Figure 6.2, simple linear profiles can be constructed with a few control points.
Since the code allows for an arbitrary number of control points, more involved profiles can
be constructed as well (see Section 6.6).

6.2.1.3 Markers

Similar to a motion capture experiment, Flexodeal allows the user to mark a number of
mesh vertices to track their displacement. They can be provided in a space-separated text
file which, by default, is named markers.dat and their output can be found in the CSV file
displacements-3d.csv.

6.2.1.4 Quadrature point data (not implemented in Flexodeal Lite)

In the context of finite element methods, many of the integrals involved in computing
element stiffness matrices, mass matrices, and load vectors are not straightforward to eval-
uate analytically. Since exact integration may not be possible or practical for most element
shapes, numerical integration is used to approximate these integrals.

Flexodeal uses a Gaussian quadrature rule. The order of this rule (which dictate the
amount of QPs in each voxel) is specified in the parameters.prm file (see set Quadrature
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control_points_strain.dat
0.0 0.0
0.1 0.1
0.3 0.1
0.5 −0.1

⇒

control_points_activation.dat
0.0 0.0
0.1 0.0
0.3 1.0
0.5 1.0

⇒

Figure 6.2: An example of the .dat files containing the necessary control points to define
time-dependent curve. These particular boundary strain and activation profiles are part of
the default experiment in Flexodeal Lite v1.5.4.

order in the Finite element system subsection). In Table 6.1 we provide a guideline to
choose the correct quadrature rule order based on the chosen polynomial degree and whether
the simulation is quasi-static or dynamic.

The QP file serves two main purposes: to list all the QPs associated to the current mesh
and to attach material properties that might vary in space but not in time. Currently, the
following properties are supported:

• Tissue ID (column name: tissue_id, SI units: none) which is set to 1 for muscle tissue,
2 for aponeurosis tissue, and 3 for tendon tissue. These IDs are set according to the
material ID (also called “physical ID”) of each cell to which a QP belongs. Therefore,
the material ID of each cell may be set at the time the mesh is constructed.

• Muscle maximum isometric stress σ0,mus (column name: max_iso_stress_muscle, SI
units: Pa). Although this quantity (see (5.2.5)) is usually constant throughout muscle
tissue (equal to ∼200 kPa), some experiments might require this quantity to vary
depending on fibre types [32].

• Muscle fibre orientation (specified in three columns, muscle_fibre_orientation_x,
muscle_fibre_orientation_y, and muscle_fibre_orientation_z, SI units: none),
a unit vector indicating the initial orientation of a fibre passing through the QP
location.
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Polynomial degree Type of simulation Quadrature order QPs per voxel
1 quasi-static 2 8
1 dynamic 2 8
2 quasi-static 3 27
2 dynamic 4 64
3 quasi-static 4 64
3 dynamic 5 125

Table 6.1: Minimum quadrature order required depending on the type of simulation (dy-
namic of quasi-static) and finite element polynomial degree.

• Fat fraction χfat (column name: fat_fraction, SI units: none), the fraction of fat
(see (5.2.23)) at the QP location.

Remark 6.1. In Flexodeal Lite, these properties are implemented as constants through-
out the domain and specified via the parameter file parameters.prm.

6.2.2 Outputs

Several variables of physiological interest are readily available in Flexodeal.

6.2.2.1 Activation and muscle length

This CSV file (named activation_muscle_length-3d.csv) provides the time series a(tk)
and LM (tk) corresponding respectively to the activation level (in %) and muscle length (in
m) at each time step tk.

6.2.2.2 Displacements at predefined markers

This CSV file (named displacements-3d.csv) provides 3D displacement information at
the mesh vertices listed in markers.dat.

6.2.2.3 Energies

This CSV file (named energy_data-3d.csv) provides time series for each one of the strain
energies (in J m−3) in the system. In what follows, |Bt| denotes the volume of the current
configuration Bt:

• Kinetic energy:
Ekin(t) = 1

|Bt|

∫
B0

1
2ρ0|V|2 dX, (6.2.2)

• Internal energy:
Eint(t) = 1

|Bt|

∫
B0

(∇0U)F−1τ dX, (6.2.3)

with τ as defined in (5.1.55),
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• Volumetric energy:
Evol(t) = 1

|Bt|

∫
B0

(∇0U)F−1τvol dX, (6.2.4)

with τvol as defined in (5.1.56),

• Isochoric energy:
Eiso(t) = 1

|Bt|

∫
B0

(∇0U)F−1τiso dX, (6.2.5)

with τiso as defined in (5.1.57),

• Muscle active energy:

Emus,act(t) = 1
|Bt|

∫
B0

(∇0U)F−1τmus,act dX, (6.2.6)

where τmus,act = p : τ̄mus,act and τ̄mus,act is the active part of the τ̄fibre tensor defined
in (5.2.8), that is:

τ̄mus,act = 1
λ̄2σ0,musa(X, t)σ̂A(λ̄)σ̂V (¯̇ε)ā ⊗ ā,

• Muscle passive energy:

Emus,pas(t) = 1
|Bt|

∫
B0

(∇0U)F−1τmus,pas dX, (6.2.7)

analogous to the muscle active energy, τmus,pas = p : τ̄mus,pas and:

τ̄mus,pas = 1
λ̄2σ0,musσ̂P (λ̄)ā ⊗ ā,

• Aponeurosis fibre energy:

Eapo,fibre(t) = 1
|Bt|

∫
B0

(∇0U)F−1τapo,fibre dX, (6.2.8)

with τapo,fibre = p : τ̄apo,fibre and τ̄apo,fibre as defined in (5.3.7),

• Aponeurosis base material energy:

Eapo,bm(t) = 1
|Bt|

∫
B0

(∇0U)F−1τapo,bm dX, (6.2.9)

with τapo,bm = p : τ̄apo,bm and τ̄apo,bm as defined in (5.3.10),

• Tendon fibre energy:

Eten,fibre(t) = 1
|Bt|

∫
B0

(∇0U)F−1τten,fibre dX, (6.2.10)
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with τten,fibre = p : τ̄ten,fibre and τ̄ten,fibre as defined in (5.3.7),

• Tendon base material energy:

Eten,bm(t) = 1
|Bt|

∫
B0

(∇0U)F−1τten,bm dX, (6.2.11)

with τten,bm = p : τ̄ten,bm and τ̄ten,bm as defined in (5.3.10).

Therefore, the computed energies satisfy the additive relationships:

Eint = Evol + Eiso, (6.2.12)

and

Eiso = Emus,act + Emus,pas + Eapo,fibre + Eapo,bm + Eten,fibre + Eten,bm. (6.2.13)

6.2.2.4 Forces

Muscle forces are essential because they represent the active mechanical output generated
by muscle fibres and transmitted to the tendon, ultimately enabling joint motion and force
application to the skeleton. Therefore, it is of great physiological interest to compute these
forces at particular surfaces of the muscle-tendon unit.

The general expression for the force exerted on a surface St ⊆ ∂Bt of the body whose
current configuration is Bt is given by:

F⃗ (t) =
∫

St

σn ds =
∫

S0
JσF−⊤N dS =

∫
S0

τF−⊤N dS. (6.2.14)

Here, we have used Nanson’s formula (5.1.19)2 to transform the surface from its current
configuration St to the reference configuration S0. However, τ is a quantity that is only
available at interior quadrature points, so the expression in (6.2.14) can only be estimated.
In particular, the force at a surface S0 is approximated in Flexodeal using the last equality
in (6.2.14):

F⃗ (t) ≈
∑

T ∈Th(S0)

N∂
q∑

q=1
τ (X̃q, t) F−⊤(X̃q, t) N(Xq, t) JT →□wq, (6.2.15)

where Th(S0) is a tesselation (made of quadrilaterals) of the surface S0, (Xq, wq)N∂
q

q=1 is a
Gaussian quadrature on the unit square □ (of the same order as the one used in computing
the volume integrals) with points Xq and weights wq, JT →□ is the Jacobian of the affine
transformation that maps T into □, and X̃q is the closest interior quadrature point to the
surface quadrature point Xq.

These forces are written to disk in the files:

force_data-3d-N.csv and force_data-3d.csv.
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The first file exports the force derived from the different Kirchhoff stresses that are computed
in the code (e.g. τ , τvol, τiso, etc.) at each part of the boundary ∂B0, where N is a suffix
used to identify a particular time step. The second file exports the x component of the
force vector F⃗ at the boundary ID indicated in the parameter “set Pulling face ID” of
the parameter file, since this is typically a quantity of interest in lengthening/shortening
experiments.

The force F⃗ computed in (6.2.14) corresponds to the total force arising from all the
material components of the system, that is, using the stress tensor τ . To compute individual
contributions to this force, we modify the Kirchhoff stress to be used in (6.2.14) and proceed
as in the computation of energies. This leads to the following quantities, which are available
in all force-related CSV files:

• Volumetric force F⃗vol computed using τvol,

• Isochoric force F⃗iso computed using τiso,

• Muscle active force F⃗mus,act computed using τmus,act,

• Muscle passive force F⃗mus,pas computed using τmus,pas,

• Muscle base material F⃗mus,bm computed using τmus,bm,

• Aponeurosis fibre force F⃗apo,fibre computed using τapo,fibre,

• Aponeurosis base material F⃗apo,bm computed using τbm,fibre,

• Tendon fibre force F⃗ten,fibre computed using τten,fibre,

• Tendon base material force F⃗ten,bm computed using τten,apo.

Therefore, the following additive relationships hold:

F⃗ = F⃗vol + F⃗iso, (6.2.16)

and

F⃗iso = F⃗mus,act + F⃗mus,pas + F⃗mus,bm + F⃗apo,fibre + F⃗apo,bm + F⃗ten,fibre + F⃗ten,bm. (6.2.17)

6.2.2.5 Gearing-related information

Gearing refers to the relationship between the muscle’s overall shortening (or lengthening)
speed and the shortening (or lengthening) speed of its individual muscle fibres [8, 57]. This
is a concept that we discuss in detail in Chapter 7. This file, named gearing_info-3d.csv,
contains the following information:
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• x-component of the prescribed velocity at the moving end of the muscle, computed
using the prescribed boundary strain εM (see Section 6.2.1.2) at each time step tk as

VM (tk) = Lmus
εM (tk) − εM (tk−1)

∆t , (6.2.18)

• Mean muscle velocity, computed as:

avgS(Vmus)(t) = 1
|slab(Bt)|

∫
slab(B0)

V(X, t)J(X, t) dX, (6.2.19)

where

slab(B0) :=
{

X = (x1, x2, x3) ∈ B0 : 3
8Lmus ≤ x1 ≤ 5

8Lmus

}
(6.2.20)

is a subregion of the reference configuration B0 that removes the ends of the do-
main (assuming its length runs along the x direction) to leave out of consideration
nonphysical effects that may happen at the Dirichlet boundaries. Naturally, we have
slab(Bt) = φ (slab(B0), t) where φ is the deformation that maps B0 into Bt.

• Mean fibre strain rate, computed as:

avgS(ε̇)(t) = 1
|slab(Bt)|

∫
slab(B0)

ε̇(X, t)J(X, t) dX, (6.2.21)

where ε̇ is the fibre strain rate defined in (5.1.45).

6.2.2.6 Mean fibre stretch and pennation

These time series are located in the mean_stretch_pennation_data.csv file. First, similar
to the mean fibre strain rate in (6.2.21), the mean fibre stretch is computed on the region
slab(Bt) at each time t ≥ 0 according to (5.1.41), that is

avgS(λ)(t) = 1
|slab(Bt)|

∫
slab(B0)

λ(X, t)J(X, t) dX. (6.2.22)

We define the pennation β(X, t) of a muscle fibre passing through X in the sense of
Lieber & Fridén [113], that is, as the angle between its current orientation Fa0 and the
muscle’s axis of force generation, which we assume to coincide with the line of action vector
ℓ̂. Therefore,

β(X, t) = cos−1
(

a(X, t) · ℓ̂

λ(X, t)

)
, a(X, t) := F(X, t)a0(X). (6.2.23)

Furthermore, since we are assuming that ℓ̂ = ⟨1, 0, 0⟩, we have that the pennation can be
computed from the first component of the current orientation vector a = ⟨a1, a2, a3⟩, that
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is:
β(X, t) = cos−1

(
a1
λ

)
. (6.2.24)

The initial pennation angle is denoted by β0(X) = β(X, 0). For t > 0, the mean penna-
tion angle over the region slab(Bt) is therefore given by:

avgS(β)(t) = 1
|slab(Bt)|

∫
slab(B0)

β(X, t)J(X, t) dX. (6.2.25)

6.2.2.7 Mechanical variables at all QPs (binary files)

These set of files, named

cell_data_main-3d-N.data and cell_data_tensors-3d-N.data

provide detailed QP information about most of the variables computed in Flexodeal, where
N is a suffix used to identify a particular time step. Each file contains an 2D array with a
fixed number of columns and a fixed number of rows, the latter corresponding to the total
number of quadrature points in the system. A description of the columns in each one of
these files can be found respectively in Tables 6.2 and 6.3.

6.2.2.8 VTU files

To visualize the solutions in 3D space, we export several VTU files that can be opened in
software such as Paraview or Visio. The main variables (displacement, pressure, and dilata-
tion) are exported at each time step (denoted by the suffix N) in the solution-3d-N.vtu.
These are constructed directly from the DOFs of the finite element solution. In turn, vari-
ables that are stored only at quadrature points, such as stresses, fibre stretches, and fibre
strain rates, are first projected onto an appropriate finite element space and then exported
to VTU format. In particular, at each time step N, the following files are available:

• strain_rate-3d-N.vtu which contains the fibre strain rate field ε̇(X, ·) computed via
projection onto the FE_DGQ finite element of order k (same order as in the displacement
finite element). This is a discontinuous element similar to Pk (see (5.8.1b)) but based
on Lagrange polynomials rather than monomials.

• stress-3d-N.vtu which contains each of the 9 components2 of the Kirchhoff stress
τ , computed via projection onto the FE_DGQ finite element of order k − 1.

• stretch-3d-N.vtu which contains the fibre stretch λ(X, ·) as well as the three com-
ponents of the current orientation vector a = Fa0, both of them projected component-
wise onto FE_DGQ elements. In Paraview, this file can also be used to visualize bundles

2Technically, only 6 components are required since this is a symmmetric tensor.
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Column Variable Description

1 qp_x
X component of the QP in the reference

configuration [m]

2 qp_y
Y component of the QP in the reference

configuration [m]

3 qp_z
Z component of the QP in the reference

configuration [m]

4 JxW
Dilatation multiplied by the quadrature rule

weight at this point
5 det_F Determinant of the deformation tensor F
6 u1 First displacement component [m]
7 u2 Second displacement component [m]
8 u3 Third displacement component [m]
9 v1 First velocity component [m s−1]
10 v2 Second velocity component [m s−1]
11 v3 Third velocity component [m s−1]
12 p Pressure p [Pa]
13 D Dilatation D [nondim]
14 stretch Fibre stretch λ [nondim]
15 stretch_bar Modified fibre stretch λ̄ [nondim]
16 strain_rate Fibre strain rate ε̇ [nondim]
17 strain_rate_bar Modified fibre strain rate ¯̇ε [nondim]
18 orientation_x X component of current fibre orientation
19 orientation_y Y component of current fibre orientation
20 orientation_z Z component of current fibre orientation
21 tissue_id Tissue ID

Table 6.2: Contents of the file cell_data_main-3d-N.data.
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Column Variable Description

1 qp_x
X component of the QP in the reference

configuration [m]

2 qp_y
Y component of the QP in the reference

configuration [m]

3 qp_z
Z component of the QP in the reference

configuration [m]

4 JxW
Dilatation multiplied by the quadrature rule

weight at this point
5 det_F Determinant of the deformation tensor F

6-14 F_i_j Components of the deformation tensor F
15-23 tau_i_j Components of the Kirchhoff stress τ

24-32 tau_vol_i_j Components of the Kirchhoff stress τvol

33-41 tau_iso_i_j Components of the Kirchhoff stress τiso

42-50 tau_muscle_active_i_j Components of the Kirchhoff stress τmus,act

51-59 tau_muscle_passive_i_j Components of the Kirchhoff stress τmus,pas

60-68 tau_muscle_base_i_j Components of the Kirchhoff stress τbm

69 tissue_id Tissue ID

Table 6.3: Contents of the file cell_data_tensors-3d-N.data. Each tensor is stored in row
order, that is, the 9 columns contain information of the (1,1), (1,2), (1,3), (2,1), . . . , (3,2),
and (3,3) components.

of individual fibres as streamlines of the vector field a(X, t), as we do for instance in
Figure 6.4.

• velocity-3d-N.vtu which contains the velocity field V(X, ·), computed via projec-
tion from the stored quadrature-point information onto Qk elements (see (5.8.1a)).

6.2.2.9 Other outputs

For reference, we also export the grid that was used in each experiment as grid-3d.msh

and the parameters file as parameters.prm.

6.3 Convergence studies

In this section, we study the convergence of the finite element (FE) approximation of the
nonlinear weak formulation (5.5.8) using the spaces described in (5.8.1). In general, we
will consider sufficiently refined solutions as “exact” solutions for the error computation. To
compare solutions computed using different meshes, we develop a separate code in which we
reconstruct the solutions from their QP data using suitable projections. This helps preserve
the structure of the core components of Flexodeal. We explain our choices next, before
diving into the particulars of the convergence study.

127



6.3.1 Error computation

Let (Uhf
, phf

, Dhf
) and (Uhc , phc , Dhc) be finite element (FE) solutions to the problem

(5.4.1) using discretizations Thf
and Thc , respectively. We assume that the mesh Thf

is finer
than Thc , so we may refer to them (and their associated FE solutions) as the “fine” and
“coarse” meshes. We are interested in computing

∥Uhf
− Uhc∥L2(B0), ∥phf

− phc∥L2(B0), and ∥Dhf
−Dhc∥L2(B0),

at some time t > 0. Using the pressure field as an example, we notice that

∥phf
− phc∥2

L2(B0) =
∑

T ∈Thc

∫
T

(phf
(X, t) − phc(X, t))2 dX

=
∑

T ∈Thc

∫
□

(phf
(X, t) − phc(X, t))2JT →□ dX

≈
∑

T ∈Thc

Nc
q∑

q=1
(phf

(Xq, t) − phc(Xq, t))2JT →□ wq, (6.3.1)

where (Xq, wq) are the QPs and weights of the quadrature rule associated to the coarse
mesh. Therefore, while the quantities phc(Xq, t) and JT →□, and wq are available in the
binary files that Flexodeal exports (see Section 6.2.2.7), we must find a way to compute
phf

(Xq, t), i.e. the fine solution at the QPs of the coarse mesh. This is performed in four
steps:

1. Read the binary file corresponding to the fine solution and store the data in an ap-
propriate structure,

2. Project the data into an evaluable FE solution, that is, solve the problem: find p̃h ∈
L2(B0) such that ∫

B0
p̃hq dX =

∫
B0
phf

qh dX, ∀ qh ∈ L2(B0),

which is a solvable problem since we have the necessary QP information for phf
in the

fine solution,

3. Evaluate p̃h at the QPs of the coarse mesh (using the VectorTools::point_difference

function from deal.II),

4. Export the results to a CSV file and compute (6.3.1) externally.

In this way, solutions corresponding to different refinements can be computed independent
of each other, allowing the user to perform convergence studies without modifying the core
code of Flexodeal.
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6.3.2 Isometric contractions

In what follows, we will consider the following definition of an isometric contraction.

Definition 6.1 (Isometric contraction in the Flexodeal framework). Consider a muscle-
tendon unit (MTU) whose current configuration occupies a region Bt ⊂ R3. Furthermore,
assume this region has a boundary ∂Bt = ΓD∪ΓN , where ΓD∩ΓN = ∅, and ΓD,ΓN represent
respectively the Dirichlet and Neumann boundaries of the domain. We say that a contraction
is isometric if the MTU is activated from 0% to a pre-defined maximum activation level
amax over a timespan of T seconds, subject to the following boundary conditions:

u = 0 on ΓD, σn = 0 on ΓN ,

with equivalent Lagrangian boundary conditions when the contraction starts from its initial
configuration B0.

Therefore, when ΓD coincides with the ends of the muscle (as it is our case here), an
isometric contraction maintains the (current) length of the MTU constant while allowing the
fibres to deform. In this setup, isometric contractions are yet another example of a dynamic
contraction for which force-velocity properties are perfectly applicable. After all, strains
are nonuniform throughout the muscular structure [25], so velocity changes are expected to
happen within. We will discuss these effects in more detail in Section 6.5.

6.3.3 Setup

We considered the domain and muscle architecture described in Figure 6.3, which we hence-
forth refer to as the “muscle block”. We also assumed that the block had dimensions
Lmus = 3 cm, Wmus = Hmus = 1 cm and an initial pennation angle of β0 = 30◦. As-
suming a constant density of ρ0 = 1, 060 kg m−3, the block therefore had a mass of 3.18
g.

We discretized the muscle block by subdividing its length, width, and height into 2n

segments, where n ∈ N is called grid refinement level (GRL), which resulted in a mesh with
23n voxels and 125 × 23n quadrature points (a quadrature rule of order 5 was used). In this
case, the mesh size is given by the diameter of each voxel, that is

h = 2−n
√
L2

mus +W 2
mus +H2

mus = 2−n
√

11 cm.

Therefore, to simplify the presentation, we refer to each mesh according to its GRL rather
than to its mesh size h.

We performed an isometric contraction where the activation was linearly ramped up
from 0% at t = 0 s to 100% at t = T := 0.2 s (i.e., over 200 ms). In particular, the fixed
ends correspond to the +x and -x faces of the block. The other faces were traction free.
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Lmus Wmus

Hmusβ0
a0
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e2

e2

e3
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Figure 6.3: Muscle block geometry, including a 3D view (top) and the main quantities that
describe the muscle architecture (bottom). In particular, the fibres are parallel to each other
and oriented with an initial pennation angle β0 in the xz plane, which results in an initial
orientation field a0(X) = ⟨cos(β0), 0, sin(β0)⟩ for any X ∈ B0.

To study the convergence in time of the (nonlinear) finite element method, we compute
the relative errors:

eU
∆t :=

∥ U∆t(·, T ) − U(·, T ) ∥L2(B0)
∥ U(·, T ) ∥L2(B0)

, (6.3.2a)

ep
∆t :=

∥ p∆t(·, T ) − p(·, T ) ∥L2(B0)
∥ p(·, T ) ∥L2(B0)

, (6.3.2b)

eD
∆t :=

∥D∆t(·, T ) −D(·, T ) ∥L2(B0)
∥D(·, T ) ∥L2(B0)

, (6.3.2c)

for a fixed GRL = 3 and time step sizes ∆t = 1/(10 · 2k+1) s, k = 1, . . . , 5. We compare
these approximations (U∆t, p∆t, D∆t) with a more refined solution (U, p,D) computed with
∆t = 1/(10 ·28) s. For two different time step sizes ∆t, ∆t′, with ∆t > ∆t′, we also compute
the rate of convergence as

r⋆
t := log (e⋆

∆t/e
⋆
∆t′)

log (∆t/∆t′) , ⋆ ∈ {U, p,D}. (6.3.3)
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To study the convergence in space, we compute the relative errors:

eU
h :=

∥ Uh(·, T ) − U(·, T ) ∥L2(B0)
∥ U(·, T ) ∥L2(B0)

, (6.3.4a)

ep
h :=

∥ ph(·, T ) − p(·, T ) ∥L2(B0)
∥ p(·, T ) ∥L2(B0)

, (6.3.4b)

eD
h :=

∥Dh(·, T ) −D(·, T ) ∥L2(B0)
∥D(·, T ) ∥L2(B0)

, (6.3.4c)

for a fixed time step size ∆t = 0.01 s and GRL = 2, 3, 4, and 5. The approximations
(Uh, ph, Dh) are compared to a refined solution (U, p,D) computed using a GRL = 6. For
two different mesh sizes h, h′ (coming in particular from different GRLs), with h > h′, we
compute the associated rates of convergence:

r⋆
x := log (e⋆

h/e
⋆
h′)

log (h/h′) , ⋆ ∈ {U, p,D}. (6.3.5)

The solutions were computed using Flexodeal Lite v1.5.1 and a Q2/P1 element. The
linear systems were solved using a CG solver with a Jacobi preconditioner. Furthermore,
the force and displacement tolerances for the nonlinear solver were set to 10−4. We set the
quadrature order to 5, which was above the required number of quadrature points according
to Table 6.1 to capture forces more accurately. This will be a constant choice throughout
this thesis.

6.3.4 Main results

In Figure 6.4 we show the experiment performed for this convergence study according to the
setup previously described. Furthermore, in Figure 6.5, we portray the corresponding error
curves for the study of the dynamic problem. First, we observe from Figure 6.5 (left) that the
numerical method converges with rate O(∆t) (see also Table 6.4), which matches the fact
that velocities and accelerations have been discretized using first-order difference formulas.
Next, from Figure 6.5 (right), we observe that in the space variables, the displacement
converges with rate O(h) (in the L2(B0) norm), whereas the pressure and dilatation converge
with rate O(h3/2) (see also Table 6.5). These rates are certainly much lower than the O(h3)
and O(h2) expected respectively for the linear iterations (see (5.8.7)). Multiple reasons
contribute to this phenomenon. As mentioned in Section 5.8.1, the latter are rates that can
only be expected for a single Newton iteration and only if the increments are sufficiently
smooth (the fact that the muscle architecture is pennate and that the muscle is activated to
100% likely contribute to the lack of smoothness). However, this should not be understood
as a failure of the implemented numerical method, but rather as a first (and honest) sign of
the true complexity of three-dimensional, dynamic, fully active musculoskeletal simulation.
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Figure 6.4: Visualization of the displacement U, pressure p, dilatation D, and fibre stretch
λ fields for the convergence study described in Section 6.3. Left column: initial state (t = 0.0
s) showing (U, p,D) = (0, 0, 1) and λ = 1. Right column: end state (t = 0.2 s).
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Figure 6.5: Relative L2 error in the displacement, pressure, and dilatation variables, mea-
sured at the end of the simulation time, using a dynamic computation. Left: error as ∆t
decreases while the grid refinement level is fixed to 3. Right: error as the grid refinement
level increases while keeping ∆t = 0.01s.

∆t [ms] eU
∆t rU

t ep
∆t rp

t eD
∆t rD

t

25.0000 8.5965 × 10−3 - 1.6034 × 10−2 - 6.7261 × 10−5 -
12.5000 4.2794 × 10−3 1.0064 8.0023 × 10−3 1.0026 3.3572 × 10−5 1.0025
6.2500 2.0821 × 10−3 1.0393 3.8993 × 10−3 1.0372 1.6359 × 10−5 1.0371
3.1250 9.7413 × 10−4 1.0959 1.8258 × 10−3 1.0947 7.6606 × 10−6 1.0946
1.5625 4.1786 × 10−4 1.2211 7.8361 × 10−4 1.2203 3.2883 × 10−6 1.2201

Table 6.4: Errors and convergence rates for U, p, and D measured at time t = T for different
time step sizes ∆t using a dynamic simulation.

GRL h [cm] eU
h rU

x ep
h rp

x eD
h rD

x
2 0.2764 3.9284 × 10−2 - 3.2493 × 10−1 - 1.2835 × 10−3 -
3 0.1382 1.6537 × 10−2 1.2482 2.5413 × 10−1 0.3546 1.0080 × 10−3 0.3486
4 0.0691 1.0461 × 10−2 0.6607 2.4523 × 10−1 0.0515 9.7442 × 10−4 0.0489
5 0.0345 3.6063 × 10−3 1.5364 1.3026 × 10−1 0.9128 5.1693 × 10−4 0.9146

Table 6.5: Errors and convergence rates for U, p, and D measured at time t = T for different
grid refinement levels (GRL) using a dynamic simulation.
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GRL h [cm] eU
h rU

x ep
h rp

x eD
h rD

x
2 0.2764 6.3028 × 10−2 - 3.4312 × 10−1 - 1.9951 × 10−3 -
3 0.1382 2.3244 × 10−2 1.4391 2.0698 × 10−1 0.7292 1.2049 × 10−3 0.7276
4 0.0691 7.7435 × 10−3 1.5858 1.7361 × 10−1 0.2536 1.0106 × 10−3 0.2537
5 0.0345 1.9756 × 10−3 1.9707 9.5783 × 10−2 0.8580 5.5747 × 10−4 0.8582

Table 6.6: Errors and convergence rates for U, p, and D at different grid refinement levels
(GRL) using a quasi-static simulation.

Figure 6.6: Relative L2 error in the displacement, pressure, and dilatation variables, mea-
sured at the end of the simulation time, using a quasi-static computation. Error computed
using a fixed time step size ∆t = 0.01 s.

To complement these calculations, we also performed a convergence study on the quasi-
static problem (see Figure 6.6 and Table 6.6), for which convergence rates were not sig-
nificantly better. Indeed, while the rate of convergence for the displacement variable did
improve to O(h2), the rates for the pressure and dilatation variables decreased to O(h0.85).

6.4 The force-length relationship of whole muscle

The force–length (FL) relationship describes how the force a muscle can generate depends
on its length at the time of contraction. While the overall pattern may remain similar from
single fibres to whole muscles, there are important differences that arise due to structural
and functional complexity at larger scales. At a single fibre level, the FL relationship is pri-
marily determined by the overlap between actin and myosin filaments. However, at a whole
muscle level, the FL relationship includes the effects of the muscle architecture overall (such
as the pennation angle) and other components of muscle, such as connective tissues and
intramuscular fat. Therefore, the shape of a fibre FL curve does not immediately translate
into a whole muscle FL curve. For example, while fibre FL curves for cat soleus muscle do
have a descending limb [176, 193], whole muscle FL curves for cat soleus do not [65].

In this section, we examine the FL relationship for whole muscle using Flexodeal v1.0.1
and Flexodeal Lite v1.5.1. This will allow us to examine the force behaviour when multiple
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material components of muscle tissue are combined. First, we describe a new domain under
consideration and the protocol followed to compute these curves. Then, we describe the
obtained results. Finally, we describe the implications of a different (but equally acceptable)
protocol and how it relates to the (lack of) polyconvexity of the strain-energy function of
the system.

6.4.1 An idealized muscle

In addition to performing experiments using muscle tissue only, we would like to study the
behaviour of the system when aponeurosis tissue is included. To accomplish this, we consider
an idealized version of a human medial gastrocnemius (MG) previously considered in the
work by Ross et al. [164] and others [54, 154]. We will refer to this domain as the “idealized
MG”, which we show in Figure 6.7. This configuration in 3D space is characterized by the
following parameters:

1. Muscle length Lmus, which is the measure of the muscle, from end to end, along the
line of action ℓ̂ = ⟨1, 0, 0⟩,

2. Aponeurosis length Lapo, which is measured along the main direction of the aponeu-
rosis layer,

3. Height of the aponeurosis layer Hapo, and

4. Initial pennation angle β0.

Other parameters shown in Figure 6.7, such as the initial fibre length Lf and the an-
gle between the aponeurosis layer and the fibres α0 can be computed from trigonometric
relations:

γ0 := 180◦ − sin−1
(

sin(β0)Lmus

Lapo

)
, Lf = Lapo

sin(γ0 + β0)
sin(β0) , α0 = 180◦ − γ0. (6.4.1)

6.4.2 Setup

For this computational experiment, we considered two different geometries:

1. A muscle block geometry (as specified in Figure 6.3) with dimensions Lmus = 3
cm, Wmus = Hmus = 1 cm and an architecture based on parallel-fibred muscle (i.e.
β0 = 0). In this case, the fibre length coincides with the muscle length Lmus, and
therefore the average fibre stretch avgS(λ) has magnitude close to the whole muscle
stretch λM = Lmus(t)/Lmus(0). The mesh considered for these experiments had a grid
refinement level GRL = 4, yielding a total of 4,096 voxels (see Figure 6.8 left).
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Figure 6.7: Idealization of a medial gastrocnemius muscle according to Ross et al. [164].
Top row: main dimensions describing the muscle architecture. Bottom row: (computational)
boundary IDs for each face. The muscle fibres (grey region) run parallel to each other at an
angle β0 with respect to the line of action ℓ̂. In turn, the aponeurosis fibres (white regions)
run parallel to the longitudinal direction of the aponeurosis. The parameters that define
this domain are the muscle length Lmus, aponeurosis length Lapo, aponeurosis height Hapo,
muscle width Wmus, and the pennation angle β0. The muscle fibre length Lf and angle α0
can be computed as in Equation (6.4.1).
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Figure 6.8: 3D view of the meshes used to compute the force-length curves in Figures 6.9
(left) and 6.10 (right). The mesh on the left only contains voxels with muscle tissue. In turn,
the mesh on the right, contains voxels of muscle tissue, along with a pair of thin aponeurosis
layers on the +z and -z faces of this domain.

2. An idealized MG with dimensions Lmus = 27 cm, Lapo = 20.8 cm, Hapo = 1 cm, and
an initial pennation angle β0 = 15.3◦. The mesh in this case has 1,280 voxels and is
shown in Figure 6.8 right.

For both domains, we set their bulk moduli to κmus = κapo = 107 Pa. In the muscle
block, the choice of increasing κmus from a previously used value of 106 (cf. [164, 173, 196])
was made to keep volume changes under 1%. Furthermore, the choice of reducing κapo from
a previous value of 108 (cf. [102, 103]) was made to avoid excessive force generation by the
aponeurosis. No agreement on the literature exists as to what these values should be (for
example, Böl & Reese [30] consider κmus = 108 Pa, whereas Blemker et al. [26] consider
κmus = 107 Pa and κapo = 108 Pa), so further research in this area is needed.

In terms of boundary conditions, both geometries had a fixed end and a moving end.
The fixed end corresponded to the −x face for the muscle block geometry and to the face
with boundary ID 0 for the idealized MG. In turn, the moving end corresponded to the +x
face in the muscle block and to the face with boundary ID 1 in the idealized MG. All other
faces were traction free.

To find the force-length relationship of whole muscle, we first lengthened or shortened
each domain from its resting length to a predefined stretch λM = Lmus(t)/Lmus(0) over
0.2 s. Then, we held the muscle in place and performed an isometric contraction in which
we linearly increased the activation from 0% to 100% over 0.2 s (the total simulation time
was therefore 0.4 s). In real life experiments, after the muscle (or fibre) has achieved its
maximum activation level, there is usually a period of time in which the muscle (or fibre) is
held at this state until all forces stabilize (see, for example, [65, 83]). In our computational
setting, this translated into a series of quasi-static computations that were performed for
each value of λM = 0.6, 0.65, 0.7, . . . , 1.6 and for each one of the two domains. To obtain

137



quicker results, these experiments were run in the cluster Cedar at Simon Fraser University
by linking Flexodeal (for the idealized MG) and Flexodeal Lite (for the muscle block) to
deal.II v9.3.1. In all the experiments, the time step size was set to ∆t = 0.01 s. Experiments
with the muscle block geometry were solved using a CG solver and a Jacobi preconditioner,
while those with the idealized MG were simply solved using a direct solver (UMFPACK).

6.4.3 Results

In Figure 6.9 (top left), we observe the FL relationship for whole muscle when only muscle
tissue is present and the scaling factor sbase (appearing as sbm in (5.2.9)) is equal to 1. First,
we notice that for λM > 1, the total force resembles the shape of the fibre FL relationship
shown in, for example, Figure 6.1. However, this is not the case for λM < 1 given the
presence of compressive stresses, which 1D fibre FL curves do not account for.

The total force represents the aggregate of different components. First, we notice that
about 35% of the maximum isometric force (i.e. when λM = 1) comes from volumetric
effects (i.e. the strain-energy function Ψvol, see (5.2.2)), while 65% comes from isochoric
effects. The isochoric force, in this case, is made of the fibre active and passive components,
as well as the base material (see Figure 6.9 top right). The proportions in these forces are
in line with the results by Wakeling et al. [196], and therefore it is an indication that the
material properties have been correctly implemented in Flexodeal.

One interesting fact that we observe from Figure 6.9 (top left) is that the total force
still has a region where the slope is negative. Therefore, unlike in the 1D case where adding
a base material component led to a FL relationship without a descending limb (see Section
3.3.3), the base material component does not completely convexify the total FL relationship.
Naturally, if we artificially increase the contribution of the base material to the overall strain-
energy of the system, then the total FL curve does not have a descending limb. We show
this in Figure 6.9 (middle and bottom row) where we take sbase factors of 1.5 and 10.

Another way to convexify the FL relationship in 3D is the addition of aponeurosis, as
we observe in Figure 6.10. In this case, the force does not have an active component since it
has been measured at a face where there is only aponeurosis tissue. We observe from Figure
6.10 (left) that the total force in this domain resembles the force generated by a muscle
block when sbase = 10 (see Figure 6.9 bottom left). Furthermore, we observe from Figure
6.10 (right) that the aponeurosis base material is the primary contributor to the isochoric
force. This could be explained because the base material component of the aponeurosis is
significantly stiffer than the one corresponding to muscle tissue. We show the latter for the
particular case of uniaxial extension (5.8.18) in Figure 6.11.
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Figure 6.9: Force-length curves of whole muscle computed using Flexodeal Lite using a
parallel-fibred muscle block geometry and different base material factors: sbase = 1 (top
row), sbase = 1.5 (middle row), sbase = 10 (bottom row). Force measured at the +x end of
the domain.
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Figure 6.10: Force-length curve of whole muscle computed in Flexodeal using the idealized
MG described in Figure 6.7 (initial pennation angle β0 = 15.3◦). Force measured at the face
where the moving Dirichlet condition was applied, which also is a face where there is only
aponeurosis tissue.

Figure 6.11: Stress-stretch relationships for the base material components of muscle (left)
and aponeurosis (right), normalized by their maximum isometric stress σ0, for the particular
case of uniaxial extension.
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Figure 6.12: Evolution of the active fibre stress when the muscle is passively lengthened
and then activated to 100% (blue path) and when the muscle is activated to 100% then
lengthened (red path).

6.4.4 Numerical implications of a different protocol involving active length-
ening

As described in Section 6.4.2, the experiments in Figures 6.9 and 6.10 have been performed
by lengthening or shortening the muscular structure to a predetermined stretch λM , then
activating the muscle while keeping the ends fixed. Alternatively, one could think about
activating the muscle first, and then lengthening or shortening to a desired stretch λM . In
real muscle, these two protocols lead to different results, especially for λM > 1. Activating
the muscle and then lengthening introduces residual force enhancement (RFE), commonly
attributed to the action of titin (see the discussion in Section 3.3). Therefore, the total
(unnormalized) force for λM > 1 would be greater than the maximum isometric force (so
no descending limb). However, in our 3D computational model, titin is not present, so
activation and lengthening/shortening are processes whose order is interchangeable. We
show these two protocols in Figure 6.12 for the particular case of lengthening.

The performance of the numerical methods along the ascending limb of the fibre FL curve
(λ < 1) is equivalent regardless on whether muscle is activated isometrically or passively
shortened first. However, active lengthening along the descending limb (approximately 1 <
λ < 1.35) was not possible and the solver would immediately break (with error det(F) < 0)
while solving the first time step after the muscle reached maximum activation. We conjecture
that this is caused by the descending limb present in the whole muscle FL relationship (see
Figure 6.9 top right), which according to the discussion in Section 5.8.2, could lead to a
loss of polyconvexity in the strain-energy function of the system, and a consequent loss of
coercivity in the finite element system. In fact, these simulations ran succesfully when we
increased the scaling factor in the base material component of muscle tissue sbase from 1 to
1.5. The latter leads to a completely convex (total) FL curve (see Figure 6.9 middle left).
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Given that an alternative (and perhaps, more realistic) way of convexifying the FL curve
is by adding aponeurosis to the domain (as seen in Figure 6.10), this also demonstrates the
importance of aponeurosis in numerical stability.

The unsuccessful results discuss in this section here should not demotivate users of
Flexodeal. For submaximal contractions, and especially for activations lower than 20%, the
fibre FL curve does not have a descending limb (see Figure 6.1), so active lengthening should
not pose a major difficulty. We will show in Section 6.6 a more realistic example in which
we combine a domain derived from magnetic resonance imaging (MRI) and experimentally-
obtained activation and whole muscle stretch profiles.

6.5 The effect of mass and the force-velocity relationship in
isometric contractions

The title of this section might sound strange at first to many biomechanists. After all,
in the traditional context of a single mass-spring system (i.e. Figure 2.3 Left), if there is
no change in the length of the muscle (the isometric condition) then there is no change
in velocity, and so force-velocity (FV) properties do not play a role. This idea would also
apply to the three-dimensional case if, in Definition 6.1, we had included a “holding” step
after t = T seconds, that is, a period of time in which the muscle is held at a fixed length
and at a fixed activation until the quasi-static state is achieved (i.e. no accelerations and no
velocities). Before reaching this state, however, muscle experiences local deformations with
non-negligible velocity. Given that fibres rotate when they are activated [113], fibre strain
rates are locally not zero, and therefore FV effects (represented by the term σ̂V in Equation
(5.2.5)) are not necessarily negligible.

In this experiment, we will quantify the differences between quasi-static and dynamic
simulations of isometric contractions (in the sense of Definition 6.1). In particular, we will
analyze the behaviour of unipennate muscle tissue at different initial pennation angles.
We will show that mass and FV effects have a significant impact in several biomechanical
quantities, such as muscle force and fibre pennation, stretch, and strain rate, particularly
during submaximal contractions.

6.5.1 Setup

We considered a block of muscle tissue of dimensions Lmus = 3 cm, Hmus = Wmus = 1 cm
as described in Figure 6.3 with unipennate fibre architecture. In particular, we considered
different initial pennation angles β0 = 0◦, 5◦, . . . , 30◦, which correspond to the typical range
of pennations found in mammalian muscle (measured at resting length) [113]. For this
domain, we constructed a hexahedral mesh with grid refinement level GRL = 3 and we
chose a time step size ∆t = 10 ms. For each muscle architecture, we performed an isometric

142



Figure 6.13: Computed force (+x component on the fixed +x end) using the quasi-static
code (left) and the dynamic code (middle) for different initial pennation angles β0, and the
relative difference between them (right).

contraction over 200 ms under fully dynamic conditions and another one under quasi-static
conditions, both to a maximum activation level of 100%.

Similar to the convergence study, the solutions were computed using Flexodeal Lite

v1.5.1 and a Q2/P1 element. The linear systems were solved using a CG solver with a Jacobi
preconditioner. Furthermore, the force and displacement tolerances for the nonlinear solver
were set to 10−4, and the quadrature rule order was set to 5.

6.5.2 Main results

We focus our attention on the evolution of four key variables: force, pennation, fibre stretch,
and fibre strain rate.

First, in Figure 6.13, we compare the muscle forces obtained from a quasi-static sim-
ulation vs. a dynamic one. These are computed according to Equation (6.2.15). The force
reported in these figures correspond to the +x component measured on the +x face (which
is fixed). In particular, we notice almost no difference between the outputs when muscle
has zero pennation (i.e. β0 = 0◦), and between 30% and 52% relative difference when the
muscle tissue has an initial pennation angle of β0 = 30◦. The fact that the differences in
force are the largest at low activation levels suggests that these effects arise from the con-
sideration of mass in the system rather than from the FV relationship (according to Hill’s
stress equation (5.2.5)). These findings confirm that mass effects are more noticeable for
submaximal contractions of highly-pennate muscle [196].

Next, in Figure 6.14, we show the evolution of the mean pennation angle over the middle
slab of this muscle block, i.e. avgS(λ) computed according to (6.2.25). When the muscle is
activated, fibres rotate and increase in pennation angle, but these angles seem to be larger
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Figure 6.14: Computed mean pennation angle avgS(β) using the quasi-static code (left)
and the dynamic code (middle) for different initial pennation angles β0, and the relative
difference between them (right).

in the quasi-static simulations than dynamic ones. Nevertheless, up to ∼11% difference is
observed when the activation is maximal. Similarly, in Figure 6.15 we show the computed
mean fibre stretch avgS(λ) according to (6.2.22), which also shows differences of up to 10%
at maximal activation, with effects being larger as the initial pennation angle increases.

Finally, we look at the mean fibre strain rate avgS(ε̇). FV properties are not included in
the quasi-static code, and therefore, no fibre strain rates are computed by default (because
they are not needed). However, the fibre stretch field λ(X, t) varies in space and time, so
a fibre strain rate could still computed using, for instance, a first order difference formula.
This is how sometimes FV properties are included in quasi-static models (see, for instance,
[52]). In particular, Figure 6.16 (left) shows the mean fibre strain rate avgS(ε̇) estimated at
each time step tn+1 as

avgS(ε̇)(tn+1) ≈ avgS(λ)(tn+1) − avgS(λ)(tn)
ε̇0∆t . (6.5.1)

In turn, Figure 6.16 (middle) shows the mean fibre strain rate avgS(ε̇) computed as in
(6.2.21). From these results, we observe that fibre strain rate increases with larger pennation
(so fibres rotate faster). However, fibre strain rates for an isometric contraction are, in
general, expected to be small. Therefore, the fibre strain rates obtained from a quasi-static
experiment do not seem to be physiologically reasonable, specially for low activation levels.
Indeed, one can attribute this overestimation to the lack of mass in the model, since FV
properties do not play a significant role in this case.
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Figure 6.15: Computed mean fibre stretch avgS(λ) using the quasi-static code (left) and the
dynamic code (middle) for different initial pennation angles β0, and the relative difference
between them (right).

Figure 6.16: Post-processed mean fibre strain rate avgS(ε̇) obtained from a quasi-static com-
putation using mean fibre stretch data (left) and computed mean fibre strain rate using the
dynamic code (middle) for different initial pennation angles β0, and the relative difference
between them (right).
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Figure 6.17: Computational representation of the human MG used in Section 6.6 derived
from MRI shown in the XZ plane (top) and in the XY plane (bottom).

6.6 Deformation of a human medial gastrocnemius during
locomotion

In this last experiment, we move one step closer towards the realistic simulation of skele-
tal muscle deformation. Here, we combined a computational domain based on magnetic
resonance imaging (MRI) with motion capture and electromyography (EMG) data ob-
tained from a locomotion study. This constitutes a “proof of concept” of the applicability
of Flexodeal to subject-specific inputs, which could further lead into the development of
digital twins of muscle. This is an active research area that has the potential to provide
transformative solutions in healthcare and musculoskeletal simulation in general [51].

6.6.1 Setup

We considered a domain based on a human medial gastrocnemius (MG), collected as part
of the study by D’Souza et al. [56]. The length of the muscle, as seen in Figure 6.17, was
about 22 cm. Moreover, it had a volume of 126.01 cm3, which resulted in a mass of 133.57
g (assuming a constant density of 1,060 kg m−3). Neither aponeurosis nor tendon were
considered in this computational domain. We also assumed that the muscle had parallel
fibres (i.e. zero initial pennation). This is in contrast to a muscle in which fibres do run
between aponeurosis layers at a typical pennation of between 15◦ and 20◦ [135]. We aligned
this domain with the X axis and set ℓ̂ = ⟨1, 0, 0⟩ as the line of action (see Figure 6.17). The
hexahedral mesh contained 1,265 voxels.
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The locomotion data used for this experiment corresponds to a particular set of traces
used in Chapter 2 for the study of 1D mass-enhanced models. In particular, we considered
the muscle-tendon unit length and EMG data from the MG of a subject while running. To
construct a boundary strain profile, we first estimated the muscle length from the muscle-
tendon unit (MTU) length data using the muscle-to-MTU length ratio in Table 2.1. This is
equivalent to assuming that the tendon behaved like a strut. Then, we scaled this length so
that at time t = 0.0 s, the muscle length matches the one from the computational domain.
This profile constituted the boundary condition prescribed on the +x end of this domain.
The -x end was fixed at all times.

Similarly to the experiments in Chapter 2, we computed the activation profile using
Zajac’s transfer function (2.2.5) from the available EMG data. This resulted in submaximal
activation that did not exceed 30%. For both strain and activation profiles, we selected
a representative window of data (of 4.28 seconds) from the complete in vivo experiment
(about 25 seconds).

The computational experiment was performed under fully dynamic conditions using
Flexodeal v1.0.1 in a standard desktop computer (Intel i5-9600K, 3.70 GHz, 6 cores, 16
GB of RAM) with a Q2-P1 finite element, a CG linear solver, and a Jacobi preconditioner.
Furthermore, we set the time step size ∆t = 0.01 s. Under these conditions, it took about
23 hours to compute 4.28 s of dynamic deformation.

6.6.2 Results

In Figure 6.18, we show the traces of some important quantities in the simulation. In
particular, we notice that the muscle was strained at most 3%, purely along the ascending
limb of the fibre FL curve. Furthermore, the fibre strain rate was at most 5% of the maximum
fibre strain rate (5 s−1) and the pennation increased to at most 4◦, consistent with the
parallel-fibred nature of the domain we considered. The x-component of the force measured
at the moving end never exceeded 15 N. We also examined the volume ratio V/V0, which
was computed as:

(V/V0)(t) = |Bt|
|B0|

.

It can be seen from the last row of Figure 6.18 that the change in volume never exceeded
0.1%. This shows that, although compressibility has been introduced in the model (through
the dilatation D), Flexodeal is capable of reproducing essentially incompressible dynamics
without the need of imposing D = 1 in the system

Finally, we show in Figure 6.19 snapshots of the displacement field at particular times:
when the muscle is at rest (t = 0.0 s), after a period of isometric contraction (t = 0.42 s),
when the muscle is at its shortest (t = 2.00 s), when the muscle is at its longest and at its
highest level of activation (t = 2.75 s), and at the end of the simulation (t = 4.28 s).

147



Figure 6.18: Top to bottom: traces of activation, boundary strain, average fibre stretch,
average normalized fibre strain rate, average pennation angle, force (x component at the
+x end of the domain) and volume ratio, for the experiment described in Section 6.6.
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Figure 6.19: Snapshots of the displacement field (magnitude, in m) at five different points
of the simulation described in Section 6.6.
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Chapter 7

Gearing in muscle tissues: a
first-of-its-kind computational
study

In this chapter, we study muscle gearing: a particular mechanism by which fibres in pen-
nate muscle modulate their performance upon contraction. This is an inherently dynamic,
three-dimensional phenomenon [162] for which the computation of reliable fibre and muscle
velocities is essential. However, there is neither a clear definition of what gearing is in 3D,
nor are there robust 3D codes capable of computing it. The framework developed in Chap-
ters 5 and 6 allows us to study this problem from a completely novel perspective that we
hope inspires further research in this area.

We begin in Section 7.1 with an introduction to the concept of gearing from a historical
perspective, including a discussion on different modelling approaches. Then, in Section 7.2,
we explain the computational setup for this problem, which is inspired by an earlier study
on rats. We provide a mathematical definition of gearing which captures main physiological
ideas and is suitable for our 3D context. Finally, in Section 7.3 we present the results of this
study (which have been computed using Flexodeal Lite) and discuss their validity and
implications on the physiological elements that are necessary to describe gearing.

7.1 Introduction

Unlike static architectural descriptors that are typically derived from resting muscle mor-
phology [113], gearing encapsulates the dynamic relationship between muscle and fibre ve-
locities during contraction [8, 48]. Muscle gearing represents a fundamental mechanism by
which muscles adapt their mechanical output under varying contractile demand [8]. It al-
lows muscles to alter their functional output, shifting between force production and fibre
shortening velocity (much like a transmission system in a car or the gears in a bicycle), by
modulating fibre orientation and muscle shape [57, 194]. This capacity for variable gearing
is particularly important in pennate muscles, since in this case muscle fibres tend to be
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shorter and the space in which they can contract is limited by other musculoskeletal ele-
ments (such as bones, aponeurosis, or other muscles) [57]. As such, understanding muscle
gearing is essential for explaining how muscles adapt their function in vivo, and for predict-
ing performance in both healthy and pathological states, particularly during dynamic tasks
involving non-isometric contractions.

The idea that fibre and muscle velocities are decoupled from one another has been
around for 100 years. In 1925, Beritoff [20] observed from different frog muscles that, as
muscle fibres contracted, their pennation angle rose significantly, meaning the fibres did
not shorten as much as the overall muscle-tendon unit. These experimental findings were
confirmed (and published in English) much later by Muhl [134] in 1982. It was also around
this time in the work by Huijing & Woittiez [92] that geometrical arguments were used
to explain the relationship between whole muscle length, fibre length, and pennation angle
(see also Otten [141], Woittiez & Huijing [202], and Woittiez et al. [203]).

Experimental studies about gearing continue to be carried out in isolated muscle prepa-
rations [8, 12, 58, 89], in vivo for instance, using ultrasound [28, 48, 158, 194] or micro-
computed tomography [106], and using bioinspired actuators, most commonly McKibben
actuators [11, 115, 181, 198]. In particular, Wang [198] in 2022 studied the importance of
pennation angle and number of contractile units in a Himisk actuator based on experimental
testing and finite element simulations of the fluid dynamics within the actuators. To date,
no studies in the literature have employed three-dimensional continuum mechanics models
of skeletal muscle tissue to investigate muscle gearing.

The term “gearing” was introduced by Brainerd & Azizi [33] in 2005 as “architectural
gear ratio” (AGR) and corresponded to the ratio of whole muscle strain to fibre strain. It
was studied in aquatic salamanders using sonomicrometry and the results were compared
to a geometrical model showing modest resemblance. However, the work of Azizi et al. [8]
in 2008 defined gearing as the ratio of muscle velocity to fibre velocity, that is:

AGR = muscle velocity
fibre velocity . (7.1.1)

This definition is now agreed upon in the literature due to its functional and physiological
importance [150]. In this case, the muscle velocity is measured from a servomotor, whereas
fibre velocity is measured independent of the muscle velocity using sonomicrometry. There-
fore, the muscle velocity is only measured along the line of action and only corresponds
to whole-muscle velocity, whereas the fibre velocity is only measured along the direction in
which fibres shorten.

The primary goal of this study is to gain insights into gearing via 3D dynamic models,
and that using Flexodeal is a trustworthy way of doing so by analyzing the qualitative
agreement of the outputs with well-established literature results. Furthermore, we would
like to explore gearing for a range of activation levels and muscle velocities that are not
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Figure 7.1: (A) Computational domain in its reference configuration B0, which corresponds
to a muscle block of dimensions Lmus × Hmus × Wmus, including the line of action vector
ℓ̂ = ⟨1, 0, 0⟩ and the region slab(B0) ⊂ B0 (in orange) used to compute average quantities
in Section 7.2.4. (B) Sagittal (xz) plane showing a representative fibre (red line), and the
initial pennation angle β0.

feasible to perform in vivo, in situ, or in vitro. To do this, we must develop a computational
setup that is simple (yet realistic) enough to capture the physics of gearing. This includes
the description of an appropriate domain for the nonlinear elastodynamic system (5.4.1)
and a testing protocol. Critically, we provide the first definition of gearing as a function of
3D spatio-temporal quantities. This is the main focus of the next Section.

7.2 Computational setup and main definitions

In this section, we develop a new setup to study gearing on the basis of the concepts and
tools developed in Chapters 5 and 6 of this thesis. Let us first define a domain that captures
the main physiological characteristics of a rat medial gastrocnemius.

7.2.1 Computational domain and architecture

We considered a block of muscle tissue (see Figure 7.1(A)) with dimensions and architecture
that mimicked the average medial gastrocnemius (MG) from a young population of rats, as
described by Holt et al. [89]. First, to define an appropriate height Hmus, we notice that the
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pennation angle and initial fibre length for this population were β0 = 26.1◦ and L0
f = 15.8

mm, respectively. Assuming the fibres are oriented parallel to the XZ plane and that L0
f

corresponds to the longest possible fibre length within the geometry, we set the height of
the block to

Hmus = L0
f sin(β0) = 6.95 mm. (7.2.1)

This is shown in Figure 7.1(B). Next, Holt et al. [89] report a maximum isometric stress
of σ0 = 47.9 N cm−2 and a maximum isometric force of F0 = 24.4 N. We estimate the
physiological cross-sectional area (PCSA) at:

PCSA = F0
σ0

= 0.509 cm2. (7.2.2)

Having computed the height of the block and the PCSA, we compute the width of the
muscle block as:

Wmus = PCSA · cos(β0)
Hmus

= 6.58 mm. (7.2.3)

The average MG in the young rat population had a mass of 0.9 g. Assuming a constant
muscle tissue density of 1,060 µg mm−3, we estimate a volume V0 = 849 mm3. Therefore,
we set the length of the muscle block so that its volume (and therefore its mass) coincides
with the average rat MG:

Lmus = V0
HmusWmus

= 18.6 mm. (7.2.4)

Finally, given that the initial pennation angle was measured at 26.1◦, we set the initial
orientation field to

a0 = ⟨cos(β0), 0, sin(β0)⟩ = ⟨0.8980, 0, 0.4399⟩. (7.2.5)

7.2.2 Muscle model

We chose the muscle model implemented in Flexodeal Lite as described at the beginning
of Chapter 6. That is, we consider muscle tissue described as a fibre-reinforced composite
material containing a Hill-type fibre contribution:

Sfibre(λ̄, ¯̇ε) = 1
λ̄2σ0

(
a(t)σ̂A(λ̄)σ̂V (¯̇ε) + σ̂P (λ̄)

)
a0 ⊗ a0, (7.2.6)

and a Yeoh base material contribution:

S̄bm = sbmσ0
(
3c3(Ī1 − 3)2 + 2c2(Ī1 − 3) + c1

)
I, (7.2.7)

where S̄fibre and S̄bm are the modified second Piola-Kirchhoff (PK2) tensors defined in
(5.2.7) and (5.2.10), respectively. Differently from Holt et al. [89], we set the maximum
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isometric stress to a more standard value of σ0 = 20.0 N cm−2. Furthermore, we set the
scaling factor sbm = 1 and we also assumed that the maximum unloaded fibre strain rate
was ε̇0 = 5 s−1.

7.2.3 Testing protocol

Let ε̇∗
M > 0 and 0 < amax ≤ 1 be a prescribed whole-muscle shortening strain rate and

a maximum activation level, respectively. The main experiment consisted of the following
steps:

1. Starting from its rest state with the −x face fixed (clamped), passively lengthen the
muscle at a speed of 1 s−1 until it reaches a whole-muscle strain of εM = 0.1 (i.e.
110% of its resting length),

2. Perform an isometric contraction (in the sense of Defintion 6.1) where the activation
is linearly ramped up to amax over 0.1 s,

3. Shorten the muscle block at a speed of ε̇∗
M (prescribed at the +x face) until it reaches

back its resting length.

The procedure above yields the following boundary condition:

εM (t) =


t, 0 ≤ t < 0.1,

0.1, 0.1 ≤ t < 0.2,

− ε̇∗
M (t− T ), 0.2 ≤ t ≤ T,

(7.2.8)

where T := 0.2 + 0.1/ε̇∗
M , as well as the activation profile:

a(t) =


0, 0 ≤ t < 0.1,

10 amax (t− 0.1), 0.1 ≤ t < 0.2,

amax, 0.2 ≤ t ≤ T.

(7.2.9)

Several quantities of interest were measured at the end of the simulation time, including
values of mean muscle velocity, mean fibre velocity (necessary to compute gearing), muscle
force (x component, at the +x end of the muscle block), and mean pennation angle, all
of them computed as described in Section 6.2.2. We also measured the bulging in the
midsection of the muscle block perpendicular to the x-axis by computing, in the current
configuration, the distance between the midpoints that defined the width and height of
the block in the reference configuration (see Figure 7.2), that is, if U = ⟨U1, U2, U3⟩ is the
computed displacement vector field, the height HT

mus and the width W T
mus in the deformed

configuration are given respectively by:

HT
mus = Hmus + U3(XT , T ) − U3(XB, T ), (7.2.10)
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Figure 7.2: Midsection of the muscle block perpendicular to the x-axis (i.e. the plane that
slices the domain at x1 = Lmus/2) in the reference configuration B0 (left) and in the
deformed configuration BT at time t = T (right). The figure also shows the location of the
markers XL, XR, XT , and XB in the reference configuration (with their counterparts xL,
xR, xT , and xB in the deformed configuration) used to compute the muscle thickness and
width (HT

mus and W T
mus) at the end of the simulation.

and
W T

mus = Wmus + U2(XR, T ) − U2(XL, T ), (7.2.11)

where XL,XR,XT , and XB are the left, right, top, and bottom midpoints of the muscle
block’s midsection in the reference configuration (see Figure 7.2).

We implemented this contraction in Flexodeal Lite for multiple whole-muscle short-
ening strain rates ε̇∗

M = 0.5, 1, 2, 3, 4, . . . , 13 s−1 and multiple maximum activation levels
amax = 0.1, 0.2, . . . , 1.0. This resulted in a total of 140 separate computational experiments.
Any experiments that result in non-physiological dynamics will be removed. A sample of
one of these experiments is portrayed in Figure 7.3 for ε̇∗

M = 2 s−1 and amax = 1.0. The
time step size ∆t (in s) was set to:

∆t =


0.025, 0 ≤ t < 0.1,

0.0125, 0.1 ≤ t < 0.2,
0.1

16ε̇∗
M

, 0.2 ≤ t ≤ T,

(7.2.12)

so that we compute 4 time steps of passive lengthening, 8 time steps of isometric activation,
and 16 time steps of active shortening

7.2.4 Gearing in the Flexodeal framework

In real muscle dynamics, neither the muscle velocity nor the fibre velocity are constant,
scalar quantities. This is, of course, not the case for the definition given in (7.1.1), so we
must define gearing suitably and construct an expression that accounts for 3D variations.
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Figure 7.3: Representative computational experiment used to compute muscle gearing
(ε̇∗

M = 2 s−1, amax = 1.0). Left column: Evolution of the activation, muscle force (x compo-
nent, computed at the +x face), mean muscle and fibre velocities (averaged over slab(B0)),
muscle thickness and width, and pennation angle throughout the experiment. Right column:
Evolution of the fibre stretch λ(X, t) at four different times: initial state at t = 0 s (A), end
of the passive stretch phase at t = 0.1 s (B), end of activation ramp at t = 0.2 s (C), and
end state at t = 0.2 + 0.1/ε̇∗

M .
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According to this, we define the muscle gearing G as:

G = Mean Muscle Velocity (MMV)
Mean Fibre Velocity (MFV) := − |avgS(V)(t = T )|

L0
f ε̇0 avgS(ε̇)(t = T ) , (7.2.13)

where | · | is the Euclidean norm, T is the simulation end time (i.e. when the muscle reaches
back its resting length according to the previously described protocol), and avgS(V)(t) and
avgS(ε̇) are respectively the average (mean) muscle velocity and fibre strain rate in the
middle section of the muscle block as described in Section 6.2.2.5, that is:

avgS(Vmus)(t) = 1
|slab(Bt)|

∫
slab(B0)

V(X, t)J(X, t) dX, (7.2.14)

and
avgS(ε̇)(t) = 1

|slab(Bt)|

∫
slab(B0)

ε̇(X, t)J(X, t) dX, (7.2.15)

where
slab(B0) :=

{
X = (x1, x2, x3) ∈ B0 : 3

8Lmus ≤ x1 ≤ 5
8Lmus

}
(7.2.16)

(see Figure 7.1(B)) and slab(Bt) = φ (slab(B0), t), with φ the deformation that maps B0

into Bt. Therefore, G > 1 implies that the speed at which fibres shorten is smaller than the
speed at which muscle does, and vice versa if G < 1. Note that the minus sign in (7.2.13) is
to obtain a positive quantity since when the muscle actively shortens, so do the fibres, and
therefore we expect that ε̇ < 0. We also note that, in (7.2.13), one could have alternatively
considered the x component of the velocity field V, or even the prescribed muscle velocity
at the +x face as the numerator for G. However, computing gearing using |V| rather than
a single component gave better agreement with the values reported in [89], as we will see
next.

7.3 Results

Of the 140 computational experiments performed, 37 of them were physiologically not rea-
sonable since the mean fibre strain rate avgS(ε̇) exceeded 1, that is, the (unnormalized)
speed at which fibres were shortening was higher than their maximum unloaded strain rate
ε̇0. These experiments were therefore discarded from the study and therefore not shown in
any of the Figures presented below.

First, in Table 7.1, we show the full range of prescribed strain rates ε̇∗
M (in s−1) and

their equivalent in mm s−1, which we call the “prescribed (shortening) velocity” and can be
computed as Lmus ε̇

∗
M , where Lmus is the initial length of the muscle block. Furthermore, we

compare these values with the mean muscle velocity (MMV) −|avgS(V)|, where we observe
that |avgS(V)| ≈ 1

2Lmus ε̇
∗
M , which allows us to replace the prescribed strain rate by the

MMV as one of the independent variables of the problem (the other one being activation).
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Variable (Units) Values
PSR (s−1) 0.50 1.00 2.00 3.00 4.00 5.00 6.00
PV (mm s−1) 9.30 18.60 37.20 55.80 74.40 93.00 111.60
MMV (mm s−1) 4.65 9.30 18.60 27.90 37.20 46.50 55.80

Variable (Units) Values
PSR (s−1) 7.00 8.00 9.00 10.00 11.00 12.00 13.00
PV (mm s−1) 130.20 148.80 167.40 186.00 204.60 223.20 241.80
MMV (mm s−1) 65.10 74.40 83.70 93.00 102.29 111.58 120.88

Table 7.1: Range of prescribed strain rates (PSR) ε̇∗
M at the +x end of the domain for

the shortening phase of the experiment. Each PSR can be multiplied by the initial length
of the muscle Lmus to obtain a prescribed (shortening) velocity (PV). Furthermore, we
compare these values with the computed mean muscle velocity (MMV), where we observe
MMV ≈ 1

2PV.

Figure 7.4: Mean fibre velocity (left) and normalized muscle force (right) as functions of
MMV and maximum activation (measured at the end of each simulation, i.e. when the
muscle block returned to its initial length).

In Figure 7.4, we show how the mean fibre velocity (MFV) and muscle force (x com-
ponent, measured at the +x end of the muscle block) vary with activation and MMV. For
a given maximum activation level, we observe how MFV increases with increasing MMV
at a ratio that is not constant (Figure 7.4 (left)). This is the first indication of variable
gearing. Then, in Figure 7.4 (right), we observe how muscle force increases with increasing
activation but decreases with increasing MMV, which is expected given the force-velocity
relationship of muscle fibres (see, for example, Figure 6.1).

Then, in Figure 7.5 we show the computed (mean) pennation angles and their rates of
change, which have been computed from the mean pennation values using a first-order time
difference formula. In particular, we observe how as fibres shorten they rotate to higher
pennation angles, which is the expected behaviour in pennate muscle [57, 118, 134, 211].
Furthermore, the rate of pennation at which fibres rotate increases with increasing MMV.
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Figure 7.5: Mean pennation angle (left) and its rate of change (right) as functions of MMV
and maximum activation (measured at the end of each simulation, i.e. when the muscle
block returned to its initial length).

This behaviour, as well as the magnitudes of pennation angle rate for maximum activation
levels below 50%, align with previous observations in cycling experiments [48].

Next, we compute muscle gearing as described in (7.2.13) and display first this quantity
as a function of force and MMV in Figure 7.6, and as a function of force only for different
maximum activation levels in Figure 7.7. We notice in particular how gearing decreases
with increasing force, but increases with MMV and activation. The gearing values observed
in this case align well with those observed by Holt et al. [89]. Finally, in Figure 7.8 we
show how the muscle width and thickness vary in the midsection of the muscle block in
an asymmetric fashion, For instance, when the MMV is small, the width of the midsection
increases and its thickness decreases with increasing activation. Furthermore, there is a
clear inverse relationship between muscle force (Figure 7.4) and muscle thickness (Figure
7.8), which is consistent with previous literature findings [8]. All simulation shown here
had volume changes of < 1%, consistent with the (nearly) incompressible nature of skeletal
muscle tissue [19].

The results above show how Flexodeal can reproduce the variable gearing observed
experimentally in skeletal muscle tissue [8]. Moreover, not only we can perform experiments
with maximal activation (as those performed in vitro or in situ) but also with lower levels
of activation, similar to those seen in vivo. In particular, the results aligned with the well-
established fact that muscle gearing decreases with increasing contractile force [57] and that
in general, muscle gearing is higher during faster contractions and lower during forceful
contractions [8, 57, 89, 162]. Furthermore, the fact that the gearing values are close to those
reported by Holt et al. [89] suggest that the inclusion of mass (and therefore, inertia) in the
system is necessary.

Muscle gearing is a multifactorial phenomenon and these results show how it emerges
as an intrinsic property of active, fibre-reinforced composites, and that it is a truly 3D
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Figure 7.6: Muscle gearing as a function of (normalized) muscle force and MMV.

Figure 7.7: Muscle gearing as a function of (normalized) muscle force for different maximum
activation levels.
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Figure 7.8: Muscle width and thickness at the end of the active shortening phase, shown
here as a function of maximum activation level and MMV.

phenomenon (see Figure 7.3) that cannot be explained by 1D models. Extensive discussions
exist in the literature as to what are the factors that influence muscle gearing the most [57].
Although it is out of the scope of this thesis to answer such question, we must emphasize that
the muscle model used in these experiment does not have aponeurosis, intramuscular fat, or
fluid contributions, which are factors typically thought to influence gearing [9, 33, 57, 89].
These factors are not necessary to explain why gearing occurs, but their consideration would
certainly affect the overall material properties of muscle tissue, and may, therefore, modify
the gearing characteristics of muscle. Further computational studies are needed in this area.
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Chapter 8

Conclusions and future work

In this thesis, we studied mathematical, numerical, and physiological aspects of the elasto-
dynamics of skeletal muscle tissue. We now present some conclusions of our work, as well
as potential future directions.

8.1 Summary of contributions

In Chapter 2, we studied the inertial effects of mass in a set of simulations using a 1D
multibody model of the muscle-tendon unit (MTU). We used motion capture and elec-
tromyography (EMG) data from three muscles of a human subject (medial gastrocnemius,
vastus medialis, and semitendinosus) performing three different locomotion tasks (walking,
cycling, and running). This data was collected by Chen [41] and was used in combination
with our computations. We also considered the case when the muscle is scaled 10 times
its size, given the fact that many times, human locomotion is explained using experiments
performed in small animals, such as frogs and rats. In this case, we observed differences in
force prediction between 2.1% (medial gastrocnemius, walking) and 14% (semitendinosus,
running). These differences were computed using a 1D model with 64 masses, significantly
more than the amount of masses used by Günter et al. [73] and Ross et al. [165]. With
this number of masses, most (but not all) unphysical oscillations are avoided. We noticed it
actually took 128 masses (and 42 hours of computational time) to compute the dynamics
of the semitendinosus muscle while running (form scale s = 10) without any unphysical os-
cillations. These computations point to the need for a continuum 1D model rather a system
of 1D springs connected by dashpots.

In Chapter 3, we provided a mathematical description of the descending limb stability
(DLI) in the multibody model used for Chapter 2. We noticed that this model can be viewed
as a particular numerical discretization of a first-order wave equation that is a 1D version
of the conservation of momentum equation in 3D for elasticity. We deduced from this fact
that, to stabilize the model, one needs to add a secondary parallel elastic element (PEE)
that is stiff enough to counteract the negative slope in the total force-length curve caused
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by the DLI. This secondary PEE does not necessarily have to be titin. We homogenized
the source term in this PDE to add a Neo-Hookean contribution, similar to the role of the
base material in 3D models. We noticed that only 0.15% of Neo-Hookean material is needed
to generate stable dynamics in the system. Furthermore, using a nondimensionalization
argument, we proved that the stability of 1D Hill-type muscle models does not depend on
the length, mass, scale, or fibre type in the model, where we defined a new nondimensional
number called the neuromuscular Reynolds number ReMSK .

In Chapter 4, we explored time stepping schemes for Neo-Hookean deformation in 1D.
The nonlinearity in this model is crucial to visualize the difference between the order in
which variables (space and time) are discretized. We noticed that, although second-order
time stepping schemes (such as Newmark’s or HHT-α) are preferred in elastodynamics [91],
first-order schemes were less prone to overshooting, especially in the velocity variable. This
is an important consideration for 3D muscle models, since a more robust time discretization
with respect to overshooting allows us to consider piecewise-linear lengthening or shortening
profiles, similar to those reported in the literature [83]. Moreover, because of the multiplica-
tive character of Hill’s force, velocity oscillations, even if they are damped quickly, are not
ideal. We also observed that, due to the stiffness in the system, an implicit-explicit scheme
did not show better results since it behave similarly to an explicit scheme.

In Chapter 5, we introduced a new Lagrangian formulation for a 3D dynamic muscle
model that was used previously [54, 103, 164, 173, 196]. Both are based on a three-field for-
mulation by Simo et al. [180]. We first defined key physiological terms (such as fibre stretch
and fibre strain rate) in terms of continuum mechanics. We also defined the strain-energy
functions that constitute the muscle-tendon unit, depending on the choice of material com-
ponents for the computational domain. Then, we introduced this Lagrangian formulation,
equivalent to that used by Dominguez [54] but simpler to implement computationally. For
the time discretization, and based on the results of Chapter 4, we chose a first-order fully
implicit time stepping scheme. We did not introduce a new space discretization for this
problem, which was based on Qk+1/Pk finite elements on hexahedral meshes. Of particular
importance was the linearization of this problem, especially in the fibre component. Here,
we provided a complete expression of the fourth-order elasticity tensor that includes an
appropriate treatment of the fibre strain rate variable. This is key to allow muscle to be
completely activated in a dynamic setting. We also discussed how the strain-energy function
for a system containing only base material and fibre properties may failt to be polyconvex
due to the DLI (which was studied in Chapter 3).

In Chapter 6, we introduced a new, open-source, finite element framework for elas-
todynamics: Flexodeal. After providing documentation for this software, we performed a
convergence study on the nonlinear problem of skeletal muscle deformation. Linear con-
vergence was observed in the time variable, in line with the first-order time discretization
employed. However, rates of convergence in the space variable were suboptimal (compared
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to those found in a linear problem). In general, unless the solution to the variational for-
mulation is sufficiently smooth (which is not necessarily the case in a muscle with complex
architecture), it is not guaranteed that optimal rates of convergence will be achieved. We
then proposed a series of fundamental experiments that can easily be reproduced with
Flexodeal.

First, taking advantage of the efficiency of Flexodeal, we decided to perform some
quasi-static experiments to obtain the force-length relationship of whole muscle. Here, we
found that it is still possible for muscle to have a FL curve with a descending limb (which,
in this case, can alter the numerical stability of the problem for active stretching), even
when a base material component is present in the model. The results show that there are
at least two alternatives to remove this descending limb: either by artificially increasing
the base material contribution or by adding aponeurosis to the model. Then, we discussed
the differences between quasi-static and dynamic simulations for isometric contractions in
four physiological variables: force, fibre stretch, pennation angle, and fibre strain rate. Local
variations in fibre strain rate cause the models to essentially give different responses, with
differences of up to 50% in force. We demostrated that dynamic models provide more rea-
sonable results whe compared to quasi-static ones (particularly when looking at quantities
such as fibre strain rate), which highlights the crucial role of inertial in complex muscle
models. Furthermore, we confirmed that mass and force-velocity effects are most noticeable
during submaximal contractions of highly-pennate muscle [196]. Finally, we demonstrated
the ability of Flexodeal to perform a forward dynamics simulation in a computational
domain derived from magnetic resonance imaging (MRI) with boundary conditions and
activation profiles obtained from a locomotion experiment.

In Chapter 7, we studied muscle gearing, which is a phenomenon that combines changes
in muscle architecture with a decoupling of fibre and muscle velocities. This is the first time
in the biomechanics literature that a continuum mechanics model is used to study gearing,
which was possible thanks to the dynamic capabilities of Flexodeal and the Lagrangian
framework introduced in Chapter 5. We performed 140 different experiments of muscle
contraction, with varying levels of maximum activation and prescribed muscle velocities
(implemented as a boundary condition), based on a previous experiment on rats by Holt et
al. [89]. Our results showed that muscle gearing is an inherent property of fibre-reinforced
active composites, that no fluid or aponeurosis contributions are necessary to observe this
phenomenon, and that Flexodeal can compute gearing values (i.e. the ratio of muscle veloc-
ity to fibre velocity) similar to those observed experimentally, even in cases of submaximal
activation that are observed in vivo.

164



8.2 Future work

The developments presented in this thesis open the door to multiple avenues of research
that we, rather arbitrarily, group as follows.

8.2.1 Mass-enhanced muscle models in 1D

In Chapter 2, we noticed that converged results required to consider a large number of
masses in the multibody model, which results in high computing times. To mitigate this,
one could use the the 1D wave equation introduced in (3.3.6), that is:

ρ0,L
∂2u(x, t)
∂t2

= ∂F (λ(x, t), ε̇(x, t))
∂x

, 0 < x < Lopt
mus, 0 < t < ∞, (8.2.1)

to derive a new discretization. For instance, higher order finite difference formulas could
be considered for the spatial discretization (for instance, using a leapfrog scheme [183]).
However, it also remains to study whether the addition of a base material component in
F would improve the numerical stability of the original discretization in (3.3.1) (used to
compute the results in Chapter 2), so that fewer masses are required to obtained a converged
result in space.

8.2.2 Hu-Washizu formulations for skeletal muscle

The physiological quantities of core interest: displacements, fibre stretch and strain rates,
surface forces and pressures, are not all directly computed in our method. In particular
forces on the boundary are of key interest, but so far they can only be estimated from the
stress at interior points near the boundary (see (6.2.15)).

Currently, variational formulations for elasticity in the context of skeletal muscle are
derived from engineering standards, namely Hu-Washizu type principles like the three-field
formulation we used in the Lagrangian model (see Chapter 5). However, because there are
no degrees of freedom in the boundary that allows us to compute muscle force exactly, new
Hu-Washizu type principles should be derived that are suitable for problems of skeletal
muscle deformation.

For example, Zdunek & Rachowicz [209] developed a new three-field formulation that
reads for the quasi-static problem: Find (U, ϱ̃, λ̃) such that

Div P = 0 in B0 × (0,∞), (8.2.2a)

λ̃− λ(U) = 0 in B0 × (0,∞), (8.2.2b)

ϱ̃− ∂Ψ
∂λ̃

= 0 in B0 × (0,∞), (8.2.2c)

where U is the material displacement, λ̃ is a computed fibre stretch, and ϱ̃ is the uniaxial
tension. Although this formulation is used for compressible elasticity with inextensible fibres
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(i.e. fibres that can bend but not stretch), this shows that alternative formulations to the
commonly used displacement-pressure-dilatation are indeed possible.

Furthermore, Farrell et al. [62] introduced a Kirchhoff stress-displacement-pressure for-
mulation for incompressible hyperelasticity, which could be extended to a four-field Kirch-
hoff stress-displacement-pressure-dilatation formulation. The advantage of this formulation
is that, since now the Kirchhoff stress is a variable of the problem, its finite element space
can be chosen to have degrees of freedom on the boundaries, so that exact forces can be
computed.

8.2.3 A posteriori error estimator

Figure 1.2 shows that there are more complicated muscle architectures than the ones cov-
ered in this thesis. In particular, bipennate muscle architectures contain a thin layer of
aponeurosis in the interior of the computational domain, whose deformation needs to be
properly captured. This might require a more intricate mesh that needs to be adapted half
way through the computation. Therefore, a posteriori error estimators can be used to refine
the mesh in places where more resolution is needed (see, for instance, [6]). In particular,
for large deformation problems, Brink & Stein [35] (see also [172]) proposed an a posteriori
error estimator for Lagrangian formulations of quasi-static hyperelasticity, whose extension
to the dynamic case could be studied.

8.2.4 Nonlinear solvers, preconditioners, and and parallel computing

Although Newton’s method is the gold standard in solving nonlinear problems [210], the high
number of nonlinear iterations (especially for cases when muscle activation reaches 100%)
can become a bottleneck in the solution of nonlinear problems. In this regard, Barnafi et
al. studied several alternatives to Newton’s method for problems of large deformation. The
authors found that methods such as an inexact Newton-Krylov or BFGS methods can lead
to a smaller number of nonlinear iterations while still retaining the quality of the solutions.

However, these types of solutions must be accompanied by an appropriate precondi-
tioner. In the computational experiments discussed in this thesis, the majority of them
required thousands of linear iterations per nonlinear iteration, which is a sign that a better
preconditioner must be used. In particular, an Algebraic Multigrid (AMG) preconditioner
could be used [18]. However, this requires us to parallelize the solution of the linear sys-
tem using libraries such as PETSc [15] or Trilinos [189]. This parallelization effort would
also require to handle the multiple inputs and outputs that are needed in Flexodeal using
MPI-IO [42].
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8.2.5 Validation, modifications, and further applications of Flexodeal

Although the results seen in this thesis confirm that Flexodeal can predict realistic dy-
namics of skeletal muscle tissue, a detailed study of the accuracy of the computed forces
(with respect to actual muscle) is lacking. Further studies are required in this area to de-
termine an appropriate combination of experimental protocols and modelling choices that
can be contrasted with the outputs of Flexodeal. This might include particular choices of
computational domains and force-length/force-velocity relationships that are closer to the
experimental protocol.

The Flexodeal framework is flexible enough that more mechanical components can
be considered and studied, such as titin [174], fatigue [29], or multiple fibre types [120].
Furthermore, Flexodeal could also be used to study active deformation of muscle affected
by neuromuscular diseases, such as cerebral palsy or stroke [103, 114].

8.3 Conclusions

This thesis covered the nonlinear elastodynamics of skeletal muscle tissue, combining tried-
and-tested approaches from mechanical engineering, sound mathematical and numerical
analysis principles, well-recognized physiological results, and basic principles of software
engineering. We hope that this interdisciplinary work further inspires researchers to team
up and continue the progress of applied (and applicable) mathematics.
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Appendix A

Force relationships

In this Appendix, we describe the mathematical expressions used for the force relationships
in this study. A GitHub repository with Matlab implementations of these curves is available
at:

https://github.com/sfu-nml/force-relationships.

A.1 Forces used in 1D experiments

For these experiments, we fitted the force relationships originally given by Bézier curves in
[167] to cubic splines. Thus, the forces take the a piecewise form. For k = 1, 2, . . . , N , a
force F̂ can take the form:

F̂ (t) = a
(k)
3 (t− tk−1)3 + a

(k)
2 (t− tk−1)2 + a

(k)
1 (t− tk−1) + a

(k)
0 , tk−1 ≤ t < tk. (A.1.1)

We thus have N pieces and N + 1 knots {t0, t1, . . . , tN }. We show the coefficients and knots
that define the active force-length, passive force-length, force-velocity, and tendon force
relationships in Tables A.1-A.4.

A.2 Forces used in 3D experiments

In this case, we decide to keep the stress relationships used in previous studies [54, 102, 164,
173, 196].

The active stress-stretch relationship for muscle was reported by Konno [102] as:

σ̂A(λ̄) =


7∑

k=1
ck sin

(
akλ̄+ bk

)
, 0.4 ≤ λ̄ ≤ 1.75

0.0, otherwise,
(A.2.1)

184

https://github.com/sfu-nml/force-relationships


Coefficients in descending polynomial order Interval
16.259504 2.735529 0.000000 0.000000 0.4 ≤ λM < 0.6
-71.836426 12.491232 3.045352 0.239497 0.6 ≤ λM < 0.7
7.352394 -9.059696 3.388506 0.597108 0.7 ≤ λM < 0.9
11.676119 -4.648260 0.646915 0.971241 0.9 ≤ λM < 0.95
2.669948 -2.896842 0.269660 0.993425 0.95 ≤ λM < 1.0

185.407729 -30.069106 0.000000 1.000000 1.0 ≤ λM < 1.05
2.958338 -2.257947 -1.616353 0.948003 1.05 ≤ λM < 1.1
7.333359 -1.814196 -1.819960 0.861910 1.1 ≤ λM < 1.2
1.162833 0.385812 -1.962798 0.669106 1.2 ≤ λM < 1.4
3.773432 1.083512 -1.668934 0.301281 1.4 ≤ λM ≤ 1.7

Table A.1: Cubic spline coefficients for the active force-length relationship F̂A used for 1D
experiments.

Coefficients in descending polynomial order Interval
0.637061 0.073924 0.000706 0.000000 0.7 ≤ λM < 1.0
1.239310 0.647279 0.217067 0.024066 1.0 ≤ λM < 1.12
7.439238 1.093430 0.425952 0.061576 1.12 ≤ λM < 1.35

-18.101816 6.226505 2.109537 0.307901 1.35 ≤ λM < 1.47
-3.080909 -0.290149 2.821900 0.619427 1.47 ≤ λM ≤ 1.65

Table A.2: Cubic spline coefficients for the passive force-length relationship F̂P used for 1D
experiments.

with ak, bk, ck ∈ R. This corresponds to a fit from experimental data in [201]. The constants
that define this function are listed in Table A.5.

The passive stress-stretch relationship for muscle was reported by Konno [102] as:

σ̂P (λ̄) =



0, λ̄ ≤ 1,
c1(λ̄− 1)2 + c2(λ̄− 1) + c3, 1 < λ̄ ≤ 1.25,
c4(λ̄− 1.25)2 + c5(λ̄− 1.25) + c6, 1.25 < λ̄ ≤ 1.5,
c7(λ̄− 1.5)2 + c8(λ̄− 1.5) + c9, 1.5 < λ̄ ≤ 1.65,
c10(λ̄− 1.65) + c11, λ̄ > 1.65,

(A.2.2)

with ck ∈ R. This corresponds to a fit from experimental data in [201]. The constants that
define this function are listed in Table A.6.
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Coefficients in descending polynomial order Interval
0.220624 0.180895 0.169799 0.000000 −1.0 ≤ ε̇M < −0.6
0.809642 0.445644 0.420414 0.110983 −0.6 ≤ ε̇M < −0.4
1.352406 0.931429 0.695829 0.219368 −0.4 ≤ ε̇M < −0.3
5.649771 1.337151 0.922687 0.299618 −0.3 ≤ ε̇M < −0.15
33.819416 3.879548 1.705192 0.487175 −0.15 ≤ ε̇M < −0.1
29.535258 8.952460 2.346792 0.586361 −0.1 ≤ ε̇M < −0.05
508.735536 13.382749 3.463553 0.729774 −0.05 ≤ ε̇M < 0.00

143713.368503 -204.615076 8.745168 1.000000 0.00 ≤ ε̇M < 0.007
-705905.249709 2813.365662 27.006422 1.100484 0.007 ≤ ε̇M < 0.01
234818.856704 -3539.781585 24.827174 1.187764 0.01 ≤ ε̇M < 0.015
-14695.733995 -17.498735 7.040773 1.252758 0.015 ≤ ε̇M < 0.02
6806.732497 -237.934745 5.763605 1.285687 0.02 ≤ ε̇M < 0.03
117.239184 -33.732770 3.046930 1.326336 0.03 ≤ ε̇M < 0.04
257.061419 -30.215594 2.407447 1.353550 0.04 ≤ ε̇M < 0.07
26.551643 -7.080067 1.288577 1.405520 0.07 ≤ ε̇M < 0.12
8.331011 -3.097320 0.779708 1.455567 0.12 ≤ ε̇M < 0.2
1.699155 -1.097878 0.444092 1.502386 0.2 ≤ ε̇M < 0.3
0.842130 -0.588131 0.275491 1.537516 0.3 ≤ ε̇M < 0.4
0.299331 -0.335492 0.183129 1.560026 0.4 ≤ ε̇M < 0.6
0.083998 -0.155894 0.084851 1.585627 0.6 ≤ ε̇M ≤ 1.0

Table A.3: Cubic spline coefficients for the force-velocity F̂V relationship used for 1D ex-
periments.

Coefficients in descending polynomial order Interval
0.000000 0.000000 0.009717 0.000000 0.0 ≤ λT < 1.00472

-32632.569799 961.712634 5.666232 0.009763 1.00472 ≤ λT < 1.01
-12072.697295 444.812728 13.092686 0.061688 1.01 ≤ λT < 1.02
-770.792801 82.631809 18.367131 0.225024 1.02 ≤ λT < 1.058

0.000000 0.000000 21.308074 1.000000 1.058 ≤ λT

Table A.4: Cubic spline coefficients for the tendon force-length relationship F̂T used for 1D
experiments.
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ck Value ak Value bk Value
c1 0.642587 a1 1.290128 b1 0.629168
c2 0.325980 a2 5.308970 b2 -4.520102
c3 0.328204 a3 6.744187 b3 1.689156
c4 0.015389 a4 19.823677 b4 -7.386155
c5 0.139240 a5 8.038287 b5 2.543022
c6 0.001802 a6 32.237736 b6 -6.454098
c7 0.012561 a7 23.117614 b7 -2.643347

Table A.5: Parameters describing the muscle active stress-stretch relationship σ̂A used for
3D experiments.

The stress-strain-rate relationship for muscle was reported by Ross et al. [165] as:

σ̂V (¯̇ε) =



0.0, ¯̇ε < −1.2,
c1
(¯̇ε+ 1.2

)3 + c2
(¯̇ε+ 1.2

)2 + c3
(¯̇ε+ 1.2

)
+ c4, − 1.2 ≤ ¯̇ε ≤ −0.25,

c5
(¯̇ε+ 0.25

)3 + c6
(¯̇ε+ 0.25

)2 + c7
(¯̇ε+ 0.25

)
+ c8, − 0.25 ≤ ¯̇ε < 0.0

c9
(¯̇ε− 0.0

)3 + c10
(¯̇ε− 0.0

)2 + c11
(¯̇ε− 0.0

)
+ c12, 0.0 ≤ ¯̇ε ≤ 0.05

c13
(¯̇ε− 0.05

)3 + c14
(¯̇ε− 0.05

)2 + c15
(¯̇ε− 0.05

)
+ c16, 0.05 ≤ ¯̇ε < 0.75

c17, ¯̇ε ≥ 0.75,
(A.2.3)

with ck ∈ R. This corresponds to a fit from experimental data in [163]. The constants that
define this function are listed in Table A.7.

The stress-stretch relationship for aponeurosis was fit from experimental data by Dick [50]:

σ̂apo(λ̄) =



c0λ̄, 0 < λ̄ < 1.00,

c1
(
λ̄− 1.00

)2
+ c2

(
λ̄− 1.00

)
+ c3, 1.00 ≤ λ̄ < 1.01,

c4
(
λ̄− 1.01

)2
+ c5

(
λ̄− 1.01

)
+ c6, 1.01 ≤ λ̄ < 1.02,

c7
(
λ̄− 1.02

)2
+ c8

(
λ̄− 1.02

)
+ c9, 1.02 ≤ λ̄ < 1.15,

c10
(
λ̄− 1.15

)
+ c11, λ̄ ≥ 1.15,

(A.2.4)

with ck ∈ R. The constants that define this function are listed in Table A.8.
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Parameter Value Parameter Value
σ0,M 200 kPa c6 0.147115
c1 2.353845 c7 0.427408
c2 0.000000 c8 2.895101
c3 0.000000 c9 0.656118
c4 3.436357 c10 3.023323
c5 1.176922 c11 1.100000

Table A.6: Parameters describing the muscle passive stress-stretch relationship σ̂P used for
3D experiments.

ck Value ck Value ck Value
c1 0.257927 c7 0.970369 c13 0.688221
c2 0.143175 c8 0.350355 c14 -1.413963
c3 0.000000 c9 -3165.684798 c15 0.967864
c4 0.000000 c10 186.196125 c16 1.374324
c5 29.825565 c11 6.090887 c17 1.595047
c6 -0.943550 c12 1.000000 – –

Table A.7: Parameters describing the muscle passive stress-strain-rate relationship σ̂V used
for 3D experiments.

ck Value ck Value ck Value
c0 0.010000 c4 600.590242 c8 22.339446
c1 515.882034 c5 10.327641 c9 0.225024
c2 0.010000 c6 0.061688 c10 19.745862
c3 0.010000 c7 -9.975322 c11 2.960569

Table A.8: Parameters describing the aponeurosis stress-stretch relationship σ̂apo used for
3D experiments.

188


	Declaration of Committee
	Abstract
	Table of Contents
	List of Tables
	List of Figures
	Introduction
	Muscle anatomy
	Muscle architecture
	Fundamental models of skeletal muscle
	Computational models
	One-dimensional models
	Three-dimensional models

	Stability of computational models
	Main contributions and outline of this thesis

	I One-dimensional elastodynamics
	Inertial effects in a multibody mass-spring model of the muscle-tendon unit
	Background
	Mathematical models
	Main concepts
	Hill's muscle model
	Massless and mass-enhanced models of the MTU
	Optimal muscle and tendon length
	Initial muscle length
	Scaling

	Experimental data: muscles and tasks in consideration
	Computational implementation
	Main results
	Overall behaviour for different muscles and tasks
	Dynamics of the ST during running
	Influence of the number of masses in the computation


	Dynamical stability and the continuum limit of multibody models
	Background
	Mathematical description of the descending limb instability
	The model for an isometric contraction
	Stability of the zero solution
	A numerical example

	Stabilizing the model
	The continuum limit of the mass-enhanced model
	Convexifying the FL relationship
	A stabilized mass-enhanced muscle model

	Nondimensionalization of the continuum system and the influence of mass

	First order is enough: time discretization alternatives for dynamic Neo-Hookean deformation
	Background
	Time stepping schemes in engineering elastodynamics
	Time or space first? Rothe's method versus method of lines

	Model problem for nonlinear elasticity
	A first order time stepping scheme
	Rothe's method and finite element formulation
	Method of lines

	Newmark schemes
	Newmark in the context of Rothe's method
	Newmark in the context of the MOL

	HHT- method
	HHT- in the context of Rothe's method
	HHT- in the context of the MOL

	Convergence studies: linear elasticity
	Neo-Hookean experiments, overshooting, and velocity approximations
	Discussion
	Conclusion


	II Three-dimensional elastodynamics
	A Lagrangian framework for a model of skeletal muscle tissue
	Elements of continuum mechanics
	Kinematics
	Material and spatial derivatives
	Deformation gradient
	Rates of deformation tensors
	Fundamental strain tensors, fibre stretch, and fibre strain rate
	Stress tensors
	Volumetric-isochoric decomposition for compressible hyperelastic materials
	A strain-energy function for compressible, transversely isotropic materials

	Constitutive laws for skeletal muscle
	Muscle fibres
	Base material
	Intramuscular fat

	Extending the SEF to the muscle-tendon unit
	Lagrangian formulation of the elastodynamic problem
	A first order, fully implicit time discretization
	Linearization
	Newton's method
	Construction of the block-matrix system

	Fourth-order elasticity tensors
	Along-fibre contribution
	Base material and other components of the MTU

	Finite element approximation
	Approximation properties
	On polyconvexity and well-posedness of the mixed formulation
	Solution of the discretized linear system


	Flexodeal: a new finite-element framework for studying musculoskeletal dynamics
	Motivation
	Implementation details
	Inputs
	Parameter file
	Prescribed strain and activation profiles
	Markers
	Quadrature point data (not implemented in Flexodeal Lite)

	Outputs
	Activation and muscle length
	Displacements at predefined markers
	Energies
	Forces
	Gearing-related information
	Mean fibre stretch and pennation
	Mechanical variables at all QPs (binary files)
	VTU files
	Other outputs


	Convergence studies
	Error computation
	Isometric contractions
	Setup
	Main results

	The force-length relationship of whole muscle
	An idealized muscle
	Setup
	Results
	Numerical implications of a different protocol involving active lengthening

	The effect of mass and the force-velocity relationship in isometric contractions
	Setup
	Main results

	Deformation of a human medial gastrocnemius during locomotion
	Setup
	Results


	Gearing in muscle tissues: a first-of-its-kind computational study
	Introduction
	Computational setup and main definitions
	Computational domain and architecture
	Muscle model
	Testing protocol
	Gearing in the Flexodeal framework

	Results

	Conclusions and future work
	Summary of contributions
	Future work
	Mass-enhanced muscle models in 1D
	Hu-Washizu formulations for skeletal muscle
	A posteriori error estimator
	Nonlinear solvers, preconditioners, and and parallel computing
	Validation, modifications, and further applications of Flexodeal

	Conclusions

	Bibliography
	Appendix Force relationships
	Forces used in 1D experiments
	Forces used in 3D experiments



