
Chapter 4: Permutations - Cycle Notation 

Cycle Notation
Consider the 5 cycle x L3344551
I 2 3 4 5 I

o o e o p a
cyclearrowadr.roagw.am form 5 o 2

o co o f fi z 3 4 5 a
4 3

cycleform i Leaving out the arrows in cycle arrow form
we can write the 5 cycle as

x I 2 3 4 5

This represents the fact that each number
maps to the one on the right and thelast one maps back to the start

non unique cycle form isn't unique you can begin a

cycle fromany number all that matters isthat the number to the right is the imageof the number on the left so all
these are equivalent expressions of x

Example Write p l 2 3 4 5 6 78 in cycle form
3 7 6 8 5 14 2

Cycle form is a compact way to represent a permutation It still
contains all the information and it reveals more structure about
the permutation than array form
Convention Leave off 1 cycles in cycle form so any number notpresent in cycle form is assumed to map to itself



Example a Express the permutation in cycle form

Y I 2 3 4 5 6 7 8 9 10
4 9 5 2 3 7 10 8 l G

j

b For the permutation x I 5 3 72 469
determine

i 213 ii 49
iii 224 iv xC8

Products of Permutations revisited

Example Find the product xp of a 1357 f I 4 253

Properties of cycle form

Every permutation can be expressed as a product of disjointcycles
Disjoint cycles commute shirts andsocks analogy

Eoc A 134 G 25

Ex For a p above determine Gdp



If X B commute then

xp
m ampm for any m

Inverse of a permutation revisited

Eoc Find the inverse of a l 4732

To find the inverse of a cycle write the cycle backwards

If x is expressed as a product of disjoint cycles
x 0 Oz Ok

then
X l

Taking together
To get from the cycle form of X to the cycleformof a I just write the representation for a down
in the reverse order both order of the cycles
and the numbers in the cycles

Ex Find the inverse of a 2549 37 G 108



Order of a permutation revisited

order of a permutation a Sn is the smallest number m
for which am E We denote this number by order
We'll see how cycle form can be used to eyeball the order

Ex Determine the order of p I 32 5

In general the order of an M cycle a az i am is M

Eoc Determine the order of a I 3 245

Ex what is the order of B 245 317 69 lo Il

what is the cycle structure of

f
p

Ex If 2 has order 7 what is 235
What about 206



Ex The move sequence RU of Rubik cube corresponds to
the permutation consisting of a 15 cycle a 3 cycleand two 7 cycles

RU 0,020304
7cyclesTricycle3cycle

what is the order

Ex Let x 24 3 I 5 If Nk is a 3 cycle
what can you say about K

Proof


