Chapter 10 - Groups

\nc«p ec 10 : Grosps

Definition 10.1.1 — Group. A group is a nonempty set G, together with an operation, which
can be thought of as a function * : G x G — G, that assigns to each ordered pair (a,b) of elements
in G an element a * b € G, that satisfies the following properties:
1. Associativity: The operation is associative: (axb)*c=ax (bxc) forall a,b,c € G.
2. Identity: There is an element e (called the identity) in G, such that a e = e xa = a for all
acG.
3. Inverses: For each element a € G, there is an element b in G (called the inverse of a) such
thataxb =bxa=e.

Definition 10.1.2 — Order of a Group. The number of elements of a group (finite or infinite)
is called the order of the group. We will use |G| to denote the order of the group, since this is
really just the cardinality of the set.

Theorem 10.1.1 — Uniqueness of Inverses. For each element a in a group G, there is a unique
element b € G such that ab = ba = e.
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Lemma 10.1.4 (a) Each element gx € G occurs exactly once in each row of the table.

(b) Each element g; € G occurs exactly once in each column of the table.

(c) If the (i, /)" entry of the table is equal to the (j,i)"" entry then g; * g; = g * gi.

(d) If the table is symmetric about the diagonal ™\, then g+ h = h* g for all g,h € G. (In this
case, we call G abelian.)
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Definition 10.3.1 — Cyclic Group. A group G is called cyclic if there is one element in G, say
g, so that every other element of G is a power of g:

G={g"|kez}).

In this case we write G = (g), and say g is a generator for G.
If g has order n then G = {e, g,g%,¢°,...,¢" '} and we say G is a cyclic group of order n.
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Definition 10.3.2 Letn > 1 be and integer. Define an operation on the set Z, = {0,1,2,3,...,n—
1}, called addition modulo n, as follows. For a,b € Z,, let a+, b be the remainder of a+ b
when divided by n. Z, is a group under addition modulo 7, and is called the (additive) group
of integers modulo ~. Since this group is cyclic it is often called the (additive) cyclic group of
order n.
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E notation description permutation
Ry rotation of 0° (i.e. do nothing) €
Roo rotation of 90° (clockwise) (1234)
Riso rotation of 180° (clockwise) (13)(24)
Ro7o rotation of 270° (clockwise) (1432)
H reflection of 180° about horizontal axis (14)(23)
1% reflection of 180° about vertical axis (12)(34)

' D reflection of 180° about diagonal axis (see Figure 10.1b) (24)

D’ v D D’ reflection of 180° about other diagonal axis (see Figure 10.1b) (13)
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Definition 10.3.3 — Group of Units Modulo n. Let n > 1 be and integer, and let
Umn)={m|1<m<n-1and ged(m,n) = 1}.

U (n) is a group under multiplication modulo n, and is called the group of units modulo n.
In the case when p is prime, U(p) = Z,= {1,2,3,...,p—1}.
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