
Chapter 10 - Groups

Chapter 10 Groups

Proof

Multiplication Cayley Table
If G is finite then theoperation can begiven interms of a multiplication table

g gj gnG gi gz ooo g n g

gi

gn

suppose a occurs twice in row b This means
a _be bed



Examples

1 7 under t under t R under t
we write eachof these as K t CQ t CIR t

in each case the identity is inverse of a is

2 Q Q o under o

identity is inverseof a is

3 1123 cab c o a b CE IR undercomparenturie addchin
identity is inverse of carbC is

4 Sn x n En x is a byechin

is a group under composition

An ne Sn l x is even
is a group under composition

Az E 423 I 32

E l 23 l 32
E Cayley Table

123
132



Cyclic Groups
Consider the set of cube moves

G E R R2 R
This set is closed under composition iriverses and is
therefore a group

Every element of G is a power of R we call such
a group cyclic

If the operation is additionthen G kg Ike Z
For G E 12,122,123 the multiplication table is

E R R2 123 0 I 2 3
E Exponents 0
R I
R2 2
123 3

Consider a R'U This move has order 6 so it generates
a group of order 6

H Lx e d 22,23 d 25

E x 22 3 x 25 0 I 2 3 4 5
E E X I 23 24 25 O
x x 22 3 x 25 E exponents 1
yr I 3 4 5 E a 2
3 I 4 5 E I 3
24 x 5 E x 22 23 4
25 x's E 22 3 I j



Group of integers mod n i

71,2 0 I 2 3,4 5 G 7 8,9 10 11

Define the operation tiz by
a tub remainder of atb when dividedby 12

atb mod12

I tr 7 6 the 10 8 the 4I

iz th is a group
identity is
inverse of a is
associativity followsfrom the associativity of on Z

Ky ta Ig ts
21 Is 3 3

4 0 I 2 3 5 0 I 2 3 4
O O
I 1
2 23 3

4



Dihedral Group Dn
Consider a square Howmany ways can we pick it upmove it in some way then return it back to its original
location

These 8 moves are knownas the symmetries of the square
We can compose moves

12270 means first reflect across the vertical line then
rotate 2700 The result is equivalent to just doing D

V12270
The set

Dy Ro RaoRegio Rao H V D D
under the operation of composition is a group

In general for a regular n gon the resulting group Dn is called thedihedral group of order 2h

An n gon has n rotational symmetries for OS Ken I

r is a rotationthrough k 3 degrees

and in reflective symmetries reflechin through n differentlines
f fz fn

Dn e r r P o r n f fz o fn fi
fz

Example In D 5 determine s f
2

a rs t

b Pfe 4 3 f4
fs



Groupof units modulo no

Consider In under multiplication modulo n
a n b remainder of ab dividedby n

ab moan

first off toss out 0 since it won't have an in verse

Example 2 3

G I Z 3 4 5

12
3
4
5

UCG

Examples Ulu UL5 3

Ul8 3
8

I



Algorithm for finding inverses in Un

FACT If a be 2 and D god a b then there exist UNEZ
such that

uatbu D
The usual algorithm for finding d u u is called the
extended euclidean algorithm

Example I god 5,8 and
b 5 318 I

Notice this means

To find a in Un first find U.VE K such that
hat n I

then
a U moden

Can use sagemath to do this xgcd


