C\nap\‘e( 1% = Commutadors

Definition 13.1.1 If g, s are two elements of a group G, then we call the element
g, h] =ghg 'h™!

the commutator of g and .

Note: TIF o and I commute  Hhen
[o&\n_& =

[.3.\1\1 pro\)\c!es a measwre  For how wmucn 9 and W fal o
C,0mmu+€,.

I8 o, @ o Qermo'\ng\'tms , oand X, Q Pail & commute_ l‘@
Taust o Odle Vol " Huen Lo, will be“close” o € i.e.
W will cmb permute. @& Pewo  nombers .

Example 1 In Sq fot x=C3) , B=0U273)

_C(‘ea"\n\o\, Puzale Moves with. commotadors :

We will concentrate om permdu'}?&ns m S, -
(DG‘FM'\'\\'OY\S C For e Sm o(e,(ﬁm, He P\'x}_& Sé O'C oL bta
Lo (o = { me (n] ‘ «(m)=m -‘;

)

(Tis s gost e se¥ of nembers that ool appeas
as \'Cacb.s v He o\(acs\xﬁ- C&CLL e of o« . 3

The moved Se¥ of o s e covnPlzmM of 'Cw'c(olh’

mou () = Ry = ime[ﬂ \ xX(m) #—-‘m_&

(This & the sk oF all wnumbes whicy, appecr W cocles
of Lngh 22 i e d,LS&C)\.Vl"' cgele form of 0(.)



Foc A < [n) , and ote S we defne
XA = i o (&) \ achA Nk
called. Yo \mage o & utndes X,

Notre: \etﬂ\ =\H\ Smee oL s \h-éedn.\rb .

Taample . Lkt oe=(1s3a)(1 W) e,

When is (@) close 4o the 'L&m\w\-b :

We'll fook of condibms for which  mou (L, @) is small.
Fesy , comsder fhe &Lct-)mm g

mov([a, 8]) C mov(e, ) U tmov(a, ) U B~ 'mov(e, §)



TC meln\ s wmoved \93 [x,@) | e, me mov([o,@) then losti !

@ me mou(s) or (mYe mou(e) 4 amel
L) wme mou(P) or (M) € mov(Q) .

Tn oter wovds |

G mou(fxg)) = (mov (@ L ol 'mov (@\) N (mov (&) L §'mov (od)

Prookt of @ ,(0)
()

©) Proct swilor Yo part @ .

Ancther  way b owile G s

mov ([, B]) € mov(a, B) Ua 'mov(a, B)UB 'mov(a, B).

—_— ;W \ -
N

Pleces moved ‘P\é,czs moved P\G:CO.«S ywoveh
‘fab\oo\‘\/\& \olao(\‘bwm‘l'\w\ *ma@{-o ‘
and G mkersechon, Common, Wessechovy, -
(common

tw\'ef'-co\"ﬂw\

W\S&J\l{)s"

If «,0 ore puzrle moves then [w,p) omla offects
P\e:ces ek are W, or moved to Qocohoms tat are
Mewved. \ob ot 0L and B,

To create & wmove which on\Ao abfeck a SL preces Ccheose
o and @ o \ove very Dlle. Ouer{qP.

(13.2)



C.reoc\\ht\, Moves on. Roloks Cole

Purde moves [yl

x= WU x=F x=V¥ .
9= ¥4=K Y=R
ulb__ub ubr

ur
urf]

fr

frd

(a) Possible cubies moved by (b) Z-commutator: Shading (c) Y-commutator: Shading
URU™'R™L. indicates locations changed by indicates locations changed by
FRFIR™! FR'FIR

Figure 13.1: Y- and Z- commutators

Comsidesr
x= LD (sweps tdb and 2Fu)
N
\\ ‘d: N

Figure 13.2: cubies moved by [LD*L~1,U].

o cow 2= LD C'FTD' R (hosk uf )
W= U

Figure 13.3: cubies moved by [LD?’L~'F~'D*F,U].



Ovel Trade Puzrle -
— mov(TY= 31.2,3,4%

moeeoe mou(R) = {\,2,-..)2075
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(@ R3TRT 1= (147)(23)(56) ) (RBTRT 1?2 =(174)

Figure 13.8: Basic commutators on the Oval Track puzzle






