Coherence Theorems in Two-Dimensional Category Theory



1 Introduction

Coherence theorems in category theory were originally defined roughly as any results which imply that some diagrams
commute. In the introductory material of [3], G.M. Kelly argues that this definition can be extended to include his work in
that paper: “It is reasonable - and probably very common - to use the term ‘coherence theorem’ for a result which, having
found out something about D* from a knowledge of its algebras, goes back to these algebras and deduces something useful
about them.” Here D* refers to a 2-monad with the pseudo-algebras of any given 2-monad D as its algebras. Kelly goes on,
in [3], to point out that such results may often imply that some diagrams commute. We can conclude theorems that allow
us to deduce information about the algebras of a monad might be included under the heading of coherence results.

The purpose of this paper is to examine these senses of what it means to be a coherence result by presenting various
results in 2-dimensional category theory in a manner accessible to anyone with a basic knowledge of ordinary, 1-dimensional
category theory.

In Section 2, we define structures of two-dimensional category theory necessary for the results of Sections 3 and 4. Section
3 uses the Yoneda Lemma for Bicategories to show that every bicategory is biequivalent to a 2-category, tracing a path similar
to that of Tom Leinster’s Basic Bicategories [4]. Section 4 works through proving, by the same method in Section 1 of Joyal
and Street’s Braided Tensor Categories [2] that every free monoidal category is strictly tensor equivalent to the free strict
monoidal category with the same generating category.

In Section 5, we take a step back and show applications of the main theorems of Sections 3 and 4, in the form of proving
that some classes of diagrams commute.

In Section 6, we define terms involving 2-monads and their algebras and go on to state and give a sketch proof of the
main theorem of Power’s A General Coherence Result [5].

The paper concludes in Section 7 by examining applications of the main theorem of Section 6, particularly those resembling
the results shown in Sections 3 and 4. Thanks particularly here to Dr. Richard Garner for his reformulation of a theorem in

[1] and helpful conversation regarding this material.

2 Basic Definitions for Two-Dimensional Category Theory

We begin by defining a 2-dimensional category, one of the stricter structures we will examine. Note that for clarity of
expression we often describe higher dimensional categories in terms of n-cells, where O-cells are objects and n-cells are
morphisms between (n — 1)-cells. Also, we use 1 for the one-object discrete category and 1 to denote identity 1-cells and
2-cells. Various subscripts will be appended to 1 and other morphisms, but in many cases, where context indicates sufficiently

well what is meant, they will be left off to reduce clutter.

Definition 2.1. A 2-category C is a category such that for any X,Y € obC, C(X,Y) is also a category. The morphisms
of each C(X,Y) are called 2-cells, and their operation of composition is called vertical composition. Further, for each
X,Y,Z € ob(, there is a functor cxyz : C(Y,Z) x C(X,Y) — C(X, Z) which has its action on the morphisms of C given by
composition in C. The action of these functors on 2-cells, however, defines an additional type of composition of 2-cells, called

horizontal composition:



exyz :C(Y,Z)xC(X,)Y) — C(X,2)
(9, f) —gof
g f golf
ey
g I g'of
The objects of C, 2-cells of C, and horizontal composition give the objects, morphisms, and composition of morphisms of
a category; in particular, this means there are identities for horizontal composition. Further, observe that the functorality
of cxyz ensures that horizontal composition distributes over vertical composition and vice versa, i.e. given 1-cells f,g,h €
C(X,)Y), u,v,weC(Y,Z,)and 2-cells o : f =g, 8:9g=h,y:u=v,d:v— w, we have (§x3) - (yxa)=(d-v)*x (8- ).
These compositions are typically shown diagramatically as below, suggesting the origin of the terms vertical and horizontal

composition.

To gain an intuition for 2-categories, it is helpful to note that the archetypal 2-category is CAT, with 0-cells categories,
1-cells functors, and 2-cells natural transformations.

Next, we examine bicategories, which are weaker 2-categories. The main difference is that when we forget any structure
involving 2-cells in a bicategory, we are not left with a category. Instead, in a bicategory, identity 1-cells and associativity
of composition of 1-cells need only be present up to isomorphism. The data and axioms of a bicategory are accordingly

weakened to accommodate this difference.

Definition 2.2. A bicategory B is a collection of O-cells where for each pair of objects X and Y, B(X,Y) is a category.
The objects of each category B(X,Y') are the 1-cells of B, the morphisms are 2-cells, and their operation of composition is
called vertical composition. For each X,Y,Z € obB, there is a functor which gives composition of 1-cells and horizontal

composition of 2-cells:

CXYyZz: B(Y, Z) X B(X, Y) — B(X, Z)
(9, f) —gof
(B,0) — (Bxa)

We have the following natural isomorphism to describe the associativity of 1-cells in B:

B(C, D) x B(B,C) x B(A, B) -2 B(C, D) x B(A, C)

cgop X1 CACD
QABCD

B(B, D) x B(A, B) B(A, D)

CABD

Also, for each object X, we have a functor which picks out a particular 1-cell from X to X:

Ix:1— B(X,X)



The image of Iy, denoted 1x, is called the unit or the identity on X. However, unlike the strict identities of 2-categories,
the identities in bicategories need only act identically up-to-isomorphism when composed with other 1-cells. The unitality of

thse identity 1-cells, that is, the weak identity requirements, are given by the following natural isomorphisms:

B(A,B) x1 1 x B(A, B)
1><IA\L A = IBXl\L ZR
= =
B(A, B) x B(AaA)CW B(A, B) B(B,B) x B(A, B) cﬁ B(A, B)

Finally, any 1-cells f, g, h, k with appropriate domains and codomains satisfy axioms given by the following commutative

diagrams:
((kh)g)f (k(hg)) f
(kh)(gf) \ k((hg)f) f————g(f)
k(h(gf))

Just as a group may be viewed as a category with one object, a monoidal category V may be viewed as a bicategory V
with one object, denoted %. The objects of V correspond to the 1-cells in V, which all map from = to itself, and the morphisms
of V correspond to the 2-cells of V. Then the data and axioms of the bicategory correspond with monoidal structure. For
example, the functor I, picks out the 1-cell of V corresponding to the unit of V. Also, if V is a strict monoidal category,
the data and axioms correspond in the same way to those of a 2-category with exactly one object. Further, we notice that
f/(*, %) is isomorphic to the monoidal category V, and so we often think of the two interchangeably.

Now, we need ways of mapping between these 2-dimensional categorical structures analogous to functors mapping between

categories.

Definition 2.3. A morphism F from B to B’, bicategories, consists of:
e A function F : obB — ob B’
e For each pair A, B € ob B, a functor Fap : B(A, B) — B'(F A, FB)

e For any three objects A, B, C' € ob B, natural transformations:

B(B,C) x B(A, B) c B(A,C) 1 B4, A)
FBCXFAB\L / iFAC \/iA lFAA
$aBC T4

B(FB,FC) x B (FA, FB)

B(FA,FC) B'(FA,FA)

c

Given any g € B(B,C) and f € B(A, B), we refer to the component of ¢apc at g x f as ¢g¢ : Fgo Ff — F(go f).

The natural transformation ¢4 consists of a single 2-cell in B’ of the same name, ¢4 : 1pa — F(14).



Any 1-cells f, g, h with appropriate domains and codomains satisfy an axioms given by the following commutative diagrams

(note dashes have been added to indicate morphisms are in B'):

(FhoFg)o Ff s F(hog)o Ff —~ F((hog)o f)

Fho(FgoFf)W—FhoF(gof)TF(ho(gof))

Ffolh, — FfoFIy— " F(fol,) LhpoFf 2 Flpo Ff—2~ F(Igof)
rli / l,l /

Ef Ef

In the case where the morphism F' preserves associativity and unitality up to isomorphism, that is, for any A, B, C' € ob B,
¢4 and ¢papc are natural isomorphisms, we call F' a homomorphism. When all the ¢4, ¢ apc are equalities, F is a strict
homomorphism. If B and B’ are 2-categories, a strict homomorphism is called a 2-functor.

Furthermore, if B and B’ are 1-object bicategories, and F is a (strict) homomorphism, F is a (strict) tensor functor F.
with domain and codomain monoidal categories B(x, ) and B'(x, *), respectively, along with a function sending the object
of B to the object of B'.

Next, we define the arrows between morphisms, that is, the structures analogous to natural transformations in CAT.
Definition 2.4. Given morphisms between bicategories, F, G : B — B’, a transformation o from F to G consists of
e For each A € ob B, component 1-cells FA 2% GA

e Natural transformations B(A, B) __Fas_ B'(FA,FB)
GAB\L / \L(O’B)*
B'(GA,GB) R B'(FA,GB)

oA

where (04)* and (op). respectively indicate the functors induced by precomposition with o4 and postcomposition with

op. Given any f € B(A, B), o5 gives the individual 2-cell giving the component of o4 from g4 0 Gf to Ffoop.

Given 1-cells f and g with appropriate domains and codomains, transformations obey axioms indicated by the following
commutative diagrams:

1xoyf a1

(Ggon)OUALGQO(GfoaA)HGgo(oBoFf)—>(GfoaB)oFfL*L(acoFg)oFfLUCo(FgoFf)

w*ll ll*d)

G(gof)ooa ocoF(gof)

I., o —>l/ —Cl ol
GACTA 0A 0ACdpa

w*li ll*qﬁ

GIAOO'A O'AOFIA

G‘IA



In the case where the 0 4p’s are natural isomorphisms, ¢ is a strong transformation. Furthermore, in the case where B and
B’ are 2-categories and F,G are 2-functors, if each op is an identity we have precisely the naturality condition needed
for o to be a 2-natural transformation. When B and B’ are 1-object bicategories, a (strong) transformation o is a tensor

(iso)morphism o : G.x — Fliy along with an identity 1-cell on the object of B’.

Definition 2.5. Given morphisms between bicategories, F,G : B — B’ and transformations o, ¢’ : F = G, a modification
I': 0 — o is given by component 2-cells I'y : 04 — oy : FA — GA for each A € ob B such that the following diagram

commutes:

GfoaAngoa;l (1)

|

!/
O'BOFfﬁUBOFf

Next, we look at some examples of structures which we will use in the next section that involve combinations of these

definitions.

Example 2.6. Given bicategories B and B’, we may form a bicategory [B, B’] consisting of 0-cells homomorphisms from B to
B’, 1-cells strong transformations and 2-cells modifications. If [B, B'] were a 2-category, given any homomorphism F : B — B/,
the identity strong transformation 1p : F — F would have components strict identities (1) : FA — FA. However, the
objects F'A are in B, a bicategory, and the objects of bicategories do not necessarily have strict identity morphisms, so [B, B']
is not necessarily a 2-category. However, when B’ is a 2-category, we do have the required strict identity morphisms and

[B, B'] is indeed a 2-category. For example, for any bicategory B, [B, Cat] and [B°P, Cat] are 2-categories.

Example 2.7. For any bicategory B, there is a Yoneda embedding Y : B — [B°P, Cat] which we will show is a homomorphism.
The function part of Y maps each object B € B to B(—, B), a homomorphism from B°P to Cat. The homomorphism B(—, B)
takes each A € B to B(A, B), which is a category by the definition of a bicategory.

The remaining data necessary to define the Yoneda embedding is given by functors

Yap : B(A, B) — B, Cat](B(—, A), B(—, B))

and natural transformations

B(B,C) x B(A, B) capc B(A,C)

paBC
YecxYac Yac

[Bv Cat](B(faB%B(*ac)) X [Ba Cat](B(*aA)aB(ivB)) % [Bv Cat](B(faA)vB(*7C))

Given morphisms f € B(A, B) and g € B(B,C), we follow the above diagram in both directions, arriving at transforma-
tions B(—, A) = B(—,C):



gxf gx fr——"——>gof

I |

(go (=) x(feo(=))F——=go(fo(-)) (gof)e(-)

Going around the left and bottom of the diagram, the transformation we arrive at has components given by postcompo-
sition with f followed by postcompostion with g, and in the other direction, the transformation has components given by
postcomposition with go f. So, ¢4¢ is a modification from this first composition to the second. Since these transformations
are between functors mapping into Cat, their components at an object D € B are functors B(D, A) — B(D,C). The compo-
nent of the modification ¢4; at D, (¢47)p, is then a natural transformation between these two functors. Given a morphism
h € B(D, A), the component of (¢47)p at h, which maps from go (foh) to (go f)o f, is given by the component at g x f x h
of apapc from the defintion of B as a bicategory.

Further, by the definition of a bicategory, apapc is a natural isomorphism, hence all its components are isomorphisms.
So, since the components of (¢4;)p are isomorphisms, (¢4¢)p is a natural isomorphism. Working our way back up, then,
¢apc is an isomorphism because 1-cells in B associate up to isomorphism. Moreover, the Yoneda embedding is in fact a

homomorphism because [B, Cat] inherits its composition structure from B.

As we will see, the main theorems of Sections 3 and 4 tell us something about diagrams commuting in categorical structures
by demonstrating the existence of sufficiently strong comparison to stronger structures. In Section 3, the Yoneda embedding

will demonstrate the existence of such a comparison. Next, we define these means of comparison used in the next two sections.

Definition 2.8. Two objects A and B in a bicategory B are internally equivalent if there exist 1-cells f: A — B,g: B — A
and isomorphisms 1 — go f in B(4,A) and fog — 1 in B(B, B).

For example, an equivalence of categories is an internal equivalence in CAT. An internal equivalence in [B, CAT] between
homomorphisms F,G : B — CAT consists of strong transformations o : F' = G, 7 : G = F such that we have isomorphisms
1— 700 in [B,CAT|(F,F) and 0 o7 — 1 in [B, CAT|(G, G).

Definition 2.9. Given a monoidal categories V, W and (strict) tensor functors F': V — W, G : W — V), they form a (strict)

tensor equivalence if there are tensor isomorphisms 0 : 1y, - Go F, ¢ : F o G — 1.

Definition 2.10. Bicategories B and B’ are biequivalent if we have a pair of homomorphisms F : B — B', G : B’ — B with

an equivalence 1 — G o F' inside the bicategory [B, B] and an equivalence F' o G — 1 inside [B’, B].

Furthermore, just as an equivalence of categories can also be given as a functor which is fully faithful and essentially
surjective, a biequivalence between bicategories B and B’ can be given by a homomorphism F': B — B’ where F is surjective

up to equivalence on objects, and Fsp is an equivalence for any A, B € B.

3 Coherence Theorem for Bicategories

We begin this section by proving the Yoneda Lemma for Bicategories using a statement similar to that of [6].



Proposition 3.1. Given a homorphism 7' : B — Cat of bicategories we have the following equivalence in [B, CAT]:

[B,Cat](B(?,~),T) = T

or dually, [B°?, Cat|(B(—,?7),T) = T

Proof. The homomorphism [B, Cat](B(?,—),T) is defined to send an object X € B to [B, Cat](B(X,—),T) the category of
transformations from B(X, —) to T, which we know to be a category by the definition of [B, Cat] as a bicategory.

We demonstrate this equivalence by constructing strong transformations o and 7 where each component gives an equiv-
alence of categories. We begin by constructing these transformations.

For any A € B, let

o4 [B,Cat](B(A,-),T) TA 7a:TA—[B,Cat|(B(A,—),T)
ab———s> & =as(la) a——a:B(A,—-)=T
@ aa(la) ()p : B(A,B) — B
T T
B Ba(la) fr—Tf(a)

a a iLB:dB:>Z)B
J/hn—>w
b

b (hp)s=Tf(h)
First, we show these maps are well-defined by demonstrating that a is a strong transformation from B(A,—) to T'. So,

we want to find natural isomorphisms:

B(B,C) BADEC Gab(B(4, B), B(A, )

TBC\L / i(@c)*
aABC

Cat(T'B,TC) Cat(B(A, B), TC)

*

ap

Following the above diagram in both directions for an arbitrary f € B(B, (), we get:

f f+—>gHIfog
Tfr——>g—TfoTg(a) g—T(fog)(a)

That is, we arrive at two functors from B(A4, B) to T'C, whose respective actions on an arbitrary g € B(A, B) are given
above. The component of G4apc at f is a natural transformation between those functors. Let the component of this natural
transformation at g be given by the component of ¢f, at a, where ¢, is the component at g x f of ¢apc, the natural
transformation from the definition of 7" a homomorphism. Since 7' is a homomorphism, ¢ 4p¢c is a natural isomorphism,
hence a4pc is an isomorphism, as desired.

Next, to show that, for any A € B, 04 and 74 given an equivalence, we need to exhibit natural isomorphisms:

n: l[B,Cat](B(A,—),T) — 74004 and €:04074 — 174



First we show e:

Observe that o4 074 is a functor from T'A to itself sending a € T A to TIx(a)

By the definition of 7' a homomorphism, there is a natural isomorphism (;5;11 :TIp — Ita. Since Ity is the unit on
T A € Cat, a 2-category, it is simply the identity functor. So, we have an isomorphism ¢Zl :040Ta — lpa, as required.

Next, n:

Observe
Tao04 : [B,Cat](B(4,—-),T) —[B,Cat|(B(A,—),T)

a:BA,-)=T +— a:B(A-)=T

5:B(A B)—>TB

JoI

ap:B(A,B) - TB
f=as(f) fr=Tf(aa(la))

Since « is a strong transformation, we have a natural isomorphism a4 p:

B(A, B) BOT)AE Gat(B(4, A), B(A, B))

TABi s l(QB)*

Cat(T A, TB) Cat(B(A, A),TB)
o
Going both way around the diagram, we have:
f——"—>9—foyg f
g—ap(fog) Tf————sg—=Tfoaalg)

In particular, for g = 14, we see we have an isomorphism between ap(fol4) and I4 — T foa(I4). Also, fol, is ismorphic
to f by the definition of a bicategory. Combining these, we have an isomorphism (o), © 043(7"]?1) cap(f) > Tfoaa(la),
as desired.

Thus we have constructed the equivalence. O
Theorem 3.2. Every bicategory is biequivalent to a 2-category.

Proof. Given a bicategory B, we claim that B is biequivalent to the full image of the Yoneda embedding Y, that is, the subcat-
egory S of [B°?, Cat] with objects {Y B|B € ob B} and for any C, D € ob BB, morphisms S(YC,Y D) = [B°?,Cat](YC,Y D).
To demonstrate the desired biequivalence, we show that Y”’, the Yoneda embedding with codomain restricted to S, satisfies
the alternative criteria for biequivalence given at the end of Definition 2.10.

First, Y’ is surjective up to equivalence on objects since, by construction, it satisfies the stronger condition of being
surjective on objects. Then, for any A,B € B, Y,z = Yap is the component at A of the equivalence given by the Yoneda
Lemma for Bicategories applied to the case where T' = B(—, B). And as we saw in the proof of Proposition 3.1, the components

of the equivalence are equivalences of categories. O



Corollary 3.3. Every monoidal category is tensor equivalent to a strict monoidal category.

Proof. Let V be a monoidal category. We view it as a 1-object bicategory V and apply Theorem 3.2. In this case, the Yoneda
embedding Y consists of a function sending the one object of % of V to a single object in [f/"p , Cat] and a tensor functor
Vi : V(*,%) — [V, Cat](V(—, ), V(—,*)). The homomorphism V(—,*) : V — Cat sends the single object of V to V(, ),
which is the category V, and sends each f € V(x,x*) to a functor f ® (—) : ¥V — V which sends objects of V to their tensor
product with f on the left.

We observe S, the full image of V in [V,Cat}, is a one object 2-category, which can be viewed as a strict monoidal
category. By definition, the biequivalence given by Y’ consists of another homomorphism as well, call it Z' : S — VY, such
that we have an equivalence 1 — Z’ o Y inside [V, V] and an equivalence Y’ o Z' — 1 in [S, S].

The equivalence inside [V, V] consists of isomorphisms 1 — Z’ oY’ ol =Z'0Y', Z' oY’ 01l = Z' oY’ — 1, which are each
given by an identity 1-cell on *, the object of V, and tensor isomorphisms 1 = Z/_ o Y/,, Z., oY/, = 1. The equivalence
in [S, S] is analogous. So, along with some additional data, the biequivalence gives us a tensor equivalence between Y/, and

Z- O

Next, we examine the construction used to prove Corollary 3.3 more closely to see why the tensor equivalence is not
necessarily a strict tensor equivalence.

As discussed in the above proof, given a monoidal category V, the codomain of the tensor functor Y., is the strict
monoidal category [V, Cat](V(—,*),V(—, )), which has objects strong transformations from V(—, ) to itself. These strong
transformations by definition each consist of a functor F': ¥V — V and a natural isomorphism relating F} o Y,, and F* oY,
where F, and F* are the functors induced by postcomposition and precomposition with F, respectively. Incidentally, in [2],
Joyal and Street prove Corollary 3.3 by constructing precisely this strict monoidal category and the tensor functor given by
Y.« and then demonstrating Y. is fully faithful.

Given any object V' € V, Y, maps it to the functor V®—, which maps from V to V by tensoring objects of } on the left with
V', accompanied by a natural isomorphism which has as its component at X a natural isomorphism (X®@—)@V 2 Ve(X®-).

For Y’ to be a strict tensor functor, we would need the following diagram to commute:

V(x, %) X V(x, %) < V(x, ast)

Yis X Yie Y

’

[V, CAT|(V(—, %), V(= %)) x [V, CAT|(V(~, %), V(=, %)) —————= [V, CAT|(V(~, %), V(~, )

If we start with (V, W) in the upper left, following it around the left and bottom of the diagram yields a strong transfor-
mation with components given by V ® (W ® —). Following (V, W) around the top and right of the diagram, we instead get a
strong transformation with components given by ((V ® W) ® —). So, the above diagram only commutes up to isomorphism
since the tensor product in V is only necessarily associative up to isomorphism. Thus Y’ does not give a strict tensor functor
in Corollary 3.3.

The main theorem of the next section shows a strict tensor equivalence.



4 Free Monoidal Categories

The main theorem of this section demonstrates a strict tensor equivalence between the free monoidal category and a free

strict monoidal category generated by the same category.

Definition 4.1. Given a category C, the free monoidal category FC has objects built inductively starting with the objects
of C, an additional object I, the unit; we then include an object M ® N for every M, N € ob FC. Then, the arrows of FC
are equivalence classes of arrows built up from arrows in C and the morphisms a,l and r from the definition of a monoidal
category by means of tensoring, substituting, inverting and composing. The equivalence relation is given by the axioms of a

monoidal category.

Consider the functor i : C — FC that includes objects of C into FC and sends arrows to the equivalence classes that
respectively contain them. Given any functor from C to a monoidal category F' : C — V), there exists a unique strict tensor

functor F’ : FC — V so that the following diagram commutes:

c : FC (2)

F ’
\ o AF

1%

The uniqueness is clear by the construction of FC and the strictness of F’. This result is what we consider to be the

universal property of FC.

Definition 4.2. Given a category C, the free strict monoidal category FsC has objects words A; As ... A, where the A; are ob-
jects of C and arrows words f1 fa ... f, with domain and codomain dom(f1) dom(f3)...dom(f,) and cod(f1) cod(fz)...cod(fy).
The tensor product is concatenation, which suggests notationally the associativity present in strict monoidal categories. The
unit of F4C is the concatenation of an empty selection of objects and, as such, acts identically when concatenated with other

objects.

Denote the inclusion of C into F,C by j : C — FsC. We have a universal property of F¢C similar to that of FC: given any
strict monoidal category W and a functor G : C — W, there exists a unique strict tensor functor G : FsC — W so that the

following diagram commutes:

C J F.C (3)

X PEaled

w

Now, use the universal property of FC as follows to produce the strict tensor functor I' : FC — FC:

c———~7Fc (4)
\ e .'3'!1_‘
FsC

Any object A € FC is of the form A; ® A ® --- ® A,, with parentheses added in to denote in what order the tensoring
occurs, where A; € C U {I} where I is the unit of FC. By the definition of ', we arrive at I'A by simply exchanging the

tensors of A for concatenation to get Ay As--- A, and then removing all the A;’s that are equal to I.

10



Theorem 4.3. For any category C, I' : FC — F,C is a strict tensor equivalence.

This equivalence can be demonstrated by displaying a functor from F,C to FC and then showing that its composition
with I' in either order is naturally isomorphic (as a tensor functor) to the appropriate identity functor. In [2], Joyal and
Street take the alternate route of showing I' is fully faithful and essentially surjective on objects. We will show this proof

method first, beginning by constructing the remaining machinery to get through their argument that I" is faithful.

Lemma 4.4. Given categories A, X and functors S, T : A — X, there exists a category Fq(S,T), a functor P : Eq(S,T) — A,
and a natural isomorphism o : SP = TP such that for any functor F': C — A and natural isomorphism 7 : SF' = TF, there
exists a unique functor K : C — Eq(S,T) such that PK = F and oK = 7. That is, there is a unique functor that factors
both F' through P and o through 7. Furthermore, if A, X are monoidal and S, T are tensor functors, there exists a unique

monoidal structure on Eq(S,T) such that P is a strict tensor functor and o is a tensor isomorphism.

Proof. Let A, X be categories, and S, T' be functors from A to X.
We construct the category Fq(S,T) with objects pairs (A, h) where A € ob. A and h: SA — T A is an isomorphism. The
morphisms of Eq(S,T), f: (A,h) — (A",1), are arrows f: A — A’ in A such that g4 _" . 74 commutes.

a |

SA A
We construct the functor p . Eq(S,T) —— A

(Ah)——— A

(4, 1) A
Y —)
(A/,h/) A/

s
The diagram Eq(S,T) P _ A~ x commutes up to natural isomorphism o : SP = T'P with components aan = h.
’ - > ’
T
The naturality of o comes from the construction of morphisms in Eq(S,T).

Next, suppose we are given a category C, a functor F' : C — A, and a natural isomorhism 7 : SF = TF. We will next

show there exists a unique functor K : C — Eq(S,T) such that ¢ K = 7 and

C commutes. (5)

‘| \
Eq(S,T) ?A

Construct K as follows: g .c o Eq(S,T)

CrH—-n (FC,Tc)

C (FC,7¢)
Vf——Ffy
C’ (FC' 100)

Note K is well defined as a functor into Eq(S,T), that is gpo . T7FpCc commutes by naturality of 7.

SFfl J/TFf

SFC/?TFC/
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By construction, then, (5) commutes.
Observe that 7 = oK : SPK — TPK, that is, for any C € C, oxc = 0(rc,re)-
Now, to demonstrate the uniqueness of K, suppose we have a functor K’ : C — Eq(S,T)
such that c commutes.
| \
Eq(S,T) £—= A
Since this diagram commutes, for any C' € C, K'C = (FC,n¢) where n¢ is some isomorphism §po = < TFC -
Further, PK'f = Ff forany f:C — C'"inC,so K'F =Ff:(FC,nc) — (FC',nc) such that
SFC > TFC
SFf TFf

SFC' <> TFC!
commutes by the construction of Eq(S,T).

Thus the n¢’s are the components of a natural isomorphism 7 : SF — TF and oK' = 7.

Thus the map K’ : C — Eq(S,T) is uniquely determined by the choice of natural isomorphism SF = TF.

Now, suppose A, X are monoidal categories and S, T" are tensor functors.

First, suppose we have a monoidal structure on Eg(S,T) such that P is a strict tensor functor and o is an isomorphism
of tensor functors. Since P is a strict tensor functor, we know (A,h) ® (A',h') = (A® A’,h") for some h"” : S(A® A") —
T(A® A).

Since 0 : SP = TP is an isomorphism of tensor functors,

SP(A,h) @ SP(A, 1) —2* = SP((A,h) @ (A, 1))

U(A,h)®0'(A’,h’)\L l"(A,hm(A/h’)

TP(A,h) @ TP(A',1) — TP((Ah)@ (A, R))

commutes, where ¢g and ¢ are the natural isomorphisms from the definitions of S and T respectively as tensor functors.

The above diagram simplifies to g4 g 54’ _®s. S(A® A"

h®h/l \Lh”

T
Soh =¢ to(h®h)oor
Let I be the object of A which is part of the unit object of Eq(S,T). We see I must be the unit object of A since P is

a strict tensor functor. Since S and 7" are tensor functors, we have isomorphisms f,, s ST+ Iy gT 7 where Iy is the

unit of X
Since o : SP = TP is an isomorphism of tensor functors, I _Ps0_ §J  commutes, so the unit object of Eq(S,T)
¢T,Oi %

TI
is (I7 ¢§i) © ¢T,0)'
So, we have shown the uniqueness of the monoidal structure in Eq(S,T) since it has been completely determined by the

assumption that P is a tensor functor and o is an isomorphism of tensor functors. For existence, we can simply define the

12



monoidal structure on Eq(S,T) to be given by tensor product (A,h) ® (A',h') = (A® A',¢ Lo (h® K)o ¢r) and unit
(I, q&g}) o ¢7) where I is the unit object of A. This is a well-defined monoidal structure, and we already know it satisfies

the appropriate diagrams to show that P is a strict tensor functor and ¢ is an isomorphism of tensor functors. O

Now that we have shown the presence of these weak equalizer structures in CAT and in the category of monoidal categories

and tensor functors, we can show the following result (Proposition 1.5 in [2]):

Proposition 4.5. Given a monoidal category V), every tensor functor 7' : FC — V is isomorphic to a strict tensor functor

S:FC—=V.

Proof. Given a tensor functor T': FC — V), by the universal property from FC free, there exists a unique strict tensor functor

S:FC—Vsuchthat ¢ * ¢

k\ g comimutes.
k
V

By Lemma 4.4, there is a unique tensor functor K : C — Eq(S,T) such that PK = i and oK : Si = Ti is an identity,

where o : SP = TP is the isomorphism constructed in the proof of the lemma. Using the universal property of FC again,

we have a unique strict tensor functor K’ such that ¢ i FC commutes.
X\ ~ K
Eq(S,T)
So far, we have constructed C
P s
Eq(S,T) FC Vv
K’ T

We know P is strict by Lemma 4.4 and K’ is strict by construction, so PK’ is strict as well.

By construction, PK = ¢ and K'i = K, so PK'i = ¢ and we have PK’ = 1 by the uniqueness part of the universal

property of FC applied to the following diagram: C : FC
\\ 1;/
‘ PK’
FC
Since o is an isomorphism, c K’ : S = T is an isomorphism, as desired. O

To show that I" of Theorem 4.3 is faithful, then, we first observe from Corollary 3.3 that there exists a faithful tensor
functor into a strict monoidal category, T : FC — W. Further, by Proposition 4.5, there exists a strict tensor functor
S : FC — W such that S 2 T. So, S is also faithful. By the universal property of F,C, there exists a unique strict tensor

functor R such that N e F,C commutes.

A s =l

w
Since RI'i = S, by the universal property of FC, RI' = S. Thus I' must be faithful.

To argue that T" is full and essentially surjective, we need one last construction: an extension of i : C — FC to i’ : F,C —
FC. Viewing F,C as the disjoing union of categories C™ for all NU {0}, we define ¢’ inductively as follows, where i/, is the

restriction of i’ to C™:

=1, & =i i, = =crxe 2l Fe x Fo -2 F0)
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That is, ' (A142... Ap) = (- (A1 ® A3) ® - - ® A,,) where A; € C for all i.

Noting that T'o i’ = 1£,¢, we see T is surjective on FsC. Also, if ¢ is essentially surjective, I 0 i’ = 1x ¢ implies that T’
is full. That is, given any f : A — B, A,B € FsC, then T' o4’ o f = f, so the function, F;C(A, B) — FsC(A, B) given by
T o' is onto, and thus so is the map FC(i’A,i'B) — FsC(A, B) given by I'. However, for any function C, D € FC, the map
FC(C,D) — F,(I'C,T'D) given by I' is not necessarily surjective. However, this map is surjective if there exist isomorphisms
w:i'X = C,(: D — Y for some X,Y € F,C, since given any g : I'C — I'D, we have ' o goTw : '’ X — T'V'Y so there
exists h : X — Y such that Th =T(ogoTlw, hence I("!oThoTw ! =T(("tohow™ ) =y.

To show that 4’ is essentially surjective, since I' 0 i’ = 1x,¢, it is sufficient to simply observe that any two objects in FC
that have the same image under I' are isomorphic by means of associativity and inverse right and left unitality isomorphisms.

This completes the first proof that I' is a tensor equivalence. However, much of the machinery needed to demonstrate
that T" is an equivalence by constructing a pseudoinverse has already been established. As noted above, I'o i’ = 1z¢. In
the other direction, as discussed, i’ o " takes an object of FC, expressable as objects of C U {I} tensored together in some
order, removes instances of the unit and rearranges the association of the tensor products to go from left to right. Given an
arbitrary morphism f : A — B in FC, by definition f can be built from arrows in C and morphisms a, I, and r from the
definition of a monoidal category by means of tensoring, substituting, inverting and composing. Applying ¢’ oT" to f removes
the instances of a, [, and r and replaces the tensoring with concatenation, and then puts the tensoring back in from left to
right. We give the components of a natural isomorphism 7' oI’ = 17¢ by combining associativity and unitality isomorphisms.

Then naturality comes out of the consistency of the definition of the isomorphism with the definition of i’ o I.

5 Commuting Diagrams

In this section, we show some classes of diagrams commute by using the coherence results we have proven. That is, now we
are seeing why these theorems are called coherence results.

First, we look at a result coming from Theorem 3.2. The discussion is similar to that given in [4].

Application 5.1. Given a bicategory B, any diagram built out of a, [, and r, that is, the 2-cells giving associativity and

left, right composition with unit elements, commutes.

Given 1-cells f, g, h with appropriate domains and codomains, we show an example of such a diagram below:

- (h(I9))f
h)g)f h((19)f)

(hg)f ———h(gf)

((

Next, we bring the above diagram into a 2-category using the restricted Yoneda Lemma Y’ from the proof of Theorem

3.2. First, we apply Y’ to the diagram above. Next we apply Y’ individually to the 1-cells of the diagram and combine them
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in the same order as above within the 2-category which is the codomain of Y. We show these diagrams below, using a dash

to indicate associativity and left and right unitality morphisms in this 2-category.

Y'((h(19))f) hY'IoY'g)Y'f
(hD)g)f) Y'(h((19)f)) (Y'hoY'I)Y'g)Y'f IoY'g)Y'f)
(Y'(m J{Y’(l*(l*l)) m J{u(z’u)
Y'((hg)f) SV Y'(h(gf)) (Y'hoY'g)Y'f — Y'h(Y'goY'f)

Clearly the diagram on the right commutes since associativity and unitality morphisms are identities in 2-categories.
The definition of a homomorphism gives us natural isomorphism with which to compare the arrows of the diagrams above.
For example, the following diagram commutes since Y’ is a homomorphism; the arrows ¢ are natural isomorphisms with

appropriate domains built up from ¢’s and ¢4’s.

(Y'R(Y'ToY'g)Y'f L Y'((h(Ig))f)

a’_l*ll J{Y’(al*l

(Yho Y'Y g)Y'f -—=Y'((h1)9)])
Now, comparing all the arrows in our diagrams like this, we have the following:

(Y'h(Y'T o Y'g))Y'f

/ Y’a
((V'h o Y'I)Y i)Y' f = Y'(((h Y/(h((I9)f)) < Y 'h((Y'T o ¥Y'g)Y"f)
\ J{Y’(l*(l*l))
Y/ (rxl)%
(r'*1)x1 hg)f) T via Y'(h(gf)) Li(l'%1)
/ X
(Y'hoY'g)Y'f - Y'h(Y'goY'f)

The outer diagram commutes and each individual square constructed with the ¢’s commutes, as discussed. So, by a
diagram chase, the inner diagram commutes. The inner diagram is simply Y’ applied to our original diagram, so is this
strong enough information to tell us our original diagram commutes? That is, if Yo = Y’ for some 1-cells a and /3, does
a = 37 Well, the component functors of Y’ are faithful, so yes, our original diagram commutes.

Just as Theorem 3.2 implies Corollary 3.3 any diagram in a monoidal category built out of associativity and right and
left unitality arrows commutes as well.

Next, we examine diagrams in a more specific type of monoidal category:

Application 5.2. Let A be a small discrete category. Any diagram in the free monoidal category FA commutes.
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By definition, any arrow in FA is built out of identity, associativity, and right and left unitality morphisms, so any
diagram in FA commutes by an argument parallel to that given in the previous application.

However, in [2], rather than examining the morphisms in FA, Joyal and Street present a more hands-off argument using
Theorem 4.3, which is cute enough to be worth mentioning as well. The form of the argument is also parallel to that used
in the previous application, executed by applying the strict tensor equivalence I" of Theorem 4.3 to any diagram in FA.

However, here all diagrams commute in the target of I, FA, because it is a discrete category.

6 Algebras of 2-Monads

In the first part of this essay, we examined results which we considered coherence theorems in the sense that they allow us to
prove that classes of diagrams commute. Now we move on to examining coherence theorems in the extended sense mentioned
in the introduction. The main theorem given in this section is the primary result of [5]. It shows that if a 2-monad has a
particular quality, then each of its pseudo-algebras are equivalent, in a sense we will define, to a strict algebra. We begin by

presenting the definitions necessary for the statement of this theorem.

Definition 6.1. Given a 2-category K, a 2-monad T on K consists of a 2-functor T" : K — K and 2-natural transfor-

mations p : T2 = T, n : 1 = T such that for any X € obK the diagrams (familiar from the definition of a monad)

nTx Tnx HTX

T2X Tx and  p3x HTX_ 2y commute.

nx Tux nx
1rx 1rx

TX T°X ——=TX
nx

TX

Definition 6.2. Given a 2-category K and two monads D = (D,n,mu) and E = (E,n, /) on K, a 2-monad map is a
2-natural transformation 7 : D = F such that y'-72 = 7 and ' = 7 -7, where 72 is the 2-natural transformation from D?

to E? induced by 7.

Definition 6.3. Given a 2-category K, a pseudo-T-algebra is given by an object A in K, a morphism a : TA — A and
invertible 2-cells ¢ and 6:

Ta

A" TA T2A "%~ TA
A
such that
1ra
TA TA
N T
T2A f TA
l 1ra
a Ta a a
Tna
TA = TAJE/A = na=—==T"4 A TA
na a
/ WC\ “ /g/ 9 a
A A TA A
1a a
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and

T3A Hra T2A T34 — T4 72y
T2, T2A ka TA T4 Ta TA
T2A Ta o a — T2A— M 74 a
TA . A TA . A

When ¢ and 6 are identities, the pseudo-T-algebra is a T-algebra, which we may refer to as a strict T-algebra for emphasis.

The equivalence of pseudo-algebras and algebras in the main theorem of this section occurs in the 2-category Ps—T — Alg,
which has objects pseudo-T-algebras, 1-cells pseudo-T-algebra morphisms, and its 2-cells are algebra 2-cells. We define these

last two as follows:

Definition 6.4. Given pseudo-T-algebras a := (A, a, 04, CA) and b := (B,b,0p,(p), a morphism of pseudo-T-algebras from
a to b is given by a 1-cell f and an invertible 2-cell f 74 2/ 7p

A B
such that
f
A— B A —> B
nA nB
1B
—> TB CB — A CA
—— =B
and

24— "1 2R

\/\ AN

BA uB TB
TA o - b - TA —/>TB
A B

Definition 6.5. Given pseudo-T-algebras as above and algebra morphisms (f, f), (g,3), an algebra 2-cell o : (f, f) = (f, )
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isa 2-cell a: f — g in K such that

s

TA j@ TB TA—" 7B
Tg

a b = a b

@l
<~

An equivalence of pseudo-T-algebras a := (A,a,04,Ca), b := (B,b,0p,(p) in Ps — T — Alg is given by morphisms of
pseudo-T-algebras f : A — B, g : B — A such that there are invertible algebra 2-cells a: go f = 14, f: 1 = f o g where
14 and 1p are identity morphisms on the algebras a,b.

Theorem 6.6 below deals with the case when our 2-category is Cat? where Cat, is the 2-category with objects categories,
1-cells functors, and 2-cells natural isomorphisms and X is a set. So, we may think of the objects of Catff as collections of

categories indexed by X and the morphisms as collections of functors indexed by X.

Theorem 6.6. Let T = (T, 71, 1) be a 2-monad on Cat;(. Suppose that for any morphism f: A — B in Cat;( such that for
each x € X, the component functor f, : A, — B, is a bijection on objects, the morphism T'f, : TA, — T B, is a bijection

on objects for all x € X as well. Then every pseudo-T-algebra is equivalent in Ps — T — Alg to a strict T-algebra.
In [5] Power goes on to show this quick corollary, which gives Theorem 6.6 in a nicer form:

Corollary 6.7. The statement of Theorem 6.6 holds if we replace Cat;( with Cat™.

X

g » and an equivalence of pseudo-T -algebras is also

Proof. A 2-monad T on Cat™ restricts nicely to a 2-monad T, on Cat

an equivalence of pseudo-T-algebras. O
Next we give a summary of Power’s argument in [5] to prove Theorem 6.6

Sketch Proof of Theorem 6.6. Power’s proof is constructive. Given a pseudo-T-algebra in Cat;(, i.e. an object A = (Ay)zex
where each A, is a category and a morphism a : TA — A = (a, : (TA), = Az)zcx satisfying the necessary axioms, Power
constructs the desired strict algebra by factoring each component functor a, as a, = g, o h, for g, fully faithful and h,
bijective on objects and inducing the desired strict algebra on B = (B,)zex where B, = domg,. Note B, has the same
object set, up to isomorphism, as A,.

Power uses this factorization to construct the strict algebra b : TBB — B by inducing a map across the diagonal of the

following diagram, which commutes up to the natural isomorphism 64 from the definition of a pseudo-algebra:

724 s TR
#Ai ) ng
TA -, TA

Fulfilling the necessary axioms to show the algebra is strict and that ¢ is a morphism of algebras forming part of the

equivalence between a and b comes from the construction of b and the fact that a is a pseudo-T-algebra. O
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Theorem 6.6 has the same ring to it as Theorems 3.2 and 4.3; we have a means of comparison between a structure and a

stronger structure, in this case an equivalence in Ps — T — Alg between a pseudo-algebra and an algebra.

7 Applications of Theorem 6.6

The hypothesis of Theorem 6.6 may seem very specific, but in the following examples of where we apply the theorem, we can
see how strong the result really is; in fact it yields results similar to those shown in Sections 3 and 4.

There is a class of 2-monads on Cat called flezible which Power references briefly in the introduction of [5] as among the
2-monads to which Theorem 6.6 applies.

Proof that any pseudo-algebra of a flexible 2-monad T is isomorphic to a strict T-algebra predated the writing of [5].
However, among the flexible 2-monads on Cat is the 2-monad for which monoidal categories are the algebras and the result
that any pseudo-algebra is isomorphic to an algebra gives us a result similar to Theorems 3.2 and 4.3. So we give a brief
discussion here of flexible 2-monads leading up to a result involving this particular 2-monad.

Given a 2-category K, there are 2-categories 2Mnd(K) and 2Mnd,; (K) consisting of objects 2-monads, 1-cells, respectively,
2-monad maps and their up-to-isomorphism counterparts, 2-monad pseudomorphisms, and 2-cells modifications. There is
an adjunction between 2-functors (=) 4 I : 2Mnd(K) — 2Mnd(K) where I is an inclusion and (—)’ takes a monad D in
2Mnd,;(K) to a monad D’ in 2Mnd(K) which has as its algebras the pseudo-algebras of D.

We take as our definition of flexibility two equivalent characterizations which are given in Theorem 4.4 of [1]. They are

reformulated as follows, where the 2-monad map ¢p refers to the D component of the counit of the adjunction (—)" = I.
Theorem 7.1. Given a 2-monad D on a 2-category K, the following conditions are equivalent:
1. D is flexible

2. The 2-monad map ¢p : D' — D is a retract equivalence in 2Mnd(K) (i.e. there exists a 2-monad map pp : D — D/

such that gppp = 1p and there is a natural isomorphism ppgp = 1p/).
3. There exists a 2-monad E and 2-monad maps f, g D(_f>]E/ _ 9. psuch that gf = 1p.

The characterization of flexibility (2) above seems like it might be easier to use since it only involves the 2-monad in
question and the closely related dashed version. However, since (2) clearly implies (3), (3) is a more general criterion, and we
will find (3) to be easier to use when demonstrating that our specific monad is flexible as we can make a convenient choice

for the second 2-monad E in order to facilitate the construction of the monic and epic 2-monad maps.

Application 7.2. Any category with a pseudo-T-algebra structure is a monoidal category, where T is the 2-monad on Cat

with monoidal categories as its strict algebras.

First, we construct the flexible 2-monad on Cat, T = (7,7, ) which has monoidal categories as its algebras. After
defining it, we will verify that it has the correct algebras, prove it is flexible, and then show the above result.

The 2-functor T sends a category C to the free monoidal category generated on it, FC and a functor F : C — D to the
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strict tensor functor TF : FC — FD induced by the universal property of FC:

c ‘e FC

AN

D YTF

k»‘

FD

The unit of of the monad, n, has components ¢ = i¢c. Given a functor F': C — D the naturality square

C i, FC commutes since it is precisely the definition of T'F'.

|

ip
We again use the universal property of the free monoidal categories to define the components of u:
FC ire F(Fc)  The naturality of y follows from its definition.
lrc = 'YIFHC
FC

Finally, we want to verify the axioms for a 2-monad, i.e. the following diagrams commute for any category C:

FC—% F(FC) XL FC and F(F(FC)) > F(FC)

He HFC pe
lrc l lrc i l

FC F(FC) Fe

pe

For the unit laws diagram, the right hand side is the definition of uc. For the left hand side, consider the following
commutative diagram, which has the definition of Tn¢ on top and the definition of y¢ below: ¢ ic FC

gk

FC 75 F(FC)

FC
By the uniqueness part of the universal property of FC, uc o Tic = 1r¢, and thus the left hand side of the unit laws

diagram commutes. The associativity law diagram follows by a similar argument.

Now, we will show the algebras for T = (T, n, 1) are in fact what we intended. Suppose V is a monoidal category. Define

a strict tensor functor V' using the universal property of a free monoidal category: 7, v FV

To show V gives a T-algebra, we need to verify the following diagrams commute:

V-0 FY oand F(FY) 22s Fy

N

FV 1%

v

The diagram on the left is the definition of V. For the diagram on the right, consider the following commutative diagrams
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which are the definitions of puy and TV, respectively, with V appended:

FV Cad F(FV) FV Ead F(FV)

x A 1& %
1% FV FV FV
N/ N
% 1%

Observing V o4y, = 1y, the uniqueness part of the universal property shows that VoTV =V opuy, hence V : FV — Vis
an algebra for T.

In the other direction, suppose a category W is an algebra for T, that is, there is a functor W : FW — W such that

W% FW  and FFW) 22> FW  commute. (6)
\ lW TW\L lW
1y
w FW w

We then observe that there is a monoidal structure on W carried in by W. Given A, B € obW, let A® B=W (A ®f B)
where ®r is the tensor product in FW and let the unit in W be I = W (I where I+ is the unit in FW. Then we have the
appropriate isomorphisms and commutative diagrams from the structure of /W and the algebra axioms to satisfy the data
and axioms for W to be a monoidal category.

For example, consider I ® A and A. In FW, Ir @ A = A, so by the functorality of W, W(lr @ 7 A) 2 W(A). By the
commutative diagram on the above left, W(A) = A. By applying the second commutative diagram to Ir @ zr A (where
®zr is the tensor in F(FW)) we have W(Ir @ A) = W(I ®r A). By definition, W(I ®r A) = I ® A. Hence A= 1 ® A.

Further, we can see that W must be a strict tensor functor, consistent with the previous proof that monoidal categories
are among the algebras of T.

Our definition of T shows that it satisfies the hypothesis of Theorem 6.6; if F': C — D is a functor bijective on objects,
TF is bijective on objects as well since T'F' is a strict tensor functor and acts on objects of C included into FC the same way
that F' does.

However, in order to demonstrate that the monad T is also flexible, we take a detour to examine a 2-monad which will
allow us to fulfill condition (3) of Theorem 7.1.

This 2-monad on Cat, D = (D, 7, i), has strict monoidal categories as its strict algebras. We can construct of D in a way
similar to that for the 2-monad for monoidal categories. The functor part of D takes a category to the free strict monoidal
category it generates and the unit and multiplication 2-natural transformations are induced by the universal property of
free strict monoidal categories. Given a category C, we can think of the free strict monoidal category FsC as a l-object
2-category with 1-cells objects of C and composition of 1-cells given by concatenating these objects. The 2-cells are then the
concatenated 1-cells from C.

The pseudo-D-algebras are categories C and functors F' : F,C — C such that the following diagrams commute up to
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isomorphism:

c—LFe F(Fo) 2 Fe
1c § lF ﬁcl = iF
C F.C ¢

F

The pseudo-D-algebras must also satisfy the coherence conditions from the definition of a pseudo-algebra. Keeping in
mind that F,C can be viewed as the disjoint union of categories C™ for all n € N € U{0}, we can think of F' as a collection

of functors ®,, : C™ — C, and re-express the pseudo-algebra conditions as follows:

e For all C € C, there is an isomorphism ®,C = C.

I7¢

e For any n € N, {mq,...m,} € N, isomorphisms ®;,(®m,(C11,---,Crm;)s- -+, @m, (Cn1s---, Cnm.,))

OFcicn m; (C11s -+ Cimy, Ca1, ..., Cpm,, ) where each C;; € obC.

The monad I’ has as its algebras the pseudo-algebras of D, and so the functor D’ freely endows any category with the
structure given above. That is, given a category C, the objects of D’C are built up inductively starting with the objects of
C and then including ®,,(C4,...,Cy) for any n € N and C; € DC. The arrows of D’C are also built up inductively, starting
with the arrows in C, adding the arrows for the isomorphisms given above, and including ®,,(f1,..., f,) for any n € N and
fi’s 1-cells of DC as well as any possible compositions.

Now we can describe the components of the 2-natural transformation portions of the 2-monad maps f and g which fulfill

condition (3) of Theorem 7.1 to show that T is indeed flexible. That is, given any category C we have

TC = Fed » pc — %S Fe=T1cC

Given any object of FC, the functor fe replaces the unit with ®( and replaces tensor products with the unit as one of their
arguments with ®; and then replaces remaining tensor products with ®9. For example, fe replaces C ® I with ®1(C®y),
I®C with ®1(®0C) and C® C’ with ®2(CC"). Then the functor g¢ replaces ®g with the unit, adding a tensor product when
necessary, and ®,(C1Cq---Cy,) with (--- ((C1 ® C2) ® - - - @ Cy,) for any n > 1 (the same as the action of i’ on C1Cs - - - C,,.
For example, g¢ would map ®3(C1 ®9 C2C3) to ((C1 ® I) ® C3) ® C3). By construction fe and g are respectively injective
and surjective, as required.

Now that we have shown T is flexible, we examine what it means that each of its pseudo-algebras is isomorphic in
Ps — T — Alg to a strict T-algebra. Since the monads we are looking at are on Cat, this isomorphism means, along with
coherence conditions, that for any category C which is part of a pseudo-algebra, there exists a category D with the strict
algebra structure which is isomorphic to it, that is, there exist functors F' : C — D and G : D — C such that Go F = 1¢
and F o G = 1p. In the case we examined above, where the algebras of T are monoidal categories, this means that for any
category V with a pseudo-T-algebra structure, V is in fact monoidal since we can bring the monoidal structure across the

isomorphism.

As mentioned in the introduction to [5], the 2-monad D for strict monoidal categories is not flexible. So, the following
application, which features a generalization of I, is a case where Theorem 6.6 improves our knowledge of equivalences of

pseudo-algebras and algebras beyond what is given to us by flexibility.
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Application 7.3. There is a monad on Ca to which Theorem 6.6 applies which has algebras 2-categories and pseudo-

algebras bicategories.

In the previous example, we examined the 2-monad I’ on Cat which has strict monoidal categories as its strict algebras.

This construction can be extended to the case where we put a free structure on collections of categories indexed over
X x X for a set X, i.e. objects in Cat™**. There is a 2-monad T = (T, 7, ) where T maps any A € Cat™*¥ to the free
2-category with objects elements of X, 1-cells built inductively starting with the objects of the categories A;, and composing
them by means of concatenation, and 2-cells built similarly out of the morphisms in the categories A, any equations among
the 2-cells resulting from the relationships within and between the categories A;,. For example, given any z,y € X, 1-cells
from x to y include the objects of A, the objects of A,, precomposed with objects of A, objects of A,, postcomposed

with objects of A, etc. Also, of course, we can view T'A as an object of CatX*X

with some extra structure, just as we can
view a strict monoidal category is a 1-object 2-category or a category with extra structure. From this perspective, (T'A),, is
the category with objects as we described the 1-cells from z to y above.

t*** is again similar to the strict monoidal case. Given a morphism F €

the functor TF,y : (T A)zy — (TB)gy just

The action of T" on morphisms of Ca
CatXXX(A, B), that is, an X x X-indexed collection of functors Fy, : Ayy — Bgy,
takes each object in (T'A),,, applies the appropriate functor of F' to each of its component objects from the categories of A
and preserves their order of concatenation. For example, given Ay, € Agy, Azy € Agy, TFy(ApyAsz) = (FoyAsy) (FraAza)-

So, if every component functor of F' is bijective on objects, so is each component of T'F', hence T satsifies the hypothesis
of Theorem 6.6. Next, we examine what the conclusion of Theorem 6.6 implies about algebras in this case.

In the case of the 2-monad D whose algebras are strict monoidal categories, itsalgebras and pseudo-algebras are discussed
in the previous application. In fact, Ps — D — Alg is equivalent to the category of monoidal categories. Generalizing to

XXX with a 2-categorical structure when we consider the objects to be elements of X.

T, an algebra is an object of Cat
A pseudo-T-algebra has n-fold tensor products similar to the monoidal case, and Ps — T — Alg is also equivalent to the
2-category of bicategories with object set X. Then by Theorem 6.6, each pseudo-T-algebra is equivalent to a T-algebra in
Ps—T— Alg. The data of these equivalences in Ps— T — Alg includes functors and isomorphisms demonstrating equivalences
between the category parts of the algebras along with additional data obeying coherence conditions. Combining these, any
bicategory with a set of objects is biequivalent to a 2-category with the same object set.

This last application of Theorem 6.6 then implies results about diagrams commuting the same way that Theorem 3.2 does.
So, we can see very clearly why Theorem 6.6 can be called a coherence theorem, which nicely illustrates the definitions of
coherence theorems discussed in the introduction. However, the coherence theorems included in this essay all imply diagrams
commute by demonstrating the existence of a sufficiently strong means of comparison between a categorical structure and a

stronger structure of the same type. This characteristic gives us perhaps a more visceral sense of what a coherence theorem

looks like than that provided by the definitions given in the introduction.
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