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3.1 Trade across random states of nature

These notes outline a few basic models of trade in assets, with representative agents and when there are
no frictions on the good markets. We start by studying complete asset markets and then look at specific
cases of market incompleteness. In subsequent lectures, after reviewing the empirical evidence, we will study
models with frictions on the good markets, asset markets, as well as models with endogenous incompleteness
of asset markets.

3.1.1 Complete Markets, two periods

Small country; two periods, t and t+ 1; a single traded good; two states of nature.

• Representative household.
Endowment at date t = Yt. Output at date t+ 1 is uncertain: Yt+1 (s) with probability π (s) .

Agents make contingency plans for consumption. We will take here a simple example with only 2 states
of nature (generalization straightforward).

U = u (Ct) + β [π (1)u (Ct+1 (1)) + π (2)u (Ct+1 (2))]

Note that the utility itself does not depend on the state of nature. π (1) + π (2) = 1.

1 c°Pierre-Olivier Gourinchas, 2005. All rights reserved.
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• Arrow-Debreu security:
The owner of a “state s” Arrow Debreu security gets 1 unit of output if that state of the world occurs
and 0 otherwise. We assume there is a competitive market for Arrow-Debreu securities for every state
s.

A riskless asset (bond) can be interpreted as a linear combination of Arrow-Debreu securities.

When people can trade Arrow-Debreu securities corresponding to every future state of nature, the
economy has complete asset markets (complete spanning of the states of the world).

Remark 1 An interesting question within the complete market framework is to ask under what circumstances
one can replicate the complete market economy with a smaller number of assets. For instance, if there is no
aggregate risk a riskfree bond may be sufficient to spread risk efficiently.

• Budget constraint:
We call Bt+1 (s) the stock of state s Arrow-Debreu securities the representative agent holds at the
beginning of period t+1. q (s) is the price at date t of such a security in terms of date t consumption,
i.e. a claim to one output unit to be delivered on date t+1 if, and only if state s occurs.

q (1)Bt+1 (1) + q (2)Bt+1 (2) = Yt − Ct

Ct+1 (1) = Yt+1 (1) +Bt+1 (1)

Ct+1 (2) = Yt+1 (2) +Bt+1 (2)

The intertemporal budget constraint is therefore:

Ct + q (1)Ct+1 (1) + q (2)Ct+1 (2) = Yt + q (1)Yt+1 (1) + q (2)Yt+1 (2)

Remark 2 Arrow-Debreu securities transfer purchasing power across time and states. They enable consumption
smoothing across states.

Remark 3 This is different from the usual constraint: there is a unique budget constraint and consumption and
income are state dependent.

• Utility optimization
Replace Ct in the utility function by its expression and maximise with respect to the bonds. We get
the first order conditions (for s = 1, 2):

q (s) =
π (s)βu0 (Ct+1 (s))

u0 (Ct)

3.1.1.1 A few implications

• We could construct a riskless bond with the two securities and by arbitrage, the prices would have to
be such that:

q (1) + q (2) =
1

1 + r

so the FOC give:

(q (1) + q (2))u0 (Ct) = π (1)βu0 (Ct+1 (1)) + π (2)βu0 (Ct+1 (2))

equivalent to:
u0 (Ct) = (1 + r)βEt [u

0 (Ct+1)]
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• This is just the usual stochastic Euler equation. Same interpretation: the expected MRS is equal to the
relative price of period 2 consumption. However, with complete markets there is much more smoothing
(across states and periods) than with a risk free asset (across periods).

• The FOC can also be written as:
q (1)

q (2)
=

π (1)u0 (Ct+1 (1))

π (2)u0 (Ct+1 (2))

• It is optimal to equate consumption at date t+ 1 in the 2 states only when

q (1)

q (2)
=

π (1)

π (2)

which implies that q (s) = π (s) / (1 + r) .

In that case the Arrow Debreu securities are “actuarially fair”. At actuarially fair prices, a country
trading in complete asset markets will fully insure against all future consumption fluctuations.

• If agents are risk neutral, we also obtain that:

q (1)

q (2)
=

π (1)

π (2)

and also (1 + r)β = 1. In that case, agents are indifferent as to whether they consume now or tomorrow,
in state 1 or in state 2.

• Suppose now that the economy is under autarky, with CRRA preferences. This implies that:

q (1)

q (2)
=

π (1)

π (2)

µ
Yt+1 (1)

Yt+1 (2)

¶−ρ
so that the Arrow Debreu prices are not fair unless Yt+1 (1) = Yt+1 (2) , i.e. unless there is no risk.

• We can rewrite the FOC as:
u0 (Ct+1 (1))

u0 (Ct+1 (2))
=

q (1)

q (2)

π (2)

π (1)

The RHS is independent of the agent we consider: this implies that the marginal rates of substitution
between state 1 and 2 are equalized for all agents. More generally, the FOC also implies:

q (s)

π (s)
=

βu0 (Ct+1 (s))

u0 (Ct)

so that the MRS between consumption at t and consumption at t + 1 in state s is equal across
agents/countries.

3.1.2 A log-utility case.

Suppose that u (c) = ln (c) so that

U = ln (Ct) + β [π (1) ln (Ct+1 (1)) + π (2) ln (Ct+1 (2))]

• define the wealth of the country in period t

Wt = Yt + q (1)Yt+1 (1) + q (2)Yt+1 (2)

• We know that consumption is simply:
Ct =

1

1 + β
Wt
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Similarly,

Ct+1 (s) =
β

1 + β

π (s)

q (s)
Wt

from this we see that the current account is period 1 is:

CAt = Yt − Ct =
β

1 + β
Yt −

1

1 + β
[q (1)Yt+1 (1) + q (2)Yt+1 (2)]

Assuming that β (1 + r) = 1, we can rewrite this as a function of the period 2 income, in terms of
certain period 2 consumption, as:

CAt =
β

1 + β
[Yt − (p (1)Yt+1 (1) + p (2)Yt+1 (2))]

=
β

1 + β

£
Yt − Ȳt+1

¤
where p (s) = q (s) (1 + r) is the price of the AD security for state s in terms of state s good, and
Ȳt+1 = p (1)Yt+1 (1) + p (2)Yt+1 (2). So the current account is in surplus or deficit according to
whether current income exceeds or not second period income, valued using AD prices.

3.1.2.1 Autarky interest rates and the current account (see Svensson 1988 AER)

The simple bond only economy intuition in terms of comparative advantage does not apply as simply under
complete markets. Recall that we could define the autarky interest rate rA. A country would borrow whenever
rA > r and lend in the opposite case.
We can define the autarky interest rate rA as the interest rate that would obtain if we close all financial

flows:

1

1 + rA
=

βEt (u
0 (Yt+1))

u0 (Yt)

= βYtEt

µ
1

Yt+1

¶
= βYt

µ
π (1)

Yt+1 (1)
+

π (2)

Yt+1 (2)

¶
where the second line assumes log utility.
Alternatively, we can define the real interest rate that would prevail if no intertemporal borrowing were

allowed, yet trade in state contingent claims was allowed. This is equivalent to imposing

Ct = Yt

q (1)Ct+1 (1) + q (2)Ct+1 (2) =
Ȳt+1
1 + r

Optimal choice of Ct+1 (s) imposes:

Ct+1 (s) =
π (s)

q (s)

Ȳt+1
1 + r

so that

1

1 + rCA
=

βEt (u
0 (Ct+1))

u0 (Yt)

= βYt

µ
π (1)

Ct+1 (1)
+

π (2)

Ct+1 (2)

¶
= βYt

µ
p (1)

Ȳt+1
+

p (2)

Ȳt+1

¶
= β

Yt
Ȳt+1
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so that

CAt =
β

1 + β

£
Yt − Ȳt+1

¤
=

β

1 + β
Yt

∙
1− Ȳt+1

Yt

¸
=

β

2 + r
Yt
£
r − rCA

¤
so that what drives the current account is the difference between the world real interest rate and the current
account autarky real interest rate. This implies that the size of the current account only depends upon the
size of the gains that can be achieved from intertemporal re-allocation of consumption, not the reallocation
across states.
This simple model also allows to solve for the gross capital flows.
The demand for state s asset is:

Bt+1 (s) = Ct+1 (s)− Yt+1 (s)

=
β

1 + β

π (s)

q (s)
W1 − Yt+1 (s)

=
β

1 + β

π (s)

q (s)

∙
Yt +

Ȳt+1
1 + r

¸
− Yt+1 (s)

This gross flow can be quite large, even if the current account is small. For instance, when rCA = r (that is
Yt = Ȳt+1) the current account is zero. In that case,

Bt+1 (s) = β
π (s)

q (s)
Yt − Yt+1 (s)

and the autarky price of the AD security for state s satisfies:

qA (s) = π (s)
βYt

Yt+1 (s)

so that:

Bt+1 (s) = β
π (s)

q (s)
Yt

∙
1− Yt+1 (s) q (s)

Ytπ (s)β

¸
= β

π (s)

q (s)
Yt

∙
1− q (s)

qA (s)

¸
and the gross flows can be much larger than the net flows (zero in that specific case). Note also the sign,
consistent with usual trade theory:

• a country imports (Bt+1 > 0) a security when the autarky price is high compared to the world price¡
qA > q

¢
.

• a country exports a security (Bt+1 < 0) when the autarky price is lower than the world price
¡
qA > q

¢
.

In general, the mapping from the riskfree rate to the direction of the current account is less easy: this
is because it is de facto a model with more than 2 goods. With S states and two periods, there are S + 1
dated goods.

3.1.3 A two-country model

• The 2 countries are exactly symmetric.
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• Good markets equilibrium (ressource constraint):

Ct + C∗t = Yt + Y ∗t

Ct+1 (s) + C∗t+1 (s) = Yt+1 (s) + Y ∗t+1 (s)

for all s.

• Denote total world output by:
Y w = Y + Y ∗

Let’s write the maximization problem for country j under complete markets:

max
Cj
t ,C

j
t+1(s)

EU j

s.t.
X
s

q (s)Cj
t+1 (s) + Cj

t =
X
s

q (s)Y j
t+1 (s) + Y j

t

the first order conditions are

βu0
³
Cj
t+1 (s)

´
π (s) = q (s)µj

u0
³
Cj
t

´
= µj

where µj is the LM associated with the budget constraint for country j. This implies that

Cj
t+1 (s) = u0−1

µ
µj
µi

u0
¡
Ci
t+1 (s)

¢¶
and summing over all countries and using the ressource constraint:

Yt+1 (s) =
X
j

Cj
t+1 (s) =

X
j

u0−1
µ
µj
µi

u0
¡
Ci
t+1 (s)

¢¶

This implies that Ci
t+1 (s) is only a function of the aggregate endowment Yt+1 (s) and not of the history of

previous consumptions/endowments....

• For a CRRA utility function, the Euler equation and the good market equilibrium imply:

q (s) = π (s)β

µ
Ct+1 (s)

Ct (s)

¶−ρ
or

Ct+1 (s) = Ct (s)

µ
q (s)

π (s)β

¶−1/ρ
summing over countries and using the world ressource constraint:

Y w
t+1 (s) = Y w

t (s)

µ
q (s)

π (s)β

¶−1/ρ
or:

q (s) = π (s)β

∙
Y w
t+1 (s)

Y w
t

¸−ρ
so that:

q (s)

q (s0)
=

π (s)

π (s0)

∙
Y w
t+1 (s)

Y w
t+1 (s

0)

¸−ρ
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• This implies that AD prices will be fair if and only if there is no aggregate risk: Y w
t+1 = Y w

t+1 (s
0) .

Otherwise, AD prices will reflect aggregate shocks: prices will be high in states with low aggregate
income.

• World rate of interest:
1 + r =

1P
s q (s)

=
(Y w

t )
−ρ

β
PS

s=1 π (s)
£
Y w
t+1 (s)

¤−ρ (3.1)

• Intuition? higher world output level today lowers the real interest rate. We can also rewrite as:

(1 + r)β
Et

³¡
Y w
t+1 (s)

¢−ρ´
(Y w

t )
−ρ = 1

that is, the usual Euler equation holds at the world level.

• Consumption levels.
q (s)

q (s0)
=

π (s)u0 (Ct+1 (s))

π (s0)u0 (Ct+1 (s0))
=

π (s)u0
¡
C∗t+1 (s)

¢
π (s0)u0

¡
C∗t+1 (s

0)
¢

Again the basic idea is that all country’s MRS in consumption are equal. With CRRA utility, the Euler
equations for both countries can be written as:

π (2)

π (1)

q (1)

q (2)
=

Ct+1 (1)
−ρ

Ct+1 (2)
−ρ =

C∗t+1 (1)
−ρ

C∗t+1 (2)
−ρ

From the market equilibrium conditions, we have:

q (1)

q (2)
=

YW
t+1 (1)

−ρ

YW
t+1 (2)

−ρ
π (1)

π (2)

which implies that
Ct+1 (1)

Ct+1 (2)
=

C∗t+1 (1)

C∗t+1 (2)
=

YW
t+1 (1)

YW
t+1 (2)

• Since the Euler can also be expressed as:

Ct+1 (s) =

∙
π (s)β

q (s)

¸ 1
ρ

Ct

and

C∗t+1 (s) =

∙
π (s)β

q (s)

¸ 1
ρ

C∗t

we have:

YW
t+1 (s) =

∙
π (s)β

q (s)

¸ 1
ρ

YW
t

and we get the following:
Ct+1 (s)

Ct
=

C∗t+1 (s)

C∗t
=

YW
t+1 (s)

YW
t

This says that consumption growth rates are the same across countries in every state, and are equal to
the growth rate of world output.
So this is powerful test. If there is efficient risk sharing, per capita consumption growth rates should be

correlated even if national output growth rates are not. More generally consumption co-movements should
be higher across countries than output co-movements.
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• Another way to look at the same thing:

Ct+1 (s)

Y w
t+1 (s)

= µ =
Ct

Y w
t (s)

C∗t+1 (s)

Y w
t+1 (s)

= 1− µ =
C∗t

Y w
t (s)

the domestic country consumes a constant fraction of world output.

This constant fraction is what we would also obtain if we solved the planner problem:

max µ U + (1− µ) U∗

This is a manifestation of the first welfare theorem.

• This also provides a rationale for representative agent models: summing across agent’s euler equation,
we obtain

C̄t+1 (s) =

∙
π (s)β

q (s)

¸ 1
ρ

C̄t

so that the euler equation holds with average or total consumption.

• Notice that neither country has constant consumption across states. However, each country’s con-
sumption is internationally diversified in the sense that any consumption risk it faces is entirely due to
uncertainty in global output, or in systematic output uncertainty.

3.1.3.1 Conclusion:

Simple models with one good and complete asset market imply that MRS in consumption should be equalized
across countries. Under the additional assumption of isoelastic utility, consumption growth rates should
be equal across countries (with a CRRA utility the consumption shares are constant). More generally
consumption co-movements should be higher across countries than output co-movements.

3.1.3.2 Empirical evidence on International Risk Sharing (Obstfeld 1994 in Leiderman and
Razin)

Empirical literature follows two distinct routes.

3.1.3.2.1 correlation patterns

• This approach observes that the model predicts:

1. perfect correlation of consumption growth:

Ct+1 (s)

Ct
=

C∗t+1 (s)

C∗t
=

YW
t+1 (s)

YW
t

while output growth correlations may differ from one.

2. perfect correlation in levels since

Ct+1 (s) = µ Y w
t+1 (s) =

µ

µ∗
C∗t+1 (s)

• This literature typically looks at the correlation pattern for consumption (levels or growth) and output
(level or growth) and concludes that output tends to be more correlated across countries than con-
sumption (Backus Kehoe and Kydland, JPE 1992, Stockman and Tesar (1995 AER)). Some numbers
are reproduced in Table 3.1 and 3.2.2

2From Summers Heston 6.0. See program sharing.do.
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Figure 1 Backus Kehoe and Kydland JPE 1992

Canada France Germany Italy Japan UK US
ROW 0.19 0.14 0.55 -0.07 -0.34 0.33 0.26
Canada 0.12 0.34 0.10 -0.01 0.45 0.75
France 0.12 0.60 0.45 -0.16 0.08
Germany 0.48 -0.10 0.24 0.68
Italy 0.58 -0.10 0.11
Japan -0.11 0.07
UK 0.56

Table 3.1 Consumption Growth Correlation. Source: Summers Heston 6.0

Canada France Germany Italy Japan UK US
ROW 0.05 0.13 0.28 0.05 -0.01 0.29 0.22
Canada 0.32 0.38 0.19 0.12 0.34 0.74
France 0.95 0.70 0.64 0.36 0.24
Germany 0.95 -0.20 0.48 0.39
Italy 0.65 0.34 0.22
Japan 0.24 0.21
UK 0.54
Table 3.2 Output Growth Correlation. Source: Summers Heston 6.0
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3.1.3.2.2 Regression tests

• write preferences as:
u (c, θ) = eθ

c1−ρ

1− ρ

where θ is a a vector of country characteristics (preference shifters such as population growth..)

• under complete markets,
βtnuc (c

n
t , θ

n
t )

uc (cn0 , θ
n
0 )

=
βtmuc (c

m
t , θ

m
t )

uc (cm0 , θ
m
0 )

so that, taking logs and assuming that θi0 = 0,

ln cnt = ln c
m
t + ln (c

n
0/c

m
0 ) + ln (βn/βm)

t

ρ
+
1

ρ
(θnt − θm0 )

so that ln c should move by equal amounts, if there are no taste shocks. In particular, no date-t variable
that is uncorrelated with θnt should help predict ln c

n
t − ln cmt

• we can also aggregate across countries: if we define ln cwt as the weighted sum of log country consump-
tion (population weighted), then we can check that aggregate consumption satisfies the following euler
equation:

t lnβn + θnt − ρ ln cnt = lnµt − ρ ln cn0

where µt is the common marginal rate of intertemporal substitution (it is a time effect). Summing
over countries, we can write:

t lnβw + θwt − ρ ln cwt = lnµt − ρ ln cw0

so that, taking differences:

ln cnt = ln c
w
t + ln c

n
0/c

w
0 +

t

ρ
lnβn/β

w +
1

ρ
(θnt − θwt )

note that cwt is not weighted world consumption. If we use world consumption, we have a more complex
formula! See Obstfeld 1994. Implies that consumption moves with world consumption.

• problems with pairwise correlations:

— shocks to preferences: endogenous regressor cmt correlated with θ
m
t so likely to bias results down-

wards. Better to use world consumption.

Example: (for exponential utility) suppose that we study an endowment economy, and assume β
is constant, cn0 = cm0 , and ρ = 1. Then, we should have:

cnt = cmt + θnt − θmt
cnt = ywt + θnt − θwt

where θwt = 1/N
P

θnt and the second line uses c
w
t = ywt . Assume that θ is iid and independent

of ywt . Then, estimating the first equation gives a coefficient of:

var (θnt − θwt ) = var

⎛⎝µ1− 1

N

¶
θnt −

1

N

X
m6=n

θmt

⎞⎠
=

µ
1− 1

N

¶2
σ2θ +

N − 1
N2

σ2θ

= σ2θ

∙
1− 1

N

¸
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Figure 2 Obstfeld 1994

γ̂ =
cov (cmt , c

n
t )

var (cnt )
=

cov (ywt + θnt − θwt , y
w
t + θmt − θwt )

σ2c

=
σ2y − σ2θ/N

σ2c

= 1− σ2θ
σ2c

On the other hand, estimating the second equation yields:

γ̂w = 1

— the specification in levels includes fixed effects (period 0 terms). More generally, if we use both
time series and cross section, there is the danger that consumption is near integrated, so need to
difference to avoid spurious regression.

• choose specification:
∆ ln cnt = δ + γw∆ ln c

w
t +

n
t

The results indicate that the coefficients have increased, although they remain far from 1 for many
countries

• Problems with the results:

— better to have tests of restrictions of the theory: variables known at t that should not affect
consumption growth under complete markets (oil shocks or output growth)

3.1.4 Complete markets, Infinite Horizon

The present model does not allow for a complete characterization of the current account in response to
unexpected shocks. To do so, consider an infinite horizon intertemporal model. For simplicity consider an
endowment economy with a stochastic income that is a function of the underlying state of the world s. For
simplicity, assume s is i.i.d. and takes values between 1 and S with probabilities π (s) .
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3.1.4.1 T-periods, S-states complete markets household problem

Let’s consider first a T -periods complete markets exchange economy model. In each period, the consumer
must decide how much to consume and how much to save for next period. The environment is uncertain,
and there are S states of nature in each period. For simplicity, I assume that the realizations of the states
of nature are independent and state 1 ≤ s ≤ S has probability πs.

3 The preferences of the representative
household are Von-Neuman Morgenstern, represented by:

u (C0) +E

"
TX
t=1

βtu (Ct)

#
= u (C0) +

TSX
t,s

βtπsu (Cst) (3.2)

where Cst represents consumption in state s in period t and β is the discount factor. Note that the expec-
tations are formed according to the underlying true probabilities of the realizations of the states (rational
expectations).
The household receives an exogenous and stochastic income Yst in state s and period t.
In this complete market set-up, assume that there exists a complete set of Arrow-Debreu securities as of

time 0, i.e. securities that pays 1 in state s and period t and 0 otherwise that people can buy and sell freely
on competitive markets. Let denote qst the price of one such A-D security. The household can then make
contingent plans by purchasing consumption in period t, state s, Cst and selling contingent output Yst at
price pst. The budget constraint for the representative household is then:

C0 +

T,SX
t,s

qstCst ≤ Y0 +

T,SX
t,s

qstYst (3.3)

Note that (3.3) implies that there is only 1 budget constraint for the household problem since all contigent
decisions are made as of date 0.
Maximizing (3.2) subject to (3.3) gives the following first order conditions:

u0 (C0) = µ

βtπsu
0 (Cst) = µ qst ∀s,∀t

where µ is the Lagrangian associated with the budget constraint. Defining the marginal utility of wealth as
λst = u0 (Cst) and λ0 = u0 (C0) , we obtain:

qst = βt
λst
λ0

πs

= E

∙
βt

λs0t
λ0
1t{s0=s}

¸
(3.4)

where 1t{s0=s} is the indicator function that takes the value 1 if the state is s in period t and 0 otherwise.
Equation (3.4) indicates that the price of the Arrow-Debreu security for state s and period t is the present
discounted value of the payoff in period t (i.e. 1 if the state is s and 0 otherwise) where the discount rate is
equal to the marginal rate of substitution between period 0 and period t, i.e. βt λstλ0

. That discount rate is
sometimes called a pricing kernel, since it defines the relative weights that should be allocated to the payoffs
in the different states of the world.
To gain some insight into this equation, let’s take a particular example. Suppose that we are looking at

the price of a security that pays 1 is state s in period 1. Then, according to (3.4), we have:

qs1 = E

∙
β
λs01
λ0
1t{s0=s}

¸
(3.5)

and the pricing kernel from period 0 to period 1 is equal to β λs01
λ0

. What is (3.5) telling us? The price of a
unit of the consumption good in state s next period will be high if the marginal utility of consumption in
that state λs1 is itself high compared to the marginal utility of consumption today λ0. In turn, the marginal
utility of consumption is inversely related to the level of consumption in that state and period.4 In other

3Alternatively, one could assume that the states follow a Markov process where the probability of state s in period t depends
only on the state s0 realized in period t−1 and is written P [s|s0] . The algebra is slightly more cumbersome but the results and
insights are unchanged.

4Remember that u is concave so that u0 < 0.
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words, marginal utility is high when consumption is low, so that every extra unit of consumption is very
valuable. To sum up, the consumer will be willing to pay a high price for consumption goods delivered
in state s period 1, when consumption is expected to be low in that state. Conversely, the state s period
1 Arrow-Debreu security has a low return when it is highly positively correlated with the pricing kernel.5

This illustrates that asset returns are driven by how well they allow the representative household to insure
consumption flows.6

This pricing kernel is extremely useful to price any asset as of time 0. Suppose that we consider an asset
with price p0 in period 0 and that pays dividend ds1 in period 1 with a price of ps1. That asset is equivalent
to a portfolio with ds1 + ps1 units of the Arrow Debreu security for state s period 1. By arbitrage, the two
portfolios must have the same price and therefore:

p0 =
SX
s=1

qs1 (ds1 + ps1)

=
SX
s=1

β
λs1
λ0

πs (ds1 + ps1)

= E

∙
β
λs1
λ0

(ds1 + ps1)

¸
Therefore the price of any assets today is equal to the discounted value of the future payoffs, using the
pricing kernel as a discount factor. It is easy to check that this formula generalizes to any period and any
state:

pst = E

∙
β
λs0,t+1
λs,t

(ds0,t+1 + ps0,t+1)

¸
(3.6)

For instance, suppose we are interested in the price of a one-period bond that pays 1 in period t+1 regardless
of the state of nature. Denote pt,t+1 the price of this bond in terms of period-t consumption. Then, one has:

pt,t+1 = E

∙
β
λs0,t+1
λs,t

¸
One can also define the gross real interest rate on this one period bond as 1

pt,t+1
= rt,t+1. Then one obtains:

1 = E

∙
β
λs0,t+1
λs,t

rt,t+1

¸
(3.7)

Let’s define the pricing kernel between period t and period t+ 1 as:

Rt,t+1 = β
λs0t+1
λs,t

(3.8)

By recursivity on equation (3.8) it is immediate that the pricing kernel between period t and period t0 > t
is equal to:

Rt,t0 = Rt,t+1Rt+1,t+2....Rt0−1,t0

= βt
0−tλs0t0

λs,t

5The return on the security is E

∙
1{s0=s}
ps1

¸
and we can derive from (3.5) that: E

∙
1{s0=s}
ps1

¸
=µ

1− cov

µ
1{s0=s}
ps1

, β
λs0,1
λ0

¶¶
/E

h
β
λs0,1
λ0

i
. The return is high the lower is the correlation with the marginal rate of

substitution.
6 In the context of an exchange economy, where the endowment at period t is non-storable, we have the following market

clearing conditions: Cst = Yst. This determines completely the Arrow-Debreu prices according to: pst = βt u
0(Yst)
u0(Y0)

πs.
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Now, we can use the pricing kernel to rewrite the Household problem slightly differently. From the definition
of the pricing kernel, we have: qst = R0,tπs and we can rewrite the budget constraint as:

C0 +
TX
t=1

E {R0,tCt} ≤ Y0 +
TX
t=1

E {R0,tYt} (3.9)

In other words, the value today of a state contingent consumption plan {Cst}Ss=1 or income plan {Yst}
S
s1

in period t is equal to its expected discounted value using the equilibrium pricing kernel, E {R0,tCt} or
E {R0,tYt} .

3.1.4.2 Infinite Horizon Stochastic Growth Model

We have now laid out the basis for the infinite-horizon complete markets problem. We use our insights to
look at the more general problem of a representative households, infinite horizon model with endogenous
labor supply. We assume as before that the representative household maximizes Von-Neuman Morgenstern
preferences over consumption and effort that are additively separable:

E0

( ∞X
t=0

βtu (Ct)

)
(3.10)

Under complete markets, we know from the previous section that contingent consumption streams in period
t are valued with the pricing kernel R0,t, so that the budget constraint is:

∞X
t=0

E0 {R0,tCt} ≤
∞X
t=0

E0 {R0,tYt} (3.11)

The first order conditions for this problem are:

uc (Ct) = λt each date, each state t (3.12)

β
λt+1
λt

= Rt,t+1 each date, each state t+ 1

exhaustion of the intertemporal budget constraint (3.11)

3.1.4.3 The Sequential Market Set-Up

It might seem rather implausible to assume that all the markets are open as of period 0 and that all choices
are made once and for all. This needs not be the case, however. It is possible to show that the exact same
allocation would result in a set-up in which spot markets for consumption and labor are open every period,
and one-period ahead contingent loan market exists. In practice, the sequence of spot and loan markets
reproduces the set of Arrow Debreu securities (spanning), so that the preceding results hold.7

Let’s write the Intertemporal budget constraint (3.11) in period t+ 1:

∞X
s=t+1

Et+1 {Rt+1,sCs} ≤
∞X

s=t+1

Et+1 {Rt+1,sYs}+ at+1

where at+1 is financial wealth at the beginning of period t+ 1. Using the Law of iterated expectations and
(3.11) as of time t, one then obtains:

Ct +E {Rt,t+1at+1} ≤ Yt + at (3.13)

Note that this budget constraint embodies the complete markets hypothesis in the following sense: at
time t, the representative household knows its income Yt and financial wealth at and decides how much to

7For a more general result along those lines, see Radner (1972) “Equilibrium of Plans, Prices and Prices Expectations in a
Sequence of Markets,” Econometrica.
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consume today Ct and how much to save in the different states of nature. at+1 represents purchasing power
that is transferred from period t to period t+ 1.
To maximize (3.10) subject to (3.13), we use the tools of dynamic programming. The state variable is the

wealth level at. We write V (at) as the maximum value of (3.10). The value function satisfies the Bellman
equation:8

V (at) = max
Ct,at+1

{u (Ct) + βE [V (at+1)]}

subject to (3.13). The first-order and envelope conditions for this program are (denoting λt the Lagrange
multiplier):

uC = λt (3.14)

βV 0 (at+1) = λtRt,t+1 in each state at t+ 1

V 0 (at) = λt

These conditions are identical to the conditions of the previous problem in (3.12). The third condition
is identical to condition (3.8) that derives the pricing kernel, while the fourth condition identifies λt as the
marginal value of wealth for the representative household in period t.

3.1.4.4 The current account in the infinite horizon complete markets set-up

let’s consider the case where preferences are CRRA. Then the first order conditions of the consumer problem
become:

β

µ
Ct+1

Ct

¶−ρ
= Rt,t+1 each date, each state t+ 1

Since the pricing kernel is common to all agents, we have:

Rt,t+1 = β

µ
Y w
t+1

Y w
t

¶−ρ
and, following similar steps to the two period case,

Ct = µ Y w
t

consumption is a constant fraction of world output, where µ equals the domestic country’s share of total
wealth in period 0, that is

µ =

P∞
t=0E {R0,tYt}P∞
t=0E {R0,tY w

t }

=

P∞
t=0E

n
βY

w(−ρ)
t Yt

o
P∞

t=0E
n
βY

w(1−ρ)
t

o
Now, in that world, the domestic country’s GNP after period 0 is equal to µ Y w

t and therefore, there is
no saving, hence, no current account deficit or suplus. At period 0, the country’s current account is simply:

CA0 = Y0 − µ Y w
0

3.1.4.5 Current account and market completeness

The previous result says that the implications of market structure can be important for the current account
(we already know that from Kraay and Ventura or Mercereau).

• Consider first the response to a future positive domestic transitory shock:
8Note that we directly assumed that the value function is time-invariant. This is legitimate since the problem is time-

invariant.
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— in the complete market model, there is no current account surplus or deficit: output is up, but
income (GNP) increases less since part of the increase in domestic output is paid out to foreigners.
Consumption is up, by the same amount as income.

— in the bonds only economy, there is a current account surplus. Consumption is permanently
higher as a result of the increased domestic wealth.

— The world real interest rate drops in both environments

— the bond only economy is rather efficient at sharing risk that arises from transitory shocks.
Drawback is that countries drift apart permanently (random walk in the cross section: Deaton
and Paxson). Wealth redistribution has permanent effects.

• consider now a permanent shock to income

— with complete markets, consumption increases in both countries, and there is no current account
deficit or surplus

— in a bond only economy, there is no current account surplus or deficit since domestic consump-
tion increases fully with income. While the CA response is the same, domestic and foreign
consumption respond differently

— the world interest rate is unchanged.

— bond only economy is very inefficient at sharing risk: current account shuts down. Not a sign of
efficiency.

Conclusion: cannot simply look at the current account movements. Must have some idea about the
nature of the shocks and the structure of the markets.

3.1.5 International portfolio diversification

It is possible to show that a model with incomplete asset markets where only a riskless bond and risky claims
to countries’ uncertain future outputs are traded can replicate the results of the Arrrow-Debreu world which
we have just studied.
This result extends the Lucas (1982) model, in that it does not rely on perfect pooling.
Perfect pooling imposes that there is in fact only one agent so that we cannot look at the effect of

idiosyncratic shocks.
Two dates 1 and 2, N countries, S states of nature on date 2.
V n
1 is the date 1 market value of country n’s uncertain date 2 output (mutual fund).
There is a riskless rate of interest r.

Y n
1 + V n

1 = Cn
1 +Bn

2 +
NX

m=1

xnmV
m
1

Cn
2 (s) = (1 + r)Bn

2 +
NX

m=1

xnmY
m
2 (s)

FOC (express utility as a function of Bn
2 ):

u0 (Cn
1 ) = (1 + r)βE1 (u

0 (Cn
2 ))

Maximizing with respect to xnm gives:

V m
1 u0 (Cn

1 ) = βE1 (u
0 (Cn

2 )Y
m
2 )
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3.1.5.1 CRRA preferences (direct verification as in O-R)

We guess the equilibrium allocations and find equilibrium portfolios and prices which support it. The
conjecture is that the equilibrium allocation is pareto efficient and therefore take the same form as in the
complete asset market case.
Define µn as the share of initial world wealth of country n:

µn =
Y n
1 + V n

1PN
m=1 (Y

m
1 + V m

1 )

We guess that a country’s share of world consumption in each period and state is also µn.

Cn
1 = µnYW

1

Cn
2 (s) = µnYW

2 (s)

This is consistent with date 2 budget constraints if the representative household holds µn percent of a
global mutual funds which encompasses all countries second period outputs:

xnm = µn

and if Bn
2 = 0.

So these consumption and portfolio demands are feasible. We need to show that they are optimal (the
two FOCs hold) and that date 1 budget constraint is also verified.
FOC 1 gives a unique expression for the interest rate:

1 + r =
(Y w
1 )
−ρ

β
PS

s=1 π (s)Y
w
2 (s)

−ρ

FOC2 gives a unique expression for the share prices:

V m
1 = βE1

Ãµ
Y w
2

Y w
1

¶−ρ
Y m
2

!

Remark 4 Interpretation: under the proposed consumption rule, the pricing kernel for asset prices is simply the

marginal rate of susbtitution evaluated at world income: β
³
Y w
2

Y w
1

´−ρ
.

And it is then easy to check that for each country, date 1 budget constraint holds: resources of each
country are Y n

1 +V n
1 , which makes a fraction µn of world wealth so each of them can consume a fraction µn

of world output and purchase a fraction µn of mutual funds (with Bn
2 = 0).

Conclusion: Even when the set of assets traded is limited, the equilibrium allocation is efficient. It
is identical to the equilibrium reached with complete markets. This specific result depends on the utility
function.

3.1.5.2 Direct Proof:

• Let’s start by defining financial wealth in period 1 as Wn
1 = V n

1 and financial wealth in period 2 as
Wn
2 (s) = RfB2 +

P
m xnmY

m
2 . The budget constraint can be written as:

Wn
2 = R̄n

2 (W
n
1 + Y n

1 − Cn
1 )

where Rn
2 is the return on portfolio for country n :

R̄n
2 =

RfB
n
2 +

P
m xnmY

m
2

Bn
2 +

P
m xnmV

m
1

= Rfωf +
X
m

ωnmR
m
2

= Rf +
X
m

ωnm (R
m
2 −Rf )

where Rm
2 = Y m

2 /V m
1 and ωnm = xnmV

m
1 /(Bn

2 +
P

m xnmV
m
1 ) is the share invested in country m mutual

fund.



International Finance 18

• Household in country n maximizes over Cn
1 and ωnm :

U (Wn
1 + Y n

1 ) = u (C1) + βE [u (C2)]

The first order condition for consumption is

(Cn
1 )
−ρ
= βE

h
R̄n
2 (C

n
2 )
−ρ
i

The FOC for asset allocation is: for all risky assets m

RfE
h
(Cn

2 )
−ρ
i
= E

h
Rm
2 (C

n
2 )
−ρ
i

• Let’s look for a solution where:

U (Wn
1 + Y n

1 ) = µ+
δn

1− ρ
(Wn

1 + Y n
1 )

1−ρ

In that case, the envelope theorem tells us:

(Cn
1 )
−ρ
= δn (Wn

1 + Y n
1 )
−ρ

so that we can solve for
Cn
1 = δn−1/ρ (Wn

1 + Y n
1 )

• We now need to check that this is indeed the solution by solving for δn. Under the proposed rule, we
have:

Cn
2 = Wn

2 = R̄n
2 (W

n
1 + Y n

1 − Cn
1 )

= R̄n
2 (W

n
1 + Y n

1 )
³
1− δn−1/ρ

´
so that the FOC for consumption becomes:

δn = βE
h¡
R̄n
2

¢1−ρi ³
1− δn−1/ρ

´−ρ
which we can solve for δn :

δn =
βE

h¡
R̄n
2

¢1−ρiµ
1 + β−1/ρE

h¡
R̄n
2

¢1−ρi−1/ρ¶−ρ
Given xnm and the stochastic properties of Rn

2 , this defines the solution.

• The FOC for asset allocation becomes:

RfE
h¡
R̄n
2

¢−ρi
= E

h¡
R̄n
2

¢−ρ
Rm
2

i
This is a system of m equations in m unknown. The point to note is that since all agents face the
same returns, the solution to this problem is the same so that:

ωnm = ωn
0

m = ωm

and consequently, all countries face the same portfolio return:

R̄n
2 = R̄2

This implies that δn is common across countries and equal to:

δ =
βE

h¡
R̄2
¢1−ρiµ

1 + β−1/ρE
h¡
R̄2
¢1−ρi−1/ρ¶−ρ
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• We now aggregate across countries:X
m

Cm
1 = δ−1/ρ

X
m

(V m
1 + Y m

1 ) = δ−1/ρ (V w
1 + Y w

1 )

= Y w
1

where the second line uses the resource constraint in period 1. From that, it follows that

δ−1/ρ =
Y w
1

Y w
1 + V w

1

and we can rewrite consumption in the first period as:

Cn
1 =

Y w
1

Y w
1 + V w

1

(Y n
1 + V n

1 )

=
Y n
1 + V n

1

Y w
1 + V w

1

Y w
1

= µnY w
1

which is what we guessed before.

• Let’s solve now for consumption in the second period:

Cn
2 = R̄2 (V

n
1 + Y n

1 )

µ
1− Y w

1

Y w
1 + V w

1

¶
= R̄2 (V

n
1 + Y n

1 )
V w
1

Y w
1 + V w

1

summing over countries:

Y w
2 = R̄2

V w
1

Y w
1 + V w

1

(V w
1 + Y w

1 )

so that the return on the portfolio is simply:

R̄2 =
Y w
2

V w
1

and we can rewrite consumption in period 2 as:

Cn
2 =

Y w
2

V w
1

(V n
1 + Y n

1 )
V w
1

Y w
1 + V w

1

=
V n
1 + Y n

1

Y w
1 + V w

1

Y w
2

= µn.Y w
2

• Lastly, we need to solve for the portfolio policies. From the consumption FOC and the definition of
Rn
2 , we obtain:

V m
1 = βE

"µ
Y w
2

Y w
1

¶−ρ
Y m
2

#
which is the same pricing formula as before. Now, we can write the portfolio return condition as:9¡

Rf − R̄2
¢
Bn
2 +

X
m

xnm
¡
Y m
2 (s)− R̄2V

m
1

¢
= 0

9To see this, observe that

Wn
2 = R̄2 (Y

n
1 + V n

1 −Cn
1 )

= R̄2

Ã
Bn
2 +

X
m

xnmVm
1

!
= RfB

n
2 +

X
m

xnmYm
2
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and this must hold for all n and all s. The only solution is:

Bn
2 = 0

xnm = xn

• We finally solve for xn by observing that:

Cn
2 = xn.Y w

2

so that
xn = µn

This completes the proof.

Remark 5 the risk free rate is defined by:

Y w−ρ
1 = βRfE

¡
Y w−ρ
2

¢
Remark 6 we could have shortened the proof: as soon as we realize that the pricing kernel for all assets is
identical under complete markets and the stock market economy, it results that all the real allocations are also
identical.

Remark 7 Looking over at the proof, it is clear that the key step is to realize that the portfolio allocations
are the same, regardless of wealth. This is a property of HARA preferences (which includes CRRA).10 Thus,
consumption in period 2 moves in proportion to the return on a common world return. This eliminates the gains
from further consumption insurance.

Remark 8 If people differ in risk aversion, they will still select the same risky portfolio, but they will differ in
the mix of riskfree and risky assets. With preferences that differ more generally, people in different countries may
choose different portfolios. In that case, more assets are needed to "synthetize" the AD securities.

3.1.5.3 Empirical implications

Under the assumptions of the model, investors from all countries hold the same portfolio of risky assets
(perhaps differ in mix risky/riskless if risk aversion varies across countries). Standard mutual fund theorem
from Finance.

3.1.6 The International Consumption CAPM Model

We build on the framework that we have just studied.
The preceding model gives:

V m
1 = E1

∙
βu0 (C2)

u0 (C1)
Y m
2

¸
V m
1 = E1

∙
βu0 (C2)

u0 (C1)

¸
E1 (Y

m
2 ) + Cov1

µ
βu0 (C2)

u0 (C1)
, Y m
2

¶

V m
1 =

E1 (Y
m
2 )

Rf
+ Cov1

µ
βu0 (C2)

u0 (C1)
, Y m
2

¶
10Hara preferences are of the following form:

u (C) =
1− ρ

ρ

µ
δC

1− ρ
+ η

¶ρ
it covers CRRA (η = 0) and CARA (ρ =∞) as special cases.
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The date 1 price of uncertain output is the sum of its expected value (discounted) and its value as
consumption insurance. An asset that pays off unexpetedly well in date 2 when consumption is unexpectedly
low (marginal utility high) commands a high price.
Define the ex-post real rate of return to a share in country m’s output,

Rm =
Y m
2

V m
1

We get:

E1 (R
m)−Rf = −Rf Cov1

µ
βu0 (C2)

u0 (C1)
, Rm −Rf

¶
The expected premium an asset must yield over the riskless rate of return depends negatively on the

covariance of the asset’s excess return with the rate of growth of the marginal utility of consumption (same
intuition as before). The excess return is positive if the asset return is positively correlated with world
consumption growth. What matters is the hedging value of the asset. This is true even in the case of
incomplete markets, as long as the first order conditions hold. Of course the equilibrium must exist, which
is a non trivial concern for general models with incomplete markets.

3.1.6.1 Application: the equity premium puzzle

For a CRRA utility function

E1 (R
m)−Rf = −Rf Cov1

Ãµ
C2
C1

¶−ρ
, Rm −Rf

!
Annual consumption growth is stable. The covariance of consumption and excess returns is far too low

to explain actual excess returns (equity premium) unless the degree of risk aversion is umplausibly high. But
if agents were very risk averse, then they would diversify risk much more than what we see in the data!

3.2 The Infinite Horizon consumption-based CAPM

Representative agent of country n maximises at date t:

Ut = Et

" ∞X
s=t

βs−tu (Cn
s )

#

The country budget constraint at date s is:

Bn
s+1 +

NX
m=1

xnm,s+1V
m
s = (1 + rs)B

n
s +

NX
m=1

xnm,s (Y
m
s + V m

s )− Cn
s

where V m
s is the date s market price of a claim to the entire income stream of country m in all future

periods, xnm,s is the share of country m’s security purchased by agent n in period s − 1 and rs is the one
period real interest rate between period s− 1 and s. Maximizing the utility function subject to the BC with
respect to xnm,s gives:

V m
s u0 (Cn

s ) = βEs

¡
u0
¡
Cn
s+1

¢ ¡
Y m
s+1 + V m

s+1

¢¢
and the usual euler condition is

u0 (Cn
s ) = (1 + rs+1)βEs

¡
u0
¡
Cn
s+1

¢¢
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So it is easy to see that:11

V m
t = Et

" ∞X
s=t+1

βs−tu0 (Cs)

u0 (Ct)
Y m
s

#

=
∞X

s=t+1

Rt,sEt (Y
m
s ) +

∞X
s=t+1

covt

µ
βs−tu0 (Cs)

u0 (Ct)
, Y m

s

¶

where R̄t,s is the date t market discount factor for non contingent date s consumption:

R̄t,s = Et

µ
βs−tu0 (Cs)

u0 (Ct)

¶
= Et (Rt,s)

Remark 9 the value of the country mutual fund does not depend upon which country’s consumption we use to
evaluate future profits. While the pricing kernels may not be unique under incomplete markets, they must agree
on th existing set of assets. However, agent’s need not agree on the price of financial assets that are not present
in the economy.

All the results of the two period model generalize immediately. In particular the result that each country’s
consumption is a constant fraction of world output Y w

t .

It is possible to show that the solution to the optimization problem of the consumer described above is
dynamically consistent, i.e. that it is optimal to implement at each date the program chosen at date 1.
There is no need for further asset trade after date 1.

3.3 Estimating the gains from international risk sharing

Lucas (1987) estimates the welfare cost of variability in United States consumption. He comes up with a
small number (1/3 % of yearly consumption for a representative consumer). So it seems logical, that if one
takes the same type of framework, the gains from eliminating national idiosyncratic risk is going to be found
small. And in fact, Cole and Obstfeld (1991) [JME] do come up with small numbers when estimating the
gains from international risk-sharing (around 0.2% of output per year). Their approach is in the spirit of
Lucas (1982) [JME] but a major difference is the existence of terms of trade effect.
Terms of trade adjustments provide automatic pooling of risks since they are negatively correlated with

growth in the export sector (extreme case is Cobb Douglas preferences which imply unitary price elasticities).
They assume one representative agent per country (this assumes complete integration of financial markets

in each country).

3.3.1 Perfect international capital market integration

Lucas (1982) solves for the pooled equilibrium (world agent who owns half of each country endowment).
Cole and Obstfeld (1991) solves for the planner’s equilibrium with their two representative agents. Solutions
to this problem are Pareto optima whose decentralized equilibria counterparts involve generally different
national wealth and consumption levels.

11where we iterate and use the condition that

lim
T→∞

βT−tu0 (cT ) /u
0 (ct)Vm

T = 0
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3.3.1.1 The Lucas (1987) calculation

• Consider a representative agent with the following CRRA utility:

U = Et

∞X
s=t

βs−t
C1−ρs

1− ρ

• suppose that consumption fluctuates (because risks are imperfectly shared or otherwise) so that:

Cs = Gs−tC̄ e s− 1
2σ

2

where s is normally distributed N
¡
0, σ2

¢
, so that Et [Cs] = Gs−tC̄

• we can calculate expected utility:

Et

¡
C1−ρs

¢
= G(s−t)(1−ρ)C̄1−ρ Et

³
e(1−ρ) s− (1−ρ)

2 σ2
´

= G(s−t)(1−ρ)C̄1−ρ e
(1−ρ)2

2 σ2− (1−ρ)
2 σ2

= G(s−t)(1−ρ)C̄1−ρ e−
ρ(1−ρ)

2 σ2

so that

Ut =
C̄1−ρ

1− ρ

1

1− βG1−ρ
e−

ρ(1−ρ)
2 σ2

• equivalently, if consumption grows along a constant path, utility is:

Ūt =
C̄1−ρ

1− ρ

1

1− βG1−ρ

• so we can ask, what is the ‘compensating variation’, i.e. the change in level consumption that com-
pensates for the fluctuations:

τ = e
ρ
2σ

2 − 1
≈ ρ

2
σ2

with ρ = 5, and σ2 = 0.000708, find that τ = 0.0035 or about 0.35%!!

3.3.1.2 The Open Economy Planner

Home country residents maximize their consumption of home and foreign goods:

U0 = E0

"
+∞X
t=0

βtu (xt, yt)

#

There are no frictions on the good market.
The planner’s programme is:

max [µu (x, y) + (1− µ)u (x∗, y∗)]

subject to the ressource constraints:
x+ x∗ = X

y + y∗ = X

Optimal allocations are determined by the FOC and the good markets equilibria. µ is a planner weight
that determines relative wealth levels in the counterpart market equilibrium.
FOC:

uj (x, y)

uj (x∗, y∗)
=
1− µ

µ
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with j = x, y
So the ratio of marginal utilities must be constant across goods and states of nature. This also means

that national marginal utilities from consuming any good are perfectly correlated.
Assume that

u (x, y) =

¡
xθy1−θ

¢1−ρ
1− ρ

The planning solution is:

xθ−1y1−θ

x∗θ−1y∗1−θ
.

¡
xθy1−θ

¢−ρ
(x∗θy∗1−θ)

−ρ =
1− µ

µ

y−θxθ

y∗−θx∗θ
.

¡
xθy1−θ

¢−ρ
(x∗θy∗1−θ)

−ρ =
1− µ

µ

Equating both lines:
y

y∗
=

x

x∗
= κ

so that

x∗

X
=

y∗

Y
=

1

1 + κ
x

X
=

y

Y
=

κ

1 + κ

and plugging back into the FOC:

κ =

µ
1− µ

µ

¶−1/ρ
so that:

x = ωX

y = ωY

x∗ = (1− ω)X

y∗ = (1− ω)Y

with
ω =

1

1 +
h
1−µ
µ

i1/ρ
If µ = 1/2 then we have the Lucas pooled equilibrium. For other values however, there are different

levels of national wealth and different efficient market outcomes. In all cases, national consumptions of the
2 goods are perfectly correlated because countries insure each other agains country specific shocks.

3.3.2 Decentralized equilibrium under autarky.

Trade is balanced. Denote p the price of good Y.
For a regime of portfolio autarky, we have no theoretical reason to believe that in general allocations will

be efficient. In this particular case, however, we will see that it is possible to find a planner’s weight such
that the financial autarky allocation and the planner’s solution are the same.
Budget constraint are:

x+ py = X

x∗/p+ y∗ = Y

With cobb douglas preferences, expenditure shares satisfy:

(1− θ)x = θpy
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and:

x = θX

y = (1− θ)X/p

x∗ = θpY

y∗ = (1− θ)Y

Market clearing gives:

x+ x∗ = θX + θpY = X

so:

p =
(1− θ)

θ

X

Y

So equilibrium consumptions are

x = θX

y = θY

x∗ = (1− θ)X

y∗ = (1− θ)Y

This is a solution to the planner’s problem if:

µ =
1³

1 +
h
(1−θ)
θ

iρ´
If θ = 0.5, then µ = 0.5 and we find back the pooling result of Lucas even without asset markets!!
In this very specific case, autarky and free trade allocations are the same. The market solution under

autarky is a member of the Pareto efficient family of planning solutions.
What is going on? Terms of trade adjustment automatically pool national output risks. In that case, a

country with a high output sees the terms of trade deteriorate just enough to transfer purchasing power to
the foreign country and insulate domestic consumption.
Since any Pareto-optimal allocation corresponds to the competitive equilibrium of an economiy with

complete, integrated asset markets, financial integration has no observable implications in these examples.
This suggests that looking at the empirical evidence can be tricky.

3.3.3 Theoretical Robustness of the results

This extreme result disappears if one has:

3.3.3.1 non specialization in production

suppose both countries produce a common good z with different endowments (not perfectly correlated) and
expenditure share θz. The budget constraint becomes:

pxx+ pyy + z = pxX + Z

pxx
∗ + pyy

∗ + z∗ = pyY + Z∗

and the demands are:
pxx

θx
=

z

θz
=

pyy

θy

so that

pxx = θx (pxX + Z)

z = θz (pxX + Z)

pyy = θy (pxX + Z)
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and the equilibrium on good X market implies:

θx (pxX + pyY + Z + Z∗) = pxX

θy (pxX + pyY + Z + Z∗) = pyY

so that (since θx + θy = 1− θz):

(1− θz) (Z + Z∗) = θz (pxX + pyY )

and

px =
θx
θz

(Z + Z∗)

X

py =
θx
θz

(Z + Z∗)

Y

and the demand for good x satisfies:

x =

µ
θx + θz

Z

Z + Z∗

¶
X

so that the share of good X that is consumed varies with the endowment shock of good Z. In general, perfect
risk sharing is not possible. A shock in a common industry (Z) is transmitted negatively: an increase in Z
lowers the price of z relative to the other goods in the other country.

3.3.3.2 non tradable goods

Suppose good N is non-tradable and its expenditure share is θn. Then, we have that:

pxx = θx (pxX +N)

pyy = θy (pxX +N)

n = θn (pxX +N)

and similar equations for the foreign country. Equilibrium on the market for n implies:

n = N = θn (pxX +N)

so that

px =
1− θn
θn

N

X

and the demand for good x satisfies:

x =
θx

1− θn
X

y =
θx

1− θn
Y

so that consumption of tradable is perfectly insured as before. Unlike the previous case, however, the
fluctuations in nontradable imply that the marginal rates of substitution are not constant, i.e. the condition
for perfect risk sharing is not satisfied:

ux
u∗x

=
xθx−1yθyNθn

x∗θx−1y∗θyN∗θn
.

¡
xθxyθyNθn

¢−ρ
(x∗θxy∗θyN∗θn)

−ρ

=

µ
θx
θy

¶−θn−(1−θn)ρµ N

N∗

¶θn(1−ρ)
.

and it fluctuates with N/N∗
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3.3.3.3 Investment

Introducing investment also destroys the results except for knife-edge cases (log preferences)

3.3.4 Empirical evaluation

Cole and Obstfeld look at departures from those specific cases and calibrate their model to US Japan data
(endowment economy: exogenous output processes). They postulate a two state Markov process for each
country (low growth, high growth).

Xt+1 =
¡
1 + εXt

¢
Xt

Yt+1 =
¡
1 + εYt

¢
Yt

So the state of the world economy is given by the vector
¡
εXt , ε

Y
t

¢
which can take 4 possible values.

Instead of assuming a Cobb Douglas utility (unitary terms of trade) they look at the CES/isoelastic case.

u(x, y) =

h
(xρ + yρ)

1
ρ

i1−R
1−R

(note that the log case corresponds to ρ = 0 in their notation).
They calibrate their model so that it matches mean, standard deviation and lagged autocorrelation of

output growth as well as the correlation of output growth rates between the US and Japan. Calibration boils
down to choosing the two possible realizations of the Markov growth processes and the transition probability
(4X4 matrix).
The authors impose a perfect symmetry between the two countries. The two countries start off with

X0 = Y0. An initial pair of growth rates is drawn from the steady state distribution. Consumptions are
determined given the degree of financial market integration assumed . Etc...
When perfect capital market integration is assumed, since the two economies are exactly symmetric,

there is perfect pooling.
They replicate the experiment 10000 times and look at the average value they obtain. They use β = 0.98,

a 50 period economy and various degrees of risk aversion (2 to 30) and ρ (0.25 to 1).
It is then possible to compute the welfare loss (in terms of output) due to autarky.

UA (X0) = U I ((1− δ)X0)

δ is extremely small (at most 0.49% of GDP per year in the most extreme case). It is increasing in the
degree of risk aversion (quite intuitive) and increasing in ρ. This latter result comes from th weakening of
the terms of trade effect as substitution across goods increases.
Cole and Obsfeld’s conclusion is that since the gains from international risk sharing are low, even small

frictions are enough to deter asset trade. This would explain why even though asset markets seem to be
integrated there is little international diversification of risk.

3.3.5 Qualifications

1. Investment is neglected

2. Additional shocks

3. Heterogeneous individuals

4. Other growth effects
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Figure 3 Cole and Obstfeld JME 1991

3.3.6 Other estimates of the gain from risksharing

The literature is all over the place: from 0 to 100% of consumption. Why?
why some estimates are very high:

• some models match the equity premium (Lewis JPE 1996). Requires high degree of risk aversion. So
not surprising that the gains are large. indicates that it is a bit difficult to calibrate these models. In
general, the gains estimated from the ‘finance’ approach are very large. Because they implicitly assume
that the equity premium is here to stay.

• some models concentrate on near integrated processes: much larger endowment uncertainty (suppose
that Yt+1 = ρYt + t+1 even with small σ2, var (yt) can be large (Shiller Athanasoulis (1995 NBER)

• endogenous growth (Obstfeld 1994)

why some estimates are very low:

• high risk free real interest rate.

• too much risk sharing via terms of trade: imply that consumptions are already correlated. Seems to
contradict the evidence

Obstfeld 1994
Pallage and Robe (2000)
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3.4 Another model of asset trade: Martin and Rey (JIE 2004)

Predecessors

• Helpman Razin [1978]
Integration of a stock market economy in a Hecksher Ohlin model of trade.

• Svensson 1988 [AER]
This paper develops a theory of international trade in assets based on comparative advantage.

• Acemoglu Zilibotti, 1997 [JPE]

3.4.1 The model

Model of endogenously incomplete markets. Draws a parallel between trade in assets and trade in goods.
Borrows from the ‘new trade theory’, trade in variety type model. Previous models look at the interaction
between specialization/endowment and trade in assets (Svensson 1988 and Helpman Razin 1978).
4 key assumptions:

• number of assets is endogenous.

• Fixed costs in the investment technology (so limited number of assets proposed in equilibrium)

• Assets are imperfect substitutes

• Cross-border transaction costs

Remark 10 it is unclear whether this is really a model of incomplete markets: incomplete markets refers to
situations where there is residual idiosyncratic risk that is uninsured. This is not the case here. Can think of it as
a model with different degrees of aggregate risk. With few projects, chances are high that output will be zero.
With many projects, less so.

Remark 11 here we will also have the interesting result that imperfect competition increases idiosyncratic risk
(since we hold more of the domestic asset)

3.4.1.1 Assumptions

• 2 periods, 2 countries. Countries differ in size. Unit mass of agents. N domestic agents, N∗ foreign
agents(represents population, not economic size here).

• Uncertainty: tomorrow’s state of the world is the realization of some random variable s ∈ [0, S] .
Assume that s is uniformly distributed.

• Technology:

— Arrow Debreu assets, as in Acemoglu and Zilibotti.

A project is an A-D security that pays y in state of the world s, 0 otherwise.

Interpretation: returns to firms are risky. Here think about the ‘strips’.

Remark 12 Different projects are imperfect substitute (provide consumption in different states of the
world).

Remark 13 Variety improves risk sharing: taste for variety.
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— We define Ai the set of projects on [0, S] that agent i is undertaking and it’s mass: µ (Ai) =
µi.Cost of producing a mass µ of projects: f (µ) with f (0) = 0 and f 0, f 00 > 0. Can think of
monitoring becoming more costly. Each Ai is disjoint. It never makes sense to produce an asset
that is already produced, as long as some states are not spanned.

— We also define A = ∪iAi for domestic agents and A∗ the foreign counterpart. These represent
the sets of domestic and foreign projects, respectively. We denote also A\Ai the set of domestic
assets not produced by agent i.

Remark 14 we will look at a situation where S is large enough that the total number of projects is smaller
than the number of states, so that

P
i µi < S.

• Endowment in the first period: Y1 and Y ∗1 freely traded.

• Timing:

— period 1: consume and invest in the risky projects, at home an abroad. Chooses Ci
1 and µi.

— period 2: consume the return on investment that depends upon the state of the world that is
realized.

• Cross border transaction costs: iceberg cost τ for international financial transaction, both on the
purchase and the dividend flow.

Denote xi (s) the asset demand for AD security for state s for a domestic agent i and xj∗ (s) the asset
demand for some foreign agent j. Note that if s ∈ A this is a domestic asset, and s ∈ A∗, this is a foreign
asset.
Budget constraint in period 1:

Ci
1 + f (µi) +

Z
A
p (s)x (s) ds+ (1 + τ)

Z
A∗

p (s)x (s) ds = Y1 +

Z
Ai

p (s) ds

• the right hand side represents current income and the revenues from selling each project s on Ai at
price p (s) .

• The left hand side represents current consumption, the cost of setting up the projects and the demand
for domestic and foreign shares (both domestically produced and otherwise)

Budget constraint in period 2:

C2 (s) =

⎧⎨⎩ x (s) y if s ∈ A
(1− τ)x (s) y if s ∈ A∗

0 otherwise

Remark 15 it is possible for consumption to be zero in the second period. This is an artifact of the assumption
that firms are AD securities. If we convexify a bit more, so that firms pay out a kernel over the state of nature,
the results still go through as long as we cannot replicate the complete market equilibrium

• Preferences:

U = C1 + βE

Ã
C1−ρ2

1− ρ

!
where ρ is the degree of risk aversion.

If we substitute the expression for C2 into preferences, we obtain:

U = C1 +
β

S

y1−ρ

1− ρ

∙Z
A
x (s)1−ρ ds+ (1− τ)1−ρ

Z
A∗

x (s)1−ρ ds

¸
This looks very much like a trade in variety model with dixit-stiglitz preferences.

Remark 16 The linearity of the assumption for preferences in terms of first period consumption garanties that
there is no smoothing component to consumption allocation.
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3.4.2 The solution

• Comptetition is monopolistic. Each AD project is priced by a monopolist. This reflects the fact that
firms can retain shares to increase share prices and extract more revenues (another parallel with the
trade literature).

• Consider first the foreign demand for domestic assets. We can write the foreign budget constraint as:

Cj∗
1 + f

¡
µ∗j
¢
+ (1 + τ)

Z
A
p (s)x∗j (s) ds+

Z
A∗

p (s)x∗j (s) ds = Y ∗1 +

Z
A∗j

p (s) ds

and solve for the foreign demand for domestic assets by maximizing over x∗j (s) for s ∈ Ai:

p (s) =
β

S
y1−ρ

µ
1− τ

1 + τ

¶1−ρ
(1 + τ)

−ρ
x∗j (s)

−ρ

x∗j (s) (1 + τ) = p (s)−1/ρ
µ
β

S
y1−ρ

¶−1/ρµ
1− τ

1 + τ

¶− ρ−1
ρ

common for all j

• Similarly, we can solve for the domestic demand for asset s ∈ Ai for i0 6= i:

p (s) =
β

S
y1−ρxi0 (s)

−ρ

xi0 (s) = p (s)
−1/ρ

µ
β

S
y1−ρ

¶−1/ρ
common for all i0 6= i.

• In both cases, the perceived elasticity of demand is 1/ρ, as usual with Dixit Stiglitz preferences. We
need to assume that ρ < 1 if we want the model to be well behaved (otherwise the markup is negative
and the solution is to supply 0). This is a limitation of the analysis. Could perhaps be relaxed with
Epstein Zin preferences.

• To solve for the optimal supply and price for AD asset s ∈ Ai, let’s rewrite the domestic budget con-

straint using the equilibrium on the domestic asset market
³P

i0 6=i xi0 (s) + (1 + τ)
P

j x
∗
j (s) = 1− xi (s)

´
as:

Ci
1 + f (µi) + (1 + τ)

Z
A∗

p (s)x (s) ds+

Z
A\Ai

p (s)x (s) ds = Y1 +

Z
Ai

p (s) (1− x (s)) ds

We now maximize U over x (s) subject to the budget constraint and the foreign demand for domestic
asset. We obtain:

p (s) =
1

1− ρ

β

S
y1−ρ xi (s)

−ρ

xi (s) = (1− ρ)−1/ρ p (s)−1/ρ
µ
β

S
y1−ρ

¶−1/ρ
this is the usual formula: p = MC/ (1− 1/σ) where σ is the elasticity of demand. The markup is
constant and equal to 1/1− ρ.

• Substituting the foreign demand for domestic asset and using the equilibrium condition for asset s :

xi (s) = (1− ρ)−1/ρ xi0 (s)

= δxi0 (s)

xi (s) =
δ

φ
(1 + τ)x∗j (s)
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Proposition 3.4.1 (Home Equity Bias) No full diversification: the producer of a project retains a higher
share:

xi (s) = δxi0 (s)

=
δ

φ
xj (s)

This implies that projects or firms have a nationality. For domestic demands, this depends only upon
imperfect competition. When δ = 1, we have xi (s) = xi0 (s) .

• Equilibrium on the asset market s implies:

xi (s) + (N − 1)xi0 (s) +N∗ (1 + τ)x∗j (s) = 1

xi (s) =
δ

(N − 1) + φN∗ + δ

where:

φ =

µ
1− τ

1 + τ

¶ 1−ρ
ρ

δ = (1− ρ)−1/ρ

φ < 1 measures the importance of cross border transaction costs: if τ = 0, φ = 1. On the other hand,
if τ = 1, φ = 0.

δ > 1 measures the important of the imperfect competition. When ρ = 1, δ = ∞. If markets were
competitive, on the other hand, we would have δ = 1 (corresponds formally to ρ = −∞).

Proposition 3.4.2 There is more diversification in a large country than a small country: for s ∈ Ai and
s0 ∈ Aj :

xi (s) < x∗j (s
0)

We can check that this is true by noting that

xi (s)

xj (s0)
=
(N∗ − 1) + φN + δ

(N − 1) + φN∗ + δ
< 1

since φ < 1. Only when φ = 1 do we have xi (s) = xj (s
0). Note that this result is independent of the degree

of imperfect competition. It would also occur under perfectly competitive.

• We now solve for equilibrium prices:

p (s) =
β

S
y1−ρ ((N − 1) + φN∗ + δ)ρ

We see that prices increase with market size.

Proposition 3.4.3 Demand effect: asset prices are higher in the larger market: for s ∈ A and s0 ∈ A∗

p (s) > p (s0)

• we now solve for the supply of assets by each agents. Can show that the FOC is:

f 0 (µ) = p

Proposition 3.4.4 financial markets are more developed in a larger country:

µ > µ∗

Home bias arises for two reasons:

• imperfect competition

• transaction costs
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3.4.3 Welfare analysis:

two sources of inefficiency:

• pecuniary externality. Opening a new project reduces the risk that other agents face. This makes
all the other projects more attractive. But the owner of the additional project does not internalize
this effect. This creates a coordination failure: the more projects there are, the more I want to offer
projects (since p increases). This leads to too little diversification in equilibrium

• imperfect competition:

— leads agents to retain too much ownership of project;

— monopolistic power also leads to too many projects opened

So it is unclear a priori whether there are too many or too few projects. Can show by solving the planner’s
problem that there is always too little diversification.

3.4.4 Empirical analysis

• Portes and Rey (2002) uses a gravity model to look at financial flows.

• Only model that works in real trade (embarassingly so).

• Gravity model have two explantory variables:

— product of size (economic)

— distance

• New trade theory (HK) has the first variable, not always the second. Distance proxies for transaction
costs.

• Portes and Rey uses data on bilateral trade in assets between 14 OECD countries for 8 years. Variables
that proxy information costs: volume of telephone calls, number of foreign banks branches.

lnTA
B = β1 ln (Mcap)A + β2 ln (McapB) + β3 ln (distance) + β4 information variables

• Martin Rey model predicts that both variables should be there (transaction costs)

— interpret transaction costs as information

— use proportional transaction costs for φ

— find strong results

lnTA
B = ln (Mcap)A + ln (CB) + lnφ+

1

ρ
ln (y/NpA) + ln

³
β1/ρ/y

´
where TA

B represents sales of portfolio equity from A to B
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Figure 4

Figure 5


