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1 University of New Mexico, NM, USA
2 Naval Research Laboratory, DC, USA
3 Simon Fraser University, Vancouver, BC, Canada

Abstract—While there has been considerable work addressing
consensus and group consensus in single-layer networks, not
much attention has been devoted to consensus in multilayer
networks. In this paper, we fill this gap by considering multilayer
networks consisting of agents of different types while agents of
the same type are arranged in individual layers. The patterns of
emerging group consensus are determined by the symmetries of
the multilayer network. An analysis of these symmetries reveals
a partition of the nodes in each layer into clusters where the
nodes in each cluster may achieve group consensus. We show
that it is possible for group consensus to arise independently
of the particular dynamics of the agents, which may be stable,
marginally stable, or unstable. The concept of isolated group
consensus where certain clusters of nodes in the multilayer
network achieve group consensus while others do not is also
introduced.

I. I NTRODUCTION AND BACKGROUND
Recent research results considered the ability of a network
to achieve group consensus where only groups of agents may
reach consensus. In this context, studies have focused on
either group consensus [1]–[6], cluster consensus [7]–[9], or
multiconsensus [10]–[14]. In this paper we use the term group
consensus. Results dealing with group (cluster) synchronizations of networks have been also reported [15]–[18]. Several
papers [19]–[22] considered a specific structure of the network
connectivity (both the inter-connectivity between groups and
the intra-connectivity within each group) that enables group
consensus, In this paper, the final group consensus is achieved
as an emergent property of the network topology in terms of
the network symmetries. The role of the networks symmetries
in determining group consensus has been investigated in the
context of single-layer networks [23].
Multilayer networks have recently received considerable
attention in the research community [24], [25]. Epidemic
dynamics [26]–[29] and collective behavior [30] in multilayer
networks have been addressed, as well as the spread of failures
through interdependent networks [31]–[33]. Centrality measures that appropriately describe nodes of multilayer networks
have been studied [34] while synchronization in multilayer
networks has been investigated [35]–[41]. However, the emergence of consensus in multilayer networks has received little
attention with few exceptions [42], [43] and a recent work
focusing on opinion dynamics [44].
In this paper, we consider a network formed of different
layers where each layer is home to agents of a various types
described by different uncoupled dynamics. Within the same
layer, agents are connected through intra-layer connections

while agents in different layers communicate through interlayer connections. We are interested in the emergence of
group consensus where the agents within the same layer
achieve consensus in clusters. For simplicity, we assume linear
dynamics and study the pattern of consensus that emerges as
a result of the specific intra-layer and inter-layer connectivity
patterns. Our main result is the ability to predict agents within
the same layer that will or will not achieve consensus based
on the symmetries of the multilayer network.
II. P RELIMINARIES
We first introduce notation that will be used throughout this
paper. We indicate with ID the identity matrix of dimension D
and we indicate as 1D the column vector of length D whose
entries are all ones.
A group S is set S of elements with a defined binary
operation that satisfies the following conditions: (i) Closure:
for each a, b ∈ S, ab ∈ S, (ii) Associativity: a(bc) = (ab)c for
all a, b, c ∈ S, (iii) Existence of an identity element: S contains
an element e such that ea = ae = a for every a ∈ S, and (iv)
Existence of inverse elements: for every element a ∈ S, there
exists an inverse element a−1 in S such that aa−1 = a−1 a = e.
A nonempty subset of a group G is a subgroup H of G if it
is itself a group with respect to the binary operation defined
on G .
Definition 1. A coset of a subgroup H of a group S is
defined as follows: Let H = h1 , h2 , ..., hm be a subgroup
of a group S . Then, for any a in S the product aH =
ah1 , ah2 , ..., ahm is called a left coset of H in S while the
product H a = h1 a, h2 a, ..., hm a is called a right coset of H
in S .
We next provide a definition for the symmetries of networks
formed of a single layer where all the nodes are of the same
type [45], [46]. we define the symmetries of a multilayer
network formed of several layers and systems of different
types in each layer.)
Definition 2. Each individual network layer α, is described
by a graph G α (V (G α ), E (G α )), where the set of nodes
V (G α ) = {1, . . . , N α }, |V | = N α and a set of edges E (G α ) ⊆
V × V where (i, j) ∈ E if node j is connected to node
i and (i, j) ∈
/ E otherwise. A permutation of the graph
π(G α ) = G α 0 is an operation that (i) permutes the nodes
of the graph, π(i) = j, i ∈ V (G α ), (ii) leaves the set of
nodes unaltered V (G α ) = V (G α 0 ), and (iii) associates to
each edge (i, j) ∈ E (G α ) an edge (π(i), π( j)) ∈ E (G α 0 ).
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If G α = G α 0 , then the permutation π is an automorphism
(“symmetry”) of the graph. If π is an automorphism and if
(i, j) ∈ E (G α ), then (π(i), π( j)) ∈ E (G α ). If (i, j) ∈
/ E (G α ),
α
then (π(i), π( j)) ∈
/ E (G ). The set of automorphisms with the
composition operation forms the automorphism group S α of
layer G α .
Definition 3. The set of nodes V α from layer α is partitioned
into disjoint subsets of nodes that are mapped into each
other by applying all the symmetries in S α . We refer to
such subsets of nodes as ‘orbits’ of the automorphism group
S α or ‘clusters’ of the layer α: C1α , C2α , ..., CKα , Ckα 6= 0,
/
S
Ckα ∩ Clα = 0,
/ k 6= l, and Kk=1 Ckα = V α . Orbits (clusters)
formed of only one node are called trivial orbits (clusters).
Definition 4. A representation of the symmetry group S α
associates a matrix to each element of the group. For each
symmetry π(i) = j, i ∈ V , a natural choice is a permutation
matrix that has all zero entries except for ones placed in row
i, column π(i), i ∈ V . The representation group is a group
whose elements are the matrices and whose binary operation
is matrix multiplication.
Definition 5. An irreducible representation of a group S
is a group representation that has no nontrivial invariant
subspaces [47].

III. DYNAMICAL M ODEL
We now provide a general model for the time evolution of
the agents in a multilayer network. The underlying assumption
is that each node of the multilayer network is home to a
dynamical agent. Therefore, the terms node and agent will
be used interchangeably. The term node is preferred when
describing the network while the term agent is preferred
when describing the node dynamics. A multilayer network is
composed of:
•

•

Sets of nodes/agents {X α , α = 1, . . . , M}, where each set
forms a different layer of the multi-layer network. All
N α agents in the same layer X α share the same type
of uncoupled dynamics that we assume to be linear:
α
ẋαi = F α xαi , i = 1, . . . , N α , xα ∈ Rn . The total number
of nodes/agents in the multilayer network is N = ∑α N α .
A set of different interactions or couplings between
nodes/agents. We differentiate between intra-layer and
inter-layer interactions. (1) The intra-layer interactions
connect nodes within the same layer X α . They are represented by an adjacency matrix Aαα . The interaction
is modeled in terms of a square nα -dimensional matrix
H αα while the strength of the interaction is tuned using
parameter σ αα . (2) The inter-layer interactions connect
nodes in two different layers α and β , where β 6= α. They
are represented by an N α ×N β adjacency matrix Aαβ . The
associated coupling is determined by the nα × nβ matrix
H αβ , where σ αβ is the associated coupling strength. We
assume that the couplings are undirected and, therefore,
Aαα = Aαα T , α = 1, ..., M and Aαβ = Aβ α T , α, β =
1, ..., M.

Fig. 1. A multilayer network with M = 2 layers, N 1 = 6 agents in layer 1
(top) and N 2 = 4 agents in layer 2 (bottom). The agents in the top layer are
of a different type than the agents in the bottom layer. Solid (dashed) lines
are intra-layer (inter-layer) connections. Inside each layer, nodes in the same
orbit (cluster) are of the same color.

An example of multilayer network consisting of M = 2
layers, N 1 = 6 nodes in layer 1, and N 2 = 4 nodes in layer 2,
is shown in Fig. 1.
For this network, the coupling

0 1
1 0

0 0
11
A =
0 0

0 1
1 0

matrices are:
0
0
0
1
1
0

0
0
1
0
0
1

0
1
1
0
0
0


1
0

0
=
0

0
0

0
1
0
0
0
0

0
0
1
0
0
0


0
0

0
,
1

0
0


0
1
22

A =
1
1

1
0
1
0

1
1
0
1


1
0
.
1
0

A12 = A21

T


1
0

0
,
1

0
0

(1)

The symmetry analysis shows that there are 3 clusters in
layer 1: C1α = (1, 3), C2α = (2, 4), C3α = (5, 6) and 2 clusters
β
β
in layer 2: C1 = (1, 3), C2 = (2, 4). In Fig. 1, nodes in each
layer that belong to the same orbit (cluster) have the same
color.
We devise a model for the time evolution of each agent
based on its individual dynamics and its connections to other
agents through the connectivity of the multilayer network.
Under the assumption that the overall effect of different
interactions is equal to the sum of the individual interactions,
the state xi (t) of agent i in layer α of the multilayer network
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evolves based on linear equations:
Nα

ẋαi (t) = F α xαi (t) + σ αα

αα α
x j (t)
∑ Aαα
ij H

j=1

|

{z

intra-layer couplings

}
(2)

Nβ

+

αβ

∑σ ∑

β 6=α

|

αβ
β
Ai j H αβ x j (t),

j=1

{z

inter-layer couplings

}

i=
α = 1, ..., M. We assume that F α 6= F β as long
as α 6= β , where the superscript identifies nodes of different
types. Furthermore, H αβ 6= H γδ as long as α 6= γ and β 6= δ ,
where the superscripts identify interactions of different types.
Equation (2) allows for an arbitrary number of layers M,
an arbitrary number of nodes in each layer N α , α = 1, ..., M,
and arbitrary dimensions for the nodes in each layer nα ,
α = 1, ..., M. We are interested in conditions for achieving
group consensus where the nodes in each layer are divided
into clusters and the nodes within the same cluster achieve
group consensus but nodes between different clusters do not.
Each layer α may be described by an intra-layer graph G α =
(V α , E α ) consisting of two sets:
• set of nodes V α = {i|i = 1, . . . , N α } so that |V α | = N α ,
• set of edges E α =⊆ V α × V α where (i, j) ∈ E α if node
j is connected to node i and (i, j) ∈
/ E α otherwise.
The adjacency matrix of the intra-layer graph G α is a binary
N α ×N α such that element Aαα = 1 if
matrix Aαα = {Aαα
ij } ∈ R
ij
αα
(i, j) ∈ E and Ai j = 0 if (i, j) ∈
/ E (G ). If G α is undirected
(directed), then Aαα is symmetric (non-symmetric).
Each pair of layers α, β may be described by a bipartite inter-layer graph G αβ = (V α , V β , E αβ ), where E αβ =⊆
V α × V β where (i, j) ∈ E αβ if node i ∈ V β is connected
to node j ∈ V β and (i, j) ∈
/ E αβ otherwise. The adjacency
αβ
matrix G
of the inter-layer graph is a binary matrix Aαβ =
α
β
αβ
αβ
N
{Ai j } ∈ R ×N such that element Ai j = 1 if (i, j) ∈ E αβ
1, ..., N α ,

and Ai j = 0 if (i, j) ∈
/ E αβ . In the case of undirected interαβ

T

layer connectivity, Aβ α = Aαβ .
Definition 6. The supra-adjacency
dimensional matrix:
 αα
Aαβ
A
Aβ α Aβ β
A=
..
..
.
.
Since we have assumed that
it follows that A = AT .

Aαα

matrix A is the ∑α N α 
···
· · ·
.
..
.

= Aαα T

(3)

and

Aβ α

T
= Aαβ ,

IV. G ROUP OF S YMMETRIES OF THE M ULTILAYER
N ETWORK
We introduce here the group of symmetries of a multilayer network. To analytically compute it, we first present a
general form for the permutation matrices that represent the
symmetries. Each network layer contains a different type of
nodes and, hence, no permutation moves nodes between layers.
This implies that the group of permutation symmetries S for

the entire network is block diagonal. For each permutation
g∈S:


gα 0 0 . . .
 0 gβ 0 . . .


g= 0
,
(4)
0 gγ . . . 


..
..
.. . .
.
.
.
.
where gα is the permutation that moves only nodes in layer
α, gβ is the permutation that moves only nodes in layer β ,
and so on.
Given the form (4), not every choice of gα ∈ S α , gβ ∈ S β ,
etc., results in a symmetry for the multilayer network. In order
for a permutation matrix g ∈ S , the symmetry group of the
multilayer network should satisfy the following conditions:
gα ∈ S α ,
gα A

αβ

gβ ∈ S β ,
αβ

=A

and

gβ

(5a)
βα

gβ A

βα

=A

gα ,

(5b)

α, β = 1, ..., M, β 6= α.
The conjugacy relations (5b) represent the requirement that
permutations from different layers be compatible with the
inter-layer coupling of the multi-layer network. We say that
a permutation is compatible if it can be performed without
changing the structure of the multilayer network. Hence,
symmetries of the multilayer network will have the structure
(4), where gα ∈ S α , gβ ∈ S β , ..., (5a). They also must satisfy
the compatibility condition (5b) imposed by the inter-layer
connectivity.
Consider an example of a multi-layer network with two
layers α and β . Equation (2) may be written as:
ẋα
ẋβ

= IN α ⊗ F α xα + σ αα Aαα ⊗ H αα xα + σ αβ Aαβ ⊗ H αβ xβ
= IN β ⊗ F β xβ + σ β β Aβ β ⊗ H β β xβ + σ β α Aβ α ⊗ H β α xα ,

where
the
N α nα -dimensional
vector
T αT
T T
α
α
[x1 , x2 , ..., xNα ] ,
the
N β nβ -dimensional
βT

βT

xα =
vector

β T

xβ = [x1 , x2 , ..., xNβ ]T and the symbol ⊗ indicates
the Kronecker product of matrices.
Consider two permutations gα ∈ S α and gβ ∈ S β . From
(4), a general element of the symmetry group for this two-layer
network should be of the form:


gα 0
.
(6)
0 gβ
In order to determine compatible gα ’s and gβ ’s, we apply the
two permutations to the full system dynamics,
gα ẋα
gβ ẋβ

= IN α ⊗ F α gα xα + σ αα Aαα ⊗ H αα gα xα
+ σ αβ gα Aαβ ⊗ H αβ xβ
= IN β ⊗ F β gβ xβ + σ β β Aβ β ⊗ H β β gβ xβ
+ σ β α gβ Aβ α ⊗ H β α xα ,

where we have used the property that permutations commute
with the intra-layer coupling matrices.
From (7), flow invariance requires that the conjugacy relations be satisfied: gα Aαβ = Aαβ gβ and gβ Aβ α = Aβ α gα .
This implies that the gα ’s and the gβ ’s are not arbitrarily
chosen and must be properly paired to satisfy (5b). Because
there may not be a matching gβ for each gα and vice versa,
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the conjugacy relations will generally restrict the permitted
permutations to subgroups of S α and S β . It is the structure
of these subgroups that will determine the final group S of
the entire network.
To find the permutations that satisfy the conjugacy relations
(5b), we define the following sets:
H α = {gα ∈ S α |gα Aαβ = Aαβ gβ and gβ Aβ α = Aβ α gα
(7)
for some gβ ∈ S β and
H β = {gβ ∈ S β |gβ Aβ α = Aβ α gα and gα Aαβ = Aαβ gβ (8)
for some gα ∈ S α . A proof that H α is a subgroup of S α
and H β is a subgroup of S β can be found in [48].
α
β
Note that Aαβ ∈ RN ×N , while an element gα ∈ H α may
α
be represented with a N × N α matrix and an element gβ ∈
H β may be represented with a N β × N β matrix. It follows
from this observation that Aαβ has generally nontrivial left
and right null spaces (with no particular structure) and, hence,
there may be more than one gα that satisfies gα Aαβ = Aαβ gβ
for a given gβ and vice versa.
We next show how the group of symmetries of the multilayer network S can be obtained from H α and H β . To
properly pair the permutations, we introduce an equivalence
relation on each subgroup H α and H β . We define a relation
∼ between the elements of H α as g ∼ g0 if gAαβ = g0 Aαβ .
Similarly, h ∼ h0 if hAβ α = h0 Aβ α . Because ∼ is defined using
equalities, ∼ is an equivalence relation (reflexive, symmetric,
and transitive) on H α and H β . Moreover, if g ∼ g0 , g, and
h are conjugate, then so are g0 and h. This implies that the
relation defines a disjoint partitioning of each subgroup into
β
subsets, Ki α and Ki , i = 1, ..., K, respectively for H α and
H β . Each subset Ki α contains all permutations g such that
gAαβ is equal to a certain matrix Mi . Correspondingly, each
β
subset Ki contains all permutations h such that hAβ α = Mi .
This leads to the construction of the group of symmetries of
the multilayer network S as:



gα 0
β
S=
|gα ∈ Ki α and gβ ∈ Ki , for i = 1, ..., Z .
0 gβ
(9)
β
Note that the sets Ki α and Ki may contain different number
of elements.
Remark 1. For each layer α, the sets Ki α form cosets for
the layer’s subgroup H α [48]. It suffices to notice that one
of the Ki α subsets that contains the identity symmetry is a
subgroup of H α . If K1α is the subgroup, it follows that all
Ki α are left and right cosets of K1α .
It is now possible to define the orbits of the symmetry group
S . Each orbit is formed of the nodes of the multilayer network
that are mapped into each other when all the symmetry
operations of the group S are applied. Because there are no
symmetry operations that swap nodes between different layers,
all the orbits are formed by nodes in the same layer.
Definition 7. The symmetry group S partitions the nodes of
the multilayer network into orbits. As a result, the nodes in

each layer α are partitioned into clusters Ckα , k = 1, . . . , Lα ,
S α
each consisting of the nodes in orbit k and Lk=1 Ckα = V α ,
α = 1, .., M, Ckα 6= 0/ and Ckα ∩ Clα = 0,
/ k 6= l.
Let Nkα = |Ckα | denote the number of nodes of layer α in
orbit k, ∑qk=1 Nkα = N α . For simplicity and without loss of
generality, we assume that nodes in each layer α are numbered
corresponding to their orbits. For example, nodes in orbit 1
are labeled 1, . . . , N1α while nodes in orbit 2 are labeled N1α +
1, . . . , N1α + N2α . Then, each matrix Aαβ may be rewritten as:


αβ
αβ
A`` A`k · · ·

 αβ
αβ
Akk · · · ,
A
(10)
Aαβ = 

 k`
..
..
..
.
.
.
β

αβ

where the N`α × Nk block A`k denotes the coupling between
cluster k in layer β and cluster ` in layer α.

V. G ROUP C ONSENSUS IN M ULTI -L AYER N ETWORKS
WITH L INEAR DYNAMICS
The time evolution of each layer of the multilayer network
is described as:
M

ẋα (t) = IN α ⊗F α xα (t)+ ∑ Aαβ ⊗ Ĥ αβ xβ (t)

α = 1, ..., M,

β =1

(11)
in
the
N α mα -dimensional
vector
xα =
[xα1 (t)T , xα2 (t)T , ..., xαN α (t)T ]T ,
α = 1, ..., M,
where
Ĥ αβ = σ αβ H αβ .
A global system of equations describing the time evolution of the entire multilayer network can be written by
introducing the P = ∑α N α nα -dimensional vector x(t) =
T
T
T
[x1 (t) , x2 (t) , ..., xM (t) ]T ,


IN α ⊗ F α
0
···

0
IN β ⊗ F β · · ·
ẋ(t) = 

..
..
..
.
.
.

 αα
αα
αβ
αβ
A ⊗ Ĥ
···
A ⊗ Ĥ
βα

 βα
Aβ β ⊗ Ĥ β β · · ·
+  A ⊗ Ĥ
 x(t) = Ξx(t),
..
..
..
.
.
.
(12)
where the P-dimensional square matrix Ξ has eigenvalues ξ` ,
` = 1, ..., P.
Definition 8. The set of states xαi = xαj if i and j lie in the
same orbit Ckα , α = 1, ..., M, k = 1, ..., Lα define an invariant
manifold called the group consensus manifold.
The dynamics on the group consensus manifold is governed
by the quotient network dynamics [23]:
αβ

q̇αk (t) = F α qαk (t)+ ∑ ∑ Qkl Ĥ αβ ql (t),
β

k = 1, . . . , Lα , (13)

l

where qαk (t) is now the state of orbit k = 1, ..., Lα in layer α
αβ
αβ
and the Lα × Lβ matrix Qαβ has entries Qkl = ∑ j Ai j for
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i ∈ C α and j ∈ C β . Equivalently:


ILα ⊗ F α
0
···

0
ILβ ⊗ F β · · ·
q̇(t) = 

..
..
..
.
.
.
 αα

αα
αβ
Q ⊗ Ĥ
Q ⊗ Ĥ αβ · · ·
βα
 βα

Qβ β ⊗ Ĥ β β · · ·
+  Q ⊗ Ĥ
 q(t) = Ψq(t),
..
..
..
.
.
.
(14)
in the R = ∑α Lα nα -dimensional vector q(t) =
T
T
T
[q1 (t) , q2 (t) , ..., qM (t) ]T and each vector qi (t) =
T i
T
T T
i
i
[q1 (t) , q2 (t) , ..., qLi (t) ] .
We now introduce the square L = ∑α Lα -dimensional matrix
Q defined as:

 αα
Q
Qαβ · · ·
 β α Qβ β · · ·
(15)
Q = Q
.
..
..
..
.
.
.
It is related to the matrix A by the following relation:
Q = (E T E)−1 E T AE = E † AE,

(16)

where E is the N × L indicator matrix Ei j , which is equal to
one if node i is in orbit j and is equal to zero otherwise [49].
Lα
= ⊕M
α=1 ⊕k=1 1Nkα ,

Remark 2. The matrix E
⊕ indicates the direct sum operation.

where the symbol

Remark 3. The quotient network vector q(t) =
(E 0 T E 0 )−1 E 0 T x(t), where the R × P-dimensional indicator
matrix E 0 maps each state of the P-dimensional vector x(t) to
one and only one state of the quotient network R-dimensional
Lα
vector q(t): E 0 = ⊕M
α=1 ⊕k=1 (Inα ⊗ 1Nkα ).
The quotient network describes the evolution of the agents
on the group consensus manifold. In case when all the agents
in the same cluster were given the same initial condition, the
quotient network dynamics provides the exact time evolution
of all network agents. The quotient network dynamics is stable
in the group consensus manifold if the largest real part of the
eigenvalues of the matrix Ψ (defined in Eq. (14)) is negative.
Under appropriate conditions, the set of equations (11)
and (12) will admit group consensus. A set of agents may
converge on group consensus on either a stable, unstable, or
marginally stable trajectory. It is important to note that we
are not concerned with whether or not the entire system is
asymptotically stable. Instead, we address the stability of each
agent with respect to the group consensus state where all nodes
in its orbits have reached consensus.
Definition 9. Nodes in orbit Ckα have achieved group consensus if limt→∞ kxαi (t) − xαj (t)k = 0 for all i and j in Ckα . Hence,
group consensus is possible for either stable, marginally stable, or unstable dynamics as long as the trajectories converge
to each other.
Remark 4. Analysis of the eigenvalues ξ` , ` = 1, ..., P is not
sufficient to predict group consensus. Only if all eigenvalues
have a negative real part Re(ξ` ) < 0, ` = 1, ..., P (case (i)), the

set of equations converge on the group consensus manifold
with all limt→∞ xiα (t) = 0. If one or more eigenvalues have
Re(ξ` ) > 0, it is difficult to predict whether or not group
consensus is achieved unless one is able to determine whether
those eigenvalues with positive real part correspond to motion
parallel to the group consensus manifold or are transverse to
it. In particular, if for one or more eigenvalues Re(ξ` ) > 0,
one of the following two cases may arise: group consensus is
achieved on a diverging trajectory (case ii) or group consensus
is not achieved (case iii).
The remainder of the paper is devoted to determining
conditions when eigenvalues ξ` are associated with motion
parallel or orthogonal to the group consensus manifold. We
use a transformation of the system dynamics provided by
group theory in order to fully characterize stability of group
consensus.
Based on the group of symmetries of the multilayer network,
we may compute the irreducible representations (IRRs) of
the symmetry group of the multilayer network. We, thus,
define a transformation T α for each layer α to the so called
IRR coordinate system [17]. The global transformation of
the multilayer network to the IRR coordinate system may be
written as a block diagonal matrix with the direct sum of the
transformations of each layer (the orthonormal matrix T ),
T=

M

Tα.

(17)

α

By construction, each row of the matrix T α is associated
with a specific cluster Ckα : all the i entries of that row of
the matrix T α are zero for i ∈
/ Ckα . N1α rows of the matrix
α
T are associated with cluster 1, N2α rows are associated
to cluster 2, and so on.
each matrix T α , the first Lα
p For
α
α
rows satisfy Tki = 1/ Nk if node i ∈ Ckα and Tki = 0
otherwise. These rows describe motion that is parallel to the
consensus manifold. The remaining rows describe motion that
is orthogonal to the consensus manifold and, thus, determine
its transverse stability. If one of these rows k = Lα + 1, ..., N α
is associated with cluster Ckα , ∑i∈Ckα Tkiα = 0.
We now construct the P-dimensional orthonormal matrix T̃
that will be used to block-diagonalize (12):
T̃ =

M

T α ⊗ Inα .

(18)

α

Application of the transformation T̃ to (12) yields:


IN α ⊗ F α
0
···

0
IN β ⊗ F β · · ·
z̃˙ (t) = 

..
..
..
.
.
.
 αα

αα
αβ
αβ
B ⊗ Ĥ
B ⊗ Ĥ
···
βα
 βα

Bβ β ⊗ Ĥ β β · · ·
+  B ⊗ Ĥ
 z̃(t),
..
..
..
.
.
.

(19)

where vector z̃(t) = (T̃ ⊗ Im )z(t) and each block Bαβ =
T
T α Aαβ T β . It is important to note that application of the
matrix T̃ leaves the leftmost matrix on the right hand side
of (12) unaltered. (Compare with the leftmost matrix on the
right hand side of (19).)
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We also define the N-dimensional
 αα
B
Bαβ
β
α

Bβ β
B = B
..
..
.
.

square matrix:

···
· · ·
,
..
.

(20)

which may be computed as B = TAT T . Moreover, after permutations of its rows and columns, the matrix B has a blockdiagonal structure that is determined by the irreducible representation of the symmetry group of the multilayer network.
Namely:
(21)
ΠBΠT = ⊕Ss=1 Ids ⊗ B̃s ,
where Π is an appropriate permutation matrix, B̃s is a (complex) ps × ps matrix with ps the multiplicity of the s IRR of
the permutation group representation, S the number of IRRs,
and ds the dimension of the s IRR so that ∑Ss=1 ds ps = N [17].
The trivial representation (s = 1) which describes the motion
in the consensus manifold has p1 = L and is associated with
all the L clusters of the multilayer network. Each remaining
representation s = 2, ..., S is associated with either: (i) an
individual cluster (ps = 1) or (ii) a set of intertwined clusters
(ps > 1) [17].
By taking advantage of the block diagonal structure of
(21), the vector z̃(t) in (19) may be decomposed into S
independently evolving vectors z̃T = [z̃T1 , z̃T2 , ..., z̃TS ], each corresponding to an irreducible representation s = 1, ..., S. For
each s = 1, ..., S, an independent system z̃˙ s = B̂s z̃s (t) can
be written. Let us first consider the case that ps = 1. The
corresponding system s satisfies:
z̃˙ s = (F a + B̃s Ĥ aa )z̃s ,

(22)

where a is the layer of the cluster associated with the IRR s.
In case of ps = 2, there are two clusters a and b associated to
the IRR. Hence, the corresponding system s satisfies,
 a

aa
ab
F + B̃aa
B̃ab
s ⊗ Ĥ
s ⊗ Ĥ
z̃˙ s (t) =
z̃ (t).
(23)
ba
B̃ba
F b + B̃bb ⊗ Ĥ bb s
s ⊗ Ĥs
Similarly, one may write the systems s for ps > 2. A special
case is the trivial irreducible representation (s = 1), which is
associated with all the L network clusters (p1 = L).
An immediate consequence of the particular block-diagonal
structure of the matrix B (21) is that the transformed state
vector is partitioned into two independent vectors: z̃(t) =
[z̃Tpara (t), z̃Torth (t)]T , where z̃ para (t) ≡ z̃1 (t) ∈ RR , describes
the motion along the group consensus manifold and z̃orth (t) ≡
[z̃2 (t)T , ...., z̃S (t)T ]T ∈ RP−R describes the motion orthogonal
to the group consensus manifold:

 


B̂ para
O(R×P−R)
z̃˙ para (t)
z̃ para (t)
=
.
z̃˙ orth (t)
z̃orth (t)
O(P−R×R)
B̂orth
(24)
We define λ para and λorth be the maximum real part of the
eigenvalues of the matrices B̂ para and B̂orth , respectively. An
analogous derivation to Eq. (24) can be found in [49].
Theorem 1. Stability of the motion along (orthogonal to) the
group consensus manifold is determined by the sign of λ para
(λorth ). Namely, the motion in the group consensus manifold

decays to zero if and only if λ para < 0 (B̂ para is Hurwitz).
Group consensus is achieved if and only if λorth < 0 (B̂orth
is Hurwitz). In this case, the group consensus manifold is
stable and any perturbation orthogonal to the group consensus
manifold will decay to zero independent of the dynamics along
the manifold.
Proof. The block diagonal structure of the matrix (24) shows
that (14) decouples into two independent equations. One needs
to prove that these two equations correspond to motion parallel
to the consensus manifold and motion parallel to it. This
follows from the particular structure of the matrices T α ,
α = 1, .., M. The vector x(t) in (14) can be written as a linear
combination of the components of the vectors z̃ para (t) and
z̃orth (t). In particular for every two nodes i and j from the
same cluster Ckα , the difference (xαi (t) − xαj (t)) is a linear
combination only of the components of the vector z̃orth (t).
Thus the motion orthogonal to the group consensus manifold
is z̃orth (t) and the motion parallel to the group consensus
manifold is z̃ para (t).
Theorem 1 implies that it is possible for the original system
to be marginally stable or unstable and yet achieve group
consensus.
Remark 5. If the group consensus manifold is stable (λ para <
0), for large t xαi (t) converges to qαk (t), i ∈ Ckα , and the
full multilayer network dynamics is completely described
by the quotient network dynamics. Then, the final group
consensus state is equal to q(∞) = limt→∞ exp(Ψt)q(0) =
limt→∞ exp(Ψt)(E 0 T E 0 )−1 E 0 T x(0). This expression explains
how the choice of the initial conditions determine the final
group consensus state.
Theorem 2. The two matrices Ψ and B̂ para are similar.
Proof. Recall the definitions of the matrices T (17) and
T̃ (18). For each matrix T α , the first Lα rows satisfy
p −1
Tkiα = Nkα
if node i is in cluster k of layer α and
Tki = 0 otherwise. For each layer α, we may construct
the Lα × N α matrix T 0 α by stacking together the first
Lα rows of the matrix T α . WeLmay then construct the
R × P-dimensional matrix T 0 = α T 0 α ⊗ Inα . From (24),
z̃˙ para (t) = B̂ para z̃ para (t), where z̃ para (t) = T 0 z̃(t), and by con1
struction T 0 = (E 0 E 0 T )− 2 E 0 . From (14), q̇(t) = Ψq(t), where
1
q(t) = (E 0 E 0 T )−1 E 0 x(t) = (E 0 E 0 T )− 2 T 0 x(t). Hence, q(t) =
1
1
1
(E 0 E 0 T )− 2 z̃ para (t) and B̂ para = (E 0 E 0 T ) 2 Ψ(E 0 E 0 T )− 2 .
1

Remark 6. From Theorem 2, q(t) = (E 0 E 0 T )− 2 z̃ para (t).
Hence, the quotient network dynamics (14) decays to zero if
and only if λ para < 0.
Based on the block-diagonal structure of the matrix:
B̂orth = ⊕Ss=2 B̂sorth ,

(25)

the vector z̃Torth = [z̃T2 , ..., z̃TS ] is composed of S − 1 vectors
evolving independently of each other. (Each vector corresponds to a non-trivial irreducible representation of the graph
automorphism group.) The stability of each block B̂sorth depends on the largest real part of the eigenvalues of that block
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s , where the previously defined λ
S
s
λorth
orth ≡ maxs=2 λorth . This
implies that for a given graph, certain clusters may achieve
isolated group consensus while others may not as shown in
Example 2.

VI. E XAMPLES
A. Example 1
We consider as an example the multilayer network with
M = 2 layers shown in Fig. 1. The state of the systems in the
first layer is a scalar n1 = 1 while the state of the systems in
the second layer is a two-dimensional vector n2 = 2:
F 1 = − 3, Ĥ 11 = 1, Ĥ 12 = (0 − 1),


 


0
1
0
0.1 0
2
21
22
F =
, Ĥ =
, Ĥ =
.
−b −1
−a
0 0
(26)
The quotient network is described by



0 1 1
1
T
Q11 = 1 0 1 , Q12 = Q21 = 0
0 1 1
0

(14), where:



0
1 2
22

1 , Q =
.
2 0
0
(27)

An example of group consensus corresponding to the case
a = 3.5 and b = 4.5 is shown in Fig. 2. Shown are the
time traces from layer 1 (top) and layer 2 (bottom). Colors
of the time traces correspond to the colors of nodes shown
in Fig. 1. The time traces corresponding to nodes in the
same clusters from layer 1 and layer 2 converge to each
other. However, nodes in different clusters converge following
different time evolutions. The variety of dynamical behaviors
that are observed by varying parameters a and b is shown in
Fig. 2, where three cases are evidenced:
• I: stable dynamics and stable group consensus (λ para < 0,
λorth < 0)
• II: unstable dynamics and stable group consensus (λ para >
0, λorth < 0)
• III: unstable dynamics and unstable group consensus
(λ para > 0, λorth > 0).
The fourth possible case, stable dynamics and unstable group
consensus, has not been observed when varying the parameters
a and b in the range shown in Fig. 3.
The matrix T is equal to:










T =










√1
2

0
0
0
0
√1
2

0
0
0
0

0
√1
2

0
0
0
0
√1
2

0
0
0

√1
2

0
0
0
0
− √12
0
0
0
0

0
√1
2

0
0
0
0
− √12
0
0
0

0
0

0
0

√1
2

√1
2

0
0
0
0

0
0
0
0

√1
2

− √12
0
0

0
0

0
0
0
√1
2

0
0
0
0
√1
2

0

0
0
0
0
√1
2

0
0
0
0
√1
2

0
0
0
√1
2

0
0
0
0
− √12
0

0
0
0
0
√1
2

0
0
0
0
− √12
(28)

Fig. 2. Example of group consensus for a = 2.4 and b = 4.5. The upper plot
shows the time traces from layer 1 and the lower plot shows the time traces
from layer 2. Color of the time traces corresponds to the color of nodes in
Fig. 1.

Fig. 3. Group consensus in the plane (a, b). I: stable dynamics and stable
group consensus; II: unstable dynamics and stable group consensus; III:
 unstable dynamics and unstable group consensus.












 Each row of the matrix T is colored to indicate a cluster


 of the multilayer network shown in Fig. 1: different versions

 of pink are clusters of layer 1; dark gray and light gray are


clusters of layer 2. Hence, each row of the matrix T (and of
the transformed matrix B) is associated with a specific cluster.
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The matrix B = TAT T is equal to:

0 1 1 1 0
0
0 0
0 0
 1 0 1 0 1
0
0
0
0 0

 1 1 0 0 0
0
0
0
0 0

 1 0 0 1 2
0
0
0
0 0

 0 1 0 2 0
0
0
0
0 0
B=
 0 0 0 0 0
0
1
−1
1 0

 0 0 0 0 0
1
0
1
0 1

 0 0 0 0 0 −1 1 0
0 0

 0 0 0 0 0
1
0 0 −1 0
0 0 0 0 0
0
1 0
0 0









.








(29)

In this case, there are only S = 2 irreducible representations
of the symmetry group: the matrix B has two diagonal blocks.
The upper-left diagonal block corresponds to motion parallel
to the consensus manifold while the lower-right diagonal block
corresponds to motion orthogonal to the consensus manifold.
We define the average state for all the agents in cluster Ckα
in layer α:
1
[xα (t)]k = α ∑ xαj (t)
(30)
Nk j∈C α

Fig. 4. Top: ρ11 (thick solid line), σ11 (thin solid line), and σ12 (thin dashed
line), versus the parameter b, for fixed a = 2.4. Bottom: λ para (thick solid
line) and λorth (thin solid line), versus. the parameter b, a = 2.4

k

and compute the error
the average trajectory,

E αj (t)

of node j ∈ Ck with respect to

E αj (t) = kxαj (t) − [xα (t)]k k2 ,

(31)

where j ∈ Ckα .
We then compute the rates of exponential growth/decay:
ρkα =

log(k[xα (t2 )]k k) − log(k[xα (t1 )]k k)
t2 − t1

and
σ αj =

log(E αj (t2 )) − log(E αj (t1 ))
t2 − t1

(32)

.

(33)

Plot of ρ11 (thick solid line), σ11 (thin solid line), and σ12
(dashed line) versus the parameter b is shown in Fig 4 (top).
Plot of the eigenvalues λ para (solid line) and λorth (dashed
line), versus the parameter b is shown in Fig 4 (bottom). Both
plots are for a = 2.4. Note that ρ11 (σ11 , σ12 ) is negative when
the eigenvalue λ para (λorth ) is negative.

B. Example 2
We consider a multilayer network consisting of
layers, N 1 = 4 nodes in layer 1, and N 2 = 4 nodes in
as shown in Fig. 5.
The matrices:



0 1 1 1
1 0
0 1
1 0 1 1
T
11
22
12
21

A =A =
=
1 1 0 1 , A = A
0 0
1 1 1 0
0 0

M=2
layer 2,

0
0
0
0


0
0
.
0
0
(34)

Fig. 5. A multilayer network with M = 2 layers, N 1 = 4 agents in layer 1
(top) and N 2 = 4 agents in layer 2 (bottom). The agents in the tops layer
are of a different type than the agents in the bottom layer. Inside each layer,
nodes in the same orbit (cluster) have the same color.

The state of the systems in both layers is two-dimensional
(n1 = n2 = 2):






−2 1
1/3 0
0 −1
F1 =
, Ĥ 11 =
, Ĥ 12 =
,
−1 −1
0 1/3
0 0




0
1
−a 0
F2 =
, Ĥ 21 = −Ĥ 12T , Ĥ 22 =
.
−2 −2
0 0
(35)
The symmetry analysis shows that there are 2 clusters in
layer 1: C11 = (1, 2), C21 = (3, 4) and 2 clusters in layer 2:
C12 = (1, 2), C22 = (3, 4). In Fig. 5 nodes in each layer have
the same color if they belong in the same orbit (cluster).
The quotient network is described by (14), where:




1 2
1 0
11
22
12
21 T
, Q =Q
=
.
Q =Q =
2 1
0 0
The matrix T is equal to:
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T =







√1
2

√1
2

0
0
0

0
0
0
− √12
0
0
0

√1
2

0
0
0

0

0

√1
2

√1
2

0
0
0

0
0
0
− √12
0
0

√1
2

0
0

0
0

0
0

√1
2

√1
2

0
0
0

0
0
0
− √12
0

√1
2

0

0
0
0

0
0
0

√1
2

√1
2

0
0
0

0
0
0
− √12

√1
2









.







(37)
Each row of the matrix T is colored to indicate a cluster of
the multilayer network: dark green and light green are clusters
of layer 1; dark cyan and light cyan are clusters of layer 2,
see also Fig. 5.
The matrix B = TAT T , after permutations of its
rows/columns, is:


1 2 1 0
0
0
0
0
 2 1 0 0
0
0
0
0 


 1 0 1 2
0
0
0
0 


 0 0 2 1
0
0
0
0 

B=
(38)
 0 0 0 0 −1 1
0
0 


 0 0 0 0
1
−1
0
0 


 0 0 0 0
0
0
−1
0 
0 0 0 0
0
−1
0
−1
There are S = 4 irreducible representations: the matrix B
has four diagonal blocks. The upper-left diagonal block s = 1
corresponds to motion parallel to the consensus manifold while
the remaining three diagonal blocks s = 2, 3, 4 correspond
to motion orthogonal to the consensus manifold. Moreover,
different from example 1, these diagonal blocks correspond
to various ways in which the group consensus state may be
broken. The presence of multiple transverse blocks indicates
the possibility of isolated group consensus in this network.
The 2-dimensional s = 2 block corresponds to simultaneous
breaking of the dark green and dark cyan clusters in Fig. 5.
2
The largest real part of the eigenvalues of this block λorth
determines group consensus of the cluster (1, 2) from the top
layer and of the cluster (1, 2) from the bottom layer. The two
scalar blocks s = 3 and s = 4 correspond to independent breakings of the light green and light blue clusters, respectively. The
3 , the eigenvalues of the s = 3 block,
largest real part of λorth
determines group consensus of the cluster (3, 4) from the top
4 ,
layer (light green cluster) while the largest real part of λorth
the eigenvalues of the s = 4 block, determines group consensus
of the cluster (3, 4) from the bottom layer (light blue cluster).
1 , σ 1 , and σ 2 versus the parameter a
Plots of ρ11 , σ1,2
3,4
3,4
is shown in Fig. 6 (top). As a is increased, the first group
consensus of the cluster (1, 2) from the bottom layer (and,
simultaneously, cluster (1, 2) from the top layer) is lost. Then,
the motion parallel to the group consensus manifold becomes
unstable. Finally, group consensus of the cluster (3, 4) from
the bottom layer is lost. Group consensus of the cluster (3, 4)
from the bottom layer is never lost. This is in agreement with
2 , λ 3 , and λ 4
the calculations of λ para , λorth
orth shown in Fig. 6
orth
(bottom). The possibility for some clusters to become unstable

1 (thick dashed line, a similar plot is
Fig. 6. Top: ρ11 (thick solid line), σ1,2
2 ), σ 1 (thin dashed line), σ 2 (thick dashed line) versus the
obtained for σ1,2
3,4
3,4
2
3
parameter a. Bottom: λ para (thick solid line), λorth
(thick dashed line), λorth
4
(thin dashed line), and λorth
(thick dotted line) versus the parameter a.

while other clusters remain stable, is isolated group consensus.

VII. C ONCLUSIONS
We considered group consensus in multilayer networks
based on their symmetries by transforming the network dynamics into a component parallel to the group consensus
manifold and components orthogonal to the group consensus
manifold, which determine stability. Group consensus was
predicted independent of the specific motion in the consensus
manifold even when this motion is marginally stable or diverging. We demonstrated the applicability of the proposed method
using two examples. For certain values of the parameters, the
network may display isolated group consensus (some clusters
are stable while others are not).
A case not considered in this paper is the group consensus
arising from an equitable partition of the network nodes: a
partition of the network nodes that is not predicted by the
network symmetries [50]. An important direction for future
investigation is to remove the assumption of undirected links,
both in the inter-layer and in the intra-layer connections.
Another interesting extension of this study is the case of
stochastic dynamics [51]. We hope that our work will bring
additional attention to the general topic of consensus and group
consensus in multilayer networks.
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