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Poisson Processes

@ Particles arriving over time at a particle detector.
@ Several ways to describe most common model.
@ Approach 1:

» numbers of particles arriving in an interval has Poisson distribution,
» mean proportional to length of interval,
» numbers in several non-overlapping intervals independent.
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Notation, formal assumptions

@ For s < t, denote number of arrivals in (s, t] by N(s, t). Model is

O N(s,t) has a Poisson(A(t — s)) distribution.
Q For0<s <t <s <t < s, < ty the variables
N(si,t;);i=1,..., k are independent.
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Approach 2

@ Let 0 < 51 < S5 < --- be the times at which the particles arrive.

@ Let T; = S; — S;—1 with Sy = 0 by convention.

@ Then Ty, Ty, ... are independent Exponential random variables with
mean 1/\.

@ Note P(T; > x) = e~ is called survival function of T;.

@ Approaches 1 and 2 are equivalent.

@ Both are deductions of a model based on local behaviour of process.
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Approach 3

Assume:

© given all the points in [0, t] the probability of 1 point in the interval
(t,t+ h] is of the form

Ah+ o(h)

@ given all the points in [0, t] the probability of 2 or more points in
interval (t,t + h] is of the form

o(h)
@ All 3 approaches are equivalent.

@ | show: 3 implies 1, 1 implies 2 and 2 implies 3.
@ First explain o, O.
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Landau’s big and little ‘O’

@ Notation: given functions f and g we write
f(h) = g(h) + o(h)
provided
f(h) —
L fh)—e(h)
h—0 h
@ Aside: if there is a constant M such that

LELLIFY

limsup p

h—0

we say
f(h) = g(h) + O(h)
@ Another form is f(h) = g(h) + O(h) means there is 6 > 0 and M
s.t. for all |h| < ¢
|f(h) — g(h)| < Mh
@ Idea: o(h) is tiny compared to h while O(h) is (very) roughly the
same size as h.
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Model 3 implies 1

@ Fix t, define f;(s) to be conditional probability of 0 points in (t,t + s]
given value of process on [0, t].

@ Derive differential equation for f.

@ Given process on [0, t] and 0 points in (¢, t + s]| probability of no
points in (t,t + s+ h] is

firs(h) = 1— A+ o(h)

@ Given the process on [0, t] the probability of no points in (t,t + s] is

fi(s).
e Using P(AB|C) = P(A|BC)P(B|C) gives

fi(s + h) = fe(s)fers(h)
= fe(s)(1 — Ah + o(h))
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3 implies 1 continued

@ Now rearrange, divide by h to get

fel(s +h) —f(s) _ o(h)
P = —\fi(s) + —
@ Let h— 0 and find 9 (s)
t\s)
ds AMe(s)

@ Differential equation has solution
fi(s) = f(0) exp(—As) = exp(—As).

@ Notice: survival function of exponential rv.
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General case

Notation: N(t) = N(O0, t).
N(t) is a non-decreasing function of t.
o Let

Pi(t) = P(N(t) = k)
Evaluate Py (t + h) by conditioning on N(s);0 < s < t and N(t) = j.
Given N(t) = j probability that N(t + h) = k is conditional
probability of k — j points in (t, t + hl.
So, for j < k — 2:

(]

(]

P(N(t + h) = k|N(t) = j, N(s),0 < s < t) = o(h).
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General case, continued
® For j = k — 1 we have
P(N(t + h) = k|N(t) = k — 1, N(s),0 < s < t) = A + o(h)
@ For j = k we have
P(N(t + h) = k|N(t) = k, N(s),0 < s < t) = 1 — Ah + o(h)

@ N is increasing so only consider j < k.

k
Pt +h) = P(N(t + h) = k|N(t) = j)P;(t)
j=0

= Pi(t)(1 — Ah) + APy (t) + o(h)

@ Rearrange, divide by h and let h — 0 t get

P;((t) = —)\Pk(t) + )\Pk_l(t)
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General case, continued Il

@ For k =0 the term P,_y is dropped and
Po(t) = —APo(t)
@ Using Py(0) = 1 we get
Po(t) = et
@ Put this into the equation for k = 1 to get
Pi(t) = —APi(t) + Ae

@ Multiply by e to see

!/
(ePi(1)) =2
@ With P1(0) =0 we get

Pi(t) = Ate
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General case, continued IV

@ For general k we have Py(0) = 0 and

/
(e’\th(t)) — AP 1(t)
@ Check by induction that
eMP(t) = (At)k/k!

@ Hence: N(t) has Poisson(\t) distribution.

@ Similar ideas permit proof of

{A(t — s)}F e At=9)
kI

P(N(s,t) = k[N(u);0 <u<s)=

@ By induction can prove N has independent Poisson increments.
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Exponential Interarrival Times

@ Suppose N is a Poisson Process.

@ Define T1, Ty, ... to be the times between 0 and the first point, the
first point and the second and so on.

@ Fact: Ty, T, ... are iid exponential rvs with mean 1/\.
@ Already did T3 rigorously.

@ The event T > t is exactly the event N(t) = 0.

@ So

P(T > t) = exp(—At)

which is the survival function of an exponential rv.
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Exponential Interarrival Times deduced

@ | do case of Ty, T>.
o Let ty, tp be two positive numbers and s; = t1, sp = t1 + to.

@ Consider event
{tl <Ti < t1—|—51}ﬁ{t2 < T < t2+52}.
@ This is almost the same as the intersection of the four events:

N(0,t] =0

N(ti,t1 +01] =1

N(ty 4 d1,t1 + 01+ 2] =0
N(sp 401,50+ 1+ 2] =1

which has probability

e M x A\j e M x e M2 x \Jre N2
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Less Rigor

@ Divide by §102.
@ Let 41 and > go to O to get joint density of T1, To:

)\2 e—)\tl e—)\tz

@ This is joint density of two independent exponential variates.
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More Rigor

@ Find joint density of Sy, ..., Sk.
@ Use change of variables to find joint density of Ty,..., Tk.
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More Rigor, Il

o First step: Compute
PO<S <s51<S5 <5 <S5 <sx)

@ This is just the event of exactly 1 point in each interval (s;_1, s;] for
i=1,...,k—1(sp =0) and at least one point in (sx_1, Sk].

@ This event has probability

k—1

H A(si — Si_l)e_A(Si_sifl) 1— e Msk—sk-1)
I{ i )
@ Second step: write this in terms of joint cdf of S1,. .., Sk.
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More Rigor, Ill, k =2

PO < S < s1 < S < ) = Fs, s(s1,%) — Fs,.s,(51,51)

@ Notice tacit assumption s; < sp.
@ Differentiate twice, that is, take

92
0510
to get
fs,.s,(s1, %) = 85?252 Asje At (1 _ e—A(52—51)>
o Simplify to

)\2 e—)\52

@ Recall tacit assumption to get

fS1,52(51752) = )\26‘_)\521(0 <5 < 52)
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More Rigor, IV, change of variables

@ Now compute the joint cdf of Ty, T, by
FleTz(tlv tr) = P(S51 < t1,5 — 51 < t)

@ Thisis
s1+t
P(Sl <t,5 -5 < tz) = / / )\Ze_AszdSstl

t1
— )\/ —)\51 _ e—)\(sl-i-tg)) dS]_

—)\tl Ak 4 e—)\(t1+t2)

@ Differentiate twice to get

le,Tz(tl’ tz) = /\e_’\tlx\e_’\tZ

@ This is joint density of 2 independent exponential rvs.
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Summary so far

Have shown:
@ Instantaneous rates model implies independent Poisson increments
model
@ Independent Poisson increments model implies independent
exponential interarrivals.

@ Next: show independent exponential interarrivals implies the
instantaneous rates model.
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Exponential interarrivals implies rates

@ Suppose T1,... iid exponential rvs with means 1/\.
@ Define N; by N; = k if and only if

Tit o+ T <t < Tit+ T

@ Let A be the event N(s) = n(s);0 <s < t.
@ We are to show

P(N(t,t + h] = 1|N(t) = k, A) = Ah + o(h)

and
P(N(t,t+ h] > 2|N(t) = k, A) = o(h)

@ If n(s) is a possible trajectory consistent with N(t) = k then n has
jumps at points

si=t,9=t1+t,....,sk =1+ -+t <t

and at no other points in (0, t].
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Continued

@ So given N(s) = n(s);0 < s < t with n(t) = k we are essentially
being given
T1: tl,...,Tk: tk,Tk+1 >t — sk

and asked the conditional probability in the first case of the event B
given by
t—sk < Typyp1 St—se+h< Tyqgo+ Tiqr-
@ Conditioning on T1,..., T irrelevant (independence).
P(N(t,t+ h] = 1|N(t) = k,A)/h
= P(B| Tiy1 >t — Sk)/h

P(B)
he—A(t—sk)
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Continued

@ The numerator may be evaluated by integration:

t— Sk+h
B) / / —Alsits2) ng d51
t Sk+h s1

@ Let h — 0 to get the limit
P(N(t,t+ h] = 1|N(t) = k,A)/h — A

as required.

@ The computation of

lim P(N(t,t + h] > 2[N(t) = k, A)/h

is similar.
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Properties of exponential rvs

@ Convolution: If X and Y independent rvs with densities f and g
respectively and Z = X 4 Y then

P(Z<2z)= /_ Z /_ :X F(x)gy)dydx

@ Differentiating wrt z we get

fz(z) = /OO f(x)g(z — x)dx

@ This integral is called the convolution of densities f and g.

o If Tq,..., T, iid Exponential()) then S, = T1 + -+ + T, has a
Gamma(n, A) distribution.

@ Density of S, is

fs,(s) = )\()\s)”_le_)‘s/(n —1)!

for s > 0.
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Proof

P(S, > s) = P(N(0,s] < n) = z_:()\s)je_As/j!
j=0
@ Then
f5(5) = P50 < 9)
d

e S

.Y
= —)\Z n—1{j(Asy™t — (Asy} i + de
j=1 '
_ sn_l sy (Asyt s
- ;{(ﬂy R

@ This telescopes to

n—1_—\s
fs,(s) = AM(As)"""e ™ /(n —1)!
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Extreme Values

@ Suppose Xi,..., X, are independent exponential rvs with means
1/A1,...,1/ A,
@ Then Y = min{X,..., Xp} has exponential distribution with mean
1
M+ A

@ Proof:

P(Y > y) = P(VkXx > y)

— e MY

Richard Lockhart (Simon Fraser University) Spring 2016 26 / 46



Memoryless Property

@ Suppose X has exponential distribution.
@ Conditional distribution of X — x given X > x is also exponential.
@ Proof:

P(X>x+y,X>x)
P(X > x)

P(X —x>ylX>x)=

_PX>X—|—y)
 P(X>x)

e_)‘(X+Y)
e~

g e_)\y
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Hazard Rates

(]

Assume rv T > 0 with density f and cdf F

(]

Hazard rate, or instantaneous failure rate, is

< >
r(t):gin?) P(t < T_§+5|T_ t)
%

(]

This is just )
f(t
W=17Fm

@ For an exponential random variable with mean 1/ this is

)\e—)\t

The exponential distribution has constant failure rate.
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The Weibull distribution

Weibull random variables have density, for t > 0,

F(t|\, @) = A(At)* e (A7

The corresponding survival function is, for t > 0,
1 F(t) = e (0"

The hazard rate is

(]

r(t) = A(At)2 1

(]

Hazard rate is increasing for o > 1, decreasing for o < 1.

For a = 1 this is the exponential distribution.
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Weibull distribution, continued

@ Since _ dF(t)/dt _ _dlog(l — F(t))

O =1"F@ dt

we can integrate to find

1— F(t) = exp{— /Ot r(s)ds}.

@ So r determines F and f.
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Properties of Poisson Processes

1) If Ny and N are independent Poisson processes with rates A; and A,
respectively, then N = Nj + N, is a Poisson process with rate A1 + A».

2) Suppose N is a Poisson process with rate A\. Suppose each point is
marked with a label, say one of Ly,...,L,, independently of all other
occurrences.

@ Suppose p; is the probability that a given point receives label L;.
@ Let N; count the points with label i (so that N = Ny +--- + N,).

@ Then Ny,..., N, are independent Poisson processes with rates p;\.
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Properties of Poisson Processes

3) Suppose Ui, Ua, ... independent rvs, each uniformly distributed on
[0, T].
@ Suppose M is a Poisson(AT) random variable independent of the U's.

o Let
M

N(t) =D 1(U; < t)

1

@ Then N is a Poisson process on [0, T] with rate \.
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Properties of Poisson Processes

4) Suppose N is a Poisson process with rate A.
o Let 51 < 5, < --- be the times at which points arrive

@ Given N(T)=n S1,...,S, have the same distribution as the order
statistics of a sample of size n from the uniform distribution on [0, T].
5) Given Spy1 =T, S1,...,S, have the same distribution as the order

statistics of a sample of size n from the uniform distribution on [0, T].
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Indications of some proofs

1) Nji,..., N, independent Poisson processes rates \;, N = > N;.

@ Let Aj be the event of 2 or more points in N in the time interval
(t,t+h]

@ Let Bj, be the event of exactly one point in N in the time interval
(t,t+ hl.

@ Let Aj, and By, be the corresponding events for N;.

@ Let H; denote the history of the processes up to time t; we condition
on H;.

@ We are given:

P(Ain|H:) = o(h)

and
P(B,'h|Ht) = )\,’h + O(h) .
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Indications of some proofs, Il

@ Note that .
Ap C U AipU U (B,’h N th)
i=1 i£j

@ Since

P(B,'h N th|Ht) = P(B,’h‘Ht)P(BjMHt)
= ()\,'h + O(h))()\jh + O(h))
— O(H?)
= o(h)

we have checked one of the two infinitesimal conditions for a Poisson
process.
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Indications of some proofs, Ill

@ Next let Cp be the event of no points in N in the time interval

(t, t+ h].
o Let Cj, be the same for N;.
@ Then
P(Ch‘Ht) = P(ﬁC,'h|Ht)
= [ P(CinlHe)
= [ = Ain+ o(h))
=1-(>_X)h+o(h)
shows

P(Bh|Ht) =1- P(Ch|Ht) - P(Ah‘Ht)
= () _Mi)h+o(h)

@ Hence N is a Poisson process with rate ) A;.
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Indications of some proofs, IV

2) The infinitesimal approach used for 1 can do part of this.

@ See text for rest.

@ Events defined as in 1):

@ Define event Bj: there is one point in N; in (t,t + h]

@ Define event Bj:there is exactly one point in any of the r processes,

@ By, is union of By and the subset of A, where there are two or more
points in N in (t,t + h] but exactly one is labelled /.

@ Since P(Ax|H:) = o(h)

P(Bin|Ht) = piP(By|Hy) + o(h)
= pi(Ah+ o(h)) + o(h)
= p,)\h + O(h)
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Indications of some proofs, V

o Similarly, Ajj is a subset of Aj so
P(A,‘h|Ht) = O(h)

@ This shows each N; is Poisson with rate Ap;.

@ To get independence requires more work; see the text for the
algebraic method which is easier.
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Indications of some proofs, VI

3) Fixs < t.
@ Let N(s,t) be the number of points in (s, t].
@ Given N = n the conditional distribution of N(s,t) is Binomial(n, p)
with p=(t —s)/T.
@ So

P(N(s, t) = k) = i P(N(s,t) = k, N = n)
n=k

= " P(N(s.t) = k[N = n)P(N = n)
n=k

e_)\T > 1— n—k AT n—k
= ()\Tp)kz( p()n—E()l )

— )™ ATY" /m!

Richard Lockhart (Simon Fraser University) Spring 2016 39 / 46




Indications of some proofs, VII
4) Fix s;, h; for i =1,...,n such that
O<si<sit+th<s<---<s5,<8,+h, <T
@ Given N(T) = n we compute the probability of the event
A:ﬂ{5i<5i<s,'—|—h,'}
i=1
@ Intersection of A, N(T) = n'is (sop = hg = 0):
n
B = m{N(Si—l + hi—1,si] = 0, N(s;,s; + hi] =1}

i=1
N{N(s, + h,, T] = 0}

whose probability is

(H )\h,-) e AT
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Indications of some proofs, VIII
@ So

P(A,N(T) = n)

P(N(T) = n)

A”e_)‘THh,-

(AT)re=AT /n!
i n! H h,‘
=~

@ Divide by [ h; and let all h; go to O to get joint density of S1,...,S,

P(AIN(t) = n) =

IS

n!
7n O<si<---<s,<T)
which is the density of order statistics from a Uniform[0, T] sample of

size n.
5) Replace the event S,,11 = T with T < Sp,41 < T + h.
@ With A as before we want

P(B.N(T,T+h]>1
PAIT <Spy1<T+h (B N(T.T+h 1)

P(T < Sn—l—1 < T + h)
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Indications of some proofs, IX

@ Note that B is independent of {N(T, T + h] > 1} and that we have
already found the limit

P(B)
Hh
@ We are left to compute the limit of
P(N(T, T+ h] >1)
P(T <Spt1 < T+ h)

5 Me —AT

@ The denominator is

zn: P(N(0, T] = k, N(T, T+h] = n+1—k)+o(h) = P(N(0, T] = n)AhA

@ Thus

P(N(T, T+ h] >1) _ Ah+ o(h)
P(T < Sp41 < T+ h) %e—”—)\h—l—o(h)
n!
- AT )ne—AT
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Inhomogeneous Poisson Processes

@ The idea of hazard rate can be used to extend the notion of Poisson
Process.

@ Suppose A(t) > 0 is a function of t.

@ Suppose N is a counting process such that
P(N(t + h) = k + 1|N(t) = k, H:) = A(t)h + o(h)

and
P(N(t + h) > k +2|N(t) = k, H;) = o(h)
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Inhomogeneous Poisson Processes

@ Then N has independent increments and N(t + s) — N(t) has a
Poisson distribution with mean

/tt+5 A(u)du

o If we put
t
A(t) = / Au)du
0

then mean of N(t +s) — N(t) is A(t +s) — A(t).
@ Jargon: A is the intensity or instantaneous intensity and A the
cumulative intensity.

@ Can use the model with A any non-decreasing right continuous
function, possibly without a derivative. This allows ties.
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Compound Poisson Processes

@ Imagine insurance claims arise at times of a Poisson process, N(t),
(more likely for an inhomogeneous process).

@ Let Y; be the value of the ith claim associated with the point whose
time is S;.
@ Assume that the Y's are independent of each other and of N.
o Let
p=E(Y;) and 0 = var(Y;)

o Let o
t

X(t)=>"Y
i=1

be the total claim up to time t.

@ We call X a compound Poisson Process.
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Useful properties

E{X(t)[N(t)} = N(t)u
Var {X(t)|N(t)} = N(t)o?
E{X(t)} = pE{N(t)}
= pAt
Var {X(t)} = Var [E{X(t)[N(t)}]
+ E [Var {X(t)[N(t)}]
= Atp? 4 Ato?

(Look at all familiar? See homework.)
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