STAT 450

Moment Generating Functions

There are many uses of generating functions in mathematics. We often
study the properties of a sequence a,, of numbers by creating the function

oo
5 anpS"

n=0

In statistics the most commonly used generating functions are the probability
generating function (for discrete variables), the moment generating function,
the characteristic function and the cumulant generating function. I begin
with moment generating functions and focus first on real valued random
variables.

Definition: The moment generating function of a real valued random vari-
able X is

Mx(t) = E(e™¥)

defined for those real ¢t for which the expected value is finite.

This function has a formal connection to moments obtained by taking
expected values term by term; in fact if My(¢) is finite for all |t| < € then
it is legitimate to take expected values term by term for |t| < e. We get, for
the case where X is real valued,

Ma(®) = Y EI(EX) )k

= Z " k!
k=0

Sometimes we can find the power series expansion of My and read off the
moments of X from the coefficients of ¥ /k!.

Theorem 1 If there is some € > 0 such that M is finite for all t € [—¢, €]
then

1. Every moment of X 1is finite.
2. M is C* (in fact M is analytic).
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5.t = BIX*) = LMy (0),
Note: A function is C*° if it has continuous derivatives of all orders.
Note: Analytic means the function has a convergent power series expansion
in neighbourhood of each t € (—¢,¢).

The proof, and many other facts about moment generating functions, rely
on advanced techniques in the field of complex variables. I won’t be proving
any of these assertions. STAT 450 student can safely ignore second point of
the theorem.

0.1 Moment Generating Functions and Sums

One of the most useful facts about moment generating functions is that the
moment generating function of a sum of independent variables is the product
of the individual moment generating functions.

Definition: The moment generating function of a random vector X € RP is

My (u) = E[e*¥]
defined for those vectors u for which the expected value is finite.

Theorem 2 If X,,..., X, are independent random vectors in R? and Y =
> X; then the moment generating function of Y is the product of those of
the individual X;:

My (u) = B(e"Y) = H E(e" %) = H My, (u).

If we could find the power series expansion of My then we could find the
moments of My . The problem, however, is that the power series expansion
of My not nice function of the expansions of individual My,. This can be
partially fixed by studying cumulants which are defined after we finish talking
about MGFs.

If an MGF exists in a neighbourhood of the origin then it determines the
distribution of the random variable. Suppose X and Y are two p-dimensional
random vectors.

Definition: X and Y have the same distribution if for every (Borel) set
A C RP we have
P(XeA) =P € A).



Theorem 3 Suppose X and Y are two p dimensional random wvectors. If
there is an € > 0 such that that for all |t| < € we have

MX(t) = My(t) < o0

then X andY have the same distribution.

0.2 Application to Multivariate Normal Distributions

Definition: A random variable Z € R! has a standard normal distribution
(we write Z ~ N(0,1)) if and only if Z has the density

fz(z) = L

V2r

Note: To see that this is a density let

[= / " exp(—u2/2)du.

—00

Then

2= { /_ Z exp(—u2/2)du.}2
_ { /_ h exp(—u2/2)du} { /_ h exp(—v2/2)dv}

_ /_ ZOO/: exp{—(u? + v?) /QC:dudv

Now do this integral in polar co-ordinates by the substitution u = r cos 6 and
v=rsinf for 0 <r < oo and —7 < # < @. The Jacobian is r and we get

12:/ / rexp(—r?/2)dfdr
0 -7
:27T/ rexp(—r?/2)dr
0

= —2mexp(—1?/2) :10
= 2.



Thus
I = V2.

Definition: A random vector Z € RP has a standard multivariate normal
distribution, written Z ~ MV N(0,I) if and only if Z = (Z1,..., Z,)" with
the Z; independent and each Z; ~ N(0,1).

In this case according to our theorem 77

fz<21,...,Zp):H\/12_7r

= (271')77;/2 exp{—2'2/2};

6_212/2

here, superscript ¢ denotes matrix transpose.

Definition: X € R? has a multivariate normal distribution if it has the
same distribution as AZ + i for some p € RP, some p X p matrix of constants
Aand Z ~ MVN(0,1).

Remark: If the matrix A is singular then X does not have a density. This
is the case for example for the residual vector in a linear regression problem.
Remark: If the matrix A is invertible we can derive the multivariate normal
density by change of variables:

X=AZ+pe7Z=A4X—-p)

0X oz 1
) S
So
Fx(@) = F2(A (@ — p))| det(A7)|
exp{—(z — p)' (A1) A" (& — 1) /2}
(27)P72] det A '

Now define ¥ = AA? and notice that

271 _ (At)flAfl _ <A71>tAfl
and

det 3 = det Adet A" = (det A)*.

Thus fx is
exp{—(z = p)'S o — 1)/2}
(27)P/2(det X2)1/2 ’
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the MV N(u,X) density. Note that this density is the same for all A such
that AA" = ¥. This justifies the usual notation MV N (u, ).

Here is a question: for which p, 3 is this a density? The answer is that
this is a density for any p but if € RP then

2 r = st AA
= (A'z)"(A'x)

p
=> >0
1

where y = A'x. The inequality is strict except for y = 0 which is equivalent
to x = 0. Thus X is a positive definite symmetric matrix.

Conversely, if 3 is a positive definite symmetric matrix then there is a
square invertible matrix A such that AA" = ¥ so that there is a MV N (u, %)
distribution. (This square root matrix A can be found via the Cholesky
decomposition, e.g.)

When A is singular X will not have a density because Ja such that
P(a’X = a'p) = 1; in this case X is confined to a hyperplane. A hyper-
plane has p dimensional volume 0 so no density can exist.

It is still true that the distribution of X depends only on X = AA!: if
AA' = BB! then AZ + p and BZ + u have the same distribution. This
can be proved using the characterization properties of moment generating
functions.

0.2.1 MGFs
Start with Z ~ N(0,1). Then the MGF of Z is
My(t) = E (')
= /00 e* exp(—22/2)dz /21

—00

= /oo exp(—(z — t)%/2 + t2/2)dz/V2r

—00

= ¢!/ /_OO exp(—(z — t)2/2)dz/V2r

Make the substitution u = z — t to check that the integral is 1 so that
My(t) = et/?.
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Next, if Z ~ MV N,(0,I) then for t € R? we have
Mz(t) =E{exp(t'2)}
= B (eh Dty
— B (M el
—E (M%) E ()

_ B2

= exp (Z t?/2>

.
—et't/2

Finally suppose A is a ¢ X p matrix and u € R?. THen X = AZ + u has
MGF

Mx(t) =E {exp(t'X)}

=E {exp(t"(AZ + p)}

= ¢!"ME {exp((AT1)T 2)}

=exp{t u+ (ATt)T(ATt)/2}

=exp{t ' u+t AATt/2}

—exp{t' p+t'2t/2}
where ¥ = AAT. Thus the multivariate normal distribution is determined
by the vector u and the ¢ x ¢ matrix 3. If A; is ¢ x p; and A, is ¢ X po
and A} A] = Ay AJ then these two As lead to the SAME multivariate normal

distribution.
I now make a list of three basic properties of the MV N distribution.

1. All margins of a multivariate normal distribution are multivariate nor-
mal. That is, if

_ | X
=0
N A 41
: [Mz]
and
211 212
=
[221 Z221
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then X ~ MV N(u,X) = X1 ~ MV N (u1,X11).

2. All conditionals are normal: the conditional distribution of X; given
X2 = X9 18 MVN(,Ml + 21222_21(1'2 — [LQ), 211 — 21222_21221)

3. If X ~ MV Ny(p1, %) then MX +v ~ MVN(Mp+v, MEM"'). We say

that an affine transformation of a multivariate normal vector is normal.

There is a related fact, namely, that the first 3 moments (meaning u, o

and p3) of Y are sums of those of the X;:

E(Y) =Y E(X))
Var(Y) = Z Var(X;)
E[(Y —E(Y)))] =) E[(X; — E(X,))?]

(I have given the univariate versions of these formulas but the multivariate
versions are correct as well. The first line is a vector, the second a matrix
and the third an object with 3 subscripts.) However:

E[(Y — E(Y))"] =Y {E[(X; — B(X,))"] - 3E*[(X; — E(X,))*]}
+3{ SR - B}

These observations lead us to consider cumulants and the cumulant gen-
erating function. Since the logarithm of a product is a sum of logarithms
we are led to consider taking logs of the moment generating function. The
result will give us cumulants which add up properly.

Definition: the cumulant generating function of a a random vector X by

Kx(u) =log(Mx(u)).

Then if X;,..., X, are independent and Y = Y7 X; we have

Ky(t) =Y Kx,(t).

Note that moment generating functions are all positive so that the cumulant
generating functions are defined wherever the moment generating functions
are.



Now Ky has a power series expansion. | consider here only the univariate
case.

Ey(t) =Y Kt /r].
r=1

Definition: the k, are the cumulants of Y.

Observe that
ke(Y) =) k(X))

In other words cumulants of independent quantities add up. Now we examine
the relation between cumulants and moments by relating the power series
expansion of M with that of its logarithm. The cumulant generating function
is

K (t) = log(M(1))
= log(1 + [t + pt? /2 + pipt® /3! + - - -])
Call the quantity in [...]  and expand
log(l+x)=a—2%/2+2%/3—2*/4---.
Stick in the power series
x = pt + gt )2 + pt /3 -

Expand out powers of x and collect together like terms. For instance,

w? = P ppot® + (2p/30 4 (15)? /A + -

23 = 133 3ubpttt )2+ - -
Now gather up the terms. The power t! occurs only in x with coefficient p.
The power t? occurs in z and in 22 and so on. Putting these together gives

K () =pt + [py — 1t /2 + [y — Bppty + 21°1° /3!
+ [y — Apsp — 3(ph)? + 120507 — 6ttt /41 - -
Comparing coefficients of t"/r! we see that

R1=p

Ky =y — > =0
Ky = piy — 3y + 20° = B[(X — p)*)

Ka =y — 4 — 3(pp)? + 12450 — 6p

— BI(X — "] - 30"

2

4



Reference: Kendall and Stuart (or a new version called Kendall’s Theory
of Advanced Statistics by Stuart and Ord) for formulas for larger orders r.
Example: The normal distribution: Suppose X, ..., X, independent, X; ~
N (u;,0?) so that

(3

My, (t) :/ eme_%(a’_“i)Q/”?dx/(v27?01»)

= /OO it =124, |\ /o

[e.o]

oo
_ (ot )2 2,2
:et,ul/ e (z—to;)? /24t U’/2d2’/ [
—00
:eaft2/2+tui )

The cumulant generating function is then
Kx,(t) = log(Mx,(t)) = 07t* /2 + pit .

The cumulants are k1 = p;, kKo = UZ-Q and every other cumulant is 0. Cumulant
generating function for Y = > X, is

Ky(t) =) oit*/2+t>

which is the cumulant generating function of N (> p;, > 02).

Example: The x? distribution: In you homework I am asking you to derive
the moment and cumulant generating functions and moments of a Gamma
random variable. Now suppose Zi, ..., Z, independent N(0,1) rvs. By def-
inition the random variable S, = "7 Z? has x? distribution. It is easy to
check S; = Z? has density

(u/2)"2e 2/ (2v/m)
and then the moment generating function of S is
(1—2t)~ 12,
It follows that
Mg, (t) = (1—2t)™"

which is (from the homework) the moment generating function of a Gamma(r /2, 2)
random variable. So the x? distribution has a Gamma(r/2,2) density given
by

(u/2)" =222 /(20 (v/2)).
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Example: The Cauchy distribution: The Cauchy density is

1
(14 2?)

I

the corresponding moment generating function is

oo etw
M(t) = ——dx
®) /_ oo T(1 + 22)
which is +oo except for ¢t = 0 where we get 1. FEvery t distribution has
exactly same moment generating function. So we cannot use moment gener-
ating functions to distinguish such distributions. The problem is that these
distributions do not have infinitely many finite moments. So we now develop
a substitute substitute for the moment generating function which is defined
for every distribution, namely, the characteristic function.

0.3 Aside on complex arithmetic

Complex numbers are a fantastically clever idea. The idea is to imagine that
—1 has a square root and see what happens. We add i = v/—1 to the real
numbers. Then, we insist that all the usual rules of algebra are unchanged.
So, if 7 and any real numbers a and b are to be complex numbers then so
must be a + bi. Now let us look at each of the arithmetic operations to see
how they have to work:

e Multiplication: If we multiply a complex number a-+bi with a and b real
by another such number, say ¢ + di then the usual rules of arithmetic
(associative, commutative and distributive laws) require

(a+ bi)(c + di) =ac + adi + bei + bdi?
=ac + bd(—1) + (ad + be)i
=(ac — bd) + (ad + be)i

so this is precisely how we define multiplication.

e Addition: we follow the usual rules (commutative, associative and dis-
tributive laws) to get

(a+bi)+ (c+di)=(a+c)+ (b+d)i.
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Additive inverses:

—(a+bi) = —a+ (=b)i.
Notice that 0+ 07 functions as 0 — it is an additive identity. In fact we
normally just write 0.

Multiplicative inverses:

1 1 a—bi
a+bi  a+bia—bi
a—bi a— bi

a? — abi + abi — b%% a2+ b2
Division:
a+bi  (a+bi)(c—di) ac—bd+ (bc+ ad)i
c+di  (c+di)(c—di) 2 + d? '
This rule for clearing the complex number from the denominator is a

perfect match for the technique taught in high school and used in cal-
culus, for dealing with fractions involving a + by/c in the denominator.

You should now notice that the usual rules of arithmetic don’t require
any more numbers than
T+ Yyl

where x and y are real. So the complex numbers C are just all these
numbers.

Transcendental functions: For real z have e* = " 2% /k! and e =
e%e’ so we want to insist that

e*TW = %W

The problem is how to compute e®?

3:

Remember 2 = —1 so0 i® = —i, i* =1 4 = i' = and so on. Then
b

v ()"

(47—

T
=1+iy + (iy)*/2 + (iy)®/6 + - - -
=1 —y*/2+y*/4 — 5 /6! + -
+ iy — iy’ /3 4+ iy° /5 + - - -
=cos(y) + isin(y)
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We can thus write

" = e®(cos(y) + i sin(y))

Identify = + yi with the corresponding point (x,y) in the plane.
Picture the complex numbers as forming a plane.

Now every point in the plane can be written in polar co-ordinates as
(r cos 6, rsinf) and comparing this with our formula for the exponential
we see we can write

x4 iy = /a2 + y2e? = re?
for an angle 6 € [0, 27).

Multiplication revisited: if z + iy = re? and 2’ +4y’ = '€’ then when
we multiply we get

(z + iy) (2’ +iy') = re¥r'e? = rr'el0+0)

We will need from time to time a couple of other definitions:

Definition: The modulus of x + iy is
[z +iy| = Va*+ .

Definition: The complex conjugate of x + iy is x + 1y = x — 1y.

. o . . ; . .0/
Some identities: z = x 4+ iy = re? and 2’ = 2’ + iy’ = r'e?".

Then
Z= 4y =r"=|z
/ /
2 2z oo
< = rr/ez(e 0)
z 7
rei? = re1,
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0.4 Notes on calculus with complex variables

The rules for calculus with complex numbers are really very much like the
usual rules. For example,

T
We will (mostly) be doing only integrals over the real line; the theory of
integrals along paths in the complex plane is a very important part of math-
ematics, however.

Fact: (This fact is not used explicitly in course). If f : C +— C is differen-
tiable then f is analytic (has power series expansion).

0.5 Characteristic Functions

Definition: The characteristic function of a real random variable X is
ox(t) = B(e™)

where 7 = v/—1 is the imaginary unit.
Since ‘
"™ = cos(tX) + isin(tX)

we find that
ox(t) = E(cos(tX)) + iE(sin(tX)) .

Since the trigonometric functions are bounded by 1 the expected values must
be finite for all ¢£. This is precisely the reason for using characteristic rather
than moment generating functions in probability theory courses.

The characteristic function is called “characteristic” because if you know
it you know the distribution of the random variable involved. That is what is
meant in mathematics when we say something characterizes something else.

Theorem 4 For any two real random vectors X and'Y (say p-dimensional)
the following are equivalent:

1. X andY have the same distribution, that is, for any (Borel) set A C RP
we have
P(XeA)=PY cA).

2. Fx(t) = Fy(t) for allt € RP.
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3. ¢x(u) = B(e™X) = B(e™Y) = ¢y (u) for all u € RP.
Moreover, all these are implied if there is € > 0 such that for all |t| < e

Mx(t) = My(t) < 0.
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