STAT 450

Solutions: Assignment 3
1. Suppose that X, Xy, X3 are a sample from the Poisson()) distribution. Assume we
see X1 =1, Xy = 3 and X3 = 2. Graph the likelihood and log-likelihood functions
between A = 0.1 and A = 4.

The joint density of X, Xs, X3 is

AT A*P2 A3
f(z, 29, 23;\) = —e —'e_’\—'e_)‘
Tq: To: I3
which simplifies to
>\x1+x2+x3

f(xla T, T3, >\) = -3

II!I2!$3!
Plug in X; =1, Xy = 3 and X3 = 2 to see that

)\6 -3\
L) = 135

and
(X)) =log(L(N)) = =3\ + 6log(N) — log(12)

I plotted them using R:
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2. Suppose that X, X5, X3 are a sample from the Uniform|[6, § 4 1] distribution. Assume
we see X1 =1, Xo = 1.3 and X3 =0.8.

(a) Graph the likelihood function between § = 0 and 6 = 2.
The joint density of X1, Xo, X3 is
f(l’l,xg,ilg;e) = 1(9 < < 0+ 1)1(9 < Ty < 0+ 1)1(9 <3 < 0+ 1)

This formula gives you 0 unless all three of the indicators give you a 1.
This requires 0 < x; fori =1, 2 and 3 and x; —1 < @ fori =1, 2 and
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3. The smallest x1 1s actually 0.8 and 6 has to be smaller than that. The
largest x; is 1.3. Subtracting 1 you see that 0 must be more that 0.3. In
fact then

f(z1, 29, 23;60) = 1(0.3 < 6 < 0.8)

Here 1s a plot:
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(b) How would the graph change if we make X; = 1.17

Not at all — the value of the middle X does not affect the graph. The
graphs s just 1 between the largest X minus 1 and the smallest X.

(c) Is there a unique mle?
No, the likelihood is constant between 0.3 and 0.8—any such 8 mazrimizes

L.

3. For each of the following families of densities with parameter space as given, suppose
you are given a sample Xy, ..., X,,. Find the likelihood, log-likelihood, the score func-
tion, the likelihood equations and the maximum likelihood estimates of the parameters.
In some cases you will not be able to solve the likelihood equations completely.

(a) The Weibull family with known shape a and unknown scale f:

a—1
;) = & (E) e 1z > 0)

The parameter space is © = {5 > 0}.



Likelihood:

L(B) = (ﬁi) (H X@) - (-3 xe/8}18>0)
Log-likelihood

((B) = nlog(a) + (a —1) Y _log(X;) — nalog(B) — » | (F)

Score

X
()= - v oS

Set this last equal to 0 to get the likelthood equation and solve to get

n

(b) The Uniform|0, §] family:

Fa.0) = %1(0 <z<0)

The parameter space is © = {0 > 0}.
The likelihood 1is

0 otherwise.

L(Q):{e— X, <0,....X, <6

The log-likelihood is

—nl X X
6(9):{ nlog(0) 1<0,...,X, <6

—00 otherwise.

The score is

6/(9)— —n/9 X1<9,,Xn<9
a undefined  otherwise.

Notice that this log-likelihood is monotone decreasing in 6 but jumps from
—00 up to —nlog(max{X;}) when 0 passes the largest X. The mle is
NOT found by solving the likelihood equations. It is 0 = max{X;}.

(c) The N(u,p?) family with © = {u > 0}.



Lip) = (2m) 2|l exp(= Y (Xi = p)*/(204°))
0(n) = —nlog(2m)/2 = nlog(|u]) = Y (X — w)*/(24s°)

(= -1y 2T 2
pooop 7

Set this equal to 0 and multiply through by —u® to get

The roots are

po X XE VXY X
2n

One of these roots is negative and outside the parameter space. The MLE
has the plus sign in the formula. You can check that the likelihood is 0
at 0 and at 400 and positive in between so must have at least one local
maximum over that range. This mazximum must occur at a root of the
likelihood equations so the mle is

X+ VX2 +4X2
2

=

(d) The Uniforml[#, 8 + 1] family.
Go back to question 1 to see that

L(#) = 1(max{X;} — 1 < § < min{X;})

(o) = 0 max{X;} — 1 <0 < min{X;}
| —co  otherwise
¢(6) = {o max{X;} — 1 < 0 < min{X;}

undefined  otherwise

The log-likelihood is constant for all § in the range (max{X;}—1, min{X;}))
so the mle is not unique.

4. Suppose that Y7,...,Y, are independent random variables and that xy,...,z, are the
corresponding values of some covariate. Suppose that the density of Y; is

f(yi) = exp (—y; exp(—a — Bx;) — a — ;) L(y; > 0)

where «, and 8 are unknown parameters. Find the log-likelihood, the score function
and the likelihood equations.



Ua,B) = = [Yiexp(—a — Ba;) + o + Bu]

The score function has two components:
ol
X S Yiesp(—a— ) —n

14
g_ﬁ = Z [Yizi exp(—a — Bx;) — ;]
Setting these two equal to 0 gives the likelihood equations.

5. For each of the doses di,...,d, a number of animals n,,...,n, are treated with the
corresponding dose of some drug. The number dying at dose d is Binomial with
parameter h(d). A common model for h(d) is log(h/(1 — h)) = « + fd. Find the

likelihood equations for estimating a and f.

Let X; be the number dying at dose d;. Then

L.p) =11 ( ;@,)hm@-)&(l ~ h(dg)y"

=1

The log likelihood is

to0) = 3 1o | ()| + metontt = i) + Xotou(hta) /1~ ) }

:Ej{bgK;b}+mbg1—mm»+xxa+6%ﬁ

To get the likelihood equations you take derivatives:
ol n-2h(d;)
— Xl _ _Oa "\
and 5
ot — Z X.d: — nf’_ﬁ—h(di)
op 1 — h(dy)
and set these equal to 0. To simplify these differentiate the relation

log(h/(1 — h))log(h) —log(1 — h) = a + fd.

to get
on  oh
Ja da
Oa 4 _Oa
T 1-n
and
oh oh
a8 a6
9p —d
T 1-h



Then rearrange to get

oh

o = h(@)(1 ~ h(d))
and oh

95 dh(d)(1 — h(d))

The likelihood equations are

and

= [Xid; — nidih(d;)] =

0.



