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Outline

v

Finish (quickly) illustrative example.
Review LASSO / LARS path.

Discuss testing hypotheses generated by data analysis — often
after model selection.

v

v

» Large sample approach — version of extreme value theory.




Basic Lasso Tactic

v

Balance Error SS against size of parameter vector 5.

» Minimize

J(8) = SI¥ X8| + Penalty(3).

v

Class includes Ridge regression, SCAD, and others. LASSO:

(B) = Y = X5+ 2 Y I8
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v

Minimum depends only on Y only via U = XTY.




Scaling, intercepts

v

Don't shrink the intercept: Y and columns of X centred.

v

You can't (shouldn't) add apples to oranges.

v

The penalty does unless we standardize somehow.

Scale X so that X7 X is a correlation matrix.

v

v

Notice (3 effectively grows with n, like \/n.




Choosing A

» Lots of ways to do that; not our focus.




Choosing A

v

Lots of ways to do that; not our focus.

v

Start A out very large.
For all large A all components of BA()\) =0.

v

v

Shrink A gradually till one variable enters model.

v

At critical value (knot) of A, say Aj, variable J; enters model.

For A slightly smaller than A; only BJI is non-zero.

v




Choosing A

» Lots of ways to do that; not our focus.

» Start A out very large.

» For all large A all components of BA()\) =0.

» Shrink A\ gradually till one variable enters model.

» At critical value (knot) of A, say A1, variable J; enters model.
» For X slightly smaller than A1 only BJI is non-zero.

» Do we need this variable in our model?




LASSO path plot
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Tests for the selected variable 7

> We test the hypothesis 3 = 0.
> Related to the random hypothesis 3, = 07
» Bigger difference when we get to next variable.

» As we shrink A new variables enter at knots
AL> Ao >

» ith variable entering is J; with sign S; € {£1}.
» As \ goes from \; to i1, (.(N) grows (linearly).

» Measure improvement of fit by change in covariance between
predictor (X3(A)) and Y between \; and \;1; scaled by
estimate of the error variance o2.




Why we need to worry

> Regress log riboflavin production on variables 1278, 4003,
1516, 2564, 1588:; first 5 variables in.

» Overall F test: P =2.2 x 10716,

» Individual t-test P-values: 4 x 107°, 5 x 1079, 4 x 1073,
1 x 10~% and 0.34.

» But, of course, this is cherry picking.

» Our test statistic is

T = M(A;;Az) = 24 or 2.55.

» Our P-value is either 3.7 x 10~ or 0.078.




Why we need to worry

> Regress log riboflavin production on variables 1278, 4003,
1516, 2564, 1588:; first 5 variables in.

» Overall F test: P =2.2 x 10716,

» Individual t-test P-values: 4 x 107°, 5 x 1079, 4 x 1073,
1 x 10~% and 0.34.

» But, of course, this is cherry picking.

» Our test statistic is

T = M(A;;Az) = 24 or 2.55.

» Our P-value is either 3.7 x 10~ or 0.078.
» Estimation of o is crucial and hard, | think.




More specifically: KKT conditions

Fix some A > 0. The estimate 3, is the vector 5* if:

) 0J(B)

B #0= a5; 6:6*_Oand
. aJ(6—

Br=0= 3(@' )‘ﬁ_ﬁ* <0and
v _ 9J(8+)

bi=0= 0B; ‘ﬁ:ﬁ* =0

Here 5+ indicate a right (4) / left (—) partial derivatives.

The two derivatives differ, when Bf =0 by 2\.
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What are these conditions

v

At B* these derivatives take one of three forms depending on
the value of 61’-".

For BJ’-" > 0 the derivative is

v

(XTXB*)j — Ui+ A= XTXB" = U; + A

v

For Bf < 0 the derivative is

XTXB* — Uj— A

v

At B = 0 above are the right and left derivatives.




More

> Compactly. Let S; be the sign of 37 and A= {i : 3] # 0}
> Then
XB* = XaPa

and
XIXaB5=XIY —Sa\

» Simplest case: * = 0 means that for all j we have
—U—A<0and —U;j+A2>0

or
Uil < A




The first and second knots

» Except in pathological situations there is a unique j = J; such
that
[Us | = max{| U},

> For that to fail we would have to have a pair i # j with
XTY] = IXT Y= | £X)Ty| =0

which won't happen for absolutely continuous errors unless
there is a choice of signs making

Xi+ X; =0

» We assume this silly design out of existence; general position.




The first and second knots: more

v

Set A\ = max;{|U;|}.

Use J; for the maximizing index and S; for the sign of Uj,.
For A > A1 we have B,\ =0.

For A = A1 — ¢, with € > 0 small enough:

v

v

v

A

Brj =0 for j #

Bas =Uy — S1A
= U_]1 - 5]_(5]_U_]1 — 6)
= Sie.




Proof

» Check to see that this §* satisfies the conditions.

» We are saying A = {J1} and solving the equation
X/—‘I—XAﬁA — UJ1 +5A=0

remembering that X7 X is the identity.
> For j # J; the left and right derivatives are

X XaBa— Uj £ X




More Proof

» Write pj for the jk'™ entry in X7 X.

> Note
Cov(U;, Uk) = Corr(U;, Ux) = pjk-

» Left and right derivatives are on opposite sides of 0 if
pin Uy —AS1) — U = A <0 < pjy, (Uyy — AS1) — Uj + A
which becomes
—A1L+ pjinS1) < Uj = pin Uy <AL= pjyyS1)

or

max{ Ui — pjn UJI’ —(U; — pjn UJl)} <
L=pindSt 14 pns




Conclusion of Proof

» So if

Ao = max
j#J1,S€{—1,1}

A 0 J#Fh
Brj = .
Uy —AS1 j= .

{S(Uj —pinUy)

<A<
1 - Sij151 } 1

then

» Lockhart et al. [2014] compared the fit at A\; and A to get a
test of the global null 3 = 0.

» At A = )1 the fitted predictor is 0 and the covariance with Y
is 0

> At A = Xy the fitted predictor is XBA,\2 the “covariance” is

YTXBy,




Simplification

YTXBy, =UpBrgss
:UJl (UJl - )\251)

:Ui - /\2’UJ1‘
=22 -\
=AM —A2)

This has to be scaled for the scale of Y so our test statistic is

_ A1(A1 — A2)

o2

T

| will discuss estimation of o later.




Toy example: global null hypothesis true

» Approximate theory usually depends on limits.
» For p fixed that limit is normally n — oo.

» But our focus is on big p.

» Orthogonal design first. X7 X = 1.

> Fix 0 =1 known.

» Now Ui,..., Uy iid N(0,1).

» Our statistic for i = 1 boils down to

U (1Y | = 1Y)

subscript denotes descending order of absolute values.

» So this is an extreme value problem.




What does extreme value theory tell us?
» For a, and b, both more or less 1/2log p we have

(| Ul = bp)s ap([Uzg| = bp), - - ap(|Upseq | = bp)

has joint extreme value limit distribution; Weissman [1978].

> Weak limit Wi, ..., W\ has joint density
exp(—w1—~--—wk—e_wk) (g < --- < wyp)
> In fact we may take
ap = \/2logp
and

_ loglog p + logm
2a, ’

bp = ap




Consequences
> Implication:
ap(|Up| — [Ujz)|) = Exponential(1).
» And [Upyl/ap — 1 s0
|Unl (Ul — |Up1|) == Exponential(1).
> Indeed under the global null with Gaussian errors
Ul (Yl = 1UpgD) - -5 U (Vg — Ukay)

converges in law to

ElaE2/2>"'7Ek/k

where the E; are iid standard exponential.
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How to handle general XX 21

» Notice Upy) is NOT independent of Upy.
» But given J; = j1, Upp computed from the U; with j # ji.

» So conditional law of Uy given J1 = j1,51 =1 AND Uy is
Gaussian truncated to range

(1, 20)-

» This part remains true for general designs!

» So what is conditional law of
Ui (Uj, = A2)

given other U; and J; = j; and §; =17




The tail of the normal distribution is exponential

» Assume Z ~ N(0,1) and E(Z) =0 and let A — oo.
» Then

lim P(Z(Z —X) >x|Z > X)=¢e* for x > 0.

A—00

» Much better approx than usual extreme value theory.




Exact versus Approximate — Optimistic version
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Exact versus Approximate — Pessimistic version
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