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ABSTRACT

We study the problem of designing fault tolerant routings in both complete and
complete bipartite optical networks. We show that this problem has strong
connections to various fundamental problems in design theory. Using a design
theory approach, we find optimal f-fault tolerant arc-forwarding indexes for all
complete networks and all complete balanced bipartite networks. Similarly, we
find almost exact values for f-fault tolerant optical indexes for these networks.
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1. INTRODUCTION

Routing communication demands is fundamental in networking and is recognized
as being of particular importance in the area of optical networking [1]. Most re-
search concentrates on determining two basic invariants of a given optical network
— the arc-forwarding and optical indexes [3]. In [10], fault tolerant issues of op-
tical networks were considered and the two invariants were generalized into the so
called f -fault tolerant arc-forwarding index and f -fault tolerant optical index. Here
the parameter f represents the number of faults that are tolerated in the optical
network. To determine the arc-forwarding index of a network requires the design
of a path system which uses every link in the network evenly. Unfortunately, the
difficulty of the problem has resulted in mainly ad hoc contructions of such systems
and possible connections to other mathematical structures remain hidden.

In this paper we aim to understand the source of difficulty in path layout prob-
lems even for very simple networks. In particular, we explore connections between
these layouts and well-known problems in design theory. Building on the connection
with design theory, we are able to determine the f -fault tolerant arc-forwarding in-
dex and almost determine the f -fault tolerant optical index for complete networks
and for complete balanced bipartite networks.

We model an all-optical network as a symmetric directed graph G with vertex
set V (G) and arc set A(G), i.e., if (u, v) ∈ A(G) then (v, u) ∈ A(G). Let P (u, v)
denote a directed path in G from u to v. An f -fault tolerant routing in G is a set

Rf (G) = {Pi(u, v) : u, v ∈ V (G), u 6= v, i = 0, . . . , f}

where for each pair of distinct vertices u, v ∈ V (G), the paths P0(u, v), . . . , Pf (u, v)
are internally vertex disjoint.

The motivation for this work, as noted in [2], is to guarantee, for a particular
communication demand, fault-free transmission in a network when links and/or
nodes may fail. Assuming that at most f links or nodes in a network may fail,
Rf (G) will provide such a routing. We can view the routingRf (G) as an embedding
of a complete (f + 1)-multi-digraph on n nodes into G where |V (G)| = n. To date,
research has concentrated mainly on 0-fault tolerant routings R0(G).

In practice the bandwidth of a communication link (the number of different
signals a link can carry) is limited. From this perspective, it is imperative that
routings be designed that minimize the maximum load on arcs. Let ~π(Rf (G))
denote the maximum load on arcs, that is, the maximum number of times an arc
of G appears on a directed path in Rf (G). Then

~πf (G) = min
Rf (G)

~π(Rf (G))

is called the f-fault tolerant arc-forwarding index of G. Note that the 0-fault
tolerant arc-forwarding index is the well-known arc-forwarding index, cf. [11].

In an optical network, a request is serviced by sending a signal on a specific
wavelength over the entire path assigned to the request by the routing. Therefore,
whenever two paths of the routing share an arc, they must be assigned to different
wavelengths. Let ~w(Rf (G)) be the smallest number of wavelengths that must be
assigned to the directed paths of Rf (G) so that no two paths that share an arc
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receive the same wavelength.

~wf (G) = min
Rf (G)

~w(Rf (G))

is called the f-fault tolerant optical index of G. Again, the 0-fault tolerant optical
index is equivalent to the well-studied optical index.

Consider an f -fault tolerant routing Rf (G). We say that Rf is optimal if
~πf (G) = Rf (G). Furthermore, we say Rf (G) is balanced if the difference in loads
between any two arcs is at most one. We are also interested in the problem of
reconfiguring routings as fault tolerance needs change. For any i = 0, . . . , f , level i
of the routing Rf is the set of paths Pi(u, v) ∈ Rf , for all u 6= v. It follows that for
any f ′ < f , the subrouting Rf ′(G) consisting of levels 0, . . . , f ′, is f ′-fault toler-
ant. We say that an optimal balanced routing Rf (G) is leveled if every subrouting
Rf ′(G) is also optimal and balanced. A feature of a leveled f -fault tolerant routing
is that it can easily be reconfigured when there is a change in the requirement on
the number of faults the routing should tolerate.

Our main contributions involve establishing a close connection between leveled
f -fault tolerant routings in the complete digraph ~Kn and the existence of f disjoint
idempotent Latin squares. Using this connection and tools from design theory
[14, 5, 6], we find values ~πf ( ~Kn) and ~πf ( ~Kn,n) for every valid combinations of f
and n, and determine almost optimal values for the f -fault tolerant optical index
of these networks.

This link between design theory and fault tolerance should be applicable to
determining these indexes for other graphs as well as other problems in network
routing. Indeed, a design theory approach was recently used in a related problem,
that of minimizing the number of ADM switches in WDM ring networks (see for
example [4]).

An extended abstract of this paper appeared in [9].

2. PRELIMINARIES

Let p be a path in a graph G. The length of p is the number of arcs of p. The
distance of two nodes u and v of G is the length of a shortest path connecting u
and v. We generalize distance as follows. The k-distance of u and v, dk(u, v), is
the sum of lengths of k distinct shortest internally node disjoint paths connecting
u and v. If there are not k such paths, then we set dk(u, v) = ∞, and for every u,
we set dk(u, u) = 0.

We start with the following obvious lower bound for the f -fault tolerant forward-
ing index.

Proposition 2.1. For any digraph G = (V (G), A(G)) and f ≤ |V (G)| − 2,

~πf (G) ≥
⌈

1
|A(G)|

∑
u,v∈V (G)

df+1(u, v)
⌉

.

To lower bound the optical index of a symmetric digraph G, consider an f -fault
tolerant routing R = Rf (G) of G. We can construct an undirected path graph
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GR = G(R, E(R)) as follows: two paths P, P ′ ∈ R are connected by an edge if P
and P ′ share an arc. Obviously, the minimum number of wavelength needed for R
is the same as the chromatic number of the path graph GR which must be at least
~πf (G). Hence, we can conclude the following.

Proposition 2.2. For any symmetric digraph G with connectivity k, and any
0 ≤ f ≤ k,

~πf (G) ≤ ~wf (G).

It is a well known open problem for 0-fault tolerant routings to show that ~π0(G) =
~w0(G) for any symmetric digraph G. This is the case for many extensively studied
interconnection networks and was recently also proved for symmetric trees, cf. [8].
We believe the same relation is true for f -fault tolerant routings and repeat here
our conjecture from [10].

Conjecture 1. Let G be a symmetric digraph with connectivity k. For any 0 ≤
f < k,

~πf (G) = ~wf (G).

3. COMPLETE DIGRAPHS

In this section, we consider complete digraphs ~Kn and determine their f -fault tol-
erant arc-forwarding and (almost determine) their f -fault tolerant optical indexes.
To achieve this we establish correspondence between constructing f -fault tolerant
leveled routing and designing f + 1 disjoint idempotent Latin squares.

Consider a complete digraph ~Kn with V ( ~Kn) = V (|V | = n) and an f -fault
tolerant routing Rf ( ~Kn). Necessarily, f ≤ n − 2. For distinct u, v ∈ V , consider
the f +1 paths in Rf ( ~Kn) connecting u and v. Since at most one of these paths has
length 1, df+1(u, v) ≥ 2f +1. It follows from Proposition 2.1 that ~πf ( ~Kn) ≥ 2f +1.

Our goal is to design leveled f -fault tolerant routings that attain this lower
bound. Using some properties of Latin squares we show that for every n there is a
leveled (n− 2)-fault tolerant routing.

Definition 3.1. A Latin square of order n is an n × n matrix over a set S of
cardinality n such that every row (respectively column) contains each symbol of S
exactly once.

Formally, a Latin square of order n is a pair (S, L) where L is a mapping
L : S × S → S such that for any u, w ∈ S, the equation

L(u, v) = w (respectively L(v, u) = w)

has a unique solution v ∈ S.
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Notice that the row mapping RL
u : S → S and the column mapping CL

u : S → S
defined as

RL
u (v) = L(u, v) and CL

u (v) = L(v, u) for all u, v ∈ S,

are permutations.
We will follow convention by writing a Latin square of order n as an n×n matrix

for which the cell in row u and column v contains the symbol L(u, v).

Definition 3.2. A Latin square (S, L) is idempotent if for every u ∈ S, L(u, u) =
u.

Definition 3.3. Two idempotent Latin squares (S, L1) and (S, L2) are disjoint if
for all u 6= v, L1(u, v) 6= L2(u, v).

Note that the property of disjointness of two idempotent Latin squares (S, L1)
and (S, L2) is weaker than the property of orthogonality which has been studied
extensively, cf. [7]. Two Latin squares (S, L1) and (S, L2) are orthogonal if

{[L1(u, v), L2(u, v)] : u, v ∈ S} = S × S .

Indeed, orthogonal idempotent Latin squares (S, L1) and (S, L2) are also disjoint,
since if L1(u, v) = L2(u, v) = w for some u 6= v then

[L1(u, v), L2(u, v)] = [w,w] = [L1(w,w), L2(w,w)]

which contradicts orthogonality.
If n is a prime power, an elementary construction in [13] yields n − 2 mutually

orthogonal idempotent Latin squares of order n, and hence n−2 disjoint idempotent
Latin squares.

Lemma 3.4 [13]. Let n = pr be a prime power. Then there exist n−2 mutually
orthogonal idempotent Latin squares.

We detail this construction since it is very simple and provides an example of a
routing we are looking for.

Construction 3.1. Let (F, ·,+) be a finite field of order n = pr. Then for every
i ∈ F− {0, 1} and u, v ∈ F define

L∗i (u, v) = i · u + (1− i) · v .

For other n except 6, the construction was given in [14] for all n except 6, 14 and
62, in [5] for n = 62 and in [6] for n = 14.

Theorem 3.5 [14, 5, 6]. For all n except 6 there exist n − 2 (a large set of)
disjoint idempotent Latin squares. For n = 6 there are only two such Latin squares.

The next theorem shows how to use disjoint idempotent Latin squares to con-
struct a leveled routing for a complete digraph. We say that a leveled f -fault
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tolerant system is symmetric if for every level, all paths in the level have the same
length ` and the loads on arcs caused by the i-th arcs of those paths are the same
too, for all i = 1, .., `.

Theorem 3.6. There exists a large set of disjoint idempotent Latin squares of
order n if and only if there exists a symmetric leveled (n− 2)-fault tolerant routing
for ~Kn.

Proof. Assume that n and f are chosen so that there exists a symmetric leveled f -
fault tolerant routingRf ( ~Kn) with load 2f+1. Since the routingRf ( ~Kn) is leveled,
the subrouting R0( ~Kn) contains only paths of length 1, and each consecutive level
contains only paths of length 2. Therefore the leveled routing Rf ( ~Kn) can be
described using a system of functions Fi : V × V → V , i = 1, . . . , f defined as the
union of the following sets:

P0 = ∪u 6=v{P0(u, v) = u → v},
Pi = ∪u 6=v{Pi(u, v) = u → Fi(u, v) → v}, for every i = 1, . . . , f ,

(P)

where the system of functions {Fi}f
i=1 satisfies conditions (1), (2) and (3) described

below. The notation a1 → a2 → · · · → ak denotes the directed path through nodes
a1, a2, . . . , ak.

First, to ensure that the Pi’s are paths of length 2, we must have for all i and
for all u 6= v,

Fi(u, v) 6= u, v . (1)

Next, for every i = 1, . . . , f and every pair of distinct nodes u, v ∈ V , consider all
paths of level i using the arc (u, v). Since, our system is leveled, there are exactly two
such paths. We can divide them into two groups: M

(1)
i (u, v) = {Pi(u, z); Fi(u, z) =

v} containing the paths which use the arc (u, v) as the first arc of the path, and
M

(2)
i (u, v) = {Pi(z, v); Fi(z, v) = u} containing the paths which use the arc (u, v)

as the second arc. Since we assume that our routing is symmetric, the cardinality
of both sets is one for every arc (u, v) and every i = 1, . . . , f . Let us extend the
definition of mappings M

(1)
i and M

(2)
i by requiring that the above is satisfied also

for u = v. Hence, we have the following condition:

|M (1)
i (u, v)| = |M (2)

i (u, v)| = 1 (2)

for all u, v and i = 1, . . . , f .
Finally, we have to ensure that the paths from u to v on different levels are

internally node disjoint: for every u 6= v and i 6= j,

Fi(u, v) 6= Fj(u, v) . (3)

A problem to find the required routing Rf ( ~Kn) is equivalent to the problem to find
a system of functions {Fi}f

i=1 satisfying conditions (1), (2) and (3).
Conditions (1) and (2) imply that

Fi(u, u) = u (1’)

for all u ∈ V . On the other hand, conditions (1’) and (2) imply (1). Hence,
the problem is equivalent to constructing a system of functions {Fi}f

i=1 satisfying
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conditions (1’), (2) and (3). Such a system of functions corresponds to a sequence
of f disjoint idempotent Latin squares. This follows from the following two claims.

Claim 3.7. A system of functions {Fi}f
i=1 satisfies condition (2) if and only if

(V, Fi) is a Latin square for each i = 1, . . . , f .

Proof. Fix an i. For all u, v we have the following two equalities:

|M (1)
i (u, v)| = 1 iff there exists exactly one z such that Fi(u, z) = v,

|M (2)
i (u, v)| = 1 iff there exists exactly one z such that Fi(z, v) = u,

which is true if and only if (V, Fi) is a Latin square.

Claim 3.8. The system of functions {Fi}f
i=1 which satisfies conditions (1’), (2)

and (3) corresponds to the sequence of f disjoint idempotent Latin squares.

Proof. Obviously, for a system of functions {Fi}f
i=1 which satisfies (1’) we have

that (S, Fi) is an idempotent Latin square, and vice versa, for every i = 1, . . . , f .
Similarly, for a system of functions {Fi}f

i=1 which satisfies (3), we have that the
sequence of Latin squares (S, F1), . . . , (S, Ff ) is disjoint, and vice versa.

Now, the proof of the theorem follows immediately by Claims 3.7 and 3.8.
The above theorem shows that it is possible to construct a symmetric leveled

(n−2)-fault tolerant routing for ~Kn for all n except 6. To complete the construction
we will provide a (non-symmetric) leveled 4-fault tolerant routing for ~K6.

Theorem 3.9. For all n ≥ 2, we can construct a leveled (n − 2)-fault tolerant
routing for ~Kn. In particular, ~πf ( ~Kn) = 2f + 1 for all n and f ≤ n− 2.

Proof. For n 6= 6, the claim follows by Theorems 3.5 and 3.6. If we drop the
requirement for the routing to be symmetric, then instead of condition (2), the
system of functions {Fi}f

i=1 has to satisfy the following condition:

|M (1)
i (u, v)|+ |M (2)

i (u, v)| = 2 (2’)

for every u, v ∈ V and i = 1, . . . , f . In other words, the number of v values the row
u contains plus the number of u values the column v contains equals two.

Hence, for n = 6, we are looking for four functions F1, . . . , F4 satisfying condi-
tions (1’), (2’) and (3). The following tables show one instance of functions fulfilling
these conditions:
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F1 0 1 2 3 4 5
0 0 2 1 4 5 3
1 2 1 3 5 0 4
2 4 5 2 1 3 0
3 5 4 0 3 1 2
4 3 0 5 2 4 1
5 1 3 4 0 2 5

F2 0 1 2 3 4 5
0 0 3 4 5 1 2
1 5 1 0 4 2 3
2 3 4 2 0 5 1
3 1 2 5 3 0 4
4 2 5 3 1 4 0
5 4 0 1 2 3 5

F3 0 1 2 3 4 5
0 0 4 3 1 2 1
1 4 1 5 2 3 0
2 1 3 2 5 0 4
3 2 5 4 3 5 0
4 5 3 1 0 4 2
5 3 2 0 4 1 5

F4 0 1 2 3 4 5
0 0 5 5 2 3 4
1 3 1 4 0 5 2
2 5 0 2 4 1 3
3 4 0 1 3 2 1
4 1 2 0 5 4 3
5 2 4 3 1 0 5

Note that this is an instance with the minimal number of asymmetries, that
is the minimal number of pairs in a row or a column, depicted with bold in the
above tables. Indeed, F1 and F2 are Latin squares, and F3 and F4 have each 4
asymmetries, which is the minimal number for a function satisfying conditions (1’),
(2’) and (3), and not being a Latin square. Recall that the maximal number of
disjoint idempotent Latin squares of order 6 is two.

3.1 An upper bound for the optical index

Consider a leveled f -fault tolerant routing Rf ( ~Kn) = ∪f
i=0Pi described in (P),

where F1, . . . , Ff are disjoint idempotent Latin squares. We will consider the sub-
routings P0, . . . ,Pf separately. For each we build the path graph and upper bound
its chromatic number. Then, by assigning different sets of wavelength for the paths
in different subroutings, we have the following upper bound for the wavelength
number of Rf ( ~Kn):

~w(Rf ( ~Kn)) ≤
f∑

i=0

χ(GPi) .

Lemma 3.10. Consider a leveled f-fault tolerant routing ∪f
i=0Pi described in

(P), where f ≤ n − 2 and F1, . . . , Ff are disjoint idempotent Latin squares. Then
χ(GP0) = 1, and for every i = 1, . . . , f , χ(GPi

) ≤ 3.

Proof. The path graph GP0 contains no edges, hence its chromatic number is 1.
Consider the path graph GPi

for some i = 1, . . . , f . By (2) (respectively, by (2’)),
the degree of each node of GPi is exactly 2, i.e., the path graph is a collection of
cycles. Obviously, the path graph can be colored using 3 colors.
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Note that it can happen that the cycles of the path graph are of odd lengths,
hence two colors are not sufficient to color the path graph GPi

. We have the
following upper bound for the optical index of ~Kn.

Theorem 3.11. Let n = pr1
1 . . . prk

k where p1, . . . , pk are distinct primes and let
pr = min{pr1

1 , . . . , prk

k }. For every f = 0, . . . , (pr − 2), there exists a leveled f-fault
tolerant routing Rf ( ~Kn) with wavelength number ~w(Rf ( ~Kn)) ≤ 3f + 1. Conse-
quently,

2f + 1 ≤ ~wf ( ~Kn) ≤ 3f + 1.

4. COMPLETE BIPARTITE DIGRAPHS

Consider a complete bipartite digraph ~Kn,n with node partitioning U = {u0, . . . , un−1}
and V = {v0, . . . , vn−1}. Let Rf ( ~Kn,n) be an f -fault tolerant routing. Necessarily,
f ≤ n− 1.

Take a pair of distinct nodes x, y ∈ U ∪ V . If x and y belong to the same
partition then every path from x to y has length at least 2, and thus we have
df+1(x, y) ≥ 2(f + 1). If x and y belong to different partitions then there is only
one path connecting x and y of length 1, and all other paths have length at least
3. Hence, in this case, df+1(x, y) ≥ 3f + 1. By Proposition 2.1, we have

~πf ( ~Kn,n) ≥
⌈

1
2n2

(
2n(n− 1) · 2(f + 1) + 2n2(3f + 1)

)⌉

=


5f + 3, if f < n

2 − 1,
5f + 2, if n

2 − 1 ≤ f < n− 1,
5f + 1, if f = n− 1.

We will show a construction of an (n−1)-fault tolerant leveled routing achieving
this lower bound. We split the paths of the routing into the following sets:

Ai =
⋃
x6=y

{ux → vAi(x,y) → uy, vx → uA′i(x,y) → vy} , i = 0, . . . , n− 1,

B0 =
⋃
x,y

{ux → vy, vx → uy} ,

Bi =
⋃
x,y

{ux → vBi(x,y) → uCi(x,y) → vy, vx → uB′
i(x,y) → vC′

i(x,y) → uy} ,

i = 1, . . . , n− 1,

where Ai, A
′
i, Bi, Ci, B

′
i, C

′
i are mappings Zn × Zn → Zn. We choose Ai, A′

i, Bi,
Ci, B′

i and C ′
i so that both sets A = ∪i∈Zn

Ai and B = ∪i∈Zn
Bi will be leveled

routings for ( ~Kn,n, U×̂U ∪ V ×̂V ) and ( ~Kn,n, U × V ∪ V × U), respectively, where
S×̂S = {(s, t) : s, t ∈ S, s 6= t}. The symbol (G, W ) denotes the communication
demand in which only pairs of nodes in W need to be joined by a directed path.

The following lemma describes the set of paths A.



10 (AUTHOR RUNNING HEAD)

Lemma 4.1. There exists a leveled (n − 1)-fault tolerant routing A = ∪i∈Zn
Ai,

where

Ai =
⋃
x6=y

{ux → vAi(x,y) → uy, vx → uA′i(x,y) → vy} , i = 0, . . . , n− 1,

connecting nodes from the same partitions of ~Kn,n which can be constructed in
quadratic time. In particular, mappings Ai and A′

i can be chosen in the following
way: for all i = 0, . . . , n− 1,

Ai(x, y) = L(−x,−y) + φ(i)
A′

i(x, y) = L′(−x,−y) + φ(i) + 1, where

φ(i) =

{
2i + 1 if n is even and i ≥ n

2 ,
2i otherwise,

and (Zn, L) and (Zn, L′) are two idempotent Latin squares. Note that all arithmetic
operations are taken modulo n.

A very simple construction of idempotent Latin squares of order n ≥ 3 is pre-
sented in [12].
Proof. Since L and L′ are Latin squares, for every i, the set of paths Ãi =⋃

x,y{ux → vL(−x,−y)+φ(i) → uy, vx → uL′(−x,−y)+φ(i)+1 → vy} contains every
arc exactly twice. Let Ei be the set of arcs of paths in Ãi −Ai. Hence, the set Ei

contains the arcs of those paths in the set Ãi which start and end at the same node
x = y, i.e.,

Ei = {ux ↔ v−x+φ(i), u−x+φ(i)+1 ↔ vx; x ∈ Zn} ,

The system ∪i∈Zn
Ai is leveled, if the union E0,f = ∪f

i=0Ei contains every diarc

(E1) at most once, for every f < n
2 − 1,

(E2) once or twice, for every n
2 − 1 ≤ f < n− 1, and

(E3) exactly twice, for f = n− 1.

Since φ is a permutation, the set Eu
i = {ux ↔ v−x+φ(i); x, i ∈ Zn} contains ev-

ery diarc exactly once. The same is true for the set Ev
i = {u−x+φ(i)+1 ↔ vx; x, i ∈

Zn}. Therefore, condition (E3) above is always satisfied.
To prove (E1), assume that some diarc up ↔ vq in E0,f is used twice, for some

f < 1
2 − 1. Since φ is a permutation, one occurrence of up ↔ vq is of type ux ↔

v−x+φ(i), and the other of type u−y+φ(j)+1 ↔ vy. Thus, we must have

q = −p + φ(i) and p = −q + φ(j) + 1

for some i, j < n
2 − 1. This implies 2i = φ(i) = p + q = φ(j) + 1 = 2j + 1, a

contradiction.
Condition (E3) implies that (E2) is equivalent to

(E2’) E0,dn
2−1e contains every diarc at least once.
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Fix a diarc up ↔ vq. We will show that it belongs to E0,dn
2−1e. If p+q ≡ 2i mod n,

where i ≤ dn
2 − 1e, then up ↔ vq ∈ Ei is of type ux ↔ v−x+φ(i) with x = p.

If p + q ≡ 2i + 1 mod n, where i ≤ dn
2 − 1e, then up ↔ vq ∈ Ei is of type

u−x+φ(i)+1 ↔ vx with x = q. It follows that (E2’) is satisfied.
It remains to show that the set of paths A is fault tolerant. Fix levels i 6= j, and

vertices ux 6= uy. Since, φ is a permutation, the paths ux → vL(−x,−y)+φ(i) → uy

and ux → vL(−x,−y)+φ(j) → uy are internally vertex disjoint. A similar argument
applies to a pair of vertices vx 6= vy.

Example: Let us illustrate the construction of Lemma 4.1 in case n = 5. We
will consider Latin squares (Z5, L) and (Z5, L

′) to be identical, and defined as
follows: L(u, v) = L′(u, v) = 3(u+ v). It is easy to check that they are idempotent.
Hence, the mappings Ai and A′

i are defined as follows: Ai(x, y) = 2(x + y + i) and
A′

i(x, y) = 2(x + y + i) + 1.
The following diagram shows unused arcs in each level of the corresponding

design:

One can see that the distributions of unused arcs is indeed nicely balanced, resulting
in a leveled routing.

The following lemma describes the set of paths B. We will need the following
definition.

Definition 4.2. A Latin square (Zn, A) is a column-normalized, if its columns
are sorted in increasing order by the values in the first row, i.e., A(0, j) = j for all
j ∈ Zn.

Lemma 4.3. We can construct a leveled (n − 1)-fault tolerant routing B =
∪i∈ZnBi, where

B0 =
⋃
x,y

{ux → vy, vx → ux} ,

Bi =
⋃
x,y

{ux → vBi(x,y) → uCi(x,y) → vy, vx → uB′
i(x,y) → vC′

i(x,y) → uy} ,

i = 1, . . . , n− 1,

connecting nodes from different partitions of ~Kn,n in quadratic time. In particular,
mappings Bi, Ci, B

′
i, C

′
i can be chosen as follows:

Bi(x, y) = LB(i, y), Ci(x, y) = LC(i, x),
B′

i(x, y) = LB′(i, y), C ′
i(x, y) = LC′(i, x),

where (Zn, LB), (Zn, LC), (Zn, LB′), (Zn, LC′) are any column-normalized Latin
squares.

Proof. Obviously, elements of B0 are paths. Fix a level i > 0. Since, (Zn, LB),
(Zn, LC), (Zn, LB′) and (Zn, LC′) are column-normalized Latin squares, LB(i, y) 6=
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y, LC(i, x) 6= x, LB′(i, y) 6= y and LC′(i, x) 6= x, respectively. Hence, elements of
Bi are also paths.

Let BUV,1
i ,BUV,2

i and BUV,3
i be the multisets of UV -arcs that appear as the first,

second and third arc on a path in Bi, respectively:

BUV,1
i = {ux → vLB(i,y); x, y ∈ Zn},

BUV,2
i = {uLB′ (i,y) → vLC′ (i,x); x, y ∈ Zn},

BUV,3
i = {uLC(i,x) → vy; x, y ∈ Zn}.

Since, (Zn, LB), (Zn, LC), (Zn, LB′), (Zn, LC′) are Latin squares, the row mappings
LB(i, y), . . . , LC′(i, x) are permutations, for any fixed i. Thus, each of the multisets
above contains every arc exactly once. A similar conclusion can be derived for V U -
arcs. It follows that the load of every arc caused by Bi is 3, i.e., the set of paths B
constitutes a leveled routing.

It remains to show that the set of paths B is also fault tolerant. Fix non-zero
levels i 6= j, and vertices ux, vy. If the paths ux → vLB(i,y) → uLC(i,x) → vy and
ux → vLB(j,y) → uLC(j,x) → vy share an internal vertex then either LB(i, y) =
LB(j, y) or LC(i, x) = LC(j, x). Neither of those is possible since (Zn, LB) and
(Zn, LC) are Latin squares.

Lemmas 4.1 and 4.3 give the main result of this section.

Theorem 4.4. We can construct a leveled (n− 1)-fault tolerant routing for ~Kn,n

in quadratic time. In particular, for all f ≤ n− 1,

~πf ( ~Kn,n) =


5f + 3, if f < n

2 − 1,
5f + 2, if n

2 − 1 ≤ f < n− 1,
5f + 1, if f = n− 1.

4.1 An upper bound for the optical index

Consider a leveled f -fault tolerant routing Rf ( ~Kn,n) as described in Lemmas 4.1
and 4.3. We will consider the subroutings A0, . . . ,Af and B0, . . . ,Bf separately.
For each we build the path graph and upper bound its chromatic number. Then,
by assigning different sets of wavelength for the paths in different subroutings, we
have the following upper bound for the wavelength number of Rf ( ~Kn,n):

~w(Rf ( ~Kn,n)) ≤
f∑

i=0

χ(GAi) +
f∑

i=0

χ(GBi) .

For path set Ai, we show that the corresponding path graph is bipartite. For
path set Bi we first derive a simple upper bound on the maximum degree of the
corresponding path graph. Next we show that by a special choice of Latin squares
(used in construction of the system) this upper bound can be improved. Upper
bounds on optical indexes will follow from Brook’s theorem which gives an upper
bound on chromatic number in terms of maximum degree of the graph.

Lemma 4.5. Consider a leveled (n− 1)-fault tolerant routing ∪i∈ZnAi described
in Lemma 4.1. For every i = 0, . . . , n− 1, χ(GAi) ≤ 2.
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Proof. It is enough to prove that the path graph GAi
is a bipartite graph. We have

two types of paths: UU -paths which start and end in U and V V -paths which start
and end in V . It is easy to see that there are no edges between the paths of the same
type. Indeed, assume for instance that for x1 6= y1, x2 6= y2, (x1, y1) 6= (x2, y2), the
paths ux1 → vL(n−x1,n−y1)+φ(i) → uy1 and ux2 → vL(n−x2,n−y2)+φ(i) → uy2 share
the first arc. Then x1 = x2 = n − x and L(x, n − y1) = L(x, n − y2). Since L is a
Latin square, y1 = y2, a contradiction.

Hence, for paths in ∪f
i=0Ai we need 2(f + 1) wavelengths. This is optimal for

f < n/2− 1, and differs from the optimal value by at most two for other values of
f .

Lemma 4.6. Consider a leveled (n− 1)-fault tolerant routing ∪i∈ZnBi described
in Lemma 4.3. Then χ(GB0) = 1, and for every i = 1, . . . , n− 1, χ(GBi

) ≤ 6.

Proof. The path graph GB0 contains no edges, hence its chromatic number is 1.
Consider, the graph GBi

for some i = 1, . . . , n− 1. We will show that the degree of
each node of GBi is at most 6. The following mappings

β(z) = LB(i, z), γ(z) = LC(i, z), β′(z) = LB′(i, z) and γ′(z) = LC′(i, z)

are permutations without a fixed point. Without loss of generality, take a UV -path
P = ux → vβ(y) → uγ(x) → vy ∈ Bi, x 6= y. Assume that the k-th arc of P coincides
with the `-th arc of another path Q ∈ Bi. If k = `, then Q is also a UV -path, and
since β and γ are permutations, Q = P , a contradiction.

If k 6= `, then there is at most one path Q such that the k-th arc of P is the `-th
arc of Q, since the `-th arcs of such paths Q would coincide. Hence, the degree of
P in GBi

is at most 6. Now, by Brook’s theorem it suffices to prove that GBi
is not

a complete graph. Take a y′ 6= y, and let P ′ = ux → vβ(y′) → uγ(x) → v′y. Since β
and γ are permutations, and x 6= γ(x), the paths P and P ′ do not share any arc.
Hence, the graph GBi is not complete.

This does not give a very good upper bound for the optical index. The load
induced by paths in Bi is 3, therefore the coloring we found might be twice the
optimal. To improve the coloring we will further restrict the class of routings, by
further specifying mappings Bi, Ci, B

′
i, C

′
i. We need the following definition.

Definition 4.7. Let (S, L) be a Latin square. The row-inverse of (S, L) is a pair
(S, L̄), where L̄ : S × S → S is a mapping such that L̄(u, v) = (RL

u )−1(v). Recall
that the row mappings RL

u are bijective.

The next lemma checks that the row-inverse of a Latin square is also a Latin
square.

Lemma 4.8. Let (S, L) be a Latin square. The row-inverse (S, L̄) is a Latin
square. If (Zn, L) is column-normalized then so is (Zn, L̄).

Proof. Obviously, the row mappings of (S, L̄) are permutations. Hence, assume
that for some x, x′, y ∈ S, x 6= x′, we have L̄(x, y) = L̄(x′, y). Then (RL

x )−1(y) =
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FIG. 1. An example of the path graph of one level of the
routing B for complete bipartite network ~K4,4.

(RL
x′)

−1(y) = z. This yields

RL
x (z) = RL

x ((RL
x )−1(y)) = y = RL

x′(z) .

i.e., L(x, z) = L(x′, z), a contradiction.
The second part of the lemma follows by a simple observation that a Latin square

is column-normalized if and only if the row mapping RL
0 is the identity mapping.

Lemma 4.9. Consider a leveled (n− 1)-fault tolerant routing ∪i∈ZnBi described
in Lemma 4.3 such that LB′ is a row-inverse of LC and LC′ is a row-inverse of LB

(the column-normalized Latin squares LB and LC can be chosen arbitrary). Then
for all i = 1, . . . , n− 1, χ(GBi

) ≤ 4.

Proof. Consider mappings β, γ, β′, γ′ described in the proof of Lemma 4.6, and take
an arbitrary path from Bi, say P = ux → vβ(y) → uγ(x) → vy. By the additional
assumption on Latin squares LB′ and LC′ , we have β′ = γ−1 and γ′ = β−1.
Consider 6 potential paths connected to P in GBi

:

1. k = 1, ` = 2, i.e., the first arc of P coincides with the second arc of Q1.
Then Q1 = vx1 → uβ′(y1) → vγ′(x1) → uy1 is a V U -path, with x = β′(y1)
and β(y) = γ′(x1).

2. k = 1, ` = 3. Then Q2 = ux2 → vβ(y2) → uγ(x2) → vy2 , with x = γ(x2) and
β(y) = y2.

3. k = 2, ` = 1. Then Q3 = vx3 → uβ′(y3) → vγ′(x3) → uy3 , with γ(x) = β′(y3)
and β(y) = x3.

4. k = 2, ` = 3. Then Q4 = vx4 → uβ′(y4) → vγ′(x4) → uy4 , with γ(x) = y4 and
β(y) = γ′(x4).

5. k = 3, ` = 1. Then Q5 = ux5 → vβ(y5) → uγ(x5) → vy5 , with γ(x) = x5 and
y = β(y5).

6. k = 3, ` = 2. Then Q6 = vx6 → uβ′(y6) → vγ′(x6) → uy6 , with γ(x) = β′(y6)
and y = γ′(x6).

Since β′ = γ−1 and γ′ = β−1, it is easy to observe that Q1 = Q4 and Q3 = Q6.
Hence, the degree of P in GBi is at most 4. The claim now follows by the well
known Brook’s theorem.

Example: We will construct an example of the path graph GBi
for n = 4 and some

i > 0. Let assume that the permutations without fixed points β, γ, β′ and γ′ are
as follows:

β =
(

0 1 2 3
1 2 3 0

)
γ =

(
0 1 2 3
1 0 3 2

)
β′ =

(
0 1 2 3
1 0 3 2

)
γ′ =

(
0 1 2 3
3 0 1 2

)
The path graph of this level of the routing is depicted in Figure 1. Here, the

paths of the type ux → vi → uj → vy are shown as a vertex uxijy, and the paths
of the type vx → ui → vj → uy as a vertex vxijy. Note also that we indeed need
four colors to color this particular path graph.
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We can now conclude an upper bound for the f -fault tolerant optical index of
~Kn,n.

Theorem 4.10. For every f = 0, . . . , n− 1, there exists a leveled f-fault tolerant
routing Rf for ~Kn,n with the optical index ~w(Rf ) ≤ 6f + 3. Consequently,

5f + 1 ≤ ~wf ( ~Kn,n) ≤ 6f + 3.

5. CONCLUSIONS

We believe the novel connection between fault tolerant routing and design theory
elucidated by our results has great potential for contributions in both fields. In
this paper, we used this connection to determine the fault tolerant forwarding and
optical indexes of all complete and all complete balanced bipartite networks.

There is a potential to apply our techniques to broader graph classes, i.e., graphs
of high connectivity or graphs that are close to being complete can be considered.
More generally, problems of determing both the f -fault tolerant arc-forwarding
index and the f -fault tolerant optical index for arbitrary graphs is necessary for
routings in standard and optical networks.
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