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ABSTRACT

The inverse protein folding problem is that of designing an amino acid sequence which
has a particular native protein fold. This problem arises in drug design where a particular
structure is necessary to ensure proper protein—protein interactions. In this paper, we show
that in the 2D HP model of Dill it is possible to solve this problem for a broad class of
structures. These structures can be used to closely approximate any given structure. One
of the most important properties of a good protein (in drug design) is its stability—the
aptitude not to fold simultaneously into other structures. We show that for a number of
basic structures, our sequences have a unique fold.
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1. INTRODUCTION

T HAS LONG BEEN KNOWN THAT PROTEIN INTERACTIONS depend on their native three-dimensional fold,

and understanding the processes and determining these folds is a long standing problem in molecular
biology. Naturally occurring proteins fold so as to minimize total free energy. However, it is not known
how a protein can choose the minimum energy fold amongst all possible foldse{ill 1995).

Many forces act on the protein which contribute to changes in free energy, including hydrogen bonding,
van der Waals interactions, intrinsic propensities, ion pairing, and hydrophobic interaction. Of these, the
most significant is hydrophobic interaction (see Dill [1990] for details). This led Dill to introduce the
Hydrophobic-Polar Model(Dill, 1985). Here, the 20 amino acids from which proteins are formed are
replaced by two monomers, hydrophobic (H) or polar (P), depending on their affinity to water. To simply
the problem, the protein is laid out on a 2D spatial lattice with each monomer occupying exactly one
square and neighboring monomers occupy neighboring squares. The free energy is minimized when the
maximum number of nonneighbor hydrophobic monomers are adjacent in the lattice. Therefore, the “native”
conformations are those with the maximum number of such HH contacts, also baiied

Even though the hydrophobic-polar model is the simplest model of the protein folding process, compu-
tationally it is an NP-hard problem (cf. Crescemtial. [1998] for two- and Berger and Leighton [1998]
for three-dimensional square lattices). Interestingly, in the first case, the result is deduced from the NP-
completeness of the Hamilton cycle problem for special planar graphs, while in the second case, the result
follows from the NP-completeness of the modified bin-packing problem. The problem is still open for
other types of lattices, namely, triangular and diamond lattices. Research has focused on approximations
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for this model. A linear time algorithm with approximation factgf83for 3D square lattice can be found
in Hart and Istrail (1995), and linear time algorithms with approximation factgtd &nd 35 for 2D and
3D triangular lattices, respectively, have been developed by Agamtalh (1997).

In many applications, such as drug design, we are actually interested in the complement problem to
protein folding:protein design Current protein designs often focus on local interactions, such as intrinsic
propensities of amino acids to form helices and turns (eyal., 1990; Andrewet al, 2001). However,
major forces of folding are due to hydrophobic and othenlocalinteractions (Dill, 1990). To compensate
for this unbalance, the existing designs work on a selected small group of very stable protein motifs altering
only some parts of the sequence appearing at the surface of the fold. For instance, due to its simplicity and
regularity, the most extensively studied protein motif is the “coiled coil”: alpha-helices wrapping around
each other (Yu, 2002).

A major challenge in designing proteins that attain a specific native fold is to avoid proteins that have
multiple native folds. We say that a protein s&ableif the minimum free energy fold is unique. It is
generally believed that all naturally occurring proteins are stable; however, this is usually not true for
arbitrary protein sequences. Extreme examples are proteins containing only polar monomers in the HP
model. In this case, every fold achieves lowest free energy. We note that the proteins used to prove
NP-hardness of the protein folding problem are not stable.

The more generainverse protein folding problenmvolves starting with an arbitrary target fold and
designing an amino acid sequence whose native fold is the target (positive design) and which is stable
(negative design). As this problem is more complex, the current research concentrates only on a simple
HP model. Even in the HP model, the complexity of this problem is unknown but conjectured to be
NP-hard. Early work on this problem involved heuristics that bury the H monomers in a central core with
the P monomers on the outside (Kamtekaral, 1993), find all possible short sequences and put these
together (Yue and Dill, 1992), or perform a sequence evolution, a form of local searclef{&in1995).

A relationship between symmetries and designability of proteins was observed byatvah@2000).

Another approach to this difficult problem is a heuristic sequence design, i.e., design of a sequence
fulfilling easier alternative criteria which is likely to solve the original inverse protein folding problem.
There are currently two sets of criteria studied, called canonical and grand canonical models, introduced
by Shakhnovich and Gutin (1993) and Seihal. (1995), respectively. It has been shown that the protein
sequence design problem can be solved in polynomial time in the grand canonical model for both 2D and
3D square lattices (cf. Hart [1997]), and in polynomial time for 2D lattices while the problem is NP-hard
for 3D square lattice in the canonical model (cf. Bernedral. [2004]). Note, however, that design of
heuristic sequences does not guarantee that the generated sequence satisfies the two criteria (positive and
negative design) of the inverse protein folding problem.

In this paper, we consider a completely new version of the inverse protein folding problem: instead of
a target fold we are given a target structure. This structure is given on a lattice by specifying (marking)
a connected collection of lattice squares which the amino acids must occupy. We show that it is possible
to design a protein whose native fold closely approximates any given 2D structure. We will work on a
refinement of this lattice in which each square is divided into nine squares (i.e<,3r8finement of the
original lattice). Now, for a marked square, almost all (eight) of its nine subsquares must be occupied by
the monomers of the protein, and for an unmarked square at maxti®s subsquares are occupied where
n is the number of marked neighboring squares. We call our structarestructible structures

For a number of basic structures, we givdoamal proof that our proteins are stable in the 2D HP
model. Note that we are not aware of any other results explicitly showing stability of an infinite class of
proteins (in Suret al. [1995], a heuristic method generating stable proteins was proposed; however, this
is only supported by computer testing). Based on our results and on an extensive computer search, we
conjecture that our proteins for all constructible structures are stable.

An extended abstract of this paper appeared in Gaptl. (2004).

2. PRELIMINARIES

2.1. Hydrophobic-polar model

In this section, we will formally define the hydrophobic-polar model. We will restrict our attention to
the two-dimensional square lattice.
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Proteins are chains of monomers where each monomer is either hydrophobic, i.e., nonpolar, or hy-
drophilic, i.e., polar. We can represent a protein chain as a binary sgriag p1p2 ... p)p| in {0, 1}*,
where ‘0" represents a polar monomer ant’ ‘a nonpolar monomer. In our figures)™will be depicted
as ‘0" and “1” as “m.”

Let us consider a tiling oR? with unit squares. Obviously, such a tiling can be represented by a two-
dimensional square lattice where the vertices (squares of the tiling) are represented as ordered pairs and
two vertices are adjacent if and only if the corresponding squares share a side. More fatnsHygraph
with vertex setV = {[a, b]; a,b € Z} and edge seE = {{[a, b],[a +c,b+d]};a,b € Z and(c,d) =
(0,1), (1, 0)}. The squares adjacent @, b] € V are calledneighborsof [a, b]. In particular,[a, b + 1] is
the northern [a + 1, b] is theeastern [a, b — 1] is thesouthern and[a — 1, b] is thewesternneighbor of
la, b].

Next we define a conformation of a protein as a self-avoiding walk in the lattice and a fold as a placement
of monomers into the lattice. More formally:

Definition 1 (Conformations and folds). For everyn > 2, a pathc = (c¢1,c2,...,¢;) in L is called
a conformation of length:. An edgee = {s1, s2} of ¢, i.e.,e € E(c), is called ac-edge and we say that
the squares and s, are c-connectedor that they arec-neighbors A fold F, . of a proteinp € {0, 1}"
with respect to a conformation of lengthn is a partial mappingF, . : V — {0, 1} such that for every
k=1,...,n, Fy(c) = pi. If no confusion can arise, we will retain the phrase & V is ana-squaré
for the fact thatF), .(u) = a. The squares1 andc, are calledterminals in pictures these are marked
with a cross. Denote the set of dlisquares ad, . and the graph induced by these verticesiiiy, 1.

A protein will fold into a conformation with minimum free energy. In the HP model, only hydrophobic
interactions between adjacent hydrophobic monomers (which are not consecutive in the protein) contribute
to the score. Hence, a conformation with the lowest free energy corresponds to a conformation with the
highest score, that is, the conformation with the largest number of HH bonds.

Definition 2 (Bonds and score). For every foldF, ., abond of F, . is an edge{x, v} of L such that
u and v are 1-squares and they are not consecutiverjn.e., a bond is an edge i[1, .] — E(c). The
scoreof a fold F,, ., denoted byscordF, ), is the number of bonds if, ..

The conformations with the highest score (corresponding to the lowest free energy) are called native
conformations, which is stated more formally as follows.

Definition 3 (Native conformations). A conformationc of length|p| is native for proteinp if for any
other conformationc” of length|p|, scor&F, ) > scoréF, ). The fold ofp with respect to a native
conformation is called anative fold

Note that there might be several native conformationsfoiThe set of all native conformations is
denoted byC(p). From a biological point of view, the proteins having a single native conformation are
more likely to stay in the same state without changing their structure.

Definition 4 (Stable proteins). A protein p is stableif it has exactly one native conformation, i.e., if
IC(pI =1

The proteins we are going to describe have a special property. The score of their native conformations
is the maximal possible score with respect to the number of hydrophabiménomers contained in the
protein. The following useful observation characterizes native conformations of such proteins.

Observation 1 (Saturated folds). Let p € 0{0, 1}*0 be a protein, andF' be the fold ofp with respect
to a conformatiore. If for every1-squares, two out of four edges incident withare bonds, ther is a
native conformation fop. We will call the foldF a saturatedold.
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Furthermore, if there exists a conformatiersuch that the fold op with respect ta is saturated, then
for any native conformation’ of p, its fold is also saturated.

Note that the foldF of p with respect toc is saturated if and only if the graph[1,.] — E(c) is a
2-factor of L, i.e., every connected component is a cycle, callaecgcle All edges of such a-cycle are
bonds.

The proof of the observation follows by a simple argument thatiasguares has at most two bonds.
Note that not every protein has a saturated fold. For instance the necessary condition forzptothave
a saturated fold is thgt contains an even number of hydrophobi¢ fnonomers.

2.2. Constructible structures and their proteins

In this section, we define a wide class of structures which can be used to approximate any given shape,
calledconstructible structuredNext, to each constructible structure we assign a protein which has a native
conformation exactly filling the constructible structure. We conjecture that such proteins are stable; cf. the
next section.

Definition 5 (Constructible structures). We have two tiles, depicted in Fig. 1(a), a starting tile in the
shape of 4" and a regular tile in the shape of i*” Both tiles have thredigands depicted with black
lines, and in addition, the regular tile has omeceptoy depicted with a gray line. &onstructible structure
is a partial tiling of the two-dimensional grid. obtained by the following procedure:

1. Place the starting tile into the grid.

2. Place a regular tile into the grid so that its receptor is attached to a ligand of a tile already in the grid
and it does not overlap with any other tile.

3. Continue with step 2 or end the procedure.

An example of a constructible structure is shown in Fig. 1(c).Wef) C V be the set of squares covered
by tiles of S. A conformationc is compatible withS if V(c) = V(S). Similarly, a fold F is compatible
with S if its current domain (the set of squares containing monomers) is equél $0.

Note that at each step of the above construction we remove one ligand from the set of available ligands
(the one into which the new tile is attached) and add three ligands (the ligands of the new tile). Therefore,
if we give distinct numbers to ligands, it is possible to describe the process of tiling by a sequence of
ligand labelings called th#ling sequence

T =(r,.... 1)

such that for every = 1,...,k, t;, < 3¢ andt, ..., iS an increasing sequence of positive integers.
Ligands of the starting tile are numbered counterclockwis® 3 as depicted in Fig. 1(b). Thieth regular

tile is attached by its receptor to ligand and its three new ligands are numbered counterclockwisel3

3¢+2, 3¢+3. To make this coding unique, all numbers are placed on tiles in such a way that the receptor of a
tile is between ligands@t+1 and 3+ 3. The numbering of tiles is depicted in Fig. 1(b). The tiling sequence

of the constructible structure depicted in Fig. 1(c)is2, 3,5, 8, 12,17, 22, 23, 26, 30, 35, 37, 41, 42).

3 a+2 £ I:.Fr]:,l
LN 5 P
a0 $ i ¥
| n L R
{a) (b} [c]

FIG. 1. lllustration of: @) the starting tile (left) and the regular tile (righth)(numbering of the ligands of tiles;
(c) a constructible structure described by a tiling sequeicg, 3, 5, 8, 12, 17, 22, 23, 26, 30, 35, 37,41, 42).
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Note that not every tiling sequence describes a constructible structure, since its definition does not
guarantee that the placed tiles do not overlap. However, if the tiling sequéedescribes a constructible
structure, then this structure is denoted $3y. The following lemma provides a construction of a confor-
mation compatible with a constructible structure

Lemma 1. For every constructible structur§, there exists a conformation compatible wih

Proof. We will prove a stronger claim by induction on the numleof regular tiles used: For every
constructible structuré which usesk regular tiles, there exists a conformatie¢§) of length 12+ 10k
such that

® ¢(S) is compatible withS;

¢ the terminals:(S)1 andc(S)12+10 are the squares B and E of the starting tile, respectively; cf. Fig. 1(a);
and

e for every ligands, € {1,...,3k+ 3} — {r1,..., %} of S, the two squares of adjacent tor, form a
c(S)-edge (the other two squares adjacent;tbe outside ofS).

Consider a constructible structufedescribed by a tiling sequend@® = (r1,...,%). If k = 0, thenS
contains only the starting tile, and the conformation

C(S) = ([07 O]’ [la 0]7 [1’ _1]7 [2’ _1]7 [2’ 0]7 [37 0]5 [37 1]7 [25 1]7 [27 2]’ [17 2]’ [la 1]7 [0’ 1])

has the desired property; cf. Fig. 2(a).

Otherwise, letS” be a constructible structure described {by; ..., #_1). By the induction hypothesis,
there exists a conformatiar = c(S’) of length 24 10k compatible withS’. Moreover,c; andc,_ ,y are
the squares covered by B and by E of the starting tile, respectively. Sinedl, ..., 3k} —{r1, ..., fr-1},
the squarest and v of S’ adjacent to the ligand. form a ¢’-edge. Without loss of generality, we can
assume that

u=[a,bl=c; and v=[a,b+1]=c,.
Now, we can define a conformatiencompatible withS:
c(S) = (c’l,...,cg,[a+1,b],[a+1,b—1],[a+2,b—1],[a+2,b],[a+3,b],
la+3,b+1[a+2b+1,[a+2,b+2l[a+1b+2,[a+1,b+1], ¢/ i1, ... Coqq) -

As can easily be seen in Fig. 2(b), the vertices added $¢ will exactly fill the squares covered by the
last tile of S, and the squares adjacent to new liganfst-3L, 3 + 2, and % + 3 are consecutive in,
respectively. ]

Observe that it can easily be proved that the conformation constructed in Lemma 1 is the only confor-
mation compatible withs starting at the square B and ending at the square E of the starting tile. In what
follows, we will denote this conformation by(S).

| (1} 1] [l

FIG. 2. How to place the conformatios(S) in the starting tile ¢) and a regular tilelf) and how to fill in the squares
of the conformatiore(S) with the symbols of the proteip(S) in the starting tile ¢) and a regular tiled).
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FIG. 3. lllustration of @) a linear constructible structureh)(a slowly bending constructible structure) @ spiral
constructible structure.

Now, for each constructible structus we define a proteirp(S) such that the conformation(S) is
a native conformations of(S). Our goal is to show thap(S) is stable. However, this seems extremely
difficult; here we show the result for particular special cases.

The constructible structures are specially designed to have the following two properties: (a) they can
approximate any given shape; and (b) it is easy to construct the proteins with native folds compatible with
the structures (see Fig. 3). The second property can be formalized as follows:

Theorem 1. For every constructible structurg, there exists a proteip(S) whose fold with respect to
c(8) is saturated. Hence;(S) is a native conformation op(S) and any native fold op(S) is saturated.

Proof. LetT = {11,...,t) be the tiling sequence f. We will define p(S) inductively. If k = 0,
then set

p(S) = 010010010010

The fold of p(S) with respect ta:(S), depicted in Fig. 2(c), is saturated. Note that the squarésanfjacent
to all three ligands are-squares.

If Kk > 0, let S’ be the constructible structure described(by ..., #_1). Consider a proteip(S’) =
p1...pi—100pii2... p2yr1ok, Where theO-squaresc; andc;.1 of the conformationc(S’) are adjacent to
the ligands. Set

p(S) = p1...pi—1010010010010p; 42 ... P24+10k -

From the construction of the proteim(S), it is easy to check that the fold of the proteiisS) with
respect tae(S) is saturated. Indeed, in every inductive step, we add fatiahd six “0” monomers to the
protein which completely fill one regular tile in such a way that the addeduares form a-cycle of
length 4; cf. Fig. 2(d). The second part of the theorem follows by Observation 1. |

For every constructible structu® consider all proteins having saturated fold with respect to confor-
mation ¢(S). Note that the protein defined in the above proof is the one with the maximum number of
hydrophobic 1" monomers among those proteins. In what follows, we will denote this proteip(lsy.

Our goal is to show thap(S) is stable. However, this seems extremely difficult; here we show the result
for particular special cases. The following local properties of the protei§$ can easily be seen.

Observation 2. For any constructible structurd, the proteinp(S) satisfies the following properties:

* p(S) € 0{0, 1}*0, and
¢ p(S) does not contain any dfl, 000, 1010101, and 100100100100 = (100)* as a substring.

2.3. Our results

We believe that for all constructible structur&sp(S) is stable:

Conjecture 1. For any constructible structurd, the proteinp(S) is stable.
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It is easy to prove that the conjecture is true for the constructible structure with the empty tiling
sequence).

Claim 1. The proteinp = p(S;)) = 010010010010 is stable.

Proof. Since the conformation depicted in Fig. 2(c) is a native conformatiomn fdry Observation 1,
for any native conformatior’ for p, the 1-squares form a singlg-cycle of length 4. Now, it is easy to
check that there is only one possibility for placing tie of the protein in the fold, sp is stable. W

An extensive computer search shows the conjecture is satisfied for oM@@@@onstructible structures
including all structures composed of up to eight tiles. To tackle this conjecture, we first consider a broad
subclass, the linear constructible structures.

Definition 6 (Linear structures). We say that a constructible structuseis linear if it is constructed
such that every regular tile is attached to the ligand of the last placed tile, i.e., the tiling sequence
(t1, ..., 1) of S satisfies the following condition; € {3¢ — 2, 3¢ — 1, 3¢}, for everyt =1, ... k.

Note that a linear constructible structure of lengtltan be described by knear tiling sequencen
{1,2,3}" wherei € {1, 2,3} in position k denotes that th&-th regular tile is attached to the ligand
3(k — 1) + i of the (k — 1)-th tile. We can interpret the number 1 in this tiling sequence to mean “turn
right,” 2 to mean “continue straight,” and 3 to mean “turn left” when traveling along the linear chain of
tiles. Note that 11 (resp., 33) can be a subsequence of a linear tiling sequence describing a constructible
structure only if it is the prefix of the sequence. An example of a linear constructible structure with the
linear tiling sequence

<3’ 17 3’ l’ 37 l’ 37 1’ 27 1’ 27 1’ 37 1’ 3’ 17 3’ 27 3’ 2’ 3’ 17 3’ 17 2’ 17 2>

is depicted in Fig. 3(a).

Since, for any linear constructible structuethe proteinp(S) contains exactly one substring01001001
corresponding to “the turning point,” i.e., the last added regular tile, we believe that it should be easier to
identify the last tile in the fold ofp(S) and continue backwards showing that the conformatic) is the
only possibility for p(S).

Clearly if Conjecture 1 holds, then it also holds for all linear constructible structures. Let us factorize
the class of linear constructible structures by the number of “bends,” i.e., the number of 1's and 3’s in the
seguence:

‘Cﬂ = {ST : T = 2i07 tlv 2i17 AR tn—ls 21”1715 tnv
wherery, ..., t,_1 € {1, 3} and St is constructiblé.

A structure inZ, is called£,-structure Our main result is that the conjecture holds fiarand £ (proved
in the next section). We believe that our proof techniques form the basis for proving the conjecture for all
linear constructible structures.

3. CLASSES Ly AND L;

In this section, we will first prove the conjecture for &ly-structures, and then we extend this result to
all £1-structures.

3.1. Ly-structures

Let us first characterize allp-structures. For any integer> 1, a constructible structure with the linear
tiling sequencg?, 2, ..., 2) is a Lg-structure and is denoted k8. Observe that a constructible structure
————

n—1
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S is a Lo-structure if and only ifp(S) does not contairi0101 as a substring and if and only f#(S)
contains exactly two occurrences of the substifng1001. This observation will help us to prove stability
of Lo-structures.

The main result of this subsection is the following.

Theorem 2. For everyn > 1, the proteinp(sS,) = 0(10010)"(01001)"0 is stable. Consequently, for
every structureS in Lo, the proteinp(S) is stable.

Consider a native fold” of p(S,). By Theorem 1, it is saturated. To prove Theorem 2, it is enough to
show thatF" must be the fold ofp(S,,) with respect tac(S,). Let us start by observing simple properties
of F.

Observation 3. Let p € 0{0, 1}*0 be a protein not containingl and 000 as a substring. Then every
saturated fold ofp has the following properties:

(a) everyl-square has twd-squares and tw@-squares as neighbors;

(b) every0-square has at least one adjacensquare;

(c) an adjacentl-square andd-square arec-connected where is a conformation of the fold; and
(d) adjacenti-squares are connected by a bond.

In particular, the above properties are satisfied for any protgii$) where S is a constructible structure.
Next, we will enclose allL.-squares of the fold in a rectangular region.

Definition 7 (Diagonal frame). Let A1 < Ay, By < B be integer constants. Thi#iagonal rectangle
R(A1, A2, B1, Bo) is the set of squarefa, b] which satisfy the inequalitiegly < a + b < Az and
B1 < a—b < By. TheSW-border line NE-border line NW-border ling and SE-border lineof the rectangle
R(A1, A, B1, Bp) are the sets of squardfu, b]; a+b = A1}, {[a, b]; a+b = A2}, {[a, b]; a—b = B1},
and {[a, b]; a — b = By}, respectively. Letr be a fold containing at least one-square. Thediagonal
frame of the fold F' is the smallest diagonal rectangl®(A1, Az, B1, B2) containing all 1-squares of the
fold F; cf. Fig. 4(a).

Consider one border line of the diagonal frame of the fbldsaya + b = A,. This divides the grid
into two parts, thanner parta + b < A, and theouter parta + b > As. The squares of the outer part
are either empty o6-squares. Since, by Observation 3(b), at least one neighbor of a 0-square must be a
1-square, among the squares of the outer partpthquares can appear only on the diagonal line next to
the border line of the frame, i.e., an+ b = Ay + 1.

A 1-square lying on a border line is callecbaundary squareWe will show that each boundary square
lies on ai-cycle of length 4. Such 1-cycles will be calledres More formally:

Definition 8 (Cores). Consider a fold with respect to a conformationA coreis a 1-cycle of length
4 such that everyt-square of thel-cycle isc-connected to tw@-squares; cf. Fig. 4(b). If the northern

"L
i

-

.

,
Fans
Eawo

=

[l il

FIG. 4. An illustration of @) a diagonal frameR (A1, Ao, By, B2) (the black squares depict boundary squarég)a(
core.
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(resp., eastern, southern, westem¥yquares of a core, marked witk(resp.,E, S, W), are c-connected,
we say that the core ibl-closed(resp.,E-closed S-closed W-closed. If, for instance, a core i&N-closed
and E-closed, we say that it iSIE-closed Themain squaref a NE-closed (resp.SE-closed,SW-closed,
NW-closed) core is the northeast (resp., southeast, southwest, northivegt)are of the core. A core
closed from two adjacent sides is callec¢arner-closeaore, and a core closed from three sides is called
a completely-closedore.

Let B be the set of all boundary squares. In general, the cardinalify isf at least three if the fold
contains at least three-squares. However, for the folds which we are interested in, we have a slightly
better bound.

Observation 4. Let p € 0{0, 1}*0 be a protein not containing1l and 000 as a substring. For any
saturated fold ofp, we have that each boundary square lies on exactly one border line. Hence, the number
of boundary squares is at least 4, and there are at least two boundary squares which are not adjacent to
a terminal.

Proof. Assume, that a boundary squardies on two border lines. For instance, on tN&-border
line and theSE-border line. Since it lies oNE-border line, its northern and eastern neighbors cannot be
1-squares, and since it also lies on BE-border line, its southern neighbor cannot be-square as well.
Then, at most one neighbor efcan be al-square which contradicts Observation 3(a). The first part of
the observation follows.

Since each border line contains at least one boundary square, the cardinality of fhes sdtleast 4.
Since both terminals are-squares, by Observation 3(c), they can be adjacent to at most-sqeare.
Hence, there are at most two of boundary squares adjacent to terminals. ]

The above observation guarantees the existence of boundary squares not adjacent to either of the two
terminals. The following lemma shows why such squares are very useful for our purposes.

Lemma 2. Letp € 0{0, 1}*0 be a protein not containingl, 000 and 10101 as a substring. For every
saturated fold ofp and everyX e {NE, SE, SW, NW}, each boundary square lying on the X-border
line not adjacent to a terminal lying outside of the diagonal frame of the fold is the main square of an
X-closed core.

Proof. Let ¢ be the conformation of the fold. Without loss of generality, assumesthat{0, 0] and
that it lies on theNE-border line. By Observation 3(a), out of four neighborsspfwo arel-squares and
two are0-squares. But since the outer part- b > A, cannot contain ang-square, the eastern neighbor
[1, O] and northern neighbdB, 1] are0-squares, while the neighbdrs 1, 0] and[0, —1] arel-squares. By
the assumption of the lemma, none of the neighborsisfa terminal; hence, the squarids0] and[0, 1]
are bothé-connected to nonempty squares other thamhose must be the squargls —1] and[—1, 1],
respectively, since all other adjacent squares are too far from the border line. We have the situation depicted
in Fig. 5(a).

I ]
il mia i Lk

I I‘E [
n

| ) em g | ]
[ -

2-114H 1 2 -1 1k 12 <2-1 10

(m] b} el d] [a] {1}

FIG. 5. The situation around the boundary square [0, 0] (marked with a white dot) which is at distance at least
(a—) 2 from any terminal, d—f) 4 from any terminal.
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Now we will consider three cases depending on squiltes1] and[—1, 1], depicted as empty circles
in Fig. 5(a).

Case 1 They both ar@-squares. If the squafe-1, —1] is also ad-square then, by Observation 3(c), the
fold £ would contain a closed-path which is not possible. Hence, assume that, —1] is a 1-square;
cf. Fig. 5(b). By Observation 3(c), the squafe<, 0], [—2, —1], [—1, —2], and[0, —2] are all0-squares.
We are done: the squaseis the main square of BlE-closed core.

Case 2 One of the squares is &square and the other issquare. Without loss of generality as-
sume thaf{l, —1] is al-square and—1, 1] is a0-square. Since two neighbors [, —1] are 1-squares,
by Observation 3(a), the remaining two neighbdrs,l, —1] and [0, —2], are 0-squares. Similarly, by
Observation 3(a) applied on thesquare[l, —1] and the fact that the outer patt+ b > A, cannot
containl-squares, we have th§, —1] is a0-square andl, —2] is a 1-square; cf. Fig. 5(c). This yields
a contradiction, as

([_17 O]s [_17 _1]7 [07 _1]7 [01 _2]7 [11 _2])

conforms t010101.
Case 3 They both ard-squares. We have again an occurrence of the subgtoir@y starting af—1, 1]
and ending af1, —1] in the fold, a contradiction. [ |

Corollary 1. Consider a native fold of the proteip(S,), n > 1. A boundary square lying on the
X-border line not adjacent to a terminal lying outside of the diagonal frame of the fold is the main square
of an X-closed core, for ever € {NE, SE, SW, NW}.

Proof. By Theorem 1,p(S,) has a saturated fold, and hence, by Observation 1, any native fold is also
saturated. Furthermore, by Observation 2, it is enough to notice that the stfing= 0(10010)"(01001)"0
does not contain0101 as a substring. |

Now, we are ready to prove Theorem 2.

Proof of Theorem 2. We will prove, by induction om, that every saturated fold gé(S,) is the
fold Fp(s,).ccs,) (recall Definition 1). The base case= 1 of the induction follows by Claim 1. Hence,
take ann > 1. Let ¢ be a native conformation fop(S,) and F be the saturated fold op(S,) with
respect to¢. Our goal is to identify the substringp01001001 of the proteinp(S,) in £ and show that
it folds as a completely-closed core. Then, if we cut out this completely-closed coreHArome obtain

a saturated foldF" of the proteinp(S,—1). By the induction hypothesist’ = Fps, 1).cs,_q)- If we
attach the completely-closed core to the fdld back to its original place, we can easily observe that
F = Fps,).c(s0)-

Hence, it suffices to find a completely-closed core-inTake two boundary squares not adjacent to any
terminal (their existence is guaranteed by Observation 4). By Corollary 1, such squares are main squares
of their corner-closed cores. Hence, each of the two boundary squaredssquare corresponding to the
underlined1 in a substringl001001 of the protein. There are only two occurrences of this substring in
p(S,). Therefore, the two boundatysquares correspond to the underlinéin the substring.001001001
of the protein, and they are main squares of the same core. Obviously, such a core has to be completely
closed. |

3.2. Modifications of Lemma 2 and its corollary

Before we show that Conjecture 1 holds #-structures, we will prove two modifications of Lemma 2
and its corollary. Both modifications might be useful for proving similar results for other special con-
structible structures, whereas the latter will be used in the proof of stability of L-structures. By the
distance of two squares[a, b] and [c, d], we mean the Manhattan distance, i.€([a, b], [c,d]) =
la —c|+|b—d|.
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Lemma 3. Let p € 0{0, 1}*0 be a protein not containing1, 000, and 1010101 as a substring. For
every saturated fold gb and everyX € {NE, SE, SW, NW}, each boundary squarelying on theX-border
line at distance at leas# from any terminal lying outside of the diagonal frame of the fold is the main
square of anX-closed core.

Proof. The assumptions of the lemma satisfy all assumptions of Lemma 2 except the condition that
the string p does not contairt0101 as a substring. This condition is used only in the last step of the
second and third cases of the proof to derive a contradiction. Reconsider these two cases:

Case 2 Let us consider the situation as depicted in Fig. 5(c). By the additional assumption of Lemma 3,
the squarg2, —1] at distance 3 froms = [0, O] cannot be a terminal. Hence, it has a nonempty neighbor
besideq1, —1], which has to be the squaf, —2]. If this neighbor is &-square, then the fold contains
a closedc-path, a contradiction. Thus, the squ@Pe—2] is a 1-square; cf. Fig. 5(d). Now, using Obser-
vation 3(a) and the fact that the outer part- b > A, does not contain ang-squares, we deduce that
[1, —3] and[3, —2] are0-squares andi2, —3] is a 1-square. As is easily seen in Fig. 5(e), the protein
contains a substring010101 which is a contradiction.

Case 3 Assume that bothi1l, —1] and [—1, 1] are 1-squares. The eastern neighbor of thequare
[1, —1] lies in the outer part; hence, it istasquare. Applying Observation 3(a) arsquareq0, —1] and
[1, —1], we have that the squargs1, —1] and[0, —2] are0-squares and the squdre —2] is al-square.

By symmetry, we can apply the similar argument around squaré&sO] and[—1, 1], thus, obtaining the
situation depicted in Fig. 5(f). In this situation, we have an occurrence of the substring01 starting
at[—2, 1] and ending afl, —2] in the fold, a contradiction. [ |

Lemma 3 together with Observation 2 yield:

Corollary 2. Consider a native fold of the proteim(S), wheresS is a constructible structure. For every
X € {NE, SE, SW, NW}, a boundary square lying on theX-border line at distance at leat from any
terminal lying outside of the diagonal frame of the fold is the main square of -@fosed core.

The above claims work for any constructible structure; however, they require the boundary square to
be at distance at least 4 from any terminal. In the proofs of stability of the proggiisfor particular
constructible structures, it might be useful to have a similar result for all boundary squares nonadjacent
to a terminal. This was achieved in Lemma 2 and its corollary, but the price was too high: they work
only for the simplest linear constructible structures, namégpstructures. The next lemma generalizes
Lemma 2 for a much richer variety of constructible structures.

Lemma 4. Let p € 0{0, 1}*0 be a protein which does not contain the stridg010010101 as a prefix
or 10101001010 as a suffix and does not contain, 000 and 1010101 as substrings. For every saturated
fold of p and everyX € {NE, SE, SW, NW}, we have that each boundary squaré/ing on theX-border
line not adjacent to a terminal lying outside of the diagonal frame of the fold is the main square of an
X-closed core.

FIG. 6. Forbidden substructures for Corollary 3.
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Proof. We can apply the proof of Lemma 3, as the squ&re-1] cannot be any of the two terminals,
unless eithep1010010101 is a prefix 0r10101001010 is a suffix of p; cf. Fig. 5(c). |

Corollary 3. Consider a native fold of the proteip(S), whereS is a constructible structure which
does not contain either of the structures depicted in Fig. 6 as a substructure; i.e., at least one of three
regular tiles in either of the pictures is not a part 6f For everyX € {NE, SE, SW, NW}, a boundary
square lying on theX-border line not adjacent to a terminal lying outside of the diagonal frame of the
fold is the main square of aiX-closed core.

3.3. Lq-structures
In this subsection, we further extend the result of Theorem 2 for the second class of linear constructible
structures. Consider the following set of constructible structures:

For any pair of integere > 1 andm > O, let L, ,, be a linear constructible structure with the
linear tiling sequence

(2,2,...,2,3,2,2,...,2).

n—1 m

Observe that if we prove that for all m > 1 that the proteing (L, ,,) are stable, then by symmetry—
the reverse image of a protep(L, ) is a proteinp(S) where S is a constructible structure with the
linear tiling sequencé2,2,...,2,1,2 2,...,2)— we have that Conjecture 1 holds for @l{-structures.

n—1 m

Note also that a degenerated structliygy is actually thelo-structuresS,. It will be used as a base
case of the induction in the proof of stability of proteipsL, ). Figure 7(a) shows an illustrations of
L1-structuresLi 1 and Ly 5.

Observe that a constructible structu§eis an £1-structure if and only ifp(S) contains exactly one
occurrence of the substringd101, and if and only if p(S) contains exactly three occurrences of the
substring1001001. This observation will help us to prove stability gp-structures. As foilp-structures,
this observation will help us to show that Conjecture 1 also holdsCfestructures. The proof involves a
lengthy case analysis.

Theorem 3. For everyn > 1 andm > 0, the protein
p(Ly.m) = 0(10010)"010(10010)™ (01001)"01(01001)"~*0

is stable. Consequently, for every constructible structiii@ £1, the proteinp(S) compatible withS is
stable.

First, let us prove an auxiliary lemma. The distance of squafom a line (set of squares) is the
minimum Manhattan distance betweemnd any square lying on the line.

s | ._?'II ] i
o,

B} (b

FIG. 7. An example &) of two £j-structuresLq 1 (left) and Ly 2 (right); (b) why the proof of Lemma 3 cannot be
directly applied oni-squares at distance greater than 2 from the border line.
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Lemma 5. Let p € 0{0, 1}*0 be a protein not containing1, 000 and 1010101 as a substring.
Consider a saturated fold op such that both terminals lie outside of its diagonal frame. For every
X € {NE, SE, SW, NW}, if the X-border line contains onlyl-squares which are main squares of their
X-closed cores, then eadhsquare at distance at mogtfrom the X -border line is a square of ai-closed
core.

Proof. Let ¢ be a conformation of the fold. Without loss of generality, considerNieborder line
a+ b= A».

First, we prove the claim for all-squares at distance 1 from the border line, and then using this fact,
we extend the claim td-squares at distance 2. Assume that we havesguares lying on the line
a + b = A — 1 which is not a square of anjE-closed core. We can apply the proof of Lemma 3 on
s takinga + b = A2 — 1 as the new border line. The proof starts with thequares and tries to extend
the 1-cycle of s in both directions. The-neighbors of a squareare the firstl-squares different from
encountered when traveling aloneedges fronr towards the terminals.

The same proof applies because the following conditions hold:

1. All o-squares lying inside the new diagonal frame (hence also those at distance at mosts3 lipom
inside the original frame; hence by the assumption, they cannot be terminals.

2. Both1-neighbors of each-square lying on the line+b = A>+ 1 are parts of &lE-closed core. Since
s is not a part of anyNE-closed core, n@-square considered in the proof of Lemma 3 eatpnnect
to any0-square on the line + b = A + 1.

3. All 1-squares lying on the line+ b = A, are parts ofNE-closed cores. Since alsquares considered
in the proof of Lemma 3 are part of the sameycle which is notNE-closed core, all their neighbors
lying outside of the new frame asquares.

Now, assuming that all-squares at distance 1 from the border line are parts of cores, we can apply the
proof of Lemma 3 tol-squares at distance 2 takiagt- b = A2 — 2 as a new border line. Conditions 2
and 3 hold for squares on line+ b = A2 anda + b = Az — 1, respectively. To ensure thatsquares
lying in the outer part of the new border line have to connect to squares in the inner part, we need another
condition:

4. Both 1-neighbors of each-square lying on the line + b = Ay are parts ofNE-closed cores. Hence,
no 0-square considered in the proof of Lemma 3 eaconnect to any-square on the line +b = Aj.
|

Note that the above lemma cannot be recursively applied. For example, condition 4 and later also
condition 2 will not necessary be satisfied when we get further from the original border line. Figure 7(b)
shows an example of when condition 4 fails. Thequares (marked with a white dot) is at distance 3
from the NE-border line. However, the eastern neighbor @ not necessarily-connected to its southern
neighbor.

Now, we are ready for the proof of the theorem.

Proof of Theorem 3. We will prove the theorem by induction an. The base casa = 0 follows
by Theorem 2. Now, take integers m > 1, and let us assume that for &ll< m, the proteinp(Ly k)
is stable. Let¢ be a native conformation (L, »,) and £ be the fold with respect té. Recall that, by
Theorem 1F is saturated.

Note that the proteirp(L, ;) contains exactly three occurrences of the substtio@L001. We will
identify these occurrences in the fokd Let R(A1, A2, B1, Bo) be the diagonal frame of and B the set
of all boundary squares; cf. Fig. 4(a). Note tHaf,, does not contain any of two forbidden structures
depicted in Fig. 6. Hence, if at least one of the following conditions hold:

(a) the cardinality of5 is at least 5, or
(b) there is at most one element fhadjacent to a terminal lying outside of the diagonal frame,
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then, by Observation 4 and Corollary 3, there are three boundary squalesvitich are main squares
of corner-closed cores. Hence, in this case, we have identified all three occurrenté®l@fl, and
we can apply a similar argument as in the proof of Theorem 2. Since two of the occurrences of the
substring1001001 intersect, two of the boundary squares are main squares of the same core. Hence, the
core must be complete. Cutting the core out, we get a saturated fold for the pigtgin which, by the
induction hypothesis, folds in a unique way &<, »—1). Hence, the only native conformation fé, ,,
is indeedc(L,,.im)-

Now suppose that both conditions (a) and (b) are false. By falsity of (a), the cardinaltyiso#; i.e.,
each border line of the diagonal frame contains exactly lsequare. By falsity of (b), both terminals are
located outside of the diagonal frame. By Observation 4 and Corollary 3, we still have at least two boundary
squares andr which are main squares of their corner-closed cores. They-arpiares corresponding to
two out of three underlined’s in the substring9001001001 and 10100100101 of the proteinp (L, »).
If they both correspond to the underlingéd of the first substring, then as above, they are main squares
of the same completely closed core and we can apply induction. Therefore, assumedhasponds to
one of the underlined’s of the first substring and thatcorresponds to the underlinadof the second
substring.

Our proof relies heavily on properties of Observation 3, and we use these without explicit reference to
Observation 3.

Without loss of generality, assume that= [0, O] and that it lies on théNE-border line. The square
t = [e, f] cannot lie on theNE-border line, and therefore there are three possibilities on which border
line [e, f] lies. We will assume thdt, f] lies on theNW-border line. This is without loss of generality
if we consider that the determined part of the fold aroludf] can appear i correspondingly rotated.

First, we will determine the part of the fold around the sqUaref]. By Corollary 3,[e, f] is the main
square of a&NW-closed coreCy, f1; cf. Fig. 8(a). Sincde, f]is al-square corresponding to the underlined
1 in the substringl0100100101 of the protein, the square + 2, f] is ¢-connected to anotharsquare.
Since,[e + 2, f — 1] is already a0-square, there are only two candidates:t 2, f + 1] and[e + 3, f].
But the squarde + 2, f + 1] cannot be al-square; otherwise, it would have to beconnected to the
0-squarele + 1, f + 1] which is already adjacent to tw&edges. Hence, we can assume flat 2, f]
is ¢-connected to its eastern neighert 3, 1, which in turn has to be a-square.

Claim 3.1. The northern neighbon = [e + 3, f + 1] of the 1-square[e + 3, f] is a 0-square.

Proof. Assume that: is a 1-square; cf. Fig. 8(b). By falsity of (a), thdW-border line contains no
other 1-square. Hence, by Lemma b,is a part of aNW-closed core. Since, thiesquare[e + 3, f] is
adjacent tax and[e + 2, f] is a0-square, the main square of this corasjscf. Fig. 8(c). Since the core
is W-closed, thed-squarele + 2, f] should bec-connected tde + 2, f + 1], a contradiction. [ |

The two remaining neighbors of thesquare[e + 3, f], squarede + 4, f] and[e + 3, f — 1], are
1-squares. By symmetry, we have the same configuration on the southern side of thg.cgteThe
situation is depicted in Fig. 8(d). Observe that the part of the fold in the figure contains an occurrence of
the substringl0101 starting at squarge + 1, f — 3] and ending at squaife + 3, f — 1]. Since the protein

sinane s U
) = L i [md’. ]
:_ |I E—I‘E:l;l_ f |I I II I_]:l"h;:::_ . |

FIG. 8. The situation around the boundatysquarer = [e, f] (marked with a white circle) corresponding to the
underlinel in the substringl0100100101 of the proteinp(Ly ).
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FIG. 9. The situation around the boundarysquare[0, 0] (marked with a white circle) corresponding to one of the
underlined?’s in the substringl001001001 of the proteinp (L, m).

p(L, ) contains only one occurrence of this substring, in the following consideratfoms,find the part
of the conformation containing the substring101, then it has to match the part of the conformation in
Fig. 8(d) (up to rotations) This observation will turn out to be very useful.

Now, consider the part of the fold around the squfdeg0]. Assume that the squail®, —2] is ¢-
connected to another-square. Consequently, since the protein does not corita®* as a substring,
[—2, 0] is ¢-connected to a-square.

By Corollary 3, the squarg0, 0] is the main square of BIE-closed coreCyo,qj; cf. Fig. 9(a). Further,
by falsity of (a), theNE-border line does not contain any othiesquare. Hence, we can apply Lemma 5:
if there is al-square at distance at most 2 from tRE&-border line, it lies in aNE-closed core. However,
this is possible only fo-squares of the cor€|p o). Indeed, eaciNE-closed core contains an occurrence
of the substring.001001, but we have only three occurrences of the substring: one in the(ggrg which
is not NE-closed, one irCo,o, and the last one starting [@, O] which is partially contained ii€}o,o; and
cannot form aNE-closed core. Hence, we have the following claim.

Claim 3.2. All 1-squares at distance at moatfrom theNE-border line are thel-squares of the core
Cio,0]-

The squard—2, 0] must bec-connected to another-square. We can apply the same proof as when
considering the neighborhood of the squéee f] and derive that the squargs-3, 0], [—3, —1], and
[—4, 0] are 1-squares and the squdre3, 1] is a0-square; cf. Fig. 9(b).

On the southern side of the coo o; we have:

Claim 3.3. The second-neighbor of[0, —2] is either[—1, —2] or [0, —3].

Proof. As we assumed, the secofigheighbor of[0, —2] is a0-square. It is enough to prove that it is
not the squargl, —2]. Assume it is; cf. Fig. 9(c). The anothémeighbor of theo-square[1, —2] must
be ai1-square. All neighbors ofl, —2] lies at distance at most 2 from th¢E-border line; hence, by
Claim 3.2, they cannot be-squares, a contradiction. ]

Since in the first case we obtain a completely-closed core, we can apply the induction. Thus, we consider
the second case, the squ@e—2] is ¢-connected to the-square[0, —3], as depicted in Fig. 9(d).

Claim 3.4. The second-neighbor of{0, —3] is the 1-square[0, —4].

Proof. Obviously, the second-neighbor of[0, —3] is a1-square. It can be one of the following three
candidatesfl1, —3], [—1, —3], or [0, —4]. By Claim 3.2, the squargl, —3] cannot be d-square. Assume
that[—1, —3] is al-square. We have an occurrence of the substtti@1 starting af —1, —3] and ending
at [—3, —1]; cf. Fig. 9(e). Since there is only one occurrence of this substring in the prptéin,,), it
should match the occurrence depicted in Fig. 8(d) up to rotation. If we align these two parts of the fold,
we see that the squaf®, —3] should be at the same timeOasquare and a-square, a contradiction.
Note also that the orientation of the piece of conformation containing the substieg in Fig. 9(e) is
contradictory as well: it would imply that the boundary squiaref] lies on the same border line g 0].

Since, out of three candidates, orl§, —4] can be al-square, thed-square[0, —3] is ¢-connected
to it. |



INVERSE PROTEIN FOLDING PROBLEM 1343

& | 2 IES| 1 L1 L1 | 1 LH L1
1 o o 1. oo B il O i-.:-!% o =t & Rui ]
il m -'I'.'.ﬁi;'l-\. i - * . R | L T.I_.! - | ._'..* uiim -.|:|'
SR Rl = 1 Sy & Rey N e S R =4 {2 w [ 2 noan
) M ,\_' ] (W] | ! cfiny B i.._ :I|
B u] 3 f 4 | Wmom ®
I L] I u o ]
L-d-2-1 10 1 l-5-2.11 1 1 1-3-2-114 1
£, 1] il :_l.|_l

FIG. 10. The situation around the boundarysquaref0, 0] (marked with a white circle) corresponding to one of the
underlinedt’s in the substring.001001001 of the proteinp(Ly, ). The case when thesquarg0, —3] is ¢-connected
to 1-squaref0, —4].

We have a situation depicted in Fig. 10(a). The sqUia® —1] has to be a-square. Indeed, {4, —1]
is a0-square, we have an occurrence of the substtii@1 starting at{—4, 0] and ending af—1, —1] in
the fold not matching the occurrence in Fig. 8(d), a contradiction. IFeguare[—4, —1] has completed
a core; hence, we can add the necessasguares around the core; cf. Fig. 10(b).

Claim 3.5. The squard—1, —2] is ¢-connected to the@-square[—1, —3].

Proof. Obviously, [—1, —3] cannot be al-square. If it isc-connected tq—1, —2], it has to be a
0-square, and we are done. Assume that it is &xobnnected td—1, —2]. Since the squarg-1, —2]
cannot be a terminal, it i8-connected to its western neighbr2, —2], which can only be @-square.
The anotheg-neighbor of[—2, —2] has to be d-square, and the squafe2, —3] is the only possibility.
Now, the eastern neighbd+1, —3] of the 1-square[—2, —3] has to be &-square, and the remaining two
neighbors[—3, —3] and[—2, —4], have to bel-squares; cf. Fig. 10(c). Note that we have an occurrence
of the substringl0101 starting at[—1, —1] and ending af—3, —3] in the fold, and it has to match the
occurrence in Fig. 8(d). Hence, we have a situation depicted in Fig. 10(d). The $etbared], depicted
as a circle, is adjacent either to thréedges or three bonds, depending whether it Bsguare or a
1-square, a contradiction. [ ]

The second-neighbor of[—1, —3] has to be a-square. It is either the western neighljer2, —3] or
the southern neighbdr1, —4]. In the first case, the northern neighborieéquare[—2, —3] has to be
a 0-square and has to heconnected td—3, —2]. We have a closed-path; cf. Fig. 11(a), which is a
contradiction. Hence, assume thatl, —3] is ¢-connected tal-square[—1, —4]. We have the situation
depicted in Fig. 11(b).

Claim 3.6. The second-neighbor of[0, —4] is the0-square[1, —4].

Proof. Obviously, the next-neighbor off0, —4] is a0-square. It can be either squéfe —5] or [1, —4].
Consider the first possibility. The remaining neighlpbr—4] of the 1-square{0, —4] has to be a-square.
The northern neighbdr, —3] of the 1-square[1, —4] can only be &-square; cf. Fig. 11(c). Consider its
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FIG. 11. The situation around the boundarysquare[0, 0] (marked with a white circle) corresponding to one of the
underlinedl’s in the substringl001001001 of the proteinp(L,, ) (continued).
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FIG. 12. The situation around the boundarysquare[0, 0] (marked with a white circle) corresponding to one of the
underlined?’s in the substringl001001001 of the proteinp (L, ,) (continued).

anotherc-neighboru. It can be eithefl, —2] or [2, —3]. By Claim 3.2, neither of two candidates for
can be al-square. The othei-neighbor ofu must be a-square, but all feasible candidates are at distance
at most 2 from theNE-border line, a contradiction with Claim 3.2. |

The remaining neighbdi0, —5] of the 1-square[0, —4] has to be a-square; cf. Fig. 12(a). Since the
protein does not contaiL00)* as a substring, the nextneighbor ofo-square[1, —4] has to be al-
square. By Claim 3.2, the northern and eastern neighbofs, ef4] cannot be d-square. Hencd]l, —4]
is ¢-connected to its southern neighbdr, —5]. The remaining neighbors of thesquare[0, —5], i.e.,
[—1, —5] and [0, —6], are0-squares, cf. Fig. 12(b).

Consider the southern neighbor of thesquare[l, —5]. If it is a 1-square, then the conformation
would contain the substring0101 starting atf—1, —4] and ending afl, —6] in the fold which does not
match the one in Fig. 8(d), a contradiction. Hence, assume[that6] is a 0-square and the remaining
neighbor[2, —5] of the 1-square[1, —5] is also al-square. By Claim 3.2, the northern and the eastern
neighbors of thel-square[2, —5] cannot be al-square. The remaining neighb@2, —6] of 1-square
[2, —5] is necessarily d-square; cf. Fig. 12(c). But this is a contradiction, since we have an occurrence
of the substring10101 starting at[0, —4] and ending af2, —6] in the fold not matching the one in
Fig. 8(d). |

CONCLUSIONS

We have proven Conjecture 1 for a number of basic constructible structures. We believe that our results
can be generalized to prove at least the following relaxation of Conjecture 1:

Conjecture 2 (Linear structures). For any linear constructible structurg, the proteinp(S) is stable.

Proving Conjecture 2 may not be so easy, so we suggest a number of relaxations which restrict the
bends in the linear constructible structure. Below are two possible relaxations.

Conjecture 3 (Slowly bending structures). We say that a linear constructible structuseis slowly
bendingif its linear tiling sequence

e starts with2, and
¢ does not contain any df 3 and3, 1 as a subsequence, that is after each turn the chain of tiles continues
straight for at least one tile.

We conjecture that for any slowly bending constructible strucfyréhe proteinp(S) is stable.
Conjecture 4 (Spiral structures). A linear constructible structures e {1, 2}* U {2, 3}* is called

spiral i.e., the chain of tiles can turn only in one direction. We conjecture that for any spiral constructible
structure S, the proteinp(S) is stable.
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Examples of a slowly bending constructible structure and a spiral constructible structure are depicted in
Fig. 3(b) and Fig. 3(c), respectively.
Other interesting problems along these lines are

¢ to find the class of proteins with similar expressible properties which are strongly stable—there is a
big gap between the score of the native conformation and the score of any other conformation of the
particular protein from the class;

¢ to find the class of proteins with similar properties for other lattices, namely, for the 3D square lattice
and the 2D and 3D triangular lattices.

The major obstacle in extending our results to a 3D square lattice is the fact that it does not allow
saturated folds since the degree of the lattice, i.e., the number of neighbors of a site, is six. Perhaps, the
most optimal design would be placing tiles on top of each other, creatin@ Zolumns of hydrophobic
monomers, resembling helices. Another promising direction is to use other 3D lattices with degree 4 or 5.
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Author
Right running head okay as shown (short title)?

AU1
Figure 3 citation okay as added? If not, please cite elsewhere.

AU2

What does “(continued)” refer to? Continued from a previous figure? Please see
Figures 11 and 12.





