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We introduce a notion of t-quasi-spanner as an alternative to classical t-spanners. Our
motivation for quasi-spanner comes from a problem of computing a sparse backbone for ad
hoc wireless networks with fixed transmission ranges. We study computational complexity
of the problem of computing sparsest quasi-spanner. Then we concentrate on the case t = 2
and give a distributed algorithm for computing a 2-quasi-spanner with linear number of
edges. Finally, we give a modification of our algorithm which performs well on a class of
random ad hoc networks.
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1. Introduction

Research in ad hoc networks is very much concerned with practical applicability.
Hence, it is not surprising that there is a variety of (theoretical) models for com-
munication in such networks, defined by technological constraints. To name but a
few, there are single vs multiple frequencies, fized vs variable transmission ranges,
directed or undirected antennae, quickly moving vs slowly moving vs static nodes,
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nodes with uniform or non-uniform transmission ranges. In the case of variable
transmission ranges, a node can adjust the sending power to the minimum power
needed to reach a given receiver. If the transmission range is fixed, nodes can only
send with one fixed power (not necessarily the same for all nodes). Uniform nodes
have all the same (maximum) transmission ranges, and in the case of non-uniform
nodes, different nodes can have different transmission ranges.

In this work, we concentrate on the problem of establishing the communication
substructure — a spanner computation. It is commonly accepted that a good com-
munication structure should be sparse enough so that the routing algorithms run
fast, and moreover, nodes which are connected by a path within the original graph
should still be connected by a path (not much longer than the original path) in
the communication structure. The later requirement has several implications. For
example, it will guarantee that the communication delays in the substructure are
bounded, and it also may help to minimize the transmission interferences.

We assume that nodes have a fixed and uniform transmission range. They can
only send with one frequency, and the antennae are not directed. Furthermore, we
assume that all nodes lie in the plane. We use the so-called unit disk graph as an
underlying model.

Several people investigated the problem of constructing a good communication
structure. One approach to a spanner computation for ad hoc networks assumes
nodes with variable transmission ranges. The distance of two nodes is measured in
terms of Euclidean distance instead of number of edges. The goal is to construct
a geometric spanner (i.e., a spanner that preserves the path length in terms of
Euclidean distance) with a constant stretch factor, a linear number of edges (linear
in |V|, the number of nodes), and constant out-degree.

A lot of work has been done using the Yao graph'? and its variations®12:859.
It can be shown that the Yao graph contains a constant factor geometric spanner,

61385 convert the Yao

but some nodes can have degree of 2(n). Some authors
graph into a constant degree graph, but they rely on global rankings and are not
local. Wang et. al.'? present the first local approach to compute a constant degree
geometric spanner that has constant energy stretch for a special graph class. Jia
et. al.% generalize the result to arbitrary unit disk graphs. Funke et. al.* use a
different approach. They develop a data structure that supports so-called k-hop
queries returning a path with a hop length at most k& approximating the energy
consumption of communication.

In all these constructions, the subgraph is sparse, however the communication
delay is not bounded because the geometric spanner approximates the Euclidean
distance and not the hop distance. Furthermore, these algorithms rely on knowing
the geometric coordinates of all the nodes in the network. This usually implies that
the construction of such a spanner must be preceded by a radio location based vertex
discovery process relying on an available Geographic Positioning System (GPS) that
will enable nodes to discover their coordinates.
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Another possible approach is to compute so called t-spanner (i.e., a subgraph that
“preserves” hop distances) of the original network for some small constant ¢. This
subgraph would give a bounded communication delay (dependent on t). Spanners
have been introduced by Peleg and Ullman'! where they used them to synchronize
asynchronous networks. A survey of results and constructibility of (sparse) spanners
was given by Peleg and Schaffer'®. The problem of finding a sparsest t-spanner was
shown to be NP-complete? for most values of . In case t = 2 (i.e., the length of
a shortest path in a spanner is at most twice the length of a shortest path in the
original graph) an approximation algorithm to construct a 2-spanner was given by
Kortsarz and Peleg”. However, 2-spanners cannot have a linear number of edges in
general networks”, and moreover most known algorithms for computing a t-spanner
are not distributed. Recently Dubhashi et. al.? presented a distributed non-constant
delay O(logn)-spanner algorithm.

In the context of ad hoc networks, we refer the reader to Alzoubi et. al.! for an
overview over the work on spanners. In that paper, the authors also construct a
5-spanner in a localized manner. Their spanner is actually close to 3-spanner, since
for every nodes at hop distance k£ in the unit distance graph, there is a path of
length 3%k 4 2 in the spanner. Their approach is very different from ours. First, they
construct a connected dominating set in which every node has a constant degree.
Then they connect nodes which are not part of the set to neighbors which are in the
set. The final degrees of nodes are not bounded by any constant, and the constant
presented in the paper bounding the partial degrees in the connected dominating
set is huge. They do not give any bounds on the total number of edges.

A natural question arises: Does there exist a 2-spanner with a linear number
of edges in unit disk graphs? This question seems rather difficult and we do not
have any answer for it. However, we introduce a very reasonable relaxation of the
2-spanner, and show that this type of spanner has a linear number of edges.

The basic idea behind the relaxation is the following: For ad hoc networks that
we consider, it completely suffices to route a message to a node that is in the
transmission range of the destination node instead of routing it directly to the
destination node. If a node is receiving a message that is destined for it, it can easily
accept the message disregarding the fact that the sender is not its neighbor in the
spanner. Indeed, consider the situation when a node u has a message for its neighbor
v but v is not a neighbor of u in the spanner. Now, instead of sending the message
to the first node on the path from u to v in the spanner, v can just send the message
directly to v. Note that this can slightly decrease the communication load. For this
to work, we need to assume that the node u does not only know the overlay network
but also all nodes in its direct neighborhood. This is a reasonable assumption since
in our construction, the nodes need to obtain their 2-hop neighborhoods to build
the spanner.

This leads us to a definition of a quasi-spanner as a subgraph where for every
pair (u,v) of nodes, a path from u to v in the spanner is allowed to end at an
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arbitrary neighbor of v (instead of v). We show that this small deviation from
the original definition of spanner has fruitful consequences for constructing sparse
communication topologies. Moreover, the only geometric information used in our
algorithms is the adjacency relation: nodes do not need to know their geometric
coordinates, neither their distances from each other, they only need to know which
nodes they can communicate with. Since, in our algorithm the nodes have to pass
information about their neighborhoods to the neighbors, it is necessary to assume
that each node in the network has a unique id.

1.1. The Model

We assume that the nodes in our ad hoc network can communicate with all
neighbors which are at Euclidean distance at most one, i.e., all nodes within Eu-
clidean distance one are connected by an edge. Furthermore, nodes can only send
messages on one fixed frequency. If nodes at Euclidean distance larger than one
want to communicate with each other we use multi-hop routing. We use the unit
disk graph model for our network.

Definition 1 Consider a finite collection V' of points in a finite region A of the
2-dimensional Euclidean space R?. A unit disk graph on V is the graph G with node
set V(G) =V and edge set

E(G) ={(u,v); w,veV, |uv| <1}.

Definition 2 Let p = (u = uj,u9,...,up = v) be a w — v path in a graph G.
Throughout this paper we assume that a path does not contain repeated nodes. The
length of p is the number of edges on p, i.e., k — 1. The length of a shortest u — v
path is the hop distance of u and v, denoted by dg(u,v).

Note that whenever we use the term “hop distance” we count the number of
edges of a shortest path.
Definition 3 Let H be a spanning subgraph of a unit disk graph G, i.e., V(H) =V
and E(H) C E(G). We say that two nodes u,v € V are connected in H if there
exists a path (u,uq,...,ur,v) in H. Going a step further, we say that w and v are
quasi-connected if there erists a path (u,uq,...,ug,v) in G with all but the last edge
in E(H). Such a path will be referred to as a quasi-path in H. Given two quasi-
connected nodes u and v, their quasi-distance qd g (u,v) is the length of a shortest
u — v quasi-path in H.

Furthermore, we say that H 1is a spanner (resp. a quasi-spanner) of G if every
connected pair of nodes in G is also connected (resp. quasi-connected) in H. Finally,
we say that H is a t-spanner of G if for every pair u,v of connected nodes in G,

dH(u7U) <t- dG(“?”) )
and that H is a t-quasi-spanner of G if for every pair u,v of connected nodes in G,

qdg(u,v) <t-(dg(u,v) —1)+1.
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1.2. Our Results

In Section 2 we will first show that the problem of determining for a given graph
G and two integers t, m, whether or not G has a t-quasi-spanner with m edges is NP-
complete. In Section 3 we give a distributed algorithm constructing 2-quasi-spanner
of an arbitrary unit disk graph. In Subsection 3.2 we show that our quasi-spanner
has linear number of edges, i.e., at most 36/V| edges. In Subsection 3.3 we analyze
the communication complexity of our distributed algorithm, and show that overall
running time is O(n), the time required to find a minimal dominating set of the
whole unit disk graph. Finally, in Section 4 we show that in the case of randomly
distributed nodes, the expected number of edges can be much smaller.

2. Complexity Results

Here we show that the problem of constructing a sparsest t-quasi-spanner in gen-
eral graphs is intractable. As one would expect, the reduction is from the “sparsest
t-spanner problem”.

The problem of determining for a given graph G (not necessarily a unit disk
graph) and two integers ¢, m > 1, whether G has a t-spanner with at most m edges
is NP-complete!?. In what follows we extend their result to t-quasi-spanners.

Theorem 1 The problem of determining for a given graph G (not necessarily a
unit disk graph) and two integers t,m > 1, whether G has a t-quasi-spanner with at
most m edges is NP-complete for all t > 2.

Proof. To show that the problem is in NP, we have to be able to verify that a
given graph H is a t-quasi-spanner of GG in polynomial time. Using Floyd-Warshall
algorithm we can compute the lengths of shortest paths connecting any pair of
nodes of G (resp. H) in polynomial time. For H, we have to perform an additional
operation to correctly compute shortest quasi-distances: for each pair u, v, the length
of a shortest quasi-path equals 1 plus the minimum hop distance from u to any
neighbor of v in G. The operation takes O(|E(G)|) steps. Finally, for every pair
of nodes we check whether the ratio between the hop distance in G and the quasi-
distance in H is smaller than ¢. Obviously, all steps can be done in polynomial
time.

For a given graph G, let G’ be the graph obtained from G by adding a new node v’
for every node v € V(G) and joining it to v by an edge. Let E/ = {(v,v"); v € V(G)}.

First, we will show that for any ¢-quasi-spanner H’ of G’ with at most m+ |V (G)|
edges, the graph H = H'[V(G)] is a t-spanner of G with at most m edges. Let u
and v be any two nodes in V(G). Since H' is a t-quasi-spanner, there is a quasi-
path from u to v" of length at most ¢(dgs(u,v’) —1)+1 in H'. Since v is the unique
neighbor of v in G’ the edge (v,v’) is the only edge of the path not in G. Therefore,
there is a path from u to v of length at most ¢(dg/(u,v’) — 1) = t - dg(u,v) in H.
This shows that H is a t-spanner of G. The existence of a quasi-path from u’ to v
shows that E' C F(H'). It follows that t-spanner H has at most m edges.
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Second, we will show that for any t-spanner H of G with at most m edges, the
graph H' = H U E’ is a t-quasi-spanner of G’ with at most m + |V(G)| edges.
Consider a pair of nodes in G’. There are four cases depending on whether the first
(resp. the second) node of the pair is in V(G) or not.

1. The pair u,v": we have a path p from u to v of length at most ¢ - dg(u,v) in
H. Adding edge (v,v") to the end of p, we get a path from u to v’ of length
at most ¢t - dg(u,v) + 1 =t(dg(u,v') —1) + 1 in H'.

2-3. The pair v/, v (resp. u/,v'): the proof is similar to the first case.

4. The pair u,v: take a shortest path from u to v in G. Let z be the last
but one node on the path. There is a path p from u to z of length at most
t-dg(u, z) = t(dg(u,v) — 1) in H. Form a quasi-path from u to v of length at
most t(dg/(u,v) — 1)+ 1 in H' by appending the edge (z,v) to p.

Obviously, the t-quasi-spanner H' has at most m + |V (G)| edges.

Hence, G has a t-spanner with at most m edges if and only if G’ has a t-quasi-
spanner with at most m + |[V(G)| edges. NP-completeness of the ¢-quasi-spanner
problem follows by NP-completeness of the t-spanner problem. O

Similarly, as for spanners, the complexity of the problem of determining whether
a unit disk graph has a t-quasi-spanner with at most m edges is unknown.

3. Computation of a 2-quasi-spanner

In this section, we first observe that 2-quasi-spanner cannot have all vertices
of constant degree. Then we describe a distributed algorithm for constructing a
spanning subgraph of a unit disk graph which has a linear number of edges.

Theorem 2 Let u be a node of a unit disk graph G. Let d and D be the number
of nodes at hop distance 1 and 2 from u in G, respectively. Let H be a 2-quasi-

spanner of G. Then some node in N = N (u) UNZ(u) has degree at least \/g mn
H.

Proof. Let A be the maximum degree in H of nodes in N. For every node
T € N2G(u), there is a path in G of length 2 from x to u. Since H is a 2-quasi-
spanner of G, for every such a node, there is a node y € NlG(u) such that there
exists an z —y path in H of a length at most two. Since, the degree of every node in
N is at most A in H, there is at most d-A paths of length 1 and at most d-A-(A—1)
paths of length 2 ending at a y € N}, (u). Therefore, we must have

d-A+d-A-(A—1)>D.

Hence A > /D/d as claimed. O
Note that it is easy to construct a unit disk graph containing a node for which
the D/d ratio is as high as O(n) where n is the number of nodes.
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3.1. The Algorithm

The main idea of the algorithm is the following: For every node we select a
constant number of nodes within two-hops from it covering all other nodes in the
circle with radius 2 centered at the node. As we will show the constructed graph
will have at most 36|V | edges and will be a 2-quasi-spanner.

Definition 4 The k-neighborhood of a node v, denoted as N'&(v), 1s the set of all

nodes at hop distance k from v. Similarly, we denote the set of all nodes at hop
. <k

distance at most k from v as N5" (v).

Definition 5 A subset C of a set S is called a covering of S if for every point s € S
there is a point ¢ € C such that |sc| < 1.

Given a unit disk graph G and a node u € V', a covering of N%;(u) will be denoted
as T'(u). A covering T(u) is minimal if no other covering of N%(u) is a subset of
T(u).

Note that a covering T'(u) is a dominating set of the subgraph of G induced by
N%;(u) The following is a simple greedy procedure constructing a minimal covering.

Procedure Min-Covering(u,G)
Output: minimal covering T'(u) of NZ (u)
1: N :=NZ%(u)
2: T(u) =0
3: while N # () do
4:  choose v € N
5. T(u):=T(u)U{v}
6: for every x € N;(v) NN do
7 N: =N — {:C}
8: end for
9: end while

An example of a minimal covering T'(u) of the set N2 (u) is depicted in Figure 1.
The size of T'(u) is 6 and 11 edges are needed to connect these nodes to the node
u. In the next section, we will show that any minimal covering has at most 18
nodes, and hence, requires at most 36 edges to be added to the quasi-spanner.
Furthermore, assuming that the collection of points V is “dense” in A, we will
substantially improve both bounds.

We close this section with an algorithm for constructing a 2-quasi-spanner. The
algorithm is very simple — every node will build a minimal covering around it. We
will analyze the algorithm in the following section.

Algorithm 1 (2-quasi-spanner)

Input: Unit disk graph G = (V, E(Q))

Output: Spanning subgraph K = (V, E(K)) of G
1: for each node u do
2: E(u) =10
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T (u)| =6
edges: 11

Figure 1: The set T(u) (light gray/green big points) is a covering of the set N2 (u)
(dark/red points).

3:  T(u) := Min-Covering(u,G)

4. for everyv € T'(u) do

5: find a w € N5 (u) N NG (v)

6: E(u) := E(u) U{(u,w), (w,v)}
7. end for

8: end for

9: E(H) = ngvE(’lL)

An example of a unit disk graph and the corresponding 2-quasi-spanner con-
structed by our algorithm is shown in Figure 2.

3.2. Analysis of Algorithm 1

In this section, we show that Algorithm 1 indeed produces a sparse 2-quasi-
spanner. This is stated in the following theorem.

Theorem 3 The graph K produced by Algorithm 1 is a 2-quasi-spanner of G
and has at most 36|V | edges, i.e., the average degree of K is at most T2.

The proof of the theorem is split into the following four lemmas. In the first
lemma, we show that if a subgraph S of a unit disk graph G has the property that
for every node u € V there exists a covering of NZ%(u) such that each node of this
covering is at hop distance two from the node u in the graph S, then S is a 2-quasi-
spanner of G. It is straightforward to see that Algorithm 1 produces a subgraph K
with this property, hence K is indeed a 2-quasi-spanner of G.

Lemma 1 If a subgraph S of a unit disk graph G has the property that for every
node u € V there exists a covering T'(u) of N%(u) contained in N%(u), then S is a
2-quasi-spanner of G.

Proof. Let (p1,...,px) be a shortest path connecting p; and pg in S. We will
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unit disk graph 2-quasi-spanner

[V(K)| = 300 |E(K)| = 2228

Figure 2: An example of a unit disk graph with 300 nodes and the corresponding
2-quasi-spanner K constructed using Algorithm 1.

construct a trail
(Tla 42,72y« s Tk—2,qk—1, Tk—hpk)

quasi-connecting p; = 71 and pg in S such that
r; is at hop distance at most 1 from p;q foralli=1,... k — 1.

This property will guarantee that the last edge (rp_1,pk) is in the unit disk graph
which is sufficient by the definition of quasi-path.

Also note that, as usual, in a trail both nodes and edges can repeat; in addition
we allow two consecutive nodes in a trail to be the same (i.e., “virtual loops”). Ob-
viously, existence of a trail connecting v and v implies existence of a path connecting
u and v of length at most the length of the trail.

Such an alternative trail is constructed inductively. Since r; = pq, the property
is satisfied for ¢ = 1. Assume that |r;—1p;| < 1. Then (r;—1,p;, pi+1) is a path of
length 2 in G, i.e., pj+1 € Néz(m_l). It follows from the definition of the covering
that every node in Néz(ri_l) is within hop distance one either from r;_; or from
some node in T(r;_1) € N%(r;_1). Hence, there exists w € N%(r;_1) U {r;_1} such
that |p;pqw| < 1. If w = r;—1 then we can set ; = ¢; = r;—1 and we are done.
Otherwise, we have a path (r;_1,v,w) in S, and we set ¢; = v and r; = w. See
Figure 3.

Counting the nodes on the constructed trail shows that there is a p; — pi quasi-
path of length at most 2k — 1 as required. O

Next, we find an upper bound for the number of edges of 2-quasi-spanner K.
We will show that this number is linear in the number of nodes. This will follow
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Figure 3: Thick edges indicate the original path (...,p;,pi+1,...) in G and thin
edges indicate the approximating trail (...,r;—1,¢;,7i,...) in S. By inductive hy-
pothesis, the node p; is covered by r;_1. Since |p;117—1| < 2, there exists a node r;
covering pjy1.

instantly if we show that for every node u € V| the procedure Min-Covering(u, Q)
will produce T'(u) of size at most 18, and hence, Algorithm 1 will add at most 36
edges in step 6 for node u. This follows from the next lemma.

Lemma 2 Let T be a set of points in the ring Ry, (1,2) such that the Euclidean
distance between any two points in T is greater than 1. Then |T| < 18.

The proof of the lemma is in Appendix A. Note that Lemma 2 cannot be im-
proved as there exists a configuration of 18 points in R,(1,2) such that their mutual
Euclidean distances are greater than one, cf. Figure 4. Hence all 18 points in the
second neighborhood of the central node u have to be selected for the covering set.
However, it is enough (and necessary) to add 30 edges to the graph K to get these
points connected to u.

Proof of Theorem 3. It is enough to show that 2-quasi-spanner produced by
Algorithm 1 will not have too many edges. Lemma 2 implies that any minimal
covering T'(u) of NZ(u) has at most 18 points. In line 6 of the algorithm, at most
two edges are added to the 2-quasi-spanner for each of the 18 points of the covering.
Hence, the bound 36|V | on number of edges follows directly. O

Figure 2 shows an example of a unit disk graph and the corresponding 2-quasi-
spanner constructed by Algorithm 1.

3.3. Communication Complexity

In this subsection we will analyze various aspects of communication complexity
of our algorithm: the number and size of all messages and the total time needed to
set up the 2-quasi-spanner. We will also compare complexities of our construction
of 2-quasi-spanners and the construction of classical 5-spanners by Alzoubi et. al.l.

Theorem 4 Let G be a unit disk graph with n nodes and the mazimal degree
A. Assume that broadcasting of one message (of size O(Alogn)) takes time t. A
2-quasi-spanner can be constructed in time O(t) using O(n) messages with a total
size O(Anlogn) by Algorithm 1.
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Figure 4: An example showing the lower bound 18 for the minimal cardinality of
the covering set T'(u) is sharp. Nodes 1 to 6 are placed evenly on the circle of radius
1+ ¢ centered at u starting at angle 15. Similarly, nodes 7 to 18 are placed evenly on
the circle of radius 2 —e€ centered at u starting at angle 0. This placement guarantees
that these 18 nodes are in the ring R, (1,2) and there are no edges in unit disk graph
joining them. To complete the construction we add 12 new nodes (depicted as small
white circles) placed evenly on the circle of radius 1 centered at u starting at angle
0. Note that each white node covers only one node 7 to 18. It follows that all 18
named vertices are in the cover and to connect them to u we need at least 30 edges.

Note that the total amount of information needed to be broadcast by the algo-
rithm can be as high as O(n%logn) and the whole process will take O(n) time in
dense networks.

Proof. Each node u has to find a minimal covering of its second neighborhood
NZ,(u). The following protocol achieves the bounds on communication complexities
required by Theorem 4:

1. Each node broadcasts its id. The size of each message is O(logn). As a result
each node knows its 1-neighborhood.

2. Each node broadcasts its 1-neighborhood. The size of each message is O(Alogn).
As a result each node knows its 2-neighborhood.

3. Now, each node is ready to execute procedure Min-Covering. However, to
perform lines 6-8 of the procedure, more communication is required. Each
time v € N is selected as a member of covering T'(u), u sends a request to
a node connecting u and v for a 1-neighborhood of v. When the connecting
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node sends this information back to u, u is able to perform lines 6-8 of the
procedure. Each such request will require 2 messages of size O(Alogn). By
Lemma 2, there will be at most 18 such requests for node wu.

Simple counting of the number and size of messages gives the required bounds.
Note also that the computations of coverings for different nodes are independent and
can run in parallel. Hence, the construction of a 2-quasi-spanner can be completed
in time O(t). O

Finally, let us compare the complexities of Algorithm 1 and the procedure con-
structing a 5-spanner by Alzoubi et. al.!. The main step of their algorithm is to
build a dominating set of the whole graph G. This requires O(n) messages, each
of size O(logn). However, selecting dominators cannot be always done in constant
time. In the worst case scenario, each node on a path of G might have to wait until
it is decided whether its neighbor on the path is in the dominating set. Hence, the
computation can require ©(d(G)) time, where d(G) is the diameter of G. In the
worst case, for instance, a path with nodes numbered consecutively, the construction
will take linear time.

4. A 2-quasi-spanner in a Random Unit Disk Graph

Theorem 3 gives an upper bound 36|V| for the number of edges of the 2-quasi-
spanner constructed by Algorithm 1. In this section we improve the above upper
bound for random mobile networks. We will consider random mobile networks which
we model as random unit disk graphs in a certain region A. We will show that if
the node density of the graph is large enough, then we can improve the above upper
bound by more than half with high probability.

Let A denote the area of the region A. A random unit disk graph G = G(A,n)
is a unit disk graph obtained by placing n nodes uniformly and independently at
random into A. Let p(A,n) = nmw/A be the density of this random unit disk graph,
i.e., the expected number of nodes that fall into a fixed circle with radius 1. This
density happens to be equal to the expected number of nodes a fixed node of G can
reach.

Observe that the covering depicted in Figure 4 is the worst possible since the
chosen nodes of the covering are close to the borders of the ring R, (1,2). Hence,
they cover only a small part of the ring. If we choose the covering nodes from the
inside of the ring, each of them will cover substantially larger portion of the ring.
Hence, a small number of such nodes will cover R, (1,2). This, in turn, means that
all nodes in NZ%(u) are covered. In this section we assume that nodes are placed
in A with a uniform random distribution with high density. For this reason it is
reasonable to assume that we can find enough nodes inside of the ring. The following
definition gives us a method how to find such an efficient covering.

Definition 6 A §-wide configuration C,(d) of u is a collection of 15 circles Cy, Cs,
..., Cyo and C1, Oy, ..., Cs with radii 6. A realization (z1,...,%10,Y1,.-.,Y5) of
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Cu(8) in S C R? is a collection of 15 points in S such that x1 € Cy, 22 € Cy, ...,
x10 € Cro and y1 € C, ya € Co, ..., ys € Cs5. We say that C,(9) is overcasting if
for any realization (z1,...,710,Y1,--.,Ys) in R2

(a) points x1,xa,...,x10 constitute a covering of Ry(1,2),
(b) points y1,ya,...,ys lie in the unit circle centered at u, and
(c) for alli=1,2,...,5, we have |y;x2;—1| < 1 and |y;xe;| < 1.

Note that any realization of a configuration C,(8) is a covering of NZ(u) with
10 points (instead of 18) and uses 15 edges to connect them to w (instead of 36).
We will prove the existence of an overcasting J-wide configuration of u later. The
following algorithm is an extension of Algorithm 1. For each node u € V' it tries to
find a realization of a configuration C,(0). If such a realization of C, () exists it will
add at most 15 edges into the constructed spanner, otherwise it will cover u using
the method of Algorithm 1 (adding at most 36 edges).

Algorithm 2 (Light 2-quasi-spanner)
Input: Random unit disk graph G = (V, E(G))
Output: Spanning subgraph R = (V, E(R)) of G

1: for each node u do

2. E(u):=10
3:  take any overcasting §-configuration Cy(0)
4:  af ewists a realization (x1,...,210,Y1,---,Y5) of Cy(0) then
5: fori:=1 upto 5 do
. E(u) :=E(u) U
' {(ws yi), (Y 22i-1), (Y3, ©2i) }
7 end for
8  else
9: T(u) := Min-Covering(u, G)
10 for every v € T(u) do
11: find a w € N5(u) NN (v)
12: E(u) := E(u) U {(u,w), (w,v)}
13: end for
14: end if
15: end for

16: E(R) := Uyev E(u)

It is straightforward to see that the subgraph R produced by Algorithm 2 satisfies
the assumption of Lemma 1, hence it is a 2-quasi-spanner of G.

In the following, we show the existence of an overcasting J-wide configuration
Cy(9) with § = % which is done in Lemma 3.

Lemma 3 For any point u, there exists an overcasting %—wide configuration C;(%)
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Proof. Let CZ(%) = (C1,...,C10,C1,...,Cs), where the centers ¢; of Cp, ...,
c19 of Cqg, and ¢ of C4, ..., &5 of C5 will be determined such that the condi-
tions (a)—(c) of Definition 6 are satisfied, i.e., CZ(%) will be an overcasting %—wide
configuration.

We set up the centers as follows:

e Points ¢1,...,¢5 are placed evenly on a circle centered at u with radius %

This guarantees that the condition (b) is satisfied. Note that placing one of
¢;’s specifies exact positions of the others.

e Points ¢y, ..., c1g are placed evenly on a circle centered at u with radius a such
that for every point ¢;, the Euclidean distances to co;—1 and co; are the same
and equal to %—g Since the Euclidean distance between ¢; and cg;—1 (resp. c;)
is exactly 1 —2- %, the Euclidean distance between any point y; € C; and any

point xg;—1 € Cy;—1 (resp. xg; € Cy;) is at most 1. Hence, the condition (c) is

satisfied. Note that given positions of ¢;’s the radius a and the positions of all
¢;’s are fixed.

Now it suffices to verify the condition (a). For this we need to calculate the radius
a, which can be done easily using Fact 1 on triangle Aué;ce;, cf. Figure 5. By our
set-up,

|u62-| = %, |5iC2i| = %, |02iu| =a and, |KCQZ"LLEZ'| = %—g
If we plug in the above value into Fact 1 we obtain a quadratic equation in a having
only feasible solution (between 1 and 2):

a=32cos(&) + 5 - \/212 cos?({5) — 152.

Fix any realization (z1,...,210,¥1,...,Y5) of CZ(%) We will prove that unit circles
centered at x; and xj41 cover whole sector S; = Lxjux;y1 N Ry(1,2), hence the
condition (a) holds.

Figure 5: Construction of an overcasting %-Wide configuration C;(%) The grey

region depicts the sector Lxouxs N Ry (a — 55,0+ 2%)

Clearly, the points z; and 11 belong to the ring R, (a — %, a+ %) The angle
|£zjuc;| < arcsin %, where the equality holds when z; is a tangent point of C)
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from u, cf. Figure 5. It follows that the angle |z jux; 1] < § 4 2arcsin % = 0.
By Lemma A.2, any point z in sector S; not covered by x; or ;11 must satisfies
either

luz| <w(a+4,8) <1 or |uz|>w(a—5,0)>2

which is a contradiction. O

For every node u € V, fix an overcasting %-Wide configuration C;(%) constructed
in Lemma 3. We say that a node u is good if there is a realization of C;(%) inV,
otherwise the node u is bad.

In the following lemma we state results regarding the probability of the event
that nodes u € V' are good.

Clearly, almost all statements regarding “goodness” or “badness” of nodes de-
pend on the shape of the region A that we are looking at, as well as the position
of the node within A. If, for instance, a node happens to be very close to the bor-
der, than this will certainly influence the probability for this node to have a certain
number of neighbors.

To overcome this problem, we define core nodes and outer nodes. We define the
core of the region to be the sub-region such that all points have a Euclidean distance
of at least a + 4/25 from the boundary, with a ~ 1.52 as defined in the proof of
Lemma 3. Note that the core may be empty, depending on the shape of A. Now we
say that all nodes within the core are core nodes.

Lemma 4

1. Fiz some core node u. For n > 43 and any o > 1, if p > 40In(15«) then with
probability at least 1 — 1/, the node wu is good.

2. Forn > 43 and any > 1, if p > 401In(1503), then the expected number of bad
core nodes is at most n/[3.

3. Ifn > 43 and p > 80Inn+O(1), then there is no bad core node with probability
at least 1 — 1/n.

Proof. For node u, let Cy1,Cy2,...,Cy 15 denote the 15 circles of radius 4/25,
in C;j(%) Let ¢ denote the area of a circle of radius 4/25, i.e., ¢ = (4/25)? -7 ~ 0.08.
Fix some C, ;. Let
g = Prob(no node falls into C,,;).

Note that ¢ does not depend upon u or i. Clearly,

a<(1- %)"‘1 < eeln=1)/4,

The probability that (for fixed node u) there exists an empty C,, ; fori =1,...,15
can now be upper-bounded by 15 < 15e~¢=D/A We can now prove the first
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statement of the lemma. We require 15¢ < 1/a with « from the statement of the
lemma. Consider the following sequence of equivalent inequalities.
—e(n—1)/A —e(n—1)/A c(n—1)
15e <l/lase <1/1ba & —c(n—1)/A < —In(1ba) & A < ———=.
In(15c)
Using p = mn/A together with this upper bound on A, we obtain as sufficient
condition

mn _ mnin(15a) mnln(15a) 6251 1n(15q)

=—>
P=A 7 cn—1)  @2)2a(n—1) 16(n—1)
Since 625n/16(n — 1) < 40 for n > 43, this condition is clearly satisfied whenever
p > 40In(15a).

As for the second statement, let B denote the number of bad core nodes. By the
above, E[B] < 15ne~¢("~1/4_ We require this quantity to be at most n/3. Consider
the following equivalent inequalities.

15nec=V/A < /3
15e =D/ <1/
e =D/ < 1/1503
—c(n—1)/A <In(1/158) = —In(155)
c¢(n—1)/A > In(1503)
c(n—1)

As In(150)

r e

Equivalently,

_ o mmn In(158)  wnIn(158) ~ 625n1n(1503)
P=A = ctn—-1 @252 an—1)  16(n—1)

Again using the fact that n > 43 and thus 625n/16(n — 1) < 40, we can see that
choosing p > 401In(1504) is sufficient.

The third statement is a simple corollary. O

Note 1 Statement 1 says that we can already achieve constant failure probability
for a fixed core node w if the density p is a (sufficiently large) constant, i.e., by
requiring that the expected number of nodes that fall into a unit circle is constant.
Furthermore, we can achieve polynomially (in n) small failure probability by choosing
p = O(logn). Furthermore, statement 2 says that choosing p = ©(logn) results in
a constant expected number of bad core nodes.

We now apply the previous lemma to obtain results for a few, selected special
cases. The proof of the theorem is a simple application of Lemma 4, together with
an estimation of the number of core nodes of the area.
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Theorem 5 If n > 43, and the region A is a circle of radius v with 4 < r <
/n/811lnn, then the graph R produced by Algorithm 2 is a 2-quasi-spanner of G,
and with probability at least 1 —o(1), has at most 15n edges, i.e., the average degree
of R is at most 30.

Proof. (i) By definition, r < /n/811Inn implies p = n/r? > 81Inn, and thus
we can use the third statement of Lemma 3 directly, showing that w.h.p. there is no
bad core node.

(7i) Furthermore, r > 2 implies that there is indeed a core (which was defined
to be the inner region in which all points have a Euclidean distance of at least
a+4/25 ~ 1.68 from the boundary). For 1 < i < n, let X; =1 if the i-th node is a
core node, and let X; = 0 otherwise. Clearly,

Prob(X; =1) = n. =@ ;4/25))2 o2t 4/352) + (a+4/25)?

> n.<1_w>>n.<1_%>.

Let X = 3" | X;. Now,

E[X] = Zn:Prob(X,- =1)>n- <1 — %) >n/4
i=1

whenever r > 4. A straightforward application of Chernov bounds yields that
X > n/2 with extremely high probability in this case. (i) and (i) together yield
the statement. O

Conclusions

In this paper we introduced the new notion of t-quasi spanners as an alternative
to classical t-spanners. A quasi-spanner is a subgraph where for every pair of nodes
(u,v) there exists a path from u to a direct neighbor of v using only edges of the
spanner. The basic idea behind the relaxation is the following: For ad hoc networks
that we consider, it completely suffices to route a message to a node that is in
the transmission range of the destination node instead of routing it directly to the
destination node. If a node is receiving a message that is destined for it, it can easily
accept the message disregarding the fact that the sender is not its neighbor in the
spanner.

We first showed that the problem of determining for a given (general) graph G
and two integers t, m, whether or not G has a t-quasi-spanner with m edges is NP-
complete. Then we presented a distributed algorithm constructing 2-quasi-spanner
of an arbitrary unit disk graph. Our quasi-spanner has linear number of edges, i.e.,
36|V|. Finally we showed that in the case of randomly and distributed nodes the
expected number of edges can be much smaller.
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Appendix A

To prove Lemma 2 we will need the following several results. The first one is the
fundamental Law of Cosines:

Fact 1 Consider a triangle with sides a,b,c. Let o be the angle opposite to the side

a. Then
b2 + 2 —a?
cosqy = ———,
2bc

Obviously, the covering T'(u) of u produced by procedure Min-Covering(u,G)
is minimal, and the points in T'(u) are pairwise at Euclidean distance greater than
one. If we knew the minimal angle between any two such points, then we would
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Figure A.1: Two points v and w with |vw| =1 in the ring Ry(c, d).

have an immediate upper bound on the size of T'(u), cf. Corollary A.1. Next lemma
gives a lower bound on this angle.

Lemma A.1 Let Ry(c,d) be a ring between two circles with radii ¢ and d, 1 < ¢ <
d < 2, with a common center u. Let p(c,d) be the minimal angle |Lvuw| over all
points v,w € Ry(c,d) with |[vw| > 1. Then

arccosl—ﬁ, z'fczd—é,
p(C, d) = 24d2—1 . (Al)
arccos 45—, otherwise,

and if [vw| > 1 then |Lvuw| > p(c,d).
Furthermore, for a fized c, the function p(c,d) is decreasing on interval {c,2).

Proof. Consider v,w € Ry(c,d) such that |vw| > 1 and the angle |{vuw| =
p(c,d). Let k be the unit circle around v, see Figure A.1. If w does not lie on
k then, by replacing w by the intersection point of k£ and the line vw, we would
decrease the angle |{vuw|, a contradiction. Hence, we may assume that w lies on
k. Moreover, this also implies the second part of the lemma, i.e., if [vw| > 1 then
|Lvuw| > p(e, d).

Let t be the tangent point on k from u closer to w. By moving w along k away
from ¢, we are decreasing the angle |{vuw|. We can move w only until we hit either
inner or outer circle of the ring. Therefore, necessarily w (and by symmetry also v)
lies either on the inner or the outer circle. Hence, there are three possibilities:

. . . . 2_
e both v and w lie on the inner circle, i.e., by Fact 1, cos |{vuw| = %2—1;
. . . . A+d* -1
e v and w lie on different circles, i.e., cos [{vuw| = “7—; and

. . . 2_
e both v and w lie on the outer circle, i.e., cos |{vuw| = %2—1.

Thus, we obtain

_ 2c2—1 2+d?—1 2d%-1
p(c,d) = arccos rnax{ 57 e o
1 . 1
2, 2 arccosl — 5=, ife>d—3
:arccosmax{cg‘id 1,1—#}: C2+d§i1’ @
arccos 45—, otherwise.

The second part of the lemma is straightforward. O
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Corollary A.1 If T is a set of points in Ry(c,d) such that the Fuclidean distance
of any two points in T is greater than 1 then |T| <

p(c d)’

Proof. Consider a set T' of points in R, (c,d) such that the Euclidean distance
of any two points in 7" is greater than 1. Let k be the cardinality of the set T'. Pick
a point t; € T and label the remaining points to, ..., t; of T so that

’Ktl’u,tg‘ < ’Ktl’u,tg‘ <... < |Kt1utk’ .

Note that the sequence t1,...,t; has the order as it would be seen by an observer
standing in the center of the ring and turning counterclockwise starting at ;.

Now put tr1 = t1. We have Zle |Lt;utit1| = 2w, and, by Lemma A.1 ,
|£tiut;y1]| > p(c,d). Hence, k < (cd) O

Now, partition 7'(u) into two subsets T and Tb:

Ty ={veT(u); |w|<a} and
={veT(u); |u|=a},

where a = /2. By Corollary A.1, the ring R,(a,2) contains less than (i”) <13
points, while the ring R,,(1,a) less than (1 oy = 8 points, i.e. , |11 < 7and |Tp| < 12.
This gives an upper bound 19 for the size of T'(u). In what follows we improve this
bound by one. As we show later, this cannot be further improved. We start with
the following auxiliary lemma.

Lemma A.2 Let ¢ and d be constants such that 1 < ¢ < d < 2. Consider a ring
R, (c,d) centered at u containing two points v,w such that [vw| > 1 and |Lvuw| <
a < §. For every point z in the sector S = Lvuw N Ry (1,2) such that [zv] > 1 and
|zw| > 1 then either

uz| <w(d, o) =d-cos§ —y/d?(cos?§ —1)+1, or
luz| < w(

luz| > w'(c,a) = ¢ cos § + \/02((:052 S—1)+1.

In particular, if c < ﬂ then for z € Lvuw N Ry (1,c), the first inequality must occur.

Proof. Since a < % and |uvl, Juw| < 2, the unit circles C, centered at v and
C, centered at w intersect at two points, say z; and zy, where z1 is closer to u, cf.
Figure A.2. It can be easily seen that the point z must be in Lvuw—C, —Cy, i.e., in
the shadowed region in the figure. Hence, we have either |uz| < |uz1|, or |uz| > |uza|.
Now, when moving v (resp. w) toward w, both |uzi| and |uzs| are getting smaller.

Let Z; be the point at which |uzi| is maximized. By the above argument, this

maximum is attained for v = ¢ and w = @ such that |ud| = |uw| = d. Similarly,
let Zo be the point at which |uzs| is minimized. This minimum is attained for v = o
and w = w such that |ud| = |uw| = c.

Since both triangles Awu® and AwZ0 are isosceles, the angle |£Zjud| = §.

d? + |u21|2 — 12
2d|u21|

Using Fact 1 on AZ10u, we obtain cos § = . This quadratic equation
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Figure A.2: A point in the sector Lvuw not covered by v and w can occur only in
the shadowed region).

has two solutions: Euclidean distances of intersection points of C', and C,, from wu.
Since Z; is the closer intersection point to u, its Euclidean distance from w is the
smaller solution, i.e.,

|uzi| = d-cos § — \/d2(cos2%— D4+1=w(da).

Similarly, we obtain

luza| = c-cos § + \/02(0052 S—1D+1=u(c,a).
Hence, we must have

luz| < |uz| = w(d,a) or |uz|> |uds] =u'(c, )

as claimed in the first part of the lemma. In case ¢ < %, we have
[uze| = W'(c, ) > @c—i— \1- % > @c—i— \é—5_85 > c.

Since z is in Ry(1,c¢), the case |uz| > |uZs| is not possible, and the second part
follows. O

Proof of Lemma 2. Partition 7" into the two subsets T} and 75 defined above.
As before, |T1| < 7 and |T5| < 12.

If [Th] < 7 or |Ty| < 12, we are done. Hence, assume that |T1| = 7 and |Ts| = 12.
Let t1,...,t12 be the elements of Ty ordered in such a way that

|K751’LL752| § |At1ut3| § e S |Kt1ut12|,

and |{Ltyuty] > |Ltjutyyq|, for all i = 2,...,12, where t13 = t;. Consider sectors
S; = Ltiutiy1 N Ry(1,a). We start with proving two facts which will be used to
obtain an upper bound on the number of points in T7.
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First, for every sector S;, we determine the maximal Euclidean distance from the
central point u to any point in 73 N .S;.
Denote «o; = |{t;ut;+1]|. By Lemma A.1, we have the lower bound «; > 3, where

B = p(a,2) = arccos %. This yields the following upper bounds

12
ap=2m - a; <2 — 113,

i=2
aj < %oq—l—%ozj:w—% Z ai<7r—%-10627r—5ﬁ, forall j =2,...,12.
i#1i#]
Since a < %—Z and m — 58 < 2 — 118 < %, by Lemma A.2, any point z in T1 N Sy
satisfies |uz| < w(2,27 — 1153), and similarly, any point z in 77 N S; satisfies |uz| <

w(2,m —50).
Second, we determine the maximum number of points in 77 N.Sy. Since all points
in 71 NS} belong to R, (1,w(2,2r — 11/3)) and

1<w(22r—118) <V3<2, (A.2)

we can apply the second part of Lemma A.1. Thus, we have the following upper
bound on the number of points:

[p(lvw(l(;lf - 11ﬁ))w = [p(lvwz(g,gil—ﬂuﬂ))l =%

i.e., there are at most two points in 77 N Sy.
To finish the proof, let sq,...,s7 be the ordering of elements of T} such that

| s1use| < [Lsjuss| < -+ < |Lsjusy|;

lus;| < w(2,2m —115), for i = 1,2; and |us;| < w(2,7 — 50), for all i > 3. Such an
ordering is indeed possible, since there are at most 2 points in 77 N Sy.

Finally, we lower bound angles between any two consecutive points in our order-
ing. Since, for points s; and s we have a weaker upper bound w(2,27 — 1173) for
their Euclidean distance from u, by Lemma A.1, the angles

‘437'“31’7 ‘181'&82’, ‘ASQUS?)‘ > ,0(1,0.)(2, 2T — 116)) :

On the other hand, for points ss, ..., s7, the upper bound for their Euclidean dis-
tance from w is w(2, 7 — 53). Hence, Lemma A.1 gives a lower bound

|KS3’LLS4|, ) ’486US7| > p(lvw(Qvﬂ- - 5ﬂ)) :
Since the seven angles must sum up to 2w, we have a contradiction with

| s7usi| + -+ + [Lsgusy| > 3p(1,w(2,2r — 113)) + 4p(1,w (2,7 — 50)) > 2.



