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Abstract. A spanning subgraph S = (V,E’) of a connected graph G = (V, E) is an
(z + c¢)-spanner if for any pair of vertices v and v, ds(u,v) < dg(u,v) + ¢ where dg and
ds are the usual distance functions in G and S, respectively. The parameter c is called
the delay of the spanner. We study edge-disjoint spanners in graphs in multidimensional
tori. We show that each two-dimensional torus has a set of two edge-disjoint spanners of
delay approximately the size of the smaller dimension. Moreover, we show that this delay
is close to the best possible. In three-dimensional tori, we find a set of three edge-disjoint
spanners with delay approximately the sum of the sizes of the two smaller dimensions
when all dimensions are of even size. Surprisingly, we also find a set of two edge-disjoint
spanners in three-dimensional tori of constant delay. In d-dimensional tori, we show that
for any k < d/5, there is a set of k edge-disjoint spanners with delay depending only on
k and the size of the smaller k& dimensions.

1 Introduction

A spanner of a graph is a spanning subgraph in which the distance between any
pair of vertices approximates the distance in the original graph. Although span-
ners were introduced by Peleg and Ullman [19] for simulation of synchronous
distributed systems, they are an interesting graph-theoretical structure with ap-
plication to many problems in interconnection networks [2,3,17,18]. The use of
spanners as a network topology (as a substitute for an expensive original topol-
ogy) was suggested by Richards and Liestman [20] and further studied in a series
of papers by Liestman and Shermer [12-16] and Heydemann, Peters, and Sotteau
[6]. Algorithms for constructing spanners have also been studied by others [1, 5,
7,8|.

In parallel computing, multiple computers are interconnected by a network
of communication links. One problem encountered in parallel computing is to
share these resources among several users concurrently. One way to approach
this problem is to multitask on the computers but to dedicate each link to an
individual user. In graph-theoretic terms, this corresponds to partitioning the
edges into a set of edge-disjoint spanners. With various coauthors, we have studied
edge-disjoint spanners in complete graphs, complete digraphs, complete bipartite
graphs, hypercubes, and in Cartesian products of other graphs [10,9,4|. In this
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paper, we continue this line of study, investigating edge-disjoint spanners in tori
(Cartesian products of cycles).

A network is represented by a connected simple graph G = (V, E). We use
standard graph theoretic terminology as needed. See West [21]| for example. We
use dg(u,v) to denote the distance from vertex u to vertex v in graph G. Any
spanning subgraph of G is called a spanner of G. A spanner S of G is called an
f(x)-spanner if for any pair of vertices u and v, ds(u,v) < f(dg(u,v)). We call
ds(u,v) — dg(u,v) the delay between vertices v and v in S. For an f(z)-spanner
S, we refer to f(x) —x as the delay of the spanner. Note that f(z)—z is an upper
bound (but not necessarily a tight bound) on the maximum delay in S between
any pair of vertices at distance z in G.

We use H x G to denote the Cartesian product of base graphs H and G. The
vertex set V(H x G) is V(H) x V(G) = {[u,v] : w e V(H)andv € V(G)}. The
edge set E(H x G) contains all pairs ([u,v], [u/,¢]) such that either (1) u = «’
and (v,v") € E(G), or (2) v =2"and (u,u') € E(H).

Our goal is to investigate small-delay spanners of tori. We are particularly
interested in those spanners with constant delay, i.e. (x 4 ¢)-spanners for constant
c. More precisely, given a constant ¢ and a torus G, we are interested in the
maximum number of edge-disjoint (z + ¢)-spanners that can be found in G. We
let EDS(G, ¢) denote this number.

In the next section, we focus on tori in two and three dimensions. In the final
section, we consider higher dimensional tori.

2 Two and Three-Dimensional Tori

Let T}, n,,...n, denote the ny X ng X -+ X ng torus, i.e., the Cartesian product of
d cycles Cy,,Ch,, ..., Cy,. We follow the convention that n; > ny > --- > ny,
with ng > 2 and d > 2. The vertices of the cycle C’nj are labeled from 0 to n; — 1
and the vertices of T}, ,. . n, are denoted [i1,is,... 44|, where ¢; is the label of
the corresponding vertex of C,,,. For convenience, we use [i1, i, ..., to mean
[i1(modny ), ia(mod ng), . .., ig(mod ng)]. The edges of T, n,...n, are (i1, 2, . . ., 4],
141,42, da)), ([i1, 2, - - s da), [y dat L, oo yia))s o (i1 2, -], [i1, o, - o gt
1]) for all vertices [i1, ia,. .., 14

In this section, we prove bounds on the number of edge-disjoint spanners that
can be found in two and three-dimensional tori. We begin with the following
observation which can be established using a simple counting argument.

Observation 1 Any torus T),, n,...n, has at most d edge-disjoint spanners; i.e.
EDS(ny,ng,...,ng,c) <d for all c.
2.1 Two spanners in the two-dimensional torus

In this sub-section, we investigate edge disjoint spanners in the two-dimensional
torus. By the above proposition, there can be at most two.

Theorem 1 EDS (Tnl,nz,Q ’—%-‘) = 2, when ny is even.
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Proof. The upper bound follows from the above proposition. It remains to show

that EDS (Tmm, 2 (%D > 2. We construct one spanner S; as follows.

Figure 1 shows examples of this construction. We draw 7,,, ,, and spanners
of it in the plane in the standard fashion: each vertex [i, j] of T, .., is placed at
Cartesian coordinates (7, j). Each edge except for those between columns ny — 1
and 0 and those between rows n; — 1 and 0 is drawn as the appropriate straight
line segment. Each remaining edge (called a wrap-around edge) is represented by
two half edges as shown in Figure 1 for spanner of 717 and T 7.

(See Figure 1 a), for an example.) For each i, we include the edge ([z, L%H ) [z +1, [%H),
these edges form a cycle. For each even i, we add a path composed of edges
([iy 7], [, 7 + 1]) for 0 < 5 < L%J — 1, and the pendant edges ([7,j],[i + 1,j])
where 1 < j < L%J — 1. For each odd 7, we add a path composed of edges
([,4],[i,5 + 1]) for |2| < j < ny — 1, and the pendant edges ([z,j], [i + 1, j])

where [%J—i—lﬁjgm—l.

Fig. 1. a) The spanner S; in Tho,7. b) The spanner Si in Ty, 7.

We now compute the delay of S;. Consider a pair of vertices u = [iy, j1] and v =
[i2, 72]. In the torus, the distance between these vertices is m; +mgy where m; is the
distance in the first dimension, which is min{(i; — iz)(mod ny), (is — i1 )(mod n4)},
my is the distance in the second dimension, which is min{(j; — j2)(mod ns), (jo —
Ji)(modny)}.

In Sy, a shortest path from u to v can be obtained as follows. Let u’' be the
vertex on the cycle of Sy closest to u in S, and v be the vertex on the cycle
closest to v in S;. Note that v’ may be u and/or v' may be v.

A shortest path from u to v in S; consists of the path from u to v/, followed by
a shortest path from u’ to v’ along the cycle, followed by the shortest path from
v" to v. The length of the path from u to ' is at most [%-‘, as is the distance
from v’ to v. The length of the path from u' to v’ is at most m + 1. This gives a
total path length of at most 2 {%w +my + 1 from u to v in S;. Since the distance
from w to v in the torus is at least my, this is a delay of at most 2 (%W + 1. Since
the delay in the torus cannot be odd, we can subtract 1 from the previous bound,
giving us delay 2 ’—%-‘ .



The spanner Sy is the complement of S} in T}, ,,. Note that S;and Sy have
same structure: The function mapping vertex [, j] to vertex [i + 1, |22 | — j] is
both an automorphism of 7}, ,, and an isomorphism from S; to S;. Thus, the

delay of S5 is equal to the delay of S;. We conclude that EDS (Tnlm, 2 [%-‘) =2
if ny is even.

We now consider the case when nq is odd.
Theorem 2 EDS (Tm,nz,Q ]—%-‘ + 2) = 2, when ny is odd.

Proof. Again, the upper bound follows from Proposition 1. We construct the span-
ner S; as follows. (See Figure 1 b), for an example.) First, we include all edges
([i, [%H , [z + 1, L%J ]) forming a cycle. For each even ¢, we add a path composed
of edges ([4, ], [i,7+1]) for 0 < j < L@J — 1. For each odd ¢, we add a path com-

posed of edges ([7, j], [7,7+1]) for {%fg j < ny—1. For each even i < n; —3, we
add the edges ([i,j], [i + 1,5]) where 1 < j < |22| — 1. These edges are pendant
to the path constructed above for the same 7. For each odd ¢« < n; — 2, we add
the edges ([i,j], [i + 1,j]) where |22| +1 < j < ny — 1. Again, these edges are
pendant to the path constructed above for the same 7. Finally, we add the edges
([n2—1,4],[0,4]) where |2 | +1 < j < ny — 1. This construction is similar to that
of S in the proof of Theorem 1 except for minor adjustments to accommodate an
imbalance of the number of dimension one (horizontal) paths on either side of the
cycle. These adjustments appear on the vertical wrap-around edges in the figure.

We now compute the delay for S;. Consider a pair of vertices u = [iy, j;] and
v = [ig, jo]. In the torus, the distance between these vertices is m;+msy where m; =
min{(i; — iy)(modny), (iy — 1) (modny)} and me = min{(j; — j2)(mod ns), (jo —
Ji)(modny)}.

In Si, a shortest path from u to v can be obtained as follows. Let u’ be the
vertex on the cycle of Sy closest to u, and v" be the vertex on the cycle closest to
v. Note that u' may be u and/or v" may be v.

A shortest path from u to v in Sy consists of the path from u to v, followed by
a shortest path from u’ to v" along the cycle, followed by the shortest path from
v’ to v. The length of the path from u to «’ is at most {%W + 1, as is the distance
from v’ to v. If both of these distances are equal to ’—% +1, then j; = jo = 0 and
consequently, dg, (u/,v") = m; = 0. Otherwise, dg, (u/,v") < m;+ 2. In both cases,
this gives a total path length of at most 2 [%-‘ + my + 3 from u to v. Since the
distance from u to v in the torus is at least my, this is a delay of at most 2 [%W +3.
Since the delay in the torus cannot be odd, the upper bound is 2 [%W + 2.

The spanner Sy is the complement of S; in 7}, »,. Note that now the span-
ners S; and Sy need not be self-complementary factors of T, ,,,. However, the
delay of S is at most 2 [%-‘ + 2, by a similar argument. We conclude that
EDS (T, ny, 2 [%] +2) = 2if ny is odd.

In summary, we can find two edge-disjoint spanners in 7,,, ,,, with delay between
ne and ny + 3, depending on the parity of n; and ns. In the following Theorem,
we show that ny is the best possible delay, matching Theorem 1 when ny; and ns
are both even.



Theorem 3 If ny > 3, then EDS(T,, »,,c) =1 for any delay ¢ < ns.

Proof. We use the term row [ to denote the vertices [i,[] where 0 < i < n; — 1.
Similarly, the term column [ is used to denote the vertices [l, j] where 0 < j <
ng — 1. The dual T} . of the torus T, , is the usual dual graph when T;,, ,, is

embedded in a geometric torus: T . has a vertex corresponding to each face of

Ty ny» and an edge between any two faces that share an edge. Note that 77, is
isomorphic to T}, »,. Since each edge of T}, ,, separates two faces, each edge has
a unique dual edge of T} . which joins the vertices corresponding to those two
faces.

We sometimes include the dual in our standard drawing of the torus, placing
each vertex of the dual in the center of the corresponding face of the primal. This
is shown in Figure 2 b) for 75, where the dual edges are represented by dashed

lines.

[2.3]

[0.0]

Fig. 2. Drawings of a) T34, and b) T34 in T3 4.

For any subgraph S of T,,, ,,,, we define the dual S* of S as the subgraph of
T, n, having all of the vertices of 77/ = and exactly those edges that are dual to
edges of S. As is easily seen in Figure 2, the only edge of the dual that intersects
a given edge is the dual of that particular edge.

By way of contradiction, let S; and Sy be two edge-disjoint spanners of 7,,, ,,
each with delay less than ny. Without loss of generality assume that each edge of
Ty, ny 1s in either S; or Sy, and that S; has at least as many edges as S;. Since
T, ny has 2nyny edges, Sy must have at least nyny edges. Therefore, S5 also has
at least niny edges and must contain a cycle C*. For each e* = (a,b) of C* let
e = (u,v) be the edge of Sy dual to e*. Let P, be a shortest path from u to v in
S1, and P! be the cycle P, + e.

Consider the situation when there are indices ¢ and 7 such that C* contains
no edge dual to any edge between vertices of columns j and 7 + 1 and no edge
dual to any edge between vertices of rows ¢ and 7 + 1. By renaming the rows and
columns, we may without loss of generality assume that ¢ =n; —1 and 7 = ny — 1.
With this assumption, C* uses none of the half edges of our standard drawing of
T, n, and its dual. Therefore, in this drawing, C* is a closed curve with exactly
one of v and v inside and the other outside. Since P, is a path from u to v, it
must cross the drawing of C* by the Jordan Curve Theorem. However, this is a
contradiction because no edge of S; can cross the dual of any edge of .55.



Therefore, it must be the case that C* either crosses every column (that is,
for each 0 < j < ny — 1, C* contains an edge dual to an edge joining vertices of
column j) or crosses every row.

If there are indices ¢ and j such that P! contains no edge between columns
jJ and 7 + 1 and no edge between rows ¢ and ¢ 4+ 1, then we may arrive at a
contradiction via the Jordan Curve Theorem, as above (with P! playing the role
of C* and vice versa). We can conclude that P! either has an edge between column
j and column j + 1 for each 0 < 57 < ny — 1, or it has an edge between row ¢ and
row ¢+ 1 for each 0 <7 <n; — 1.

Suppose that C* crosses every row and let e* = (a,b) be an edge of C* that
crosses the edge e = (u,v) in a row 4. If P/ contains an edge between rows i and
1+ 1 for each 0 <7 < mny; — 1, then P, contains all of these edges plus at least one
edge between adjacent columns because u and v are in different columns. Thus
P, contains at least n; + 1 edges giving delay of at least ny > ns between u and
v in 51, a contradiction.

Therefore, P/ contains an edge between columns j and j + 1 for every 0 <

e
j < ng — 1. If P! also contains an edge between some adjacent rows, then it

e
must contain at least two such edges, and then the length of P, would be at least
no— 142 = ny+1, giving delay at least ny between u and v in Sy, a contradiction.
Hence, the path P, consists of all of the edges in row ¢, except edge e.

Since C* crosses each row, spanner S; lacks at least one edge e; = ([i, m], [i, m;+
1]) from each row i. Furthermore, the above argument implies that e; is the only
edge between vertices of row ¢ that is not in Sy. Thus, S; contains nq(ny — 1) edges
in dimension two. As S7; must be connected and cannot have more than half the
edges of T,,, », by assumption, then S; must contain either n; — 1 or n; edges in
dimension one.

Suppose there is some row 7 such that S; contains no edge between a vertex of
row ¢ and a vertex of row ¢+ 1. Let [ be a column and consider a shortest path in
S1 between the vertices [¢, ] and [i+1,!]. This path must contain an edge between
every pair of consecutive rows except rows ¢ and ¢+ 1. This accounts for ny — 1 of
the at most n; edges of S; between different rows. So, between rows ¢ — 1 and 1,
there are at most two edges of S;. Since ny > 3, we may choose a column [ such
that there is no edge between vertices [i — 1,{] and [¢,{] in S;. Any shortest path
between [7,(] and [i+1,1] in S; contains at least two edges between vertices in the
same row. This means that such a path has length at least n; + 1, giving a delay
of at least n, a contradiction. Therefore S; contains exactly ninq edges including
precisely one edge f; between each pair of consecutive rows ¢ and 7 + 1.

Suppose that for some 7, the edges f; and f;;; are in the same column. Without
loss of generality they are in column 0 with common vertex [i + 1,0]. The edge
e;+1 missing from row i+ 1 in Sy must be either ([i 4+ 1,0],[i+1,1]) or ([i+ 1,1y —
1], [¢ +1,0]) as otherwise the vertex [i + 1, 0] would have degree 0 in S;. Without
loss of generality, €;11 = ([i +1,n9 — 1], [i + 1,0]). Any path in S; from any vertex
on row i + 1 to any vertex not on row ¢ + 1 must include [i + 1,0]. The path in
Sy from [i + 1,n9 — 1] to [7,ny — 1] therefore includes ny — 1 edges of row i + 1 to
get to [ + 1,0] and at least 2 edges to get from [i + 1,0] to [i,ns — 1] yielding a

6



delay of ns, a contradiction. thus there is no ¢ so that f; and f;y; are in the same
column.

Consider any pair of rows ¢ and ¢ + 1 and the edge f; between them in S;.
Without loss of generality, let f; = ([¢,0], [ + 1,0]). Note that the shortest path
in Sy from any vertex [¢,] to any vertex [i + 1,!] must include f; (and no other
fj) as otherwise their delay would be at least n,. Consider m; and m;;; (the
columns to the left of missing edges e; and e;y1, respectively). If m; > m;q,
then the delay from [i,m;] to [i + 1,m;] is ng. Similarly, if m;y1 > m,;, then
the delay from [i + 1,m;1] to [i,m;41] is no. Thus, m; = m. It follows that
mog =M1 = "= Mp;—1-

Note that if ny is even, then either a = [i,m;] or b = [i,m; + 1] is at distance
at least ny/2 from [i, 0]. Thus, the distance from either a or b to its neighbor (in
Thym,) in row i + 1 is at least ny + 1 in Sy, a contradiction. If ny is odd, then
m; = (ne—1)/2 or a similar contradiction arises. In other words, the distances from
[i,m;] and [i,m; + 1] to the edge f; must be exactly (ny — 1)/2. Since m; = m; 1,
applying the argument to the pair of row ¢+ 1 and 7 + 2, we conclude that f; and
fir1 are in the same column, a contradiction.

Since in any case we have shown that our original assumption that S; and
Sy are edge-disjoint spanners of 7},, ,, both with delay less than n, is false. To
complete the proof we have to consider the case when C* crosses every column
(instead of every row). The arguments which lead to a contradiction are similar
to those in the previous case.

In summary, we have nearly determined the least delay that allows the construc-
tion of two edge-disjoint spanners in 7T},, ,,. We believe that the delays of Theorems
1 and 2 are, for the most part, the best possible. However, the situation is at least
slightly more complicated as Theorem 2 can be improved when n; = ny. Figure
3 shows an example of a pair of edge-disjoint spanners with delay 7 in 77 7. This
construction is generalizable to two spanners of delay n in 7,, ,,.

Fig. 3. The two spanners in 77 7 are depicted in bold and regular lines, respectively.



2.2 Three spanners in three-dimensional tori

In this and the next subsection, we investigate edge-disjoint spanners in the three-
dimensional torus. There can be at most three such spanners; in this section we
restrict our attention to when there are exactly three.

Theorem 4 EDS (T, nyns: N2 +n3+6) = 3, whenever ny, ny, and ns are all even
and ns > 4.

Proof. The upper bound comes from Proposition 1. We can construct three span-
ners of delay ny + ng + 6 in the three-dimensional torus. For any fixed 7, we refer
to the set of vertices {[i,z,y] : 0 < x <ny — 1,0 <y < mng — 1} and the edges
connecting them as “layer ¢”: Each layer is a two-dimensional torus. Layers are
either even or odd depending on the parity of 1.

Informally, the main idea of the construction is to use the two spanner pattern
of Theorem 1 in each layer. In even layers, we use this pattern for spanners S;
and Sy and in odd layers for S; and S3. To connect spanner S, to the vertices
in an odd layer i, we use all of the edges between layers ¢ and ¢ + 1. Similarly,
to connect spanner S3 to the vertices in an even layer i, we use all of the edges
between layers ¢ and i+ 1. As stated, each of these “spanners” is disconnected. We
reassign edges to create a dimension-one cycle for each spanner, interconnecting
its different layers. This necessitates some further local adjustments.

To be more specific, the dimension-one cycle in any spanner S; is called the
hub cycle of S;. The hub cycle of S consists of all vertices {h% = [i,0,0] : 0 <
i < np — 1} and the edges of dimension one connecting them. The hub cycle
of Sy consists of all vertices {h} = [1,0,%] : 0 < i < ny — 1} and the edges
of dimension one connecting them. The hub cycle of S5 consists of all vertices
{hs=1i,%2,0] : 0 <1i<ny—1} and the edges of dimension one connecting them.

In each even layer i, there are two edges of S5 and the other edges are split
equally between S; and Sy using a modification of Figure 1 a). First, the pattern
of Figure 1 a) is placed so that the highway of S; is in dimension two and passes
through the hub vertex h! as shown in Figure 4 a).

Of necessity, this means that the highway of S5 is also in dimension two and
passes through the hub vertex h}. Next, to connect the hub vertex i to spanner S;
we let g' = [i,0,n3—1] and reassign the edge (h}, ') from S; to Ss. Refer to Figure
4 b) for the result of this and the subsequent adjustments. The reassignment of
(hi,¢") disconnects S; within this layer. Let r* = [i,%2 — 1,0]. To reconnect S,
we break the highway cycle of S; in this layer by reassigning (7%, h}) to Sy, for
each j, 1 < j < 22 —2, changing the assignment of edges ([7, 7, 0], [4, j, ns — 1]) and
([¢,7,0], [i,7,1]) from Sy to S or vice versa, and reassigning the edge (', [, % —
1,1]) from S, to Sy. Similarly, to connect hf to spanner Ss, we let p’ = [1,0, % —1]
and reassign the edge (hy, p%) from Sy to Ss, disconnecting S, within this layer.
Letting h' = [i,%, %] and w' = [i,% — 1,%], we reassign (w',h’) to S, for
each j, 1 < j < %2 — 2, change the assignment of edges ([, 7, %], [i, 7, % — 1])
and ([z, j, 8], [i, j, & + 1]) from S; to Sy or vice versa, and reassigning the edge

n2

(w', [i, 22 —1, % 41]) from S to Sy. This completes the construction in even layers

and a sample layer is depicted in Figure 4 b).
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a) b)

Fig. 4. a) Starting configuration in an even layer. b) The resulting configuration in an even layer. The
bold lines depict edges of Ss3, regular lines depict edges of Sa. The spanner S; contains all remaining
edges in this layer (they are not depicted in the figure).

The construction of odd layers is analogous. In each odd layer i, there are
two edges of Sy and the other edges are split equally between S; and S3 using
a modification of Figure 1 a). First, the pattern of Figure 1 a) is placed so that
the highway of S} is in dimension three and passes through the hub vertex hias
shown in Figure 5 a). Of necessity, this means that the highway of S3 is also in
dimension three and passes through the hub vertex hj.

a) b)

Fig.5. a) Starting configuration in an odd layer. b) The resulting configuration in an odd layer. The
bold lines depict edges of Ss3, regular lines depict edges of Sa. The spanner S; contains all remaining
edges in this layer (they are not depicted in the figure).

Next, to connect the hub vertex h{ to spanner Sy we let ¢ = [i,1,0] and
reassign the edge (h},g") from S3 to Sz. Refer to Figure 5 b) for the result of
this and the subsequent adjustments. The reassignment of (hi, g*) disconnects Ss
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within this layer. Let r* = [,0,% — 1]. To reconnect Ss, we break the highway
cycle of Sy in this layer by reassigning (r’, hb) to Ss, for each j, 1 < j < % — 2,
changing the assignment of edges (7,0, j], [i,n2 — 1, j]) and ([7,0, j], [¢, 1, j]) from
Si to Ss or vice versa, and reassigning the edge (1, [i,1,% — 1]) from S3 to Si.
Similarly, to connect hj to spanner Sy, we let p’ = [i, %241, 0] and reassign the edge

(hi,p') from S; to S, disconnecting S; within this layer. Letting h' = [i, 22, 23]

. S 2772
and w' = [1, 2, % — 1], we reassign (w',h’) to S, for each j, 1 < j < % — 2,
change the assignment of edges ([i, %2, j], [i, %2 — 1, ]) and ([¢, %2, j], [i, % + 1, j])
from Sy to Ss or vice versa, and reassign the edge (w', [i, 22 +1, % —1]) from S; to

S3. This completes the construction in odd layers and a sample layer is depicted
in Figure 5 b).

To route between an arbitrary pair of vertices v and v in S;, we first find «’ and
v, the closest hub vertices in S; to u and v, respectively. We can then construct a
path from u to v’ to v’ to v. The distance from u to « is at most "2 +1 if u and
v’ are in the same layer. If v and «' are in adjacent layers, then there is a path of
at most two edges from u in S; to a vertex u” in the same layer as «’. Thus the
distance from u to v is at most % + 3. The same bounds apply for the distance
from v to v'. If u and «’ are in the same layer and v and v’ are in the same layer,
then the distance from v’ to v is the distance in dimension one from u to v, and
therefore the delay from u to v is at most 2(225% 4 1) = ny + ng + 2. If both u
and v are in different layers than u' and v, respectively, then again the distance
from ' to v’ is the distance in dimension one from u to v, and therefore the delay
from u to v is at most 2 (% + 3) = ny + n3 + 6. Otherwise, the distance from
u’ to v' may be one larger than the distance in dimension one from u to v, giving
a delay of at most (% + 1) +1+ (% + 3) = ng +ng+ 5. Thus, in any case,
the delay is at most ny + nz + 6. This is best possible, as vertices hS and hZ in
spanner S3 have this delay.

2.3 Two spanners in three-dimensional tori

In this subsection, we investigate the conditions under which there are two edge-
disjoint spanners in the three-dimensional torus. We first show that when each
of the dimensions is sufficiently large then the delay of the two spanners must
be at least 4. We then show that there are two spanners of delay 8 for a class of
arbitrarily large tori.

Let S; and Sy be two edge-disjoint spanners of a three-dimensional torus. We
call a vertex v pierced in dimension p in the spanner S (similarly in Sy) if both
edges in dimension p incident on v are included in Sy (in S3). We call a vertex v
ordinary in dimension p in Sy (in Sy) if either v is pierced in dimension p in S)
(in S2) or it is adjacent by an edge in dimension different from p in Sy (in S3) to
some vertex that is pierced in dimension p in S; (in S2). Finally, we call a vertex
ordinary in Sy (in Ss) if it is ordinary in each of the three dimensions in S; (in
Ss). By subgrid of a torus we mean a subgraph that is a grid. To obtain our first
result, we require the following two lemmas.
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Lemma 1 Let j > 2 and n3 > 12252+ 5. If S; and S, are edge-disjoint spanners
of T'= T, noms 0f delay 2, then T contains a j X j X 1 subgrid containing only
vertices ordinary in both S1 and Ss.

Proof. Let k be an integer such that k& < (n3 — 5)/2 and consider a k x k x k
subgrid B of T. Let B’ be the (k + 2) x (k4 2) x (k + 2) subgrid centered on
and surrounding B. Since ng > 2k + 5 and both S; and Sy have delay 2, every
shortest path in either S; or Sy between a pair of vertices in B stays within B’.
We proceed to find an upper bound on the number of non-ordinary vertices (in
either spanner) in B.

We use the term [ine to denote a longest contiguous path in a single dimension
in B. Each line extends from one side of the “box” B to the opposite side. There
are k? distinct lines in each dimension, or 3k? distinct lines in toto. Consider a
single line L of consecutive vertices [y, s, ..., [; and, without loss of generality,
suppose that L is in dimension one. Let [y and [, ; be the vertices of B" adjacent
in dimension one to the vertices [; and [, respectively. We use L* to denote the
path of consecutive vertices lo, I, ..., lg, lri1.

Consider the subgraph of S; induced by the vertices of L*. Let p be the num-
ber of connected components in this subgraph. Since L* is a path, each of these
components is also a path on consecutive vertices Uy, ly,+1,- .., ly,—1,l,,. We as-
sume that these paths are labeled so that v; = u;,; — 1 for 1 <7 < p—1. Also
note that it is possible for a path to have length zero, i.e., u; = v;. We claim
that there are at most 10 vertices of L that are not ordinary in dimension one
in S;: possibly [, l,,, at most four other /,,’s and at most four other /,,’s. First,
note that the internal vertices of each of these paths are pierced and therefore
ordinary in dimension one in S;. Thus, we are only concerned with whether the
l,;’s and l,,’s are ordinary in S;. Note that [,, = [y and [,, = ;1 are not part
of L. Suppose by way of contradiction that there are more than four [,,’s, with
1 <4 <p, that are not ordinary in dimension one in S;. The shortest paths from
each of these to [y start with an edge that is not in dimension one. There are four
“directions” possible for these first edges: increasing or decreasing, in dimension
two or 3. By the pigeon hole principle, there is a pair of these vertices [, [y, ,
where z < y, which use the same direction. Let [ and [, be the neighbors of [,
and [,,, respectively, in this direction. The shortest path P from [,, to [y in this
direction proceeds from [, to l&y, follows edges in dimension one to some vertex
;, follows one edge in dimension other than 1 to [, € L*, and zero or more edges
in dimension one to ly. Note that b < us, as [, is in the same component as .
Therefore, the subpath of P from l;y to [, passes through [, and therefore, [},
is pierced in dimension one in S;. Thus, [, is ordinary in dimension one in Si, a
contradiction. See Figure 6.

Hence there are at most four /,,’s, with 1 <7 < p, that are not ordinary in
dimension one in S;. A similar argument about shortest paths from the [,,’s to
lk4+1 instead of from [,,’s to [y completes the claim.

11
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Fig. 6. Components of a line in dimension one in Si. The vertex l,, must be joined by a path which
has at most two edges in dimension other than one to the vertex lo. This will force the vertex [, to be
pierced in dimension one.

0 b vl

Similarly, there are at most 10 vertices of L that are not ordinary in dimension
one in S5. Thus, there are at most 20 vertices of L that are not ordinary in
dimension one in either S; or Ss.

Recall that there are 3k% distinct lines through the subgrid B. The claim,
therefore, implies that there are at most 60k vertices that are not ordinary in
some dimension in either S; or Sy; the remaining &% — 60k? vertices are ordinary
(in all three dimensions in both spanners). Consider the k(k — j + 1)* distinct
j % j x 1 subgrids contained in B. Each of the at most 60k* non-ordinary vertices
is contained in at most j2 of these subgrids. Thus, there are at least k(k — j +
1)? — 60k%j2 subgrids containing only ordinary vertices. We require k(k — j +
1) — 60k?52 > 1. By choosing k = 6152 we satisfy this condition and since
ng > 12252 + 5, the condition k& < (ng — 5)/2 is also satisfied.

Lemma 2 If there exists a vertex v that is ordinary and pierced in more than one
dimension in Sy, then Sy has delay at least 4. Similarly, if there exists a vertex v
that is ordinary and pierced in more than one dimension in Ss, then Sy has delay
at least 4.

Proof. Suppose by way of contradiction that Sy has delay at most 2. If v is pierced
in three dimensions in S7, then it has degree 0 in S5, a contradiction. Otherwise,
let w be the vertex adjacent in S; to v that is pierced in the dimension that v is
not as shown in Figure 7. The vertex w exists since v is ordinary. Now, the delay
between v and w in Ss is at least 4, a contradiction.

Fig. 7. Vertices v and w in spanners S1(indicated by solid lines) and S2(indicated by dashed lines).

Theorem 5 If ng > 3055, then EDS(T,, nyns,2) = 1.
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Proof. Assume by way of contradiction that for some ng > 3055 the torus T},, n, n,
has two edge-disjoint spanners S; and Ss, both of delay 2. By Lemma 1, there is
a b x b x 1 subgrid B of the torus 7" such that all vertices of B are ordinary in
both spanners. Let u be the vertex at the center of B. Since u is ordinary in 57,
it is either pierced in dimension three (the “thin” dimension) in which case we let
v = u or it is adjacent to a vertex v of B that is pierced in dimension three. The
vertex v must have degree at least 3 in S; as otherwise v is twice pierced in Sy
and using Lemma 2 we obtain a contradiction. Let a and b be the neighbors of v
in dimension 3 and let ¢y, ¢, c3, ¢4 be the neighbors of v in B, ordered successively
around v. Without loss of generality assume that c; is the neighbor of v and that
it is the neighbor of v in dimension two, see Figure 8 a).

b b b
@] c, O c, c,
. 17 =
O---4f---0 G G
’ \ Vv Vv
C3 //
g a a a
O O —O0—
a) b) c)

Fig. 8. A close neighborhood of the vertex v in the spanner Si.

We claim that v has degree exactly 3 in S;. Certainly, ¢ is not a neighbor of v
in S7 as Lemma 2 would give a contradiction. Again, by Lemma 2, at most one of
co and ¢4 can be a neighbor of v in S7. Without loss of generality assume it is cs.
Since v is ordinary and not pierced in S, its neighbors ¢3 and ¢4 together must be
pierced in Sy in all three dimensions. Thus, one of these vertices is pierced in S,
in two different dimensions. Since both c3 and ¢4 are in B, they are ordinary so
we have a contradiction by Lemma 2. Thus, our claim that v has degree exactly
3 in S; is established.

Vertex v must be adjacent in Sy to a vertex that is pierced in dimension one. If
this vertex is ¢y, then the delay between v and ¢; in S5 is at least 4, a contradiction;
see Figure 8 b). Otherwise, without loss of generality, this vertex is a. Vertex v
must also be adjacent in S; to a vertex other than ¢; pierced in dimension two,
by the definition of ordinary. If this vertex is a, then a has degree at most 1 in Sy
and the delay from a to v in S5 is at least 4, a contradiction. Thus, b is pierced in
dimension two in S;. Now the delay from a to b in 5] is at least 4, a contradiction;
see Figure 8 ¢).

Theorem 6 EDS (T, nyns: 8) > 2, whenever any two of ny, ng, ng are congruent
to O(mod 4).
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Proof. To show that EDS(T,, n,ns,8) > 2, we begin by considering the case when
ny and ny are congruent to 0 mod 4, and ng3 is even. For any 0 < i < ng — 1, we
call the two-dimensional torus on the set of vertices L; = {[z,y,i] : 0 < 2 <
n1—1,0 <y < ny— 1} the i-layer. Further, we call a layer even or odd depending
on whether 7 is even or odd. We use the term type 1 vertex to indicate a vertex
[z,y,1] such that  + y = 0(mod4) or x + y = 1(mod 4). The remaining vertices
are called type 2 vertices.

We construct one spanner S; as follows. In every even layer, include each edge
in dimension one. In every odd layer, include each edge in dimension two. For
every type 1 vertex [z,y,i], include the edge ([x,y,1],[x,y,i + 1]). Figure 9 a)
shows a portion of an even layer of S;, and the same portion of an odd layer
(depicted in b)). In the figure, the type 1 vertices are indicated as solid circles.

a) b)

Fig. 9. a) an even layer of S; b) an odd layer of Si.

We let S5 be the complement of S; in the torus. Note that Sy has an isomorphic
structure to S;. Furthermore, given any two type 1 vertices in the same layer, there
is an automorphism of the torus that maps one of these vertices to the other while
preserving the partition of the edges into S; and Sy. This is true even if the two
type 1 vertices are in different layers of the same parity. This also holds for type
2 vertices. Thus, in order to determine the delay of the spanner, it suffices to
consider the delay from four fixed vertices: a type 1 vertex in an even layer, a type
2 vertex in an even layer, a type 1 vertex in an odd layer, and a type 2 vertex in an
odd layer. Below, we analyze the delay for sources in the even layer 0. For sources
in odd layers, we can use the same descriptions as for sources in even layers except
that we exchange the roles of dimensions one and two.

Consider paths in S; from a type 1 vertex, without loss of generality [0, 0, 0].

We first show that there is a path in S; from [0,0,0] to any other vertex [0, y, 0]
with delay at most 8. If y = 0(mod4) or 1(mod4), there is a path from [0, 0, 0]
to [0,y,0] of delay 2 including the vertices [0,0, 1] and [0,y, 1]. If y = 2(mod 4),

there is a path from [0,0,0] to [0, y, 0] of delay 8. This path starts at [0, 0, 0] and
proceeds directly to [0,0,1] to [0,1,1] to [0,1,0] to [—1,1,0] to [—1,1,1]. From
[—1,1,1] it proceeds directly dimension two edges to [—1,y, 1], and then directly
to [—1,y,0] and [0,y, 0]. If y = 3(mod 4), there is a path from [0, 0, 0] to [0, y, 0] of
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delay 4. This path starts at [0,0,0] and proceeds directly to [1,0,0] and [1,0, 1].
This is followed by a path of dimension two edges to [1,y, 1] and then directly to
[1,y,0] and [0,y,0].

There is a path in S; from [0,0,0] to any other vertex [z,y, 0] with delay at
most 8. This path consists of the delay at most 8 path from [0,0,0] to [0,y,0]
followed by edges in dimension one to vertex [z,y,0]. There is also a path in S}
from [0,0, 0] to any other vertex [z,y, ] with delay at most 8. This path consists
of edges in dimension three from [0,0,0] to [0, 0, ] followed by the path of delay
at most 8 to the vertex [z, y,1].

O
[0.y.0]

[0,0,0]

Fig. 10. A path with delay at most delay 8 from [0,0,0] to [0,y, 0] where y = 2(mod 4).

Now, consider paths in S; from a type 2 vertex, without loss of generality
[1,1,0]. We first show that there is a path in Sy from [1,1,0] to any other vertex
[1,y,0] with delay at most 8. If y = 1(mod 4) or y = 2(mod 4), there is a path from
[1,1,0] to [1,y,0] of delay 6. This path starts at [1,1,0] and proceeds directly to
[2,1,0], to [3,1,0] to [3,1,1]. From [3, 1, 1] it proceeds along dimension two edges
,y, 1] and then directly to [3,y,0] to [2,y,0] to [1,y,0]. If y = 3(mod4) or
y = 0(mod 4), then [1,y,0] is a type 1 vertex and there is a path of delay 8 in 5}
between [1,1,0] and [1,y, 0].

There is a path in Sy from [1,1,0] to any other vertex [x,y,0] with delay 8.
This path consists of the path of delay at most 8 form [1, 1,0] to [1,y, 0] followed
by edges in dimension one to the vertex [z, y, 0].

Note that for all z,y, the path from the type 2 vertex [1,1,0] to [z,y,0], as
constructed above, includes a type 1 vertex. We can now construct a path of delay
at most 8 from [1, 1, 0] to any other [z, y, i] where i = 0(mod 2). To do this, we use
the path Py from [1,1,0] to [z,y, 0], which includes a type 1 vertex w. Our new
path consists of the part of Py from [1,1,0] to w followed by min{i, ng —i} edges
in dimension three, followed by the remainder of P, translated ¢ units (positively
or negatively as required) in dimension three.

It remains to construct paths from [1,1,0] to any [z,y, 4] where ¢ = 1(mod 2).
Such a path will consist of a path from [1,1,0] to [z,1,1] followed by edges in
dimension two to [z, y, i]. The delay of such path is simply the delay of the subpath
from [1,1,0] to [z, 1,4]. To construct this subpath, we consider three different cases.
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If x = 0(mod4) or x = 3(mod 4), then there is a delay 0 subpath consisting of
edges in dimension one from [1,1, 0] to [z, 1, 0] followed by dimension three edges
to [z, 1,i]. If z = 1(mod 4), there is a path of delay 8 that starts at [1, 1, 0] proceeds
directly to [0,1,0] to [0, 1,1] to [0, 0, 1] to [0, 0, 0], followed by dimension one edges
to [z,0,0], followed by dimension three edges to [z,0,4], and then directly to
[,1,4]. If 2 = 2(mod 4), there is a path of delay at most 8 starting at [1, 1, 0] and
proceeding directly to [2,1,0] to [3,1,0] to [3,1, 1] to [3,2,1] to [3,2,0], followed
by edges of dimension one to [z,2,0], followed by edges of dimension three to
[x,2,i] and proceeding directly to [z, 1,1].

Thus, in any case, the subpath has delay at most 8 and we have completed
the analysis for type 2 vertices.

We have now shown that S; has delay at most 8. Because S; and Ssare iso-
morphic, the analysis for S; can easily be modified to show that S, also has delay
at most 8. Thus, we have shown that EDS (T, nyns.8) > 2 when ny and ny are
congruent to 0(mod4) and nj is even.

We can modify our construction for the case when n; and ny are congruent
to 0(mod4) and nj is odd. The construction is textually the same, resulting in
alternating even and odd layers except for two adjacent even layers 0 and nz — 1.
Each of the paths described above consist of three subpaths: a (possibly empty)
path in the source layer and possibly an adjacent layer of opposite parity, a path
consisting entirely of dimension three edges from the source layer to the destina-
tion layer, and a (possibly empty) path in the destination layer and possibly an
adjacent layer.

In these paths, we have used the layers 1 and ¢ + 1 as the layers adjacent
to layers 0 and 7, respectively. However, the delay is unchanged if we were to use
layers -1 or i —1 instead. In a torus with an odd number of layers, we can therefore
change the first or third subpath to use layers -1 or ¢ — 1 should layers 0 and 1 or
¢ and 7 + 1 be the two adjacent even layers.

We have now established that EDS(T,, nyns,8) > 2 for when n; and ny are
congruent to 0(mod 4). As nothing in our argument was dependent on our assump-
tion that ny > ny > ng, we can conclude that EDS(T},, nyns, 8) > 2 whenever any
two of ny, ny, and ng are congruent to 0(mod4).

2.4 k spanners in d-dimensional tori

In the previous subsections, we have studied spanners in tori of low dimension. In
this subsection, we study spanners in tori of arbitrary dimension. Our main result
is Theorem 7 which establishes the existence of a set of k ~ d/5 edge-disjoint
spanners in a d-dimensional torus each having delay that depends only on the
number of spanners k£ and the size of the smallest £ dimensions. The proof is
modelled on the proof of Theorem 8 in our earlier paper [4]. In particular, it uses
the same key lemma which we state as Lemma 6 below. We first require some
definitions and intermediate results.

A d-dominating set of vertices in graph G is a set U C V such that every
vertex in V' is within distance d from some element of U. A d-domatic coloring of
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G is a vertex coloring of G such that each color class constitutes a d-dominating
set of G.

We start with two lemmas concerning domatic colorings and Hamilton decom-
positions of tori.

Lemma 3 For any k > 1, the torus T, n,....ny._, has a 1-domatic coloring with
k colors.

Proof. We first show that the (2k — 1)-dimensional hypercube Q1 has a 1-
domatic coloring with & colors. We will then extend this coloring to the (2k — 1)-
dimensional torus T, n, .. n,._, - It is known that the hypercube @); has a 1-domatic
coloring with d colors when d is a power of 2 |22]. Let &’ be the power of 2 that
is at least k and less than 2k. We can construct a 1-domatic coloring of QQox_1
with &’ colors from the coloring of @) by repeating the coloring of Qi in each
k’-dimensional subcube of (Qo._1. The first k colors of this coloring constitute the
desired 1-domatic coloring of Qo1 with k colors.

To obtain a 1-domatic coloring of T}, n,. . n,._, With k colors, give each vertex
[i1,92, ..., lok—1) OF Tp) s o, the color that was assigned to [¢; (mod 2), i5(mod 2),
..., l9k—1(mod 2)] in the k-coloring of Qaof_1.

The following result is a special case of Kotzig’s conjecture, proved in [11].

Lemma 4 For any k > 1, the torus Ty, n,,...n, has a decomposition into k Hamil-
ton cycles.

We next need a lemma that shows that in a high dimension torus, we can obtain
a set of edge-disjoint spanners that contains at least one spanner of small delay.

Lemma 5 For any k > 1 and d > 3k — 1, there exists a set of k edge-disjoint
spanners Sv, 52, ..., Sk 0f Ty, ny....ny Such that Sy has delay at most

2Lnd_k+1/2j + 2Lnd_k+2/2j +- 2Lnd/2j + 2.
Proof. We express T}, n,...n, as the product of two graphs
H=T,

Nd— ket 1,Md—k+425---1d and G = Tn17n27---ynd7k‘

By Lemma 4, we decompose H into a set of £ Hamilton cycles Cy, Cy, ..., C}, and
arbitrarily choose a distinguished vertex z. Since d — k > 2k — 1, by Lemma 3,
we construct a 1-domatic coloring of G with k colors. Further, we decompose G
into a set of k — 1 edge-disjoint spanners Dy, D3, ..., D;. This can be done, since
d—k > k—1, and we can obtain a set of £ — 1 edge-disjoint Hamilton cycles and
dispense the remaining edges arbitrarily.

Each copy of H in H x GG corresponds to a vertex of a particular color 7 in the
domatic coloring of G. In each copy of H, we place the edges of C,C5, ..., Cy
into spanners S1, So, . . ., S, respectively, except for C; and C;. We place the edges
of C} in S; and edges of C; in S;. In the copy of G corresponding to the distin-
guished vertex z, we place the edges of Dy, Ds, ..., Dy, into spanners Ss, Ss, . . ., S,
respectively. In every other copy of GG, we place all edges into 5;.
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Consider a spanner S;, 2 < ¢ < k, and two arbitrary vertices u and v. There
is a path from u to v in S; that starts at u, proceeds within a copy of H (using
edges either of C; or (1) to a copy of z, then proceeds within a copy of G (using
edges of Do, Ds, ..., Dy) to another copy of z, and then proceeds within a copy
of H (using edges either of C; or C) to v. Thus, S; is connected and, therefore, a
spanner.

Now consider a pair of vertices v and v in S;. If u is a copy of z, let v’ be a
vertex adjacent to u in S7 and otherwise let u' = u. Similarly, if v is a copy of z,
let v be a vertex adjacent to v in S, and otherwise, let v' = v. Let v’ = [hq, g1
and v = [hg, go]. Let u” = [hy, ¢1], that is v” is a copy of «’ in the copy of H
containing v’. We will construct a path from u to v that commences at u, and
passes through «/, u”, and v’ in order and then arrives at v. The subpaths from
u to v’ and from v’ to v are straightforward. The subpath from u” to v’ requires
further elucidation. Let H' be the copy of H containing u” and v’, and let 2’
be the copy of z in H’. Note that the distance from u” to v’ in H’ is at most

(= Lnd_k+1/2J + Lnd_k+2/2j + -+ Lnd/QJ

Now consider a shortest path from u” to v’ in H’; since either u” and v’ are
adjacent or there are at least two such vertex-disjoint paths, there is a shortest
path P that does not contain z’. We construct a path from «” to v' in S; by
replacing each edge of P that is not already in S; by a path of three edges in
Si. Let e = (z,y) be an edge of P not in S;. In H’, e belongs to some cycle
C;. In the domatic coloring of G, there is a vertex of color j adjacent to the
vertex corresponding to H’'. Let 2’ and 3’ be the vertices corresponding to x
and y, respectively, in the copy of H corresponding to this vertex of color j. By
construction, (z,y) is in Sy and since neither x nor y is 2/, both (z,2") and (y,v’)
are edges in S;. We use the path (z,2’,y',y) to replace the edge (x,y) in the path
P.

If w and v are both copies of z, then the vertices u’ and v’ can be chosen so that
they are corresponding to each other, so the distance from u” to v’ is 0. Moreover,
the distance in S; from wu to ' is 1, the distance in Sy from v’ to u” is dyxg(u,v),
and the distance in S; from v’ to v is 1. Thus, in this case, the delay is 2.

If exactly one of the vertices u and v, without loss of generality v, is a copy
of z, then the distance in S; from u to u’ is 0, the distance in S; from «' to u” is
dg(u,v), and the distance in S; from v’ to v is 1. The path from «” to v" in S; has
length at most 3dg(u”,v"), which is at most dy(u”,v") + 2¢. Finally, this quantity
is at most dg(u,v)+ 20+ 1 in this case. This gives a total distance from u to v of
at most dyxg(u,v)+ 20 + 2 and a delay of at most 2¢ + 2.

If neither u nor v are copies of z, then the distance in S; from u to « is 0, the
distance in S; from v’ to v” is dg(u, v), the distance in S; from u” to v is at most
dy(u”;v") + 2¢ as in the previous case, and the distance in S; from v’ to v is 0.
Since, in this case, dy(u”,v") = dy(u,v), this gives a total distance from u to v of
at most dyyxc(u,v)+ 2¢ and a delay of at most 2¢.
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Finally, we will use the following lemma (which is Corollary 2 from [4]) to combine
the previous lemmas. We use the notation log k to denote the base-2 logarithm of
.

Lemma 6 [}/ Let H be a graph with k edge-disjoint spanners such that Hy is a
delay c spanner. Let G be a graph with an r-domatic coloring with k colors. Then
EDS(H x G,2r 4+ 48klogk +¢) > k.

We are now ready to state our result.

Theorem 7 For any k> 1 and d > 5k — 2,

EDS(Toy gy 48K 10g k + 2|11 /2] + 2 napsn)2) + - -+ 2[na/2) +4) > k.
Proof. We express T'=T,,, n,.. n, as T = H x G, where

and H =1,

N2k, N2k +15+--s10d *

G= Tnhnz,n

N2k —1

By Lemma 3, the graph G has a 1-domatic coloring with £ colors, and since
d—2k+ 12> 3k—1, by Lemma 5, the graph H has k factors from which one has
delay at most 2|ng_g+1/2] + 2|na—ks2/2] + -+ + 2|nq/2] + 2. Finally, we apply
Lemma 6.
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