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aAbstra
t. A spanning subgraph S = (V, E′) of a 
onne
ted graph G = (V, E) is an

(x + c)-spanner if for any pair of verti
es u and v, dS(u, v) ≤ dG(u, v) + c where dG and
dS are the usual distan
e fun
tions in G and S, respe
tively. The parameter c is 
alledthe delay of the spanner. We study edge-disjoint spanners in graphs in multidimensionaltori. We show that ea
h two-dimensional torus has a set of two edge-disjoint spanners ofdelay approximately the size of the smaller dimension. Moreover, we show that this delayis 
lose to the best possible. In three-dimensional tori, we �nd a set of three edge-disjointspanners with delay approximately the sum of the sizes of the two smaller dimensionswhen all dimensions are of even size. Surprisingly, we also �nd a set of two edge-disjointspanners in three-dimensional tori of 
onstant delay. In d-dimensional tori, we show thatfor any k ≤ d/5, there is a set of k edge-disjoint spanners with delay depending only on
k and the size of the smaller k dimensions.1 Introdu
tionA spanner of a graph is a spanning subgraph in whi
h the distan
e between anypair of verti
es approximates the distan
e in the original graph. Although span-ners were introdu
ed by Peleg and Ullman [19℄ for simulation of syn
hronousdistributed systems, they are an interesting graph-theoreti
al stru
ture with ap-pli
ation to many problems in inter
onne
tion networks [2, 3, 17, 18℄. The use ofspanners as a network topology (as a substitute for an expensive original topol-ogy) was suggested by Ri
hards and Liestman [20℄ and further studied in a seriesof papers by Liestman and Shermer [12�16℄ and Heydemann, Peters, and Sotteau[6℄. Algorithms for 
onstru
ting spanners have also been studied by others [1, 5,7, 8℄.In parallel 
omputing, multiple 
omputers are inter
onne
ted by a networkof 
ommuni
ation links. One problem en
ountered in parallel 
omputing is toshare these resour
es among several users 
on
urrently. One way to approa
hthis problem is to multitask on the 
omputers but to dedi
ate ea
h link to anindividual user. In graph-theoreti
 terms, this 
orresponds to partitioning theedges into a set of edge-disjoint spanners. With various 
oauthors, we have studiededge-disjoint spanners in 
omplete graphs, 
omplete digraphs, 
omplete bipartitegraphs, hyper
ubes, and in Cartesian produ
ts of other graphs [10, 9, 4℄. In this
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paper, we 
ontinue this line of study, investigating edge-disjoint spanners in tori(Cartesian produ
ts of 
y
les).A network is represented by a 
onne
ted simple graph G = (V, E). We usestandard graph theoreti
 terminology as needed. See West [21℄ for example. Weuse dG(u, v) to denote the distan
e from vertex u to vertex v in graph G. Anyspanning subgraph of G is 
alled a spanner of G. A spanner S of G is 
alled an
f(x)-spanner if for any pair of verti
es u and v, dS(u, v) ≤ f(dG(u, v)). We 
all
dS(u, v) − dG(u, v) the delay between verti
es u and v in S. For an f(x)-spanner
S, we refer to f(x)−x as the delay of the spanner. Note that f(x)−x is an upperbound (but not ne
essarily a tight bound) on the maximum delay in S betweenany pair of verti
es at distan
e x in G.We use H ×G to denote the Cartesian produ
t of base graphs H and G. Thevertex set V (H × G) is V (H) × V (G) = {[u, v] : u ∈ V (H) and v ∈ V (G)}. Theedge set E(H × G) 
ontains all pairs ([u, v], [u′, v′]) su
h that either (1) u = u′and (v, v′) ∈ E(G), or (2) v = v′ and (u, u′) ∈ E(H).Our goal is to investigate small-delay spanners of tori. We are parti
ularlyinterested in those spanners with 
onstant delay, i.e. (x+ c)-spanners for 
onstant
c. More pre
isely, given a 
onstant c and a torus G, we are interested in themaximum number of edge-disjoint (x + c)-spanners that 
an be found in G. Welet EDS(G, c) denote this number.In the next se
tion, we fo
us on tori in two and three dimensions. In the �nalse
tion, we 
onsider higher dimensional tori.2 Two and Three-Dimensional ToriLet Tn1,n2,...,nd

denote the n1 × n2 × · · · × nd torus, i.e., the Cartesian produ
t of
d 
y
les Cn1

, Cn2
, . . . , Cnd

. We follow the 
onvention that n1 ≥ n2 ≥ · · · ≥ nd,with nd ≥ 2 and d ≥ 2. The verti
es of the 
y
le Cnj
are labeled from 0 to nj − 1and the verti
es of Tn1,n2,...,nd

are denoted [i1, i2, . . . , id], where ij is the label ofthe 
orresponding vertex of Cnj
. For 
onvenien
e, we use [i1, i2, . . . , id] to mean

[i1(modn1), i2(mod n2), . . . , id(mod nd)]. The edges of Tn1,n2,...,nd
are ([i1, i2, . . . , id],

[i1+1, i2, . . . , id]), ([i1, i2, . . . , id], [i1, i2+1, . . . , id]), . . . , ([i1, i2, . . . , id], [i1, i2, . . . , id+
1]) for all verti
es [i1, i2, . . . , id].In this se
tion, we prove bounds on the number of edge-disjoint spanners that
an be found in two and three-dimensional tori. We begin with the followingobservation whi
h 
an be established using a simple 
ounting argument.Observation 1 Any torus Tn1,n2,...,nd

has at most d edge-disjoint spanners; i.e.
EDS(n1, n2, . . . , nd, c) ≤ d for all c.2.1 Two spanners in the two-dimensional torusIn this sub-se
tion, we investigate edge disjoint spanners in the two-dimensionaltorus. By the above proposition, there 
an be at most two.Theorem 1 EDS

(

Tn1,n2
, 2

⌈

n2

2

⌉)

= 2, when n1 is even.2



Proof. The upper bound follows from the above proposition. It remains to showthat EDS
(

Tn1,n2
, 2

⌈

n2

2

⌉)

≥ 2. We 
onstru
t one spanner S1 as follows.Figure 1 shows examples of this 
onstru
tion. We draw Tn1,n2
and spannersof it in the plane in the standard fashion: ea
h vertex [i, j] of Tn1,n2
is pla
ed atCartesian 
oordinates (i, j). Ea
h edge ex
ept for those between 
olumns n2 − 1and 0 and those between rows n1 − 1 and 0 is drawn as the appropriate straightline segment. Ea
h remaining edge (
alled a wrap-around edge) is represented bytwo half edges as shown in Figure 1 for spanner of T10,7 and T9,7.(See Figure 1 a), for an example.) For ea
h i, we in
lude the edge ([

i,
⌊

n2

2

⌋]

,
[

i + 1,
⌊

n2

2

⌋]);these edges form a 
y
le. For ea
h even i, we add a path 
omposed of edges
([i, j], [i, j + 1]) for 0 ≤ j ≤

⌊

n2

2

⌋

− 1, and the pendant edges ([i, j], [i + 1, j])where 1 ≤ j ≤
⌊

n2

2

⌋

− 1. For ea
h odd i, we add a path 
omposed of edges
([i, j], [i, j + 1]) for ⌊

n2

2

⌋

≤ j ≤ n2 − 1, and the pendant edges ([i, j], [i + 1, j])where ⌊

n2

2

⌋

+ 1 ≤ j ≤ n2 − 1.
[8,6]

[0,0][0,0]

[9,6]

Fig. 1. a) The spanner S1 in T10,7. b) The spanner S1 in T9,7.We now 
ompute the delay of S1. Consider a pair of verti
es u = [i1, j1] and v =
[i2, j2]. In the torus, the distan
e between these verti
es is m1+m2 where m1 is thedistan
e in the �rst dimension, whi
h is min{(i1 − i2)(mod n1), (i2 − i1)(mod n1)},
m2 is the distan
e in the se
ond dimension, whi
h is min{(j1 − j2)(mod n2), (j2 −
j1)(modn2)}.In S1, a shortest path from u to v 
an be obtained as follows. Let u′ be thevertex on the 
y
le of S1 
losest to u in S1, and v′ be the vertex on the 
y
le
losest to v in S1. Note that u′ may be u and/or v′ may be v.A shortest path from u to v in S1 
onsists of the path from u to u′, followed bya shortest path from u′ to v′ along the 
y
le, followed by the shortest path from
v′ to v. The length of the path from u to u′ is at most ⌈

n2

2

⌉, as is the distan
efrom v′ to v. The length of the path from u′ to v′ is at most m1 + 1. This gives atotal path length of at most 2
⌈

n2

2

⌉

+ m1 + 1 from u to v in S1. Sin
e the distan
efrom u to v in the torus is at least m1, this is a delay of at most 2
⌈

n2

2

⌉

+ 1. Sin
ethe delay in the torus 
annot be odd, we 
an subtra
t 1 from the previous bound,giving us delay 2
⌈

n2

2

⌉

. 3



The spanner S2 is the 
omplement of S1 in Tn1,n2
. Note that S1and S2 havesame stru
ture: The fun
tion mapping vertex [i, j] to vertex [i + 1,

⌊

n2

2

⌋

− j] isboth an automorphism of Tn1,n2
and an isomorphism from S1 to S2. Thus, thedelay of S2 is equal to the delay of S1. We 
on
lude that EDS

(

Tn1,n2
, 2

⌈

n2

2

⌉)

= 2if n1 is even.We now 
onsider the 
ase when n1 is odd.Theorem 2 EDS
(

Tn1,n2
, 2

⌈

n2

2

⌉

+ 2
)

= 2, when n1 is odd.Proof. Again, the upper bound follows from Proposition 1. We 
onstru
t the span-ner S1 as follows. (See Figure 1 b), for an example.) First, we in
lude all edges
([

i,
⌊

n2

2

⌋]

,
[

i + 1,
⌊

n2

2

⌋]) forming a 
y
le. For ea
h even i, we add a path 
omposedof edges ([i, j], [i, j +1]) for 0 ≤ j ≤
⌊

n2

2

⌋

− 1. For ea
h odd i, we add a path 
om-posed of edges ([i, j], [i, j +1]) for ⌊

n2

2

⌋

≤ j ≤ n2 −1. For ea
h even i ≤ n1 −3, weadd the edges ([i, j], [i + 1, j]) where 1 ≤ j ≤
⌊

n2

2

⌋

− 1. These edges are pendantto the path 
onstru
ted above for the same i. For ea
h odd i ≤ n1 − 2, we addthe edges ([i, j], [i + 1, j]) where ⌊

n2

2

⌋

+ 1 ≤ j ≤ n2 − 1. Again, these edges arependant to the path 
onstru
ted above for the same i. Finally, we add the edges
([n2−1, j], [0, j]) where ⌊

n2

2

⌋

+1 ≤ j ≤ n2−1. This 
onstru
tion is similar to thatof S1 in the proof of Theorem 1 ex
ept for minor adjustments to a

ommodate animbalan
e of the number of dimension one (horizontal) paths on either side of the
y
le. These adjustments appear on the verti
al wrap-around edges in the �gure.We now 
ompute the delay for S1. Consider a pair of verti
es u = [i1, j1] and
v = [i2, j2]. In the torus, the distan
e between these verti
es is m1+m2 where m1 =
min{(i1 − i2)(mod n1), (i2 − i1)(modn1)} and m2 = min{(j1 − j2)(mod n2), (j2 −
j1)(modn2)}.In S1, a shortest path from u to v 
an be obtained as follows. Let u′ be thevertex on the 
y
le of S1 
losest to u, and v′ be the vertex on the 
y
le 
losest to
v. Note that u′ may be u and/or v′ may be v.A shortest path from u to v in S1 
onsists of the path from u to u′, followed bya shortest path from u′ to v′ along the 
y
le, followed by the shortest path from
v′ to v. The length of the path from u to u′ is at most ⌈

n2

2

⌉

+ 1, as is the distan
efrom v′ to v. If both of these distan
es are equal to ⌈

n2

2

⌉

+1, then j1 = j2 = 0 and
onsequently, dS1
(u′, v′) = m1 = 0. Otherwise, dS1

(u′, v′) ≤ m1 + 2. In both 
ases,this gives a total path length of at most 2
⌈

n2

2

⌉

+ m1 + 3 from u to v. Sin
e thedistan
e from u to v in the torus is at least m1, this is a delay of at most 2
⌈

n2

2

⌉

+3.Sin
e the delay in the torus 
annot be odd, the upper bound is 2
⌈

n2

2

⌉

+ 2.The spanner S2 is the 
omplement of S1 in Tn1,n2
. Note that now the span-ners S1 and S2 need not be self-
omplementary fa
tors of Tn1,n2

. However, thedelay of S2 is at most 2
⌈

n2

2

⌉

+ 2, by a similar argument. We 
on
lude that
EDS

(

Tn1,n2
, 2

⌈

n2

2

⌉

+ 2
)

= 2 if n1 is odd.In summary, we 
an �nd two edge-disjoint spanners in Tn1,n2
with delay between

n2 and n2 + 3, depending on the parity of n1 and n2. In the following Theorem,we show that n2 is the best possible delay, mat
hing Theorem 1 when n1 and n2are both even. 4



Theorem 3 If n2 ≥ 3, then EDS(Tn1,n2
, c) = 1 for any delay c < n2.Proof. We use the term row l to denote the verti
es [i, l] where 0 ≤ i ≤ n1 − 1.Similarly, the term 
olumn l is used to denote the verti
es [l, j] where 0 ≤ j ≤

n2 − 1. The dual T ∗

n1,n2
of the torus Tn1,n2

is the usual dual graph when Tn1,n2
isembedded in a geometri
 torus: T ∗

n1,n2
has a vertex 
orresponding to ea
h fa
e of

Tn1,n2
, and an edge between any two fa
es that share an edge. Note that T ∗

n1,n2
isisomorphi
 to Tn1,n2

. Sin
e ea
h edge of Tn1,n2
separates two fa
es, ea
h edge hasa unique dual edge of T ∗

n1,n2
whi
h joins the verti
es 
orresponding to those twofa
es.We sometimes in
lude the dual in our standard drawing of the torus, pla
ingea
h vertex of the dual in the 
enter of the 
orresponding fa
e of the primal. Thisis shown in Figure 2 b) for T3,4 where the dual edges are represented by dashedlines.

[0,0]

[2,3] [2,3]

[0,0]Fig. 2. Drawings of a) T3,4, and b) T ∗

3,4 in T3,4.For any subgraph S of Tn1,n2
, we de�ne the dual S∗ of S as the subgraph of

T ∗

n1,n2
having all of the verti
es of T ∗

n1,n2
and exa
tly those edges that are dual toedges of S. As is easily seen in Figure 2, the only edge of the dual that interse
tsa given edge is the dual of that parti
ular edge.By way of 
ontradi
tion, let S1 and S2 be two edge-disjoint spanners of Tn1,n2ea
h with delay less than n2. Without loss of generality assume that ea
h edge of

Tn1,n2
is in either S1 or S2, and that S2 has at least as many edges as S1. Sin
e

Tn1,n2
has 2n1n2 edges, S2 must have at least n1n2 edges. Therefore, S∗

2 also hasat least n1n2 edges and must 
ontain a 
y
le C∗. For ea
h e∗ = (a, b) of C∗ let
e = (u, v) be the edge of S2 dual to e∗. Let Pe be a shortest path from u to v in
S1, and P ′

e be the 
y
le Pe + e.Consider the situation when there are indi
es i and j su
h that C∗ 
ontainsno edge dual to any edge between verti
es of 
olumns j and j + 1 and no edgedual to any edge between verti
es of rows i and i + 1. By renaming the rows and
olumns, we may without loss of generality assume that i = n1−1 and j = n2−1.With this assumption, C∗ uses none of the half edges of our standard drawing of
Tn1,n2

and its dual. Therefore, in this drawing, C∗ is a 
losed 
urve with exa
tlyone of u and v inside and the other outside. Sin
e Pe is a path from u to v, itmust 
ross the drawing of C∗ by the Jordan Curve Theorem. However, this is a
ontradi
tion be
ause no edge of S1 
an 
ross the dual of any edge of S2.5



Therefore, it must be the 
ase that C∗ either 
rosses every 
olumn (that is,for ea
h 0 ≤ j ≤ n2 − 1, C∗ 
ontains an edge dual to an edge joining verti
es of
olumn j) or 
rosses every row.If there are indi
es i and j su
h that P ′

e 
ontains no edge between 
olumns
j and j + 1 and no edge between rows i and i + 1, then we may arrive at a
ontradi
tion via the Jordan Curve Theorem, as above (with P ′

e playing the roleof C∗ and vi
e versa). We 
an 
on
lude that P ′

e either has an edge between 
olumn
j and 
olumn j + 1 for ea
h 0 ≤ j ≤ n2 − 1, or it has an edge between row i androw i + 1 for ea
h 0 ≤ i ≤ n1 − 1.Suppose that C∗ 
rosses every row and let e∗ = (a, b) be an edge of C∗ that
rosses the edge e = (u, v) in a row i. If P ′

e 
ontains an edge between rows i and
i + 1 for ea
h 0 ≤ i ≤ n1 − 1, then Pe 
ontains all of these edges plus at least oneedge between adja
ent 
olumns be
ause u and v are in di�erent 
olumns. Thus
Pe 
ontains at least n1 + 1 edges giving delay of at least n1 ≥ n2 between u and
v in S1, a 
ontradi
tion.Therefore, P ′

e 
ontains an edge between 
olumns j and j + 1 for every 0 ≤
j ≤ n2 − 1. If P ′

e also 
ontains an edge between some adja
ent rows, then itmust 
ontain at least two su
h edges, and then the length of Pe would be at least
n2−1+2 = n2+1, giving delay at least n2 between u and v in S1, a 
ontradi
tion.Hen
e, the path Pe 
onsists of all of the edges in row i, ex
ept edge e.Sin
e C∗ 
rosses ea
h row, spanner S1 la
ks at least one edge ei = ([i, mi], [i, mi+
1]) from ea
h row i. Furthermore, the above argument implies that ei is the onlyedge between verti
es of row i that is not in S1. Thus, S1 
ontains n1(n2−1) edgesin dimension two. As S1 must be 
onne
ted and 
annot have more than half theedges of Tn1,n2

by assumption, then S1 must 
ontain either n1 − 1 or n1 edges indimension one.Suppose there is some row i su
h that S1 
ontains no edge between a vertex ofrow i and a vertex of row i +1. Let l be a 
olumn and 
onsider a shortest path in
S1 between the verti
es [i, l] and [i+1, l]. This path must 
ontain an edge betweenevery pair of 
onse
utive rows ex
ept rows i and i+1. This a

ounts for n1 − 1 ofthe at most n1 edges of S1 between di�erent rows. So, between rows i − 1 and i,there are at most two edges of S1. Sin
e n2 ≥ 3, we may 
hoose a 
olumn l su
hthat there is no edge between verti
es [i − 1, l] and [i, l] in S1. Any shortest pathbetween [i, l] and [i+1, l] in S1 
ontains at least two edges between verti
es in thesame row. This means that su
h a path has length at least n1 + 1, giving a delayof at least n1, a 
ontradi
tion. Therefore S1 
ontains exa
tly n1n2 edges in
ludingpre
isely one edge fi between ea
h pair of 
onse
utive rows i and i + 1.Suppose that for some i, the edges fi and fi+1 are in the same 
olumn. Withoutloss of generality they are in 
olumn 0 with 
ommon vertex [i + 1, 0]. The edge
ei+1 missing from row i+1 in S1 must be either ([i+1, 0], [i+1, 1]) or ([i+1, n2−
1], [i + 1, 0]) as otherwise the vertex [i + 1, 0] would have degree 0 in S2. Withoutloss of generality, ei+1 = ([i+1, n2 − 1], [i+1, 0]). Any path in S1 from any vertexon row i + 1 to any vertex not on row i + 1 must in
lude [i + 1, 0]. The path in
S1 from [i + 1, n2 − 1] to [i, n2 − 1] therefore in
ludes n2 − 1 edges of row i + 1 toget to [i + 1, 0] and at least 2 edges to get from [i + 1, 0] to [i, n2 − 1] yielding a6



delay of n2, a 
ontradi
tion. thus there is no i so that fi and fi+1 are in the same
olumn.Consider any pair of rows i and i + 1 and the edge fi between them in S1.Without loss of generality, let fi = ([i, 0], [i + 1, 0]). Note that the shortest pathin S1 from any vertex [i, l] to any vertex [i + 1, l] must in
lude fi (and no other
fj) as otherwise their delay would be at least n1. Consider mi and mi+1 (the
olumns to the left of missing edges ei and ei+1, respe
tively). If mi > mi+1,then the delay from [i, mi] to [i + 1, mi] is n2. Similarly, if mi+1 > mi, thenthe delay from [i + 1, mi+1] to [i, mi+1] is n2. Thus, mi = mi+1. It follows that
m0 = m1 = · · · = mn1−1.Note that if n2 is even, then either a = [i, mi] or b = [i, mi + 1] is at distan
eat least n2/2 from [i, 0]. Thus, the distan
e from either a or b to its neighbor (in
Tn1,n2

) in row i + 1 is at least n2 + 1 in S1, a 
ontradi
tion. If n2 is odd, then
mi = (n2−1)/2 or a similar 
ontradi
tion arises. In other words, the distan
es from
[i, mi] and [i, mi + 1] to the edge fi must be exa
tly (n2 − 1)/2. Sin
e mi = mi+1,applying the argument to the pair of row i + 1 and i + 2, we 
on
lude that fi and
fi+1 are in the same 
olumn, a 
ontradi
tion.Sin
e in any 
ase we have shown that our original assumption that S1 and
S2 are edge-disjoint spanners of Tn1,n2

both with delay less than n2 is false. To
omplete the proof we have to 
onsider the 
ase when C∗ 
rosses every 
olumn(instead of every row). The arguments whi
h lead to a 
ontradi
tion are similarto those in the previous 
ase.In summary, we have nearly determined the least delay that allows the 
onstru
-tion of two edge-disjoint spanners in Tn1,n2
. We believe that the delays of Theorems1 and 2 are, for the most part, the best possible. However, the situation is at leastslightly more 
ompli
ated as Theorem 2 
an be improved when n1 = n2. Figure3 shows an example of a pair of edge-disjoint spanners with delay 7 in T7,7. This
onstru
tion is generalizable to two spanners of delay n in Tn,n.

[0,0]

[6,6]Fig. 3. The two spanners in T7,7 are depi
ted in bold and regular lines, respe
tively.7



2.2 Three spanners in three-dimensional toriIn this and the next subse
tion, we investigate edge-disjoint spanners in the three-dimensional torus. There 
an be at most three su
h spanners; in this se
tion werestri
t our attention to when there are exa
tly three.Theorem 4 EDS(Tn1,n2,n3
, n2+n3 +6) = 3, whenever n1, n2, and n3 are all evenand n3 ≥ 4.Proof. The upper bound 
omes from Proposition 1. We 
an 
onstru
t three span-ners of delay n2 + n3 + 6 in the three-dimensional torus. For any �xed i, we referto the set of verti
es {[i, x, y] : 0 ≤ x ≤ n2 − 1, 0 ≤ y ≤ n3 − 1} and the edges
onne
ting them as �layer i �: Ea
h layer is a two-dimensional torus. Layers areeither even or odd depending on the parity of i.Informally, the main idea of the 
onstru
tion is to use the two spanner patternof Theorem 1 in ea
h layer. In even layers, we use this pattern for spanners S1and S2 and in odd layers for S1 and S3. To 
onne
t spanner S2 to the verti
esin an odd layer i, we use all of the edges between layers i and i + 1. Similarly,to 
onne
t spanner S3 to the verti
es in an even layer i, we use all of the edgesbetween layers i and i+1. As stated, ea
h of these �spanners� is dis
onne
ted. Wereassign edges to 
reate a dimension-one 
y
le for ea
h spanner, inter
onne
tingits di�erent layers. This ne
essitates some further lo
al adjustments.To be more spe
i�
, the dimension-one 
y
le in any spanner Si is 
alled thehub 
y
le of Si. The hub 
y
le of S1 
onsists of all verti
es {hi

1 = [i, 0, 0] : 0 ≤
i ≤ n1 − 1} and the edges of dimension one 
onne
ting them. The hub 
y
leof S2 
onsists of all verti
es {hi

2 = [i, 0, n3

2
] : 0 ≤ i ≤ n1 − 1} and the edgesof dimension one 
onne
ting them. The hub 
y
le of S3 
onsists of all verti
es

{hi
3 = [i, n2

2
, 0] : 0 ≤ i ≤ n1−1} and the edges of dimension one 
onne
ting them.In ea
h even layer i, there are two edges of S3 and the other edges are splitequally between S1 and S2 using a modi�
ation of Figure 1 a). First, the patternof Figure 1 a) is pla
ed so that the highway of S1 is in dimension two and passesthrough the hub vertex hi

1 as shown in Figure 4 a).Of ne
essity, this means that the highway of S2 is also in dimension two andpasses through the hub vertex hi
2. Next, to 
onne
t the hub vertex hi

1 to spanner S3we let gi = [i, 0, n3−1] and reassign the edge (hi
1, g

i) from S1 to S3. Refer to Figure4 b) for the result of this and the subsequent adjustments. The reassignment of
(hi

1, g
i) dis
onne
ts S1 within this layer. Let ri = [i, n2

2
− 1, 0]. To re
onne
t S1,we break the highway 
y
le of S1 in this layer by reassigning (ri, hi

3) to S2, forea
h j, 1 ≤ j ≤ n2

2
−2, 
hanging the assignment of edges ([i, j, 0], [i, j, n3−1]) and

([i, j, 0], [i, j, 1]) from S1 to S2 or vi
e versa, and reassigning the edge (ri, [i, n2

2
−

1, 1]) from S2 to S1. Similarly, to 
onne
t hi
2 to spanner S3, we let pi = [i, 0, n3

2
−1]and reassign the edge (hi

2, p
i) from S2 to S3, dis
onne
ting S2 within this layer.Letting hi = [i, n2

2
, n3

2
] and wi = [i, n2

2
− 1, n3

2
], we reassign (wi, hi) to S1, forea
h j, 1 ≤ j ≤ n2

2
− 2, 
hange the assignment of edges ([i, j, n3

2
], [i, j, n3

2
− 1])and ([i, j, n3

2
], [i, j, n3

2
+ 1]) from S1 to S2 or vi
e versa, and reassigning the edge

(wi, [i, n2

2
−1, n3

2
+1]) from S1 to S2. This 
ompletes the 
onstru
tion in even layersand a sample layer is depi
ted in Figure 4 b).8
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Fig. 4. a) Starting 
on�guration in an even layer. b) The resulting 
on�guration in an even layer. Thebold lines depi
t edges of S3, regular lines depi
t edges of S2. The spanner S1 
ontains all remainingedges in this layer (they are not depi
ted in the �gure).The 
onstru
tion of odd layers is analogous. In ea
h odd layer i, there aretwo edges of S2 and the other edges are split equally between S1 and S3 usinga modi�
ation of Figure 1 a). First, the pattern of Figure 1 a) is pla
ed so thatthe highway of S1 is in dimension three and passes through the hub vertex hi
1asshown in Figure 5 a). Of ne
essity, this means that the highway of S3 is also indimension three and passes through the hub vertex hi

3.
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Fig. 5. a) Starting 
on�guration in an odd layer. b) The resulting 
on�guration in an odd layer. Thebold lines depi
t edges of S3, regular lines depi
t edges of S2. The spanner S1 
ontains all remainingedges in this layer (they are not depi
ted in the �gure).Next, to 
onne
t the hub vertex hi
1 to spanner S2 we let gi = [i, 1, 0] andreassign the edge (hi

1, g
i) from S3 to S2. Refer to Figure 5 b) for the result ofthis and the subsequent adjustments. The reassignment of (hi

1, g
i) dis
onne
ts S39



within this layer. Let ri = [i, 0, n3

2
− 1]. To re
onne
t S3, we break the highway
y
le of S1 in this layer by reassigning (ri, hi

2) to S3, for ea
h j, 1 ≤ j ≤ n3

2
− 2,
hanging the assignment of edges ([i, 0, j], [i, n2 − 1, j]) and ([i, 0, j], [i, 1, j]) from

S1 to S3 or vi
e versa, and reassigning the edge (ri, [i, 1, n3

2
− 1]) from S3 to S1.Similarly, to 
onne
t hi

3 to spanner S2, we let pi = [i, n2

2
+1, 0] and reassign the edge

(hi
3, p

i) from S1 to S2, dis
onne
ting S1 within this layer. Letting hi = [i, n2

2
, n3

2
]and wi = [i, n2

2
, n3

2
− 1], we reassign (wi, hi) to S1, for ea
h j, 1 ≤ j ≤ n3

2
− 2,
hange the assignment of edges ([i, n2

2
, j], [i, n2

2
− 1, j]) and ([i, n2

2
, j], [i, n2

2
+ 1, j])from S1 to S3 or vi
e versa, and reassign the edge (wi, [i, n2

2
+1, n3

2
−1]) from S1 to

S3. This 
ompletes the 
onstru
tion in odd layers and a sample layer is depi
tedin Figure 5 b).To route between an arbitrary pair of verti
es u and v in Si, we �rst �nd u′ and
v′, the 
losest hub verti
es in Si to u and v, respe
tively. We 
an then 
onstru
t apath from u to u′ to v′ to v. The distan
e from u to u′ is at most n2+n3

2
+1 if u and

u′ are in the same layer. If u and u′ are in adja
ent layers, then there is a path ofat most two edges from u in Si to a vertex u′′ in the same layer as u′. Thus thedistan
e from u to u′ is at most n2+n3

2
+3. The same bounds apply for the distan
efrom v to v′. If u and u′ are in the same layer and v and v′ are in the same layer,then the distan
e from u′ to v′ is the distan
e in dimension one from u to v, andtherefore the delay from u to v is at most 2(n2+n3

2
+ 1) = n2 + n3 + 2. If both uand v are in di�erent layers than u′ and v′, respe
tively, then again the distan
efrom u′ to v′ is the distan
e in dimension one from u to v, and therefore the delayfrom u to v is at most 2

(

n2+n3

2
+ 3

)

= n2 + n3 + 6. Otherwise, the distan
e from
u′ to v′ may be one larger than the distan
e in dimension one from u to v, givinga delay of at most (

n2+n3

2
+ 1

)

+1+
(

n2+n3

2
+ 3

)

= n2 +n3 +5. Thus, in any 
ase,the delay is at most n2 + n3 + 6. This is best possible, as verti
es h0
2 and h2

2 inspanner S3 have this delay.2.3 Two spanners in three-dimensional toriIn this subse
tion, we investigate the 
onditions under whi
h there are two edge-disjoint spanners in the three-dimensional torus. We �rst show that when ea
hof the dimensions is su�
iently large then the delay of the two spanners mustbe at least 4. We then show that there are two spanners of delay 8 for a 
lass ofarbitrarily large tori.Let S1 and S2 be two edge-disjoint spanners of a three-dimensional torus. We
all a vertex v pier
ed in dimension ρ in the spanner S1 (similarly in S2) if bothedges in dimension ρ in
ident on v are in
luded in S1 (in S2). We 
all a vertex vordinary in dimension ρ in S1 (in S2) if either v is pier
ed in dimension ρ in S1(in S2) or it is adja
ent by an edge in dimension di�erent from ρ in S1 (in S2) tosome vertex that is pier
ed in dimension ρ in S1 (in S2). Finally, we 
all a vertexordinary in S1 (in S2) if it is ordinary in ea
h of the three dimensions in S1 (in
S2). By subgrid of a torus we mean a subgraph that is a grid. To obtain our �rstresult, we require the following two lemmas.10



Lemma 1 Let j ≥ 2 and n3 ≥ 122j2 + 5. If S1 and S2 are edge-disjoint spannersof T = Tn1,n2,n3
of delay 2, then T 
ontains a j × j × 1 subgrid 
ontaining onlyverti
es ordinary in both S1 and S2.Proof. Let k be an integer su
h that k ≤ (n3 − 5)/2 and 
onsider a k × k × ksubgrid B of T . Let B′ be the (k + 2) × (k + 2) × (k + 2) subgrid 
entered onand surrounding B. Sin
e n3 ≥ 2k + 5 and both S1 and S2 have delay 2, everyshortest path in either S1 or S2 between a pair of verti
es in B stays within B′.We pro
eed to �nd an upper bound on the number of non-ordinary verti
es (ineither spanner) in B.We use the term line to denote a longest 
ontiguous path in a single dimensionin B. Ea
h line extends from one side of the �box� B to the opposite side. Thereare k2 distin
t lines in ea
h dimension, or 3k2 distin
t lines in toto. Consider asingle line L of 
onse
utive verti
es l1, l2, . . . , lk and, without loss of generality,suppose that L is in dimension one. Let l0 and lk+1 be the verti
es of B′ adja
entin dimension one to the verti
es l1 and lk, respe
tively. We use L∗ to denote thepath of 
onse
utive verti
es l0, l1, . . . , lk, lk+1.Consider the subgraph of S1 indu
ed by the verti
es of L∗. Let p be the num-ber of 
onne
ted 
omponents in this subgraph. Sin
e L∗ is a path, ea
h of these
omponents is also a path on 
onse
utive verti
es lui

, lui+1, . . . , lvi−1, lvi
. We as-sume that these paths are labeled so that vi = ui+1 − 1 for 1 ≤ i ≤ p − 1. Alsonote that it is possible for a path to have length zero, i.e., ui = vi. We 
laimthat there are at most 10 verti
es of L that are not ordinary in dimension onein S1: possibly lv1

, lup
, at most four other lui

's and at most four other lvi
's. First,note that the internal verti
es of ea
h of these paths are pier
ed and thereforeordinary in dimension one in S1. Thus, we are only 
on
erned with whether the

lui
's and lvi

's are ordinary in S1. Note that lu1
= l0 and lvp

= lk+1 are not partof L. Suppose by way of 
ontradi
tion that there are more than four lui
's, with

1 ≤ i ≤ p, that are not ordinary in dimension one in S1. The shortest paths fromea
h of these to l0 start with an edge that is not in dimension one. There are four�dire
tions� possible for these �rst edges: in
reasing or de
reasing, in dimensiontwo or 3. By the pigeon hole prin
iple, there is a pair of these verti
es lux
, luy

,where x < y, whi
h use the same dire
tion. Let l′ux
and l′uy

be the neighbors of luxand luy
, respe
tively, in this dire
tion. The shortest path P from luy

to l0 in thisdire
tion pro
eeds from luy
to l′uy

, follows edges in dimension one to some vertex
l′b, follows one edge in dimension other than 1 to lb ∈ L∗, and zero or more edgesin dimension one to l0. Note that b < u2, as lb is in the same 
omponent as l0.Therefore, the subpath of P from l′uy

to l′b passes through l′ux
and therefore, l′uxis pier
ed in dimension one in S1. Thus, lux

is ordinary in dimension one in S1, a
ontradi
tion. See Figure 6.Hen
e there are at most four lui
's, with 1 ≤ i ≤ p, that are not ordinary indimension one in S1. A similar argument about shortest paths from the lvi

's to
lk+1 instead of from lui

's to l0 
ompletes the 
laim.11
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must be joined by a path whi
hhas at most two edges in dimension other than one to the vertex l0. This will for
e the vertex lux

to bepier
ed in dimension one.Similarly, there are at most 10 verti
es of L that are not ordinary in dimensionone in S2. Thus, there are at most 20 verti
es of L that are not ordinary indimension one in either S1 or S2.Re
all that there are 3k2 distin
t lines through the subgrid B. The 
laim,therefore, implies that there are at most 60k2 verti
es that are not ordinary insome dimension in either S1 or S2; the remaining k3 − 60k2 verti
es are ordinary(in all three dimensions in both spanners). Consider the k(k − j + 1)2 distin
t
j × j × 1 subgrids 
ontained in B. Ea
h of the at most 60k2 non-ordinary verti
esis 
ontained in at most j2 of these subgrids. Thus, there are at least k(k − j +
1)2 − 60k2j2 subgrids 
ontaining only ordinary verti
es. We require k(k − j +
1)2 − 60k2j2 ≥ 1. By 
hoosing k = 61j2 we satisfy this 
ondition and sin
e
n3 ≥ 122j2 + 5, the 
ondition k ≤ (n3 − 5)/2 is also satis�ed.Lemma 2 If there exists a vertex v that is ordinary and pier
ed in more than onedimension in S1, then S2 has delay at least 4. Similarly, if there exists a vertex vthat is ordinary and pier
ed in more than one dimension in S2, then S1 has delayat least 4.Proof. Suppose by way of 
ontradi
tion that S2 has delay at most 2. If v is pier
edin three dimensions in S1, then it has degree 0 in S2, a 
ontradi
tion. Otherwise,let w be the vertex adja
ent in S1 to v that is pier
ed in the dimension that v isnot as shown in Figure 7. The vertex w exists sin
e v is ordinary. Now, the delaybetween v and w in S2 is at least 4, a 
ontradi
tion.

wvFig. 7. Verti
es v and w in spanners S1(indi
ated by solid lines) and S2(indi
ated by dashed lines).Theorem 5 If n3 ≥ 3055, then EDS(Tn1,n2,n3
, 2) = 1.12



Proof. Assume by way of 
ontradi
tion that for some n3 ≥ 3055 the torus Tn1,n2,n3has two edge-disjoint spanners S1 and S2, both of delay 2. By Lemma 1, there isa 5 × 5 × 1 subgrid B of the torus T su
h that all verti
es of B are ordinary inboth spanners. Let u be the vertex at the 
enter of B. Sin
e u is ordinary in S1,it is either pier
ed in dimension three (the �thin� dimension) in whi
h 
ase we let
v = u or it is adja
ent to a vertex v of B that is pier
ed in dimension three. Thevertex v must have degree at least 3 in S1 as otherwise v is twi
e pier
ed in S2and using Lemma 2 we obtain a 
ontradi
tion. Let a and b be the neighbors of vin dimension 3 and let c1, c2, c3, c4 be the neighbors of v in B, ordered su

essivelyaround v. Without loss of generality assume that c1 is the neighbor of v and thatit is the neighbor of v in dimension two, see Figure 8 a).
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Fig. 8. A 
lose neighborhood of the vertex v in the spanner S1.We 
laim that v has degree exa
tly 3 in S1. Certainly, c3 is not a neighbor of vin S1 as Lemma 2 would give a 
ontradi
tion. Again, by Lemma 2, at most one of
c2 and c4 
an be a neighbor of v in S1. Without loss of generality assume it is c2.Sin
e v is ordinary and not pier
ed in S2, its neighbors c3 and c4 together must bepier
ed in S2 in all three dimensions. Thus, one of these verti
es is pier
ed in S2in two di�erent dimensions. Sin
e both c3 and c4 are in B, they are ordinary sowe have a 
ontradi
tion by Lemma 2. Thus, our 
laim that v has degree exa
tly
3 in S1 is established.Vertex v must be adja
ent in S1 to a vertex that is pier
ed in dimension one. Ifthis vertex is c1, then the delay between v and c1 in S2 is at least 4, a 
ontradi
tion;see Figure 8 b). Otherwise, without loss of generality, this vertex is a. Vertex vmust also be adja
ent in S1 to a vertex other than c1 pier
ed in dimension two,by the de�nition of ordinary. If this vertex is a, then a has degree at most 1 in S2and the delay from a to v in S2 is at least 4, a 
ontradi
tion. Thus, b is pier
ed indimension two in S1. Now the delay from a to b in S1 is at least 4, a 
ontradi
tion;see Figure 8 
).Theorem 6 EDS(Tn1,n2,n3

, 8) ≥ 2, whenever any two of n1, n2, n3 are 
ongruentto 0(mod 4). 13



Proof. To show that EDS(Tn1,n2,n3
, 8) ≥ 2, we begin by 
onsidering the 
ase when

n1 and n2 are 
ongruent to 0 mod 4, and n3 is even. For any 0 ≤ i ≤ n3 − 1, we
all the two-dimensional torus on the set of verti
es Li = {[x, y, i] : 0 ≤ x ≤
n1 −1, 0 ≤ y ≤ n2 −1} the i-layer. Further, we 
all a layer even or odd dependingon whether i is even or odd. We use the term type 1 vertex to indi
ate a vertex
[x, y, i] su
h that x + y ≡ 0(mod 4) or x + y ≡ 1(mod 4). The remaining verti
esare 
alled type 2 verti
es.We 
onstru
t one spanner S1 as follows. In every even layer, in
lude ea
h edgein dimension one. In every odd layer, in
lude ea
h edge in dimension two. Forevery type 1 vertex [x, y, i], in
lude the edge ([x, y, i], [x, y, i + 1]). Figure 9 a)shows a portion of an even layer of S1, and the same portion of an odd layer(depi
ted in b)). In the �gure, the type 1 verti
es are indi
ated as solid 
ir
les.

b)a)Fig. 9. a) an even layer of S1 b) an odd layer of S1.We let S2 be the 
omplement of S1 in the torus. Note that S2 has an isomorphi
stru
ture to S1. Furthermore, given any two type 1 verti
es in the same layer, thereis an automorphism of the torus that maps one of these verti
es to the other whilepreserving the partition of the edges into S1 and S2. This is true even if the twotype 1 verti
es are in di�erent layers of the same parity. This also holds for type2 verti
es. Thus, in order to determine the delay of the spanner, it su�
es to
onsider the delay from four �xed verti
es: a type 1 vertex in an even layer, a type2 vertex in an even layer, a type 1 vertex in an odd layer, and a type 2 vertex in anodd layer. Below, we analyze the delay for sour
es in the even layer 0. For sour
esin odd layers, we 
an use the same des
riptions as for sour
es in even layers ex
eptthat we ex
hange the roles of dimensions one and two.Consider paths in S1 from a type 1 vertex, without loss of generality [0, 0, 0].We �rst show that there is a path in S1 from [0, 0, 0] to any other vertex [0, y, 0]with delay at most 8. If y ≡ 0(mod 4) or 1(mod 4), there is a path from [0, 0, 0]to [0, y, 0] of delay 2 in
luding the verti
es [0, 0, 1] and [0, y, 1]. If y ≡ 2(mod 4),there is a path from [0, 0, 0] to [0, y, 0] of delay 8. This path starts at [0, 0, 0] andpro
eeds dire
tly to [0, 0, 1] to [0, 1, 1] to [0, 1, 0] to [−1, 1, 0] to [−1, 1, 1]. From
[−1, 1, 1] it pro
eeds dire
tly dimension two edges to [−1, y, 1], and then dire
tlyto [−1, y, 0] and [0, y, 0]. If y ≡ 3(mod 4), there is a path from [0, 0, 0] to [0, y, 0] of14



delay 4. This path starts at [0, 0, 0] and pro
eeds dire
tly to [1, 0, 0] and [1, 0, 1].This is followed by a path of dimension two edges to [1, y, 1] and then dire
tly to
[1, y, 0] and [0, y, 0].There is a path in S1 from [0, 0, 0] to any other vertex [x, y, 0] with delay atmost 8. This path 
onsists of the delay at most 8 path from [0, 0, 0] to [0, y, 0]followed by edges in dimension one to vertex [x, y, 0]. There is also a path in S1from [0, 0, 0] to any other vertex [x, y, i] with delay at most 8. This path 
onsistsof edges in dimension three from [0, 0, 0] to [0, 0, i] followed by the path of delayat most 8 to the vertex [x, y, i].

[0,0,1]

[0,1,1]

[0,1,0]

[0,0,0]

[−1,1,0]

[−1,1,1]

[−1,y,1]

[−1,y,0] [0,y,0]

Fig. 10. A path with delay at most delay 8 from [0, 0, 0] to [0, y, 0] where y ≡ 2(mod 4).Now, 
onsider paths in S1 from a type 2 vertex, without loss of generality
[1, 1, 0]. We �rst show that there is a path in S1 from [1, 1, 0] to any other vertex
[1, y, 0] with delay at most 8. If y ≡ 1(mod 4) or y ≡ 2(mod 4), there is a path from
[1, 1, 0] to [1, y, 0] of delay 6. This path starts at [1, 1, 0] and pro
eeds dire
tly to
[2, 1, 0], to [3, 1, 0] to [3, 1, 1]. From [3, 1, 1] it pro
eeds along dimension two edgesto [3, y, 1] and then dire
tly to [3, y, 0] to [2, y, 0] to [1, y, 0]. If y ≡ 3(mod 4) or
y ≡ 0(mod 4), then [1, y, 0] is a type 1 vertex and there is a path of delay 8 in S1between [1, 1, 0] and [1, y, 0].There is a path in S1 from [1, 1, 0] to any other vertex [x, y, 0] with delay 8.This path 
onsists of the path of delay at most 8 form [1, 1, 0] to [1, y, 0] followedby edges in dimension one to the vertex [x, y, 0].Note that for all x, y, the path from the type 2 vertex [1, 1, 0] to [x, y, 0], as
onstru
ted above, in
ludes a type 1 vertex. We 
an now 
onstru
t a path of delayat most 8 from [1, 1, 0] to any other [x, y, i] where i ≡ 0(mod 2). To do this, we usethe path P0 from [1, 1, 0] to [x, y, 0], whi
h in
ludes a type 1 vertex w. Our newpath 
onsists of the part of P0 from [1, 1, 0] to w followed by min{i, n3 − i} edgesin dimension three, followed by the remainder of P0 translated i units (positivelyor negatively as required) in dimension three.It remains to 
onstru
t paths from [1, 1, 0] to any [x, y, i] where i ≡ 1(mod 2).Su
h a path will 
onsist of a path from [1, 1, 0] to [x, 1, i] followed by edges indimension two to [x, y, i]. The delay of su
h path is simply the delay of the subpathfrom [1, 1, 0] to [x, 1, i]. To 
onstru
t this subpath, we 
onsider three di�erent 
ases.15



If x ≡ 0(mod 4) or x ≡ 3(mod 4), then there is a delay 0 subpath 
onsisting ofedges in dimension one from [1, 1, 0] to [x, 1, 0] followed by dimension three edgesto [x, 1, i]. If x ≡ 1(mod 4), there is a path of delay 8 that starts at [1, 1, 0] pro
eedsdire
tly to [0, 1, 0] to [0, 1, 1] to [0, 0, 1] to [0, 0, 0], followed by dimension one edgesto [x, 0, 0], followed by dimension three edges to [x, 0, i], and then dire
tly to
[x, 1, i]. If x ≡ 2(mod 4), there is a path of delay at most 8 starting at [1, 1, 0] andpro
eeding dire
tly to [2, 1, 0] to [3, 1, 0] to [3, 1, 1] to [3, 2, 1] to [3, 2, 0], followedby edges of dimension one to [x, 2, 0], followed by edges of dimension three to
[x, 2, i] and pro
eeding dire
tly to [x, 1, i].Thus, in any 
ase, the subpath has delay at most 8 and we have 
ompletedthe analysis for type 2 verti
es.We have now shown that S1 has delay at most 8. Be
ause S1 and S2are iso-morphi
, the analysis for S1 
an easily be modi�ed to show that S2 also has delayat most 8. Thus, we have shown that EDS(Tn1,n2,n3

, 8) ≥ 2 when n1 and n2 are
ongruent to 0(mod 4) and n3 is even.We 
an modify our 
onstru
tion for the 
ase when n1 and n2 are 
ongruentto 0(mod 4) and n3 is odd. The 
onstru
tion is textually the same, resulting inalternating even and odd layers ex
ept for two adja
ent even layers 0 and n3 − 1.Ea
h of the paths des
ribed above 
onsist of three subpaths: a (possibly empty)path in the sour
e layer and possibly an adja
ent layer of opposite parity, a path
onsisting entirely of dimension three edges from the sour
e layer to the destina-tion layer, and a (possibly empty) path in the destination layer and possibly anadja
ent layer.In these paths, we have used the layers 1 and i + 1 as the layers adja
entto layers 0 and i, respe
tively. However, the delay is un
hanged if we were to uselayers -1 or i−1 instead. In a torus with an odd number of layers, we 
an therefore
hange the �rst or third subpath to use layers -1 or i− 1 should layers 0 and 1 or
i and i + 1 be the two adja
ent even layers.We have now established that EDS(Tn1,n2,n3

, 8) ≥ 2 for when n1 and n2 are
ongruent to 0(mod 4). As nothing in our argument was dependent on our assump-tion that n1 ≥ n2 ≥ n3, we 
an 
on
lude that EDS(Tn1,n2,n3
, 8) ≥ 2 whenever anytwo of n1, n2, and n3 are 
ongruent to 0(mod 4).2.4 k spanners in d-dimensional toriIn the previous subse
tions, we have studied spanners in tori of low dimension. Inthis subse
tion, we study spanners in tori of arbitrary dimension. Our main resultis Theorem 7 whi
h establishes the existen
e of a set of k ≈ d/5 edge-disjointspanners in a d-dimensional torus ea
h having delay that depends only on thenumber of spanners k and the size of the smallest k dimensions. The proof ismodelled on the proof of Theorem 8 in our earlier paper [4℄. In parti
ular, it usesthe same key lemma whi
h we state as Lemma 6 below. We �rst require somede�nitions and intermediate results.A d-dominating set of verti
es in graph G is a set U ⊆ V su
h that everyvertex in V is within distan
e d from some element of U . A d-domati
 
oloring of16



G is a vertex 
oloring of G su
h that ea
h 
olor 
lass 
onstitutes a d-dominatingset of G.We start with two lemmas 
on
erning domati
 
olorings and Hamilton de
om-positions of tori.Lemma 3 For any k ≥ 1, the torus Tn1,n2,...,n2k−1
has a 1-domati
 
oloring with

k 
olors.Proof. We �rst show that the (2k − 1)-dimensional hyper
ube Q2k−1 has a 1-domati
 
oloring with k 
olors. We will then extend this 
oloring to the (2k − 1)-dimensional torus Tn1,n2,...,n2k−1
. It is known that the hyper
ube Qd has a 1-domati

oloring with d 
olors when d is a power of 2 [22℄. Let k′ be the power of 2 thatis at least k and less than 2k. We 
an 
onstru
t a 1-domati
 
oloring of Q2k−1with k′ 
olors from the 
oloring of Qk′ by repeating the 
oloring of Qk′ in ea
h

k′-dimensional sub
ube of Q2k−1. The �rst k 
olors of this 
oloring 
onstitute thedesired 1-domati
 
oloring of Q2k−1 with k 
olors.To obtain a 1-domati
 
oloring of Tn1,n2,...,n2k−1
with k 
olors, give ea
h vertex

[i1, i2, . . . , i2k−1] of Tn1,n2,...,n2k−1
the 
olor that was assigned to [i1(mod 2), i2(mod 2),

. . . , i2k−1(mod 2)] in the k-
oloring of Q2k−1.The following result is a spe
ial 
ase of Kötzig's 
onje
ture, proved in [11℄.Lemma 4 For any k ≥ 1, the torus Tn1,n2,...,nk
has a de
omposition into k Hamil-ton 
y
les.We next need a lemma that shows that in a high dimension torus, we 
an obtaina set of edge-disjoint spanners that 
ontains at least one spanner of small delay.Lemma 5 For any k ≥ 1 and d ≥ 3k − 1, there exists a set of k edge-disjointspanners S1, S2, . . . , Sk of Tn1,n2,...,nd

su
h that S1 has delay at most
2⌊nd−k+1/2⌋ + 2⌊nd−k+2/2⌋ + · · · + 2⌊nd/2⌋ + 2.Proof. We express Tn1,n2,...,nd

as the produ
t of two graphs
H = Tnd−k+1,nd−k+2,...,nd

and G = Tn1,n2,...,nd−k
.By Lemma 4, we de
ompose H into a set of k Hamilton 
y
les C1, C2, . . . , Ck, andarbitrarily 
hoose a distinguished vertex z. Sin
e d − k ≥ 2k − 1, by Lemma 3,we 
onstru
t a 1-domati
 
oloring of G with k 
olors. Further, we de
ompose Ginto a set of k − 1 edge-disjoint spanners D2, D3, . . . , Dk. This 
an be done, sin
e

d− k ≥ k− 1, and we 
an obtain a set of k − 1 edge-disjoint Hamilton 
y
les anddispense the remaining edges arbitrarily.Ea
h 
opy of H in H ×G 
orresponds to a vertex of a parti
ular 
olor i in thedomati
 
oloring of G. In ea
h 
opy of H , we pla
e the edges of C1, C2, . . . , Ckinto spanners S1, S2, . . . , Sk, respe
tively, ex
ept for C1 and Ci. We pla
e the edgesof C1 in Si and edges of Ci in S1. In the 
opy of G 
orresponding to the distin-guished vertex z, we pla
e the edges of D2, D3, . . . , Dk into spanners S2, S3, . . . , Sk,respe
tively. In every other 
opy of G, we pla
e all edges into S1.17



Consider a spanner Si, 2 ≤ i ≤ k, and two arbitrary verti
es u and v. Thereis a path from u to v in Si that starts at u, pro
eeds within a 
opy of H (usingedges either of Ci or C1) to a 
opy of z, then pro
eeds within a 
opy of G (usingedges of D2, D3, . . . , Dk) to another 
opy of z, and then pro
eeds within a 
opyof H (using edges either of Ci or C1) to v. Thus, Si is 
onne
ted and, therefore, aspanner.Now 
onsider a pair of verti
es u and v in S1. If u is a 
opy of z, let u′ be avertex adja
ent to u in S1 and otherwise let u′ = u. Similarly, if v is a 
opy of z,let v′ be a vertex adja
ent to v in S1, and otherwise, let v′ = v. Let u′ = [h1, g1]and v′ = [h2, g2]. Let u′′ = [h2, g1], that is u′′ is a 
opy of u′ in the 
opy of H
ontaining v′. We will 
onstru
t a path from u to v that 
ommen
es at u, andpasses through u′, u′′, and v′ in order and then arrives at v. The subpaths from
u to u′ and from v′ to v are straightforward. The subpath from u′′ to v′ requiresfurther elu
idation. Let H ′ be the 
opy of H 
ontaining u′′ and v′, and let z′be the 
opy of z in H ′. Note that the distan
e from u′′ to v′ in H ′ is at most
ℓ = ⌊nd−k+1/2⌋ + ⌊nd−k+2/2⌋ + · · ·+ ⌊nd/2⌋.Now 
onsider a shortest path from u′′ to v′ in H ′; sin
e either u′′ and v′ areadja
ent or there are at least two su
h vertex-disjoint paths, there is a shortestpath P that does not 
ontain z′. We 
onstru
t a path from u′′ to v′ in S1 byrepla
ing ea
h edge of P that is not already in S1 by a path of three edges in
S1. Let e = (x, y) be an edge of P not in S1. In H ′, e belongs to some 
y
le
Cj. In the domati
 
oloring of G, there is a vertex of 
olor j adja
ent to thevertex 
orresponding to H ′. Let x′ and y′ be the verti
es 
orresponding to xand y, respe
tively, in the 
opy of H 
orresponding to this vertex of 
olor j. By
onstru
tion, (x′, y′) is in S1 and sin
e neither x nor y is z′, both (x, x′) and (y, y′)are edges in S1. We use the path (x, x′, y′, y) to repla
e the edge (x, y) in the path
P . If u and v are both 
opies of z, then the verti
es u′ and v′ 
an be 
hosen so thatthey are 
orresponding to ea
h other, so the distan
e from u′′ to v′ is 0. Moreover,the distan
e in S1 from u to u′ is 1, the distan
e in S1 from u′ to u′′ is dH×G(u, v),and the distan
e in S1 from v′ to v is 1. Thus, in this 
ase, the delay is 2.If exa
tly one of the verti
es u and v, without loss of generality v, is a 
opyof z, then the distan
e in S1 from u to u′ is 0, the distan
e in S1 from u′ to u′′ is
dG(u, v), and the distan
e in S1 from v′ to v is 1. The path from u′′ to v′ in S1 haslength at most 3dH(u′′, v′), whi
h is at most dH(u′′, v′) + 2ℓ. Finally, this quantityis at most dH(u, v)+ 2ℓ + 1 in this 
ase. This gives a total distan
e from u to v ofat most dH×G(u, v) + 2ℓ + 2 and a delay of at most 2ℓ + 2.If neither u nor v are 
opies of z, then the distan
e in S1 from u to u′ is 0, thedistan
e in S1 from u′ to u′′ is dG(u, v), the distan
e in S1 from u′′ to v′ is at most
dH(u′′, v′) + 2ℓ as in the previous 
ase, and the distan
e in S1 from v′ to v is 0.Sin
e, in this 
ase, dH(u′′, v′) = dH(u, v), this gives a total distan
e from u to v ofat most dH×G(u, v) + 2ℓ and a delay of at most 2ℓ.18



Finally, we will use the following lemma (whi
h is Corollary 2 from [4℄) to 
ombinethe previous lemmas. We use the notation log k to denote the base-2 logarithm of
x.Lemma 6 [4℄ Let H be a graph with k edge-disjoint spanners su
h that H1 is adelay c spanner. Let G be a graph with an r-domati
 
oloring with k 
olors. Then
EDS(H × G, 2r + 48k log k + c) ≥ k.We are now ready to state our result.Theorem 7 For any k ≥ 1 and d ≥ 5k − 2,
EDS(Tn1,n2,...,nd

, 48k log k + 2⌊nd−k+1/2⌋+ 2⌊nd−k+2/2⌋+ · · ·+ 2⌊nd/2⌋+ 4) ≥ k.Proof. We express T = Tn1,n2,...,nd
as T = H × G, where

G = Tn1,n2,...,n2k−1
and H = Tn2k ,n2k+1,...,nd

.By Lemma 3, the graph G has a 1-domati
 
oloring with k 
olors, and sin
e
d− 2k + 1 ≥ 3k − 1, by Lemma 5, the graph H has k fa
tors from whi
h one hasdelay at most 2⌊nd−k+1/2⌋ + 2⌊nd−k+2/2⌋ + · · · + 2⌊nd/2⌋ + 2. Finally, we applyLemma 6.Referen
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