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A General Model for Predicting
Low Reynolds Number Flow
Pressure Drop in Non-Uniform
Microchannels of Non-Circular
Cross Section in Continuum
and Slip-Flow Regimes
A general model that predicts single-phase creeping flow pressure drop in microchannels
of a noncircular cross section under slip and no-slip regimes is proposed. The model
accounts for gradual variations in the cross section and relates the pressure drop to geo-
metrical parameters of the cross section, i.e., area, perimeter, and polar moment of iner-
tia. The accuracy of the proposed model is assessed by comparing the results against
experimental and numerical data collected from various studies in the literature for a
wide variety of cross-sectional shapes. The suggested model can be used for the design
and optimization of microsystems that contain networks of microchannels with noncircu-
lar cross sections resulting from different fabrication techniques.
[DOI: 10.1115/1.4023785]

1 Introduction

The concept of flow through microchannels of arbitrary cross
sections forms the basis of a class of applications in microfluidics,
which has applications in micromixer designs [1], miniaturized
bio/chemical systems [2], flow through porous media [3], cell
biology [4], preconcentration and separation of molecules [5,6],
and tissue engineering [7,8]. Various techniques are currently in
use for liquid handling in microfluidic systems, such as the use of
pumps, centrifugal force, electro osmotic flow, and capillary flow.
With the exception of electro osmotic flow, in all cases a shear
stress induced pressure drop occurs within the channels that needs
to be calculated for a successful design.

As a result of recent advances in microfabrication techniques,
microchannels with noncircular cross sections are fabricated for
both commercial and scientific purposes. For instance, microchan-
nels produced directly by chemical etching on silicon wafers have
a trapezoidal cross section [9], while the use of soft lithography
[10] or CO2 laser ablation methods lead to nearly rectangular or
triangular cross section microchannels, respectively [11,12]. As a
result of this trend, a large number of studies have been focused
on flow and pressure drop investigations in straight and variable
cross section microchannels with a range of cross-sectional geo-
metries [11,13–17].

Finding analytical solutions for the velocity distribution and,
consequently, the pressure drop in complex noncircular cross
sections is either case dependent or unlikely; details of the veloc-
ity distribution only for few noncircular cross sections have been
reported elsewhere [18]. In many applications such as autonomous
microfluidic systems [2], serial diluters [19], and microfluidic
gradient generators [4], however, the principal of design and

operation is based on the pressure drop rather than the velocity
distribution; thus, obtaining a reasonable estimate of the pressure
drop of liquid or gas flow in straight or variable cross section
microchannels is essential.

In the pertinent literature, there are only a few studies and mod-
els focused on the pressure drop in microchannels of general cross
sections; see, for example Refs. [17,20–23]. Muzuchka and Yova-
novich [20,21] used scale analysis and asymptotic analysis to de-
velop a simple model for predicting the friction factor Reynolds
number product of fully developed flow in straight channels of
noncircular cross sections. Bahrami et al. [22] developed an
approximate model to predict the pressure drop of liquid flow in
straight microchannels of arbitrary cross sections. Using the ana-
lytical solution of the elliptical duct and the concept of Saint-
Venant’s principle in torsion, they showed that the Poiseuille
number f Re was a function of the polar moment of the inertia,
area, and the perimeter of the cross section of the channel. Their
model had good agreement with the experimental and numerical
data for a wide variety of cross sections such as rectangular, trape-
zoidal, triangular, circular, and moon-shaped. All aforementioned
models, however, were restricted to the no-slip velocity regime
and constant cross section channels.

In another study, Bahrami and co-workers [23] extended their
model to the slip-flow regime by considering an averaged first-
order Maxwell slip boundary condition. They successfully vali-
dated their model against existing numerical and experimental
data collected from various sources in the literature for several
shapes, including circular, rectangular, trapezoidal, and double-
trapezoidal cross sections and a variety of gases such as nitrogen,
argon, and helium. Tamayol and Bahrami [18] and, later, Tamayol
and Hooman [24] developed exact solutions for the flow-field in
straight microchannels of noncircular cross section with both con-
tinuum and noncontinuum flow regimes, respectively. In another
study, Akbari et al. [25] extended the general model of Bahrami
et al. [22] to variable cross section microchannels of noncircular
shape under the no-slip boundary condition. They showed that the
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pressure drop in slowly-varying cross section microchannels could
be obtained from the superposition of a frictional term that was
calculated from the lubrication theory and an inertial term, which
was a function of the cross-sectional area and flow rate. Their
model was successfully validated against experimental data inde-
pendently obtained in their study or collected from the literature.

In the present study, we will first summarize our previous mod-
els for estimation of the pressure drop in straight microchannels of
noncircular cross section and then will build on that and develop a
unified model that can accurately predict the pressure drop of a
low Reynolds number flow in nonuniform microchannels of
arbitrary cross section under both slip and no-slip regimes. The
proposed unified model postulates that the cross-sectional area
varies ‘gradually’ along the flow direction. The validity of the
model is assessed by comparing the results against the available
experimental and numerical data from the literature for a wide
variety of cross sections.

2 Governing Equations and Theoretical Model

2.1 Straight Channels With No-Slip Velocity Boundary
Condition. Consider a fully-developed, steady-state, and laminar
flow in a channel with a constant cross-sectional area A0 and a
constant perimeter C0, as shown in Fig. 1(b). In the absence of the
compressibility effects, variation of fluid properties, body forces,
and rarefaction and surface effects, the Navier-Stokes equations
reduce to the Stokes equation which, in this case, is Poisson’s
equation [26]

r2u ¼ 1

l
dp

dx
with u ¼ 0 on C (1)

where u is the fluid velocity, l is the dynamic viscosity, and p is
the pressure. Exact solutions for the pressure and velocity field in
microchannels with elliptical and rectangular cross sections have
been reported in many fluid mechanics textbooks; see, for exam-
ple, Ref. [27]. However, finding exact solutions for many practical
cross sections, such as trapezoidal or triangular microchannels, is
complex and/or impossible. Therefore, an approximate compact
model that can accurately estimate the pressure drop of arbitrary
cross sections will be of great value.

Here, we propose an approximate model by using the analogy
between the laminar fully developed flow in straight microchan-
nels and torsion in beams; the governing equation for both prob-
lems is Poisson’s equation (Eq. (1)). Comparing various singly
connected cross sections, Saint-Venant found that the torsional
rigidity of a shaft could be accurately approximated by using an
equivalent elliptical cross section, where both the cross-sectional
area and the polar moment of inertia are maintained the same as
the original shaft. Following a similar approach, one can develop
a general and compact model for predicting the pressure drop in
straight microchannels of a noncircular cross section [22]

f Re ffiffiffiAp ¼ 32p2I�p

ffiffiffi
A
p

C
(2)

where I�p ¼ Ip=A2 is a nondimensional geometrical parameter,
Ip is the polar moment of inertia, A is the cross-sectional area, and
C is the cross-sectional perimeter. The required geometrical
parameters used in Eq. (2) are listed in Table 1 for several com-
mon cross sections. Note that the characteristic length scale in the
definition of the Reynolds number is the square root of the cross-
sectional area

ffiffiffi
A
p

. Using this length scale has been shown to be
an appropriate choice in many heat conduction and convection
problems [20,22,28], where noncircular geometries are concerned.
Equation (2) can be rearranged such that the flow resistance
R¼Dp/Q can be obtained from the following relationship

R ¼ l
CL

2A2
ffiffiffi
A
p

� �
f Re ffiffiffiAp (3)

where L is the channel length and Q is the volumetric flow rate.

2.2 Straight Channels With Slip Condition. It has been
shown in the literature that if the molecular mean free path (k)
becomes comparable with the geometrical length scales, then
deviations from the continuum models become significant [29].
Therefore, the ratio between k and the length scale, which is
called the Knudsen number, is used as a measure of the deviation
from the continuum regime. Based on the Knudsen number, four
flow regimes can be considered: continuum (no-slip), slip-flow,
transition, and molecular flows [30]. For the slip-flow regime
where 0.001<Kn< 0.1, errors due to the use of Navier-Stokes
(NS) equations for modeling the bulk flow are negligible [29].
However, deviations in the regions within the vicinity of the solid
surfaces become significant; thus, the no-slip boundary condition
is no longer valid on walls and a slip-velocity should be consid-
ered [31]. It has been shown that for cases where the thermal
creep effects on the solid-fluid interface are negligible, the first-
order Maxwell boundary condition can be used for the calculation
of slip-velocity on the microchannel walls [23,24]

us ¼
2� r

r
k

sw

l
; sw ¼ l

@u

@n

����
wall

(4)

where us is the local slip-velocity, sw is the local wall shear stress,
and r is the tangential momentum accommodation factor, which
is considered equal to one for most engineering applications [32].

Similar to the no-slip regime, finding the analytical velocity sol-
ution(s) for complex noncircular cross sections is highly unlikely.
Therefore, approximate solutions can be obtained by considering
the square root of the cross-sectional area

ffiffiffi
A
p

as the characteristic
length scale and averaging the wall shear stress over the perimeter
of the channel. Hence, Eq. (4) becomes

�us ¼
2� r

r
Kn

ffiffiffi
A
p �sw

l
(5)

where �us and �sw are the average slip-velocity and wall shear stress,
respectively. Using an average (and thus constant) slip-velocity

Fig. 1 Schematic of (a) a straight, and (b) a variable cross
section microchannel of arbitrary cross section
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one can introduce a relative velocity U ¼ u� �us with a boundary
condition of U ¼ 0 on the walls; this will significantly simplify
the problem. Following the same steps discussed in Ref. [22], a
compact relationship for determining the Poiseuille number
f Re ffiffiffiAp can be obtained as follows

f Re ffiffiffiAp ¼ 1

1

f Re
no-slipffiffiffi

A
p

þ 2� r
2r

Kn

(6)

where f Re
no-slipffiffiffi

A
p is the Poiseuille number for the no-slip condition

and can be obtained from Eq. (2).

2.3 Slowly Varying Cross Sections With No-Slip
Condition. A schematic of a typical channel with a slowly-
varying cross section is illustrated in Fig. 1(b). Finding an analyti-
cal solution for such a problem, even for simple geometries
such as circular or elliptical cross sections, is highly unlikely.
However, approximate solutions have been developed in several
studies for circular [33–35] and elliptical [36] cross sections under
the assumption of the gradual variation of the cross-sectional area
along the flow direction.

Wild et al. [36] showed that for a variable cross section micro-
channel of elliptical shape, under the creeping flow assumption,
the local pressure gradient at each axial location can be obtained
from the following relationship

� 1

Q

dp

dx
¼ 4l a2ðxÞ þ b2ðxÞ½ �

pa3ðxÞb3ðxÞ (7)

where a(x) and b(x) are the channel local half-major and half-
minor axes, respectively, Q is the volumetric flow rate, A(x) is the
local cross-sectional area; l is the dynamic viscosity, and q is the
fluid density.

Following the similar approach introduced in Ref. [22]
and using the cross-sectional square root of the area as the
characteristic length scale throughout the analysis, the local Pois-
euille number of creeping flow in slowly-varying microchannels
of arbitrary cross section can be obtained from the following
relationship

f Re ffiffiffiAp ðxÞ ¼ 32p2I�pðxÞ
ffiffiffiffiffiffiffiffiffi
AðxÞ

p
CðxÞ (8)

One can calculate the total flow resistance of a slowly-varying
microchannel with arbitrary cross section by using Eqs. (3) and
(8) and integrating along the flow direction from the following
relationship

R ¼ 16p2l
ðx2

x1

I�p xð Þ
A xð Þ2

dx (9)

Table 1 Geometrical characteristics of different cross sections

Cross section Area (A) Perimeter (C) Non-dimensional polar moment of inertia (I�p)

na2

4 tanðp=nÞ
na tanðp=nÞ

6n
1þ 3

tan2ðp=nÞ

� �

pe a2a
4aE

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e2
p� �

b 1þ e2

4pe

e a2a 4að1þ eÞ ð1þ e2Þ
12e

e h2a
2h eþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2 � be2 þ 1

p� �
c 3e2 þ 1ð Þ þ b �3e2 þ 1ð Þ½ �e

36

/a2 2að1þ /Þ 9/2 � 8 sin2 /

18/3

/r2
0 1� r�

2
� �

d 2r0 1� r�ð Þ/þ 1� r�½ � 1

2
1� r�4
� 	

� 4

9

sin /
/

� �2 1� r�3
� 	2

1� r�2

/ 1� r�2ð Þ2

aThe aspect ratio is defined as e ¼ b=a for the rectangle and ellipse and e ¼ ðaþ bÞ=2h for the trapezoid.
bEðeÞ ¼

Ð p=2

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ex2
p

dx is the complete elliptical function.
cb ¼ 4ab=ðaþ bÞ2.
dr� ¼ ri=ro.

Journal of Fluids Engineering JULY 2013, Vol. 135 / 071205-3

Downloaded From: http://fluidsengineering.asmedigitalcollection.asme.org/ on 08/13/2013 Terms of Use: http://asme.org/terms



Using Eq. (9) one should note that:

• Equation (9) is a general model, which gives acceptable accu-
racy when the cross-sectional area gradually varies along the
flow direction.

• At the limit where the channel cross section is constant
dA=dx! 0, Eq. (9) predicts the results for straight
channels.

2.4 General Model. Following the same steps described in
Sec. 2.2, the model presented in Eq. (8) can be extended to cover
the slip boundary condition. To this end, it can be concluded that
the proposed relationship (Eq. (8)) is a unified model that can be
used for calculating the pressure drop in microchannels of slowly
varying arbitrary shape cross section subjected to both continuum
and slip-flow conditions. In the case of slip-flow through the
slowly-varying cross section channels, the local Poiseuille number
can be written as

f Re ffiffiffiAp ðxÞ ¼ 2

CðxÞ
16p2

ffiffiffiffiffiffiffiffiffi
AðxÞ

p
I�pðxÞ

þ r� 2

r
KnðxÞ

(10)

The averaged flow resistance of the channel can be written as

R ¼ l
ðx2

x1

CðxÞ
CðxÞ

16p2
ffiffiffiffiffiffiffiffiffi
AðxÞ

p
I�pðxÞ

þ r� 2

r
KnðxÞ

 !
A2ðxÞ

ffiffiffiffiffiffiffiffiffi
AðxÞ

p dx

(11)

It is noteworthy that in the case of Kn! 0, Eq. (11) simplifies to
Eq. (9). Thus, Eq. (11) is applicable to continuum and slip-flow
through all slowly-varying cross section microchannels and can
be considered as the general model. The geometrical parameters
that are used in Eq. (11) are summarized in Table 1 for various
cross-sectional geometries.

3 Results and Discussion

In this section, the proposed unified model, i.e., Eqs. (10) and
(11), is compared against the available experimental and numeri-
cal data collected from the literature. It should be noted that for a
straight channel, Eq. (8) yields to the model of Bahrami et al.
[22], i.e., Eq. (2). In addition, in the case of Kn ! 0, Eq. (10)
predicts the f Re values associated with the continuum flow re-
gime. Figure 2(a) shows the comparison of the proposed model

Fig. 2 Comparison of the proposed model for the no-slip condition and the available data for the (a) rectangular
[15,38–40], (b) trapezoidal [26], and (c) circular sector [26], and circular segment [26] microchannels
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for the no-slip flow condition against the experimental data of Wu
and Cheng [37], Liu and Garimella [15], Stanley [38], Papautsky
et al. [39], and Akbari et al. [40] for rectangular cross section
microchannels. The collected data covers a wide range of cross-
sectional aspect ratios. The solid line represents the analytical
model of Eq. (8). As can be seen, the analytical model agrees well
with the experimental data over the wide range of the microchan-
nel cross section aspect ratio.

A comparison between the proposed model and the experimen-
tal data of Shah and London [26] for trapezoidal cross section
microchannels is shown in Fig. 2(b). The 610% bounds of the
model are also shown in the plot, in order to better demonstrate
the agreement between the data and the model. In Figs. 2(c) and
2(d), Eq. (8) is compared against the numerical results of Shah
and London [26] for the circular sector and circular segment,
respectively. It can be seen that the approximate model predicts
the trend of the data with acceptable accuracy.

There are few papers in the literature reporting experimental
and/or numerical data for the pressure drop of fluid flow in the
slip-flow regime. Kim et al. [41] performed an experimental study
for three different gases of argon, helium, and nitrogen using
quartz-glass microcapillaries with the inner diameter in the range
of 5–100 lm. They reported the reduction of the friction coeffi-
cient defined as follows against the Knudsen number over a wide
range of 0.0008–0.09

U ¼
f Re ffiffiffiAp

f Re
no-slipffiffiffi

A
p

(12)

As can be seen in Fig. 3(a), the proposed approach, i.e., Eq. (6),
captures the trends of the experimental data over a range of geo-
metrical and thermophysical parameters. In addition, note that
most of the data fall within the 610% bounds of the model.

Figure 3(b) shows the comparison of the proposed model,
Eq. (6), with the numerical results of Morini et al. [9] for a rectan-
gular cross section in a range of aspect ratios 0:01 � e ¼ b=a � 1.
As can be seen, except for a few points, the agreement between
the model and the numerical values is less than 8%. In Fig. 3(c),
the comparison between the proposed model and the experimental
data of Araki et al. [42] for trapezoidal microchannels with
a ¼ 54:76 deg is plotted. They used two different channels with
the dimensions: b¼ 41.5 and 41.2 and h¼ 5.56 and 2.09 >lm,
respectively. These channels were fabricated in a silicon wafer
with hydraulic diameters of 9.41 and 3.92 lm. They conducted
tests with nitrogen and helium over a range of 0:011 < Kn
< 0:035 and 0:05 < Re < 4:2. The uncertainty of their measure-
ments was reported to be 10.9%. As shown in Fig. 3(c), the values
predicted by the model are within 10% of the accuracy of the
data. Figure 3(d) presents the comparison between the proposed
model with the numerical data of Morini et al. [9] for the

Fig. 3 Comparison of the proposed model for the slip condition and the available data in the literature for the (a)
circular (Kim et al. [41]), (b) rectangular (Morini [9]), (c) trapezoidal (Araki et al. [42]), and (d) double-trapezoidal
(Morini [9]) cross section microchannels
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double-trapezoidal cross section with a ¼ 54:76 deg. As can be
seen, except for a few points, the agreement between the model
and the numerical values is less than 8%.

For stream-wise periodic microchannels of rectangular cross-
section, as shown in Fig. 4, we compared the proposed unified
model of Eq. (11) with the experimental data obtained by Akbari
et al. [25] in Fig. 5. They used the soft lithography method [10] to
fabricate microchannels in polydimethylsiloxane with the average
hydraulic diameter in the range of 66–140 lm. Pressure drop
results were obtained for the Reynolds number range of
2 < Re < 15 with distilled water as the working fluid. Since the
stream-wise periodic geometry is studied in their work, the Reyn-
olds number effect on the flow resistance has been found to be
negligible. Therefore, the average flow resistance over the studied
range of Reynolds numbers is reported in Fig. 5. The comparison
shows that the experimental data fall within 65% of Eq. (8).

4 Summary and Conclusions

The pressure drop of low Reynolds number flow in microchan-
nels of arbitrary cross section with gradually varying cross section
has been investigated in both the slip and no-slip regimes. A gen-

eral approximate model for the calculation of the pressure drop in
noncircular cross section microchannels under the continuum and
slip boundary has been developed. The proposed model related
the pressure drop to geometrical parameters such as the cross
section area, perimeter, and polar moment of inertia. The devel-
oped model has been successfully validated against several exper-
imental and numerical data collected from the literature for a wide
range of cross-sectional shapes including rectangular, trapezoidal,
triangular, double-trapezoidal, circular, circular sector, and annu-
lar sector. The proposed model facilitates the preliminary design
calculations and optimization of microsystems such as micro-
mixers, microfilters, microreactors, and microchannels filled with
porous structures.
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